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HERE  are  two  methods  whicb  are  mdo|>ted  by  mathemafi^^ 
ciaiis  ia  iorestigatiDg  (he  theory  of  Trigonometry  :  the  one 
Geometrical^  the  other  Algebraical,     In  the  former,  the  vari- 
ous relations  of  the  sines,  cosines,  tangents,  &c.  of  single  or 
flmltiple  arcs  or  angles,  and  those  of  the  sides  and  angles  of 
triangles,  are  deduced  immediately  from  the  figures  to  which 
the  several  enquiries  are  referred  ;  each  individual  case  requir- 
ing its  own  particular  method,  and  resting  on  evidence  peculi- 
ar to  itself.     In  the  latter,  the  nature  and  properties  of  the  lin- 
ear-angular quantities  (sines,  tangents,  &c.}  being  first  defined, 
■ome  general  relation  of  these  quantities,  or  of  them  in  con- 
aectioD  with  a  triangle,  is  eipressed  by  one  or  more  algebra- 
ical equations  ;  and  then  every  other  theorem  or  precq>t,  of 
a8€  in  this  bnmch  of  science,  is  developed  by  the  simple  re- 
duction and  transfermation  of  the  primitive  equation.    Thus, 
the  rules  for  the  three  fundamental  cases  in  Plane  Trigonome- 
try, which  are  deduced  by  three  independent  geometrical  in- 
vestigations, in  the  fi/st  volume  of  this  Course  of  Mathematics, 
«re  obtained  algebraicallyi  by  forming,  between  the  three  data 
Vob.  H.  f  wi 


2         ANALYTICAL  PLANE  TRIGONOMETRY. 

^D^  the  three  unknown  quantities,  three  equations,  and  ohtaiiH 
ing,  in  expressions  of  known  terms,  the  ^lue  of  ^ach  of  the. un- 
known quantities,  the  others  being  exterminated  by  the  usual 
processes.  Each  of  these  general  methods  has  its  peculiar  ad- 
Tantages.  The  geometrical  method  carries  conviction  at  eyery 
step  ;  and  by  keeping  the  objects  of  enquiry  constantly  before 
the  eye  of  the  student,  serves  admirably  to  guard  him  against 
the  admission  of  error  :  the  algebraical  method,  on  the  con- 
trary, requiring  little  aid  from  first,  principles,  but  merely  at 
the  coQamencement  of  its  career,  is  more  properly  mechanical 
than  metital,  and  requires  frequent  checks  to  prevent  any 
deviation  from  truth.  The  geometrical  method  is  direct, 
and  rapid  in  producing  the  requisite  conclusions  at  the  out- 
set of  trigonometrical  science  ;  but  slow  and  circuitous  in 
arriving  at  those  results  which  the  modem  state  of  the  science 
requires  :  while  the  algebraical  method,  though  sometimes 
circuitous  in  the  developement  of  the  mere  elementary  theo- 
rems, is  very  rapid  and  fertile  in  producing  those  curious  and 
interesting  formula,  which  are  wanted  in  the  higher  branches 
of  pure  analysis,  and  in  mixed  mathematics,  especially  in 
Physical  Astronomy*  This  mode  of  developioe  the  theory 
of  Trigonometry  is,  consequently,  well  suited  tor  the  use  of 
the  more  advanced  student ;  and  is  therefore  introduced  here 
with  as  much  brevity  as  is  consistent  with  its  nature  and* 
utility. 

2*  To  save  the  trouble  of  turning  verjr  frequently  to  die 
1st  volume,  a  few  of  the  principal  definitions,  there  given^ 
are  here  repeated,  as  follows  : 

The  siVE  of  an  are  is  the  perpendicular  let  &1I  from  on€ 
of  its  extremities  upon  the  diameter  of  the  circle  which 
passes  through  the  other  extremity. 

The  cosiirs  of  an  arc,  is  the  sine  of  the  complement  of 
that  arc,  and  is  equal  to  the  part  of  the  radins  comprised  be- 
tween the  centre  of  the  circle  and  the  foot  of  the  sine. 

The  TANOEiTT  of  au  arc,  is  a  line  which  touches  the  circle 
in  one  extremity  of  that  arc,  and  is  continued  from  thence 
till  it  meets  a  line  drawn  from  or  through  the  centre  and 
through  the  other  extremity  of  the  arc. 

The  8ECA9T  of  an  arc,  is  the  radius  drawn  through  one 
of  the  extremities  of  that  arc  and  prolonged  tiU  it  meets  the 
tangent  drawn  from  the  other  extremity. 

1  he  VERSED  siHE  of  En  arc,  is  that  j^art  of  the  diameter 
of  the  circle  which  lies  between  the  be^niQg  of  the  arc  and 
the  foot  of  die  sine. 

The    COTAHGEVT,    COSBCAHT,     EUd    C0VSB8BD    SI^B     of    Ett 

arc,  are  the  tangent,  secant^  and  versed  sine,  of  tbie  compile- 
ment  of  such  arc.     ~  3.  Since 


b 
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'  .  3.  Since  arcs  are  proper  and  adequate  measnret  of  plane 
angles,  (the  ratio  of  anj  two  plane  angles  being  constantly 
equal  to  the  ratio  of  the  two  arcs  of  any  circle  whose  centre 
is  the  angalar  point,  and  which  are  intercepted  by  the  lines 
whose  inclinations  form  the  angle),  it  is  nsual,  and  it  is  per- 
fectly safe,  to  apply  the  above  names /without  circumlocution 
as  though  they  referred  to  the  angles  Uiemselves  ;  thus,  when 
we  speak  of  the  sine,  tangent,  or  secant,  of  an  angle,  we 
mean  the  sii^e,  tangent,  or  secant,  of  the  arc  which  measures 
that  angle ;  the  radius  of  the  circle  employed  being  known. 

4.  It  has  been  shown  in  the  1st  vol.  (pa.  382),  that  the  tan- 
gent is  a  fourth  proportional  to  the  cosine,  sine,  and  radius  ; 
the  secant,  a  third  proportional  to  the  cosine  and  radius  ;  the 
cotangent,  a  fourth  proportional  to  the  sine,  cosine,  and  ra- 
dius ;  and  the  cosecant  a  third  proportional  to  the  sine  and 
Yadius.  Hence,  making  use  of  the  obvious  abbreviations, 
and  converting  Uie  anaiogjies  into  equations,  iwe  have 

rad*  X  *vnt'             r»d.  x  cos.                rad  •  nd*. 

tan.  = i  cot  = ,  Bee.  = ,cosec.^= 


ii 


•me  cof.  fine 

Dr,  assuming  unity  for  the  rad.  of  the  circle,  these  will  become 

•in  coi.  i  1 

tan.  =  —  ,  , ,  cot.  =  —  .  •  •  s^c.  =  —  •  •  •  cosec.  =  — • 
COS.  siiu  cot.  Bin. 

These  preliminaries  being  borne  in  mind>  the  student  may 
pursue  his  investigations. 

5.  Let  ABC  be  any  plane  triangle,  of 
which  the  side  bc  opposite  the  angle  a  is 
denoted  by  the  small  letter  a,  the  side  ac 
opposite  the  angle  b  by  the  small  letter  6,  ..«.«.^__ 
and  the  side  ab  opposite  the  angle  c  by           ^      C      B 
the  small   letter  c,  and  gb  perpendicular  to  ab  ;   then  is, 
iC  =  a .  cos  B  -t"  ^  •  cos  A. 

FoT^  sinc^  AC  =£  6,  ad  is  the  cosine  of  a  to  that  radius ; 
consequently,  supposing  radius  to  be  unity,  we  have  ad  j=  6, 
cos.  A.  In  like  manner  it  is  bd  =s  a'',  cos.  b.  Therefore, 
AD-fBDS3AB  =  c  =  a.  COS.  B  +  ^  •  COS.  A.  By  pursuiug 
simikr  reasoning  with  respect  to  the  other  two  sides  of  Jthe 
triangle  exactly  analogous  results  will  be  obtained.  Placed 
together,  they  will  be  as  below  : 

a  =  6  .  COS.  c  +  c  •  COS.  b.  ^ 

6  =  a  .  COS.  c  4"  c  .  COS.  a.  >      (I.) 

c  =  a  •  COS.  B  +  ^  •  COS.  A.  y 

6.  Now,  if  from  these  equations  it  were  required  to  find 
expressions  for  the  angles  of  a  plane  triangle,  when  the  sides 

are 
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ire  giTen  ;  we  baye  only  tp  moltiply  the  first  of  these  equa- 
tioDS  by  a,  the  second  by  6,  the  third  by  c,  and  to  subtract 
each  of  tbe  equations  thus  obtained  from  the  sum  of  the  other 
two.    For  thus  we  shall  haye 

ft'+c  —  a*  =  S6c  •  COS.  A,  whence  cos.  a  =— — 
a'^^c*— 6>  =2a«.co8.  V,    •  *  .  cos.  b,  =  ■  \  (II.) 

a  ^- &s^^  e>  =s  2a6 .  COS,  e»    .  .  .  cos.  c,  =  — — - 

7.  More  conyenient  expressions  than  these  will  be  deduc- 
ed hereaAer  :  but  eyen  these  will  often  be  found  yery  con- 
yenient, when  the  aides  of  triangles  are  expressed  in  integers* 
and  tables  of  sines  and  tangents,  as-well  as  a  table  of  squares, 
(like  that  in  our  first  yol.)  are  at  hand. 

Suppose,  for  example,  the  sides  of  the  triangle  are  a  =  320t 
'h  =  662,  c  =3  800,  being  the  numbers  giyen  in  prop.  4,  pa. 
1G1,  of  tlie  Introduction  to  the  Mathematical  Tables  :  then 
yre  haye 

ja+ca—a»  5=853444     .....     log.  ==:  5-9311751 
26c       ..     =  899200 log.  =  5-9538080 

The  remainder  being  log.  cos.  a,  or  of  18^20^  =  9-9773671 

Again,  a>  ^-  c»  —  6*  =  426556     ...     log.  =  5-6299760 
2ac      ...      s=  512000    ...     log.  =  5-7092700 

!rhe  remainder  being  log.  cos.  a,  or  of  33^35' »  9-9207060 

Then  180*—  (18«  20'^-33«  35')  =  128*^  5'  =  cTwhere  att 
ihe  three  triangles  are  determined  in  7  lines. 

8.  If  it  were  wished  to  get  expressions  for  the  sines,  in* 
stead  of  the  cosines,  of  the  angles  ;  it  would  merely  be  ne- 
cessary to  introduce  into  the  preceding  equations  (marked  11), 
instead  of  cos.  a,  cos.  b,  &c.  their  equi^ents  cos.  a  s=  ^  Tl  — 
sin' .  a),  cos.  B  =  ^  ( 1  —  sin' .  b),  kc.  For  then,  after  a  little 
reduction,  there  would  result. 


sin.  A  =  JS- V2o»6«  -|-2a>ca  +  26«c>-.(o«-^A*^-c^) 

sin.  B  =  i^^2a^h^  +  2a*c«  -f  26«c«  — (a«+6*-|-c<) 

sin.  c  =  iST  v^  2a«6J  +  2a»c^  +  26»c«  —  (a*-f6*+c*) 

Or,  resolying  the  expression  under  the  radical  into  its  four 
constituent  factors,  substituting  s  for  a  +  6  -|-  c,  and  reducing^ 
the  equations  will  become. 
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/isa»^a)(i8-6)(i8-c)}>  (III.) 
/I8(l8-a)(js-6)(j€-c) 

[oatioDi  are  moderately  well  Baited  for  compatation 
er  form  ;  they  are  also  perfectly  symoethcal :  aad 
e  qaantitiefl  under  the  radical  are  identical;,  and  are 
of  known  terms,  they  may  be  represented  by  the 
^ter  ;  sappose  k  :  thenshaU  w^  have 
3k  2k      -     .  3k  ..... 

T-  •  •  •  fiia-  B  =  —  . . .  9m.  c  =  — 7  . .  .  fttt.) 

ke  mc  ab  ^      ' 

s  may  immediately  deduce  a  Tery  important  theo- 
he  first  of  these  equations,  divided  by  the  second 

=  ^y  and  the  fint  dWided  by  tVe  third  j^ves 
b 

:  whence  wehxre 

sin.  B  .  sin.  c  oc  tf  :  &  :  c  .  . .  (IV.) 

i,  ike  widen  ef  plane  triangUi  are  prapariiomd  to 
tf>>  opponte  angUe.    (See  th.  1,  Tng.  vol.  i). 

the  remainder  of  the  theorems,  necessary  in  the 
boe  triangles,  are  investigated,  the  fundamental 
^the  theory  of  sines,  he.  must  be  deduced,  and 
IKi^ined  by  which  Tables  of  these  quantities, 
jn  the  limits  of  the  quadrant,  are  made  to  ez- 
tarhole  circle,  or  to  any  number  of  quadrants 
%  order  to  this,   eipressions  must  be  first  ob- 

sines,  cosine,  inc.  of  the  sums,  and  differences 
fiqs  or  angles.    Now,  it  has  been  found  H)  that 

c  -^  e  .  cos.  B.    And  the  equations  (IV)  give 

c^=ia,  -r-—»     Substituting  these   values 


sin*  A 


fcem  in  the  preceding  equation,  and  multiplying 

*—.  it  will  become 
a 

fA  =  sin.  B  .  COS.  c  4"  fltn.  c*  cos.  b* 

f  plane  triangle,  the  sum  of  the  three  angles  is 

jis  ;  therefore  b  and  c  are  equal  to  the  supple- 

I9  consequently,  since  an  angle  and  its  supple- 

lame  sine  (cor.  1,  pa.  378,  vol.  i),  we  have  sin. 

B  .  COS.  c  4*  sin*  c.  cos  ^  b. 

10.  If, 


i 
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10.  If,  in  the  last  eqoation,  c  become  tnbtractire,  then 
would  tin.  c  manifestly  become  anbtractiTe  also,  while  the 
cosine  of  c  woald  not  change  its  sign,  since  it  woold  still  coo- 
tinne  to  be  estimated  on  the  same  radios  in  the  same  direction. 
Hence  the  preceding  equation  woold  become . 

sin.  Tb  —  c)  =s  sin.  s  .  cos.  c  —  sin.  c  .  cos.  b. 

11.  Let  c  btf  the  complement  of  c,  and  |0  ^  the  quarter 
of  the  circomference :  then  will  c'  =|  o  —  <!•  sin*  ^  ^  cos.  c« 
and  COS.  c' =  sin.  c.  Botfart  10),  sin.  (b — ^^^c^  =s  sin.  b, 
COS.  c'-^sin«  c'  COS.  b.  Therefore,  sobstitoting  for  sin.  c', 
ta^'  c^  their  valaes,  there  will  resolt  sin.  (b  —  c')  ss  sin.  b  . 
sin.  c.  —  COS.  B  •  COS.  c.  hot  becaose  c'  =  |0  -r-  c,  we  have 
sin.  (b  — c)  =  sin.  (b  +  c  —  |o)  =  mo.  ['b  +  c)  —  JO]** 
— -sin.  [JO  — (b  +  c)]==^cos.  (b  +c).  Sobstitotug ttiia 
taloe  of  sin.  (b  —  c')  in  the  eqoation  above,  it  becomes  cos. 
(b  -|-  c^  =  COS.  B  .  cos.  c.  —  sin.  b  .  sin.  c. 

12.  In  this  latter  eqoation,  if  c  be  made  sobtractive,  sin.  c 
will  become  —  sin.  c,  while  cos.  c  will  not  change  :  conse- 
qoently  the  eqaation  will  be  traMfomied  to  the  following, 
yiz.  COS.  (b  —  c)  =  COS.  B.  COS.  c  4"  ain.  b.  sin.  e. 

If,  instead  of  the  an^es  b  and  c,  the  angles  had  been  a  and 
B  ;  or,  if  A  and  b  represented  the  artt  which  measure  those 
ai^es,  the  resolts  woold  eridently  be  siniilar  :  they  may  there- 
fore be  expressed  generally  by  the  two  following  equations, 
for  the  sines  and  cosines  of  the  soma  or  differences  of  any  two. 
arcs  or  angles : 
sin.  (a  ±  b)  =  nn.  a  .  cos.  b.  ±  sin.  b  .  cos.  a.  >      ^y  ^ 
COS.  (a  ±  b)  ==  COS.  A  .  COS.  b.  7  sin.  a  .  sin.  b.  )      ^   ** 

13.  We  are  now  in  a  state  to  trace  completely  the  muta- 
tions of  the  sines,  cosines,  &c.  as  they  relate  to  arcs  in  the  va- 
rioos  parts  of  a  circle  ;  and  thence  to  perceiye  that  tablet 
which  apparently  are  incloded  within  a  qoadrant,  are,  in  Act, 
apphcable  to  the  whole  circle. 

Imagine  that  the  radios  mc  of  the.  circle,  in  the  maipnal 
figure,  coinciding  at  first  with  ac,  tniDS  about  the  point  c  (in 
the  same  manner  as  a  rod  would  turn  on  a  piTOt),  and  thus 

forming  soccessiyely  with  ac  all 
possible  angles  :  the  point  m  at 
its  extremiU  passing  oyer  all 
the  points  of  the  circumference 
aba'b'a,  or  describing  the  whole 
circle.  Tracing  this  motion  at- 
tentively, it  will  appear,  that  at 
the  point  a,  where  the  arc  is 
nothmg,  the  sine  is  nothing  also, 
while  the  cosine  does  not  differ 

frfim 
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«4ius-    As  the  radiaa  mc  recedes  from  ac,  the  sine 

increasing,  and  the  cosine  gp  decreasing,  till  the 

point  M  has  passed  over  a  quadrant,  and  arriyed 

hat  case  pm  becomes  equal  to  cb  the  radios,  and 

)  cp  yanishes.     The  point  m  continuing  its  motioa 

the  sine  rV  will  diminish,  while  the  cosine  cp\ 

r  falls  on  the  contrary  side  of  the  centre  c  will  in- 

n  the  figure,  p'  u'  and  cp'  are  respectiyelj  the  sine 

)  of  the  arc  am   or  the  sine  and  cosine  of  a»u\ 

the  supplement  of  aV  to  |0  half  the  circumfe- 

lence  it  foUows  that  an  obtoce  angle  (measured  by 

ater  than  a  quadrant)  has  the  iome  sine  and  eogine 

emetU ;  the  cosine  however,  being  reckoned  sub- 

negatiye,  because  it  is  situated  contrariwise  with 

he  centre  c. 

^  describing  point  m  has  passed  oyer  %  O*  <>'  half 

o^erence,  and  has  Birired  at  A^  the  sine  /i/  Ta- 

becomes  nothing,  as  at  the  point  a,  and  the  cosine 

|«ial  to  the  radius  of  the  circle.    Here  the  angle 

tained  its  maximum  limit ;  but  the  radius  cm  maj 

oosed  to  continue  its  motion,  and  pass  below  the 

?•     The  sine,  which  will  then  be  v"u'\  will  con- 

Ul  below  the  diameter,  and  will  piugment  as  h 

[^  the  third  quadrant,  while  6h  the  contrary  cp^', 

will  diminish.     In  this  quadrant  too,  both  sine 

post  be  considered  as  negatiye  :  the  former  being 

I  side  of  the  diameter,  Sie  latter  a  contrary  side 

e,  to  what  each  was  respectively  in  the  first  auad« 

i  point  b\  where  the  arc  is  three-fourths  or  the 

se,  or  }0,  the  sine  p''  m''  becomes  equal  to  the 

id  the  cosine  cp"  iranishes.    FinaUy,  in  the  fourth 

fi  b'  to  A,  the  sine  p'^'m''',  always  below  ajl\  di- 
progressy  while  the  cosine  cp''',  which  is  then 
ji  same  side  of  ^e  centre  as  it  was  in  the  first 
Igments  till  it  becomes  equal  to  the  radius  ca. 
pne  in  this  quadrant  is  to  be  considered  as  nega- 
ftctive,  the  cosine  as  positive..   If  the  motion  of 
liued  through  the  circiimference  again,  the  dr- 
•ould  be  exactly  the  same  in  the  fifth  quadrant  as 
\  the  sixth  as  in  the  second,  in  the  seventh  as  in 
{be  eighth  as  in  the  fourth  :  and  the  like  would 
{any  subsequent  revolutions, 
mutations  of  the  tar^erU  be  traced  in  like  man- 
9  seen  that  its  magnitude  passes  from  nothing  tQ 
ie  first  quadrant ;  becomes  negative,    and  de- 
infintty  to  nothing  in  the  second  ;  beconaes  po« 
and  increases  from  nothing  to  infinity  in  the 

third 
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Cos.    JL   =  ^     c 

coi.  2a  ==  '  2cfL  —   1, 
COS.  3a  ==     4c'  —  3c 

CO?.  4a  =     8c«  —  8c«  +    1  }     (XL) 

COS.  6a  =   16c»  — 20c»  +    6c 
cos,  6a  =  32c«  —48c*,  -fc-  18c«  -  1 
-  &c.  &c*. 

Other  rery  conyenient  ezpressipns  for  mtiUiple  arcs  may 
be  ol^taioQd  thus': 

Aid  together  ttie  e;qpanded  expressions  for  sip.  (b  -f  a)^ 

iiQ.  (^B  —  a),  that  i^^ 

ad4    -    -     sifk,  (b  +  a\=^  sio.  b  .  cos.  a  -f*  cos.  b  •  sin.  a, 

to       -     -     sin.  (b— -a)  =  sin.  b  .  cos.  a  '■ —  cos.  b  .  sin. a; 

there  results  sin.  ?b  +  a^  +  sin*  C^""  ^)  ^^  ^  cos.  a  .  sin.  b: 

whence,  -     sin.  (b  4*  a)  =  2  cos.  a  .  sin.  b  —  8in(B  —  a). 

Thus  again,  by  adding  together  the  expressions  for  cos.  (b  +  a) 

and  cos.  (b— a),  we  have 

cos.  (b  4"  a)  +  COS.  (b  —  a)  =«  2  cos.  A  .  COS.  B  ; 

whence,  cos.  (b  +  a)  =-2  cos.  a  .  cw.  b  —  cos.  (b  —  a). 
SnbstitQtii^  in  raese  expressions  for  the  sine  and  cosine  of 
^  B  +  A,  the  siiccessive  values  a,  2a,  3a,  &c.  instead  of  b  ;  the 
following  series  will  l>€|  produced. 

sin.  2a  =  2  COS.  a  .  sin.    a. 

sin.  3a  s=  2  COS.  a  .  sin.  1^  —  sin.  a.  -  >    r    ) 

sin.  4a  =  2  COS.  a  .  sin.  3a  —  sin.  2a.  »     ^^''^ 

sin.  iiA  =  2  COS.  A  .  sin.  (n  —  1)  a— sin. (n— 2) a. 

COS.  2a  =  2  COS.  A  .  COS.     A COS.  0  (=1). 

cos.  3a  =  2  COS.  A .  COS.  2a  —  cos.  a.  y  r  '  \ 

COS.  4a  =  2  COS.  A  .  COS,  8a  —  COS.  2a.  *    x^'J 

COS.  HA  =  2  COS.  A  .  co6.'(fi  —  1)a  — COS.  (n  — 2)a. 
Several  other  expressions  for  the  sines*  and  cosines  of  mul- 
tiple arcs,  might  readily  be  found :  but  the  above  are  the 
most  useful  and  commodious. 

201  From  the  equation  sin.  2a  = '-^ — r,  it  will  be 

easy,  when  the  sine  of  an  arc  i»  known,  to  find  that  of  its^ 
half.     For,  substituting  for  cos.  a  its  value  ^  (M  —  sin^  a), 

there  will  arise  su.  2a  = ^  ^  .  This  squared 

R 

gives  R>  sin^  2a  =  4r'  sin'  a  -^  4  sin^  a. 
Here  taking  sin  a  for  the  unknown  quantity,  we  have  a  quad- 


'  *  Here  we  have  omitted  the  powere  of  r  that  were  neceasaiy  to 
render  all  the  terms  homologous,  merely  that  the  expressions  might 
be  brought  in  upon  the  page ;  but  they  may  easily  be  supplied,  when 
needed,  by  the  rule  in  art  18. 

ratio 
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nlic  equation,  which  aolvcH  af><;r  the  osnal  manner,  gires 

ND  A  «r  ±  y/  JR«    X.  i^'  v^  h3   —  *»io''   tA 

If  w^  make  ^a  »  a,  then  will  a  =  ^a'  and  cooseqaenUy^ 
the  last  equation  becomes 


.  sin  |a'  sb=  d: 
or  sin  |a'  b 


±  ^ia»  ±||i^R»  >  sin»  a'^  (XII.) 

±  I  y/2R«  ±  2b  cos  a'  :  ) 

bj  putting  cos  a'  for  its  value  ^  %*  ^  sin'  a'  mnltiplying  the 
quantities  under  the  radical  ly  4,  and  dividing  the  whole  se- 
cond number  by  2.  Both  these  expressions  for  the  sine  of 
half  an  arc  or  angle  will  be  ot  use  to  us  as  we  proceed. 

21.  If  the  values  of  sin  (a  +  a)  and  sine  (a  —  b),  given  bj 

equa.  ▼,  be  added  together,  there  will  result 

.    /IN../           *x         2  sin  A .  cos  B      , 
sin  (a  +  b)  +  Bin  (a  —  b)  ss —  ;  whence, 

sin  A  .  cos  B  Kx  |r  sin  (a  +  b)  +  i  b  sin  (a—b)  .  (XIII.) 
Al^o,  taking  sin  (a  —  b)  from  sin  (a  +  b)  gives 

,        I        \  •       r  \  2  mn  B  .  C'-ft  A  ■ 

Sin  (a  4-  b)  —  sm  (a  —  b)  ss whence. 


sin  B  .  cos  A  =»Jr  sin  (a+bJ  —  ^R  .  sin  (a — b)  .  .  (XIV.) 
When  A  :=s  B  both  equa.  xiii  and  xiv,  become 
cos  A  .  sin  A  s=  |r  sin  2a  .  .  (XV.) 

22.  In  like  manner,  by  adding  together  the  primitiTe  ex- 
pressions for  cos  (a  +  b),  cos  (a  *  a),  there  will  arise 

COS  (a  +  b)  +  COS  (a  —  b)  = ;  whence, 

COS  A  .  cos  B  3=  ^R  .  COS  (a+b)  +  JR  .  COS  (a b)  (XVI.) 

And  here,  when  a  s=  b,  recollecting  that  when  the  arc  is 
nothing  the  cosine  is  equal  to  radius,  we  shall  have 
COS*  A  =3»  iR  ■  cos  2a  -f  4r'  .  .  .  (XVII.) 

23.  Deducting  cos  (a  +  b)  from  cos  .  (a  —  b),  there  will 
remain 

.  V  ^      I      V  3  sin  A  •  sin  B       , 

COS  {a  — .b)  —  COS.  (a  +  B)  =1 ;  whence, 

sin  A  .sin  Bas  4r  .  cos  (a— b)— }R  .  cos  (a+b)  (XVIII.) 
When  A  =s  B,  this  formula  becomes 

sin'  A  s:  ^R>  --  |R  .  cos  2a  .  .  .  (XIX.) 
84.  Multiplying  together  the  expressions  for  sin  (a  +  b) 
and  sin  (a  —  bV  equa.  v,  and  reducing,  there  results 

sin  (a  +  b)  .  sin  (a  —  b)  ^  sin'  a  —  sin'  b. 
And,  in  like  manner,  multiplying  together  the  values  of.  cos 
(a  +  b)  and  cos  (a  —  b),  there  is  produced 

^  dOS  (a  +  b)  .  cos  (a  —  b)  ass  COS*  A  —  C0S»  B. 

Here,  since  sin'  a  ->  sin'  b,  is  equal  to  (sin  a  +  sin  b)  X 
(sin  A  ^  sin  b),  that  is,  to  Ihe  rectao^e  of  the  sum  and  dif*' 

ferenoe 
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bee  of  the  •ines  ;  it  follows,  that  the  first  of  these  eqna- 
I  converted  into  an  analogy,  becomes 
Si-^b)  :  sin  a  -  sin  b  :  :  sin  ▲  +  sin  b  :  sin  (a  +  b)  (XX.) 
t  is  to  say,  the  sine  of  the  difference  of  any  two  ares  or 
u,  ii  to  the  difference  of  their  nnes,  oi  the  nun  of  those  sines 
the  sine  of  their  sum, 

A  and  B  be  to  each  other  as  n  4-  1  to  «,  then  the  inreced- 
proportion  will  be  converted  into  sin  a  :  sin  (n  +  1)  a — 
k  :  :  sin  (n  +  1)  a  +  sin  nx  i  sin  (Sn  +  1)  a  .  .  .  .  (aXI.) 
hese  two  proportions  are  highly  osefal  in  computing  a  ta- 
ll dnes  ;  as  will  be  shown  in  the  practical  examples  at  the 
of  this  chapter. 

9.  Let  as  suppose  a  +  b  =  a',  and  a  —  b  =  b^  ;  then  the 
flom  and  the  half  difference  of  these  equations  will  give 
ectively  a  =  |(a'+b'),  and  b  =  J(a'— b').    Patting  these 
es  of  A  and  b,  in  the  expressions  of  sin  a  .  cos  b«  sin  b  .  cos  a, 
i  .  cos  B,  sin  A  .  sin  b,  obtained  in  arts.  21,  2%,  23,  there 
Id  arise  the  foWowing  formuls  : 
,sin  ^  (a'+b')  .  cos  jU'-  B*)  =  ^K(ain  A^+gin  b^, 
«j'n  ^  (a'— b')  .  cos  i(A'-f-B'^  =  ^Rrsin  a'— sin  b';, 
cos  I  Ta'+b')  .  cos  Ua'  -  b\  =  lac  cos  A'+ cos  b), 
sin  \  (a'+b')    sin  Ua'— b'^  =  |r(cos  b'— cos  a'). 
ding  ue  second  of  tnese  rormolas  by  the  first,  there  will 
fed 
a-b)    cosKVf  B0_8inj(V>B^)  cwKa +B^)_iinA'->  sina^ 

A'+b)  Vco8J(a'-b')     coii(A  -B')*»in^A+B)     •inA'-f-sins' 

ain  tan        .cos         R      -^   /.  „  •    .    .«       , 

unce  —  =*  -r-»  ^^^—r  =  —-,  it  follows  that  the  two 
»  cos  R  '  Bin        tan 

«s  of  die  first  member  of  this  equation,  are 

a'— b')  r 

11 '  ^^  tsniiK-^  .^.regpectively ;  so  that  the  equation 

festiy  becomes  ,,„  Vr..L.J<  =  ^.^  ,,  .   . — ;  ...  (XXIl.) 
•*  tan  j(A  -f*  B)        fitn  A  "f"S*nB  ^  ' 

Ilis  equation  is  readihr  converted  into  a  very  useful  pro- 
pn,  viz.  The  sum  of  the  sines  of  two  arcs  or  angles^  is  to 
d^erenccj  as  Uhe  tangent  of  half  the  sum  of  those  arcs  or 
tt  is  to  the  tangent  of  half  their  difference, 
•  Operating  with  the  third  and  fourth  formula  of  the 
ading  article,  as  we  have  already  done  with  the  first  and 
id,  we  shall  obtain 

tan  i  (V  4  b')  .  tan  KV-^  b')  _  cos  b^  —  coa  a' 

R'  cos  A' 4- COS  b' 

ke  manner,  we  have  by  division, 

♦CQ»B'      C0si(A+B)  '^      '      ^'cOSB'—COSA'  '^     .      '* 

»•  sins'        x^    ,  /.  ,       fx  sin  a'— »in  b'  *  .  r  #  .    #x 

-r-— ;  =  tanj  (a'— b')  .  .  . ; ,==cot4  (a'+b^. 

+C0SB  »  ^  '  cos  1  —  cosa'  S  \     I     J 


COS 


I 

i 
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coax'  -f  COS  b'  _  cot  j  {x  +  ly) 
cos  b'  —  cos  a'        Un  i  (jJ  —  b')' 

Making  Ik  3B  0»  to  one  or  othpr  ot  these  expression^j  there 
resQJi^ 


r-; ,  =  ten4A= r-^-  1 

i-f  cot  A                '            cot  ^A  £ 

»in  A'  ^,   , 1  f 

yii?i^^^:==cot«iA'=.-4_j 

1  — co»A        Un|A  '  t«o*  iA    -/ 


(xxiuj 


These  theorems  wUl  find  their  applicatioa  in  8oni|i  of  the 
investigations  of  spherical  trigonometry. 


27.  On€e  more,  divi^ii^  the  expression  fot  sin  (a  ±:  b) 
thai  ibr  cos  (a  ±  b),  there  resaka 

sin  (a  db  ^        sin  a  .  cos  b  rh  sin  b  .  cos  a 


COS  (a  Hh  b)        cos  a  •  cos  B  q;  sin  A  •  sin  B  ' 

then  dividing  both  namerator  and  denonun^ator  of  the  second 

fraction  by  cob  a  .  cos  b,  and  recoHecliDg  that  ^    =:  — ,  we 

shall  thas  obtain 

tm  (a  ±  b)  __  R  (tan  a  ±  tan  b). 

R  R'4^t«n  A.ttn  b) 

or,  lastly,  tan  (a  ±  b)  =  5l.(^A±unB)       _  (XXIIL) 
'        "^         ^  '       K>  qp  tan  a  •  Un  B  ^  ' 

Also,  since  cot  ==  — ,  we  shall  have 

tin  ___ 

^,     .     X  B»  r' -f' tin  A  .ttn  B 

cot  (a  ±  b)  = ; -— -  =   — t: ; 

^  '       tsn  (a  ±  b)  tao  a  ±  tan  b       ' 

which,  after  a  little  redaction,  becomes 

1.  /      _J_      >  COtA.COtB^R*  /VVT17-  \ 

cot  (A  ±  b)  = : — -^- ....  (XXIV.) 

^  ^  cot  B  +^  cot  A  ^  ' 

28.  We  might  now  proceed  to  deduce  expressions  for  the 
tangents,  cotangents,  secants,  &c.  of  moltiple  arcs,  as  well  ar 
some  of  the  osnal  formulae  of  verification  in  the  construction  of 
tables,  such  as 

siii{54«+A)+sin(54»-Arsin(18^+A)-fin(l8»-A)  «  sin(90*>-A)  ; 
sioA  +sin(36**  -  A)+sin{72«»+^)«sip(36«'  +  a)  -^M^p^  -  a). 

&C.  &C. 

But.  as  these  enquiries  would  extend  this  chapter  to  too 
great  a  length,  we  shall  pass  them  by  ;  and  merely  investigate 
a  few  properties  where  vMvt  than  two  arcs  or  angles  are  con- 
cerned, and  which  may  be  of  use  in  some  subsequent  part  of 
this  vdame. 

29.  Let 
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(9.  Let  A,  B,  c,  be  in  any  three  arcs  or  aiigl^,  and  tuppot* 
ins  to  be  unity  ;  then 

.     ,      ,     .        sin  A  .  sin  c  -f-  sin  *b  .  tin  (a  +  B  +  c)- 

sin  (b  +c)  = r-- — ; — 7= 

^  '  sin  (A  -f  b) 

\  by  equa.  v,  ain  (a+b+c)  =  sin  a  .  cos  (b+c)  +  cob  a  . 

fs  +  c),  whith,  (putting  cos  b  .  cos  c^sin  b  .  sin  c  for 

^B  4*  c))»  is  =  sin  A  .  cos  B  .  cos  c— sin  a  .  sin  b  .  sin  c  -|- 

X  .  sin  (b  +  0  ;  and,  multiplying  by  sin  b,  and  addins 

L .  sin  c,  there^results  sin  a  .  sin  c  +  sin  b  .  sin  (a+b+c) 

b  A  .  cos  B  .  cos  c  .  sin  b  +  sin  a  .'sin  c  •  cos'  b  4*  cos  a  • 

I  .  sin  TbH-c)  =  sin  a  .  cos  b  .  (sin  b  .  coe  c-f  cOs  b  .  sin  c) 

08  A  .  sm  B  .^sin  (b  4"  c)  =  (sin  a  .  cos  b  +  cos  a  .  sin  b)  X 

^B  +  c)  =  sin  (a  +  b^  .  sin  (b  +  c).  -^Consequently,  by 

ling  by  sin  (a  -f  b),  we  obtain  the  expression  aboye 


a. 


^a  siiniUr  tntuhm^r  itmay  be  shown,  that 

...  «         Bin  A  ,  aia  c  —  sin'B  •  sin  (a  ^^ti^'C^ 

^  '^  fllll(-A  — B) 

I 

k  If  A,  B,  c,  D,  represent  four  arcs  or  ai^es»  then  writ- 
c+D  'for  c   in  the  preceding  inyestigationy  there  will 

tin  (b+c+d)  ^».fa  a  -^njc+ir+nin  b  .iin(A-fB+c-^D) 

iln  (A  +  b) 

ie  process  fbr  fite  arcs  or  an^es  ^1  pre 

+c+D-t-E) Wn(A+  B) 

br  any  number/  a^  b,  c,  ^.  to  l, 

>__siiiA.anS(cHhp4'-^L)4'«i^B.«n(A+Bj*C'4»*.L) 

.  Taking  again  the  three  a,  b,  c,  we  have 

Hn  (b— c)  =3-  sin  B  .  eos  c^sin  c  •  cos  b, 

Hn  (c— 'aV  =^  sin  c  .  cos  A--r8in  a  .  cos^  c, 

Rn  (A-^B)  =f  sin  a  .  cts  B-^sin'  b  .  <sob  a. 

laying  the  first  of  these  equations  by  Bin- a,  the  second 

I  B,  the  third  by  sin  c  ;  then  adding  together  the^equa- 

ihus  transformed,  and  reducing  ;  there  will  result, 

.sin(B— c)+sin  B  .  sin  Tc— a^  +  sin  c  .  sin  ^a— »J=:0, 

i^sin  (b— c)+co8  B  .  sin  (ci-a)  +  cbsc  •  sin  ^a-^b)s=0. 


lese  two  equations  obtaining  for  any  three  angles  what- 
Tapply  evidently  to  the  three  angles  of  any  triangle. 

Let  the  series  of  arcs  or  angles  a,  b,  c,  d  .  .  . .  l,  be 

inplated,  then  we  hare  (art.  24), 

sin^ 
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sin  (a'  +  b)  .  810  (a— b)  =  sin*  a  -«in»  b, 

B  — c)  =  811 


flin  f *  +  cj  .  sia  (b— c)  =  8in*  b  — sin*  c, 
Bin  (c  +  d)  .  flin  (c— d)  =  sin*  c— «in>  d, 

&c.  &c.  lie. 

siQ  (l  +  A  .  flio  (l— a)  =  sin*  l— sin*  a. 
If  all  these  eqaationa  be  added  together,  the  second  member 
of  the  equation  wiU  vanish,  and  of  conseqaence  we  shall  ha?e 

sin  (a+b)  .  sin  Ta^b^  +  sin  Tb+c^  .  sin  (b->c}  4*  ^>  •  • 

+  «in  (l+a;  +  sin  (l— a)  =  0. 

Proceeding  in  a  similar  manner  with  sin  (a— b),  cos  (a  +.  b), 
sin  (b--.c),  cos  (b+c),  &c.  there  will  at  length  be  obtained 

cos  (a+b)  .  sin  (a  -  bJ  +  cos  (b+c)  .  sib  (b— c)  +  &c . . . 

.  .  .  .  .  +  cos  Ql+a)  .  sin  (i— a)  =  0. 

33.     If  the  arcs,  a,  b,  c,  &c l  form  an  arithmetical 

progression,  of  which  the  first  term  is  0,  the  common  differ- 
ence D',  and  the  last  term  i.  any  number  n  of  circumferences  ; 
then  will  b—a  =  d',  c— b  :i=  d',  &c.  a  +  b  =  d',  b  +  c  =  3d\ 
kc. :  and  dividing  the  whole  by  sin  d',  the  preceding  equa- 
tions will  become 

sin  D  +  sin  3d'  +  sin  6d'  +  &c.=  0,  \      /yvv  \ 
cos  d'  +  cos  3d'  +  cos  6d'  +  &c.  =  0.  J      V^av.; 


34.  The  last  equation,  however,  onlj  shows  the  sums  of 
sines  and  cosines  of  arcs  or  angles  in  arithmetical  progres- 
sion, when  the  common  difference  is  to  the  first  term  in  the 
ration  of  2  to  1.  To  investigate  9i  general  eipression  for  an 
infinite  series  of  this  kind,  let 

s  +  ain  A  +  sin  (a  +  b)  +  sin  (a  +  Jb)  sin  (a  +3b)  +  &c. 
Then,  since  this  series  is  a  recurring  senes,  whose  scale  of 
relation  is  2  cos  b— 1,  it  will  arise  from  the  developement  of 
a  fraction  whose  denominator  is  I  —  Sz  .  cos  b  +  z' ,  making 
r  =  I. 

Now  this  fraction  wiD  be  =  >'"A+aC.in(A+B).-2  »»n  a^co^] 

1— 2«.cos  B  +«■ 

Therefore,  when  z  =  1,  we  have 

wn  A  +  wn  (A  +  b)— 2  sin  A  •  cm  b  ^^j.i .    \..^^^^^a^ 

J  = ^^^  \ ;andthis,because2sinA, 

cos  B  =  sin  (a  +  b)  -f  sin  (a— b)  (art  21),^  is  equal   te 
-',- — ^— T- .    onXy  Since  sin  a  — sm  ■  m  2  coe  i(A  +  b  ). 

sin 
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t 

«iB  |(i'^b');  fagr  att.  125,  it  follows,  that  wn  4  ^-^sin  (a  —  b)  ae 
S  cos  (a  —  |b)  sin  ^i^ ;  beskies  which  we  hare  1  «—  coft  b  ss 
%^9^  ^B.  CoQsequeatlj  the  preceding  expression  becomes 
s3=siBA  +  «n(A+B)  +  «n  (A  +  «B)  +  8in  (a  +  3b)  +kc. 

adinfimtum  ^  "^J^^"^*^ (XXVI.) 

36.  To  fiod  the  sum  of  »  4- 1  tevms  of  this  series,  we  have 
Mspfy  to  consider  that  the  sam  of  the  terms  past  the  (»+ 1 )  th, 
Ibat  is,  4hesum  of«n  [a  +  (n  -f  1 )  b]  +  sin  [a  +  (n  +  2)b]+ 
M  f  A  *^  (•  4-  3)  b]  +  &c.  «^  ti^iltifii,  is,  by  tbe  preoe<UQg 

theorem,  =*'  *'  ^  ^ —        '^^  .    Deducting  this,  there/ore,  from 

.the  former  expression,  there  will  remain,  sin  a  +  sin  (a  4*  b) 
+  sin  (a  +  2b)  +  «iB  (a  +  3b)  4*  •  •  •  •  sin  (a  4-  na)  «> 

cob(A— is)— caB^^A+vn^Val     ginCA-f  t>»B)ain^(w|-^\  )b    ,vwfr% 

2  Bin  ^b  sm  «b 

By  tike  means  it  will  he  foaad,  that  the  sums  of  the 
cosines  of  arcs  or  angles  in  arithmetical  progressipn  will  be 
eoB  A  4-  cos  (a  +  b)  +  cos  (a  4*.^b)  4-  cos  (a  +  Sb)  +  &c. 

md  infinitum  =  —  -""^^Jl^^^  •  •  •  (XXVIU.) 

Also, 

CM  A  4-  COS  (a  4-  b)  +  COB  (a  4"  *»)  +  COS  (a  +  3b)  4"  •  •  •  • 

....  (cos  A  +  «B)  ^«"(A+t-B)..inH-H)B         .jxiX.) 

36.  Wkh  regard  to  the  tangents  of  more  than  two  arcs, 
the  following  property  ^the  only  one  we  shall  here  deduce)  is 
a  Tery  curious  one,  which  has  not  yet  been  inserted  in  works 
of  TrigODomelry,-  though  it  has  been  long  known  to  roathe- 
malicians.  Let  the  three  arcs  a,  b,  c^  together  make  up 
the  whole  circumference,   Q  :  then  since   tan   (a  +  b)  ^= 

~- — r- — -'(by  equa.  xiiii),  we  have  a^  X  (tan  a  4*  tan  b  4- 

^3  -.  tan  a  .  tan  B  ^  ^    ^  "^  ^ 

Un  c)  =  R»  X  [tan  A  +  tan  b -tan  (a  +  b)]  =  r«  X  (tan  a  + 
tana^  —  — — - — ^1_- — h^    by  actual  multiplication  and  re- 

R*  —  Un  A  .  tail  a'        .   "^  "^ 

duction,  to  tan  A  .  tan  b  .  tan  c,  since  tan  c  =  tan  [  Q  — 
(^ +,)]=- tan  (A  -  B)  =_  i!il!Il±±i!:il->,  by  what  haa 

^  V  /  r3  —  tan  A  •  tJ*n  b      "^ 

preceded  in  this  article.  The  result  therefore  is,  that  the 
sum  of  the  tangents  of  any  three  arct  uhich  together  eontti- 
tute  a  circle,  multipHed  by  the  square  of  the  radius ,  is  equal 
to  ^  product  of  those  tangents TiCXX.) 

Since  both  arcs  in  the  second  and  lourth  quadrants  bare 
Ibeir  tangents  considered  negative,  the  above  property  will 
^pply  to  arcs  any  way  trisecting  a  semicircle  ;  and  it  will  there- 

Vol.  II.  4  fore 
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fore  apply  to  the  angles  of  a  plane  triangle,  which  arei 
together,  measured  by  arts  constituting  a  seociicircle.  So 
that  if  radius  be  considered  as  unity,  we  shall  find  that,  th* 
4um  of  tangents  of  the  three  angUs  of  any  plane  triangU^  %$ 
equal  to  the  continued  product  of  thote  tangenti.  (XXXI.) 

37.  Haying  thus  given  the  chief  properties  of  the  sines, 
tangents,  &c.  of  arcs,  their  sines,  products,  and  powers,  we 
shall  merely  subjoin  investigations  of  theorems  for  the  2d  and 
3d  cases  in  the  solutions  of  plane  triangles.  Thus,  with  re- 
spect to  the  second  case,  where  two  sides  and  their  included 
angle  are  given : 

By  equa.  it,  a  :  6  :  :  sin  .1  :  sin  b. 

fnddiSnl    «  +  &:a-6::?inA  +  sinB:smA-sinB. 

But,  eq«  XXII,  tan  ■  (a  +  b)  :  tan  Wa  •-  b)  : :  sin  a  +  sin  » ^ 
sin  A— sio  B  ;  whence,  ex  equal  a-^-i  :  a  —  6  : :  tan  4(a  +  b)  : 

Unl(A~B) (XXXIl!) 

Agreeing  with  the  result  of  the  geometrical  investigation, 
at  pa.  386,  vol.  i. 

38.  If,  instead  of  having  the  two  sides  a,  6,  given,  we  know 
their  logarithtm^  as  frequently  happens  in  geodesic  opera- 
tions, tan  ^(a  —  b)  may  be  readily  determined  without  first 
finding  the  number  corresponding  to  the  logs  of  a  and  6. 
For  if  a  and  J)  were  considered  as  the  sides  of  a  right-angled 
triangle,  in  which  f  denotes  the  angle,  opposite  the  side  a, 

then  would  tan  ^  =:  2**     Now,  since  •  is  supposed  greater 

than  6,  thi^  angle  will  be  greater  than  half  a  right  angle,  or 
it  will  be  measured  by  an  anf  greater  than  }  of  the  circumfer- 
ence, or  than  |0.  Then,  because  tan  (^-  iO)=iqp^^^  ^ 
and  bfK^ause  tan  |  O  =  '^  ^  1>  ^®  ^^▼c 

Un(^-iO)=(J-I)-5-(l  +  ;-=^*. 
And,  from  the  preceding  article, 

a+A    un  J(A  -f  b) ^TSn^ consequently, 

tan  |(a  —b)  =  cot  ic  .  ton  (0  — j  Q)  •  •  •  (XXXIII ) 
From  this  equation  we  have  the  following  practical  rule. 
Subtract  the  less  from  the  greater  of  the  given  logs,  the  re- 
mainder will  be  the  log  ton  of  an  angle  :  from  this  angle 
toke  45  degrees,  and  to  Uie  log  ton  of  the  remainder  add  She 
log  cetan  of  half  the  given  angle  ;  the  sum  will  be  the  log 
ton  of  half  the  difference  of  the  other  two  angles  of  the  pla^e 
triangle. 

39.  The 
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39.  Tbe  remaining  case  is  that  in  which  the  three  sides  of 
the  triangle  are  known,  and  for  which  indeed  we  have  al- 
ready obtained  expressions  for  the  angles  in  arts.  6  and  8. 
But,  as  neither  of  these  is  best  suited  n>r  loganthmic  compor 
tation,  (however  well  fitted  thej  are  for  instruments  of  in- 
▼estigation),  another  may  be  deduced  thus  :  in  the  equation 

for  cos  A,  (given  equation  ii),  tiz.  cos  a  = rj^ ,u  we 

substitute,  instead  of  cos  a,  its  value,  1  — •  2  sin'  ^a,  change 
the  signs  ot  all  the  terms,  transpose  the  1 ,  ^i^d  divide  by  2, 

we  shall  have  sin*  ^a  =  ^ — ^ r*-^    "*" — ^=: — — jr— — • 

Here,  the  numerator  of  the  second  member  being  the  pro- 
duct of  the  two  factors  (a  +  6  —  c)  and  Ta  —  6  +  c),  tbe  equa- 
tion will  become  sin«  ^a  =  K«-h^O  J(fl  -^4-0     g^^^  ^^^^^ 

^(o+6— c)  =  Ko+^+c)-c,and|(a-64-c)=i(fl+6+c)— 6 ; 
if  we  put  s  =  a  +  6  -f  c,  and  extract  the  square  rcMt,  there 
will  result, 


sin  ^A  =  ^  >-2 i-~i — i. 

^Inlr  \  -  i»  =  ^  i^Z^LSk^,    VCXXXIV.) 
.in  ^c  =  y  «.->.M*.-*) 

These  expressions,  besides  their  convenience  for  logarith- 
mic computation,  have  the  further  advantage  of  being  perfect- 
ly free  from  ambiguity,  because  the  half  of  any  angle  of  a 
plane  triangle  will  always  be  less  than  a  right  angle* 

40.  The  student  will  find  it  advantageous  to  collect  into 
one  place  all  those  formulae  which  relate,  to  the  computation 
of  sines,  tangents,  &c.*  ;  and,  in  another  place,  those  which 
are  of  use  in  the  solutions  of  plane  triangles  s  the  former  of 
these  are  equations  v,  viii,  ix,  x,  xi,  x,  xi,  xii,  xxii,  xiv, 

XV,     XVI,    XVII,     XVIII,       XIX,      XX,     XXII,     Xxiif     XXIII,     XXIV, 

XXVII  ;    the  latter  are  equa.  ii,  ni,  iv,  vii,  xxxii,  xxxiii, 

XXXIV. 

To  exemplify  the  use  of  some  of  these  formulas,  the  follow- 
ing exercises  are  subjoined. 


*  What  is  litre  given  bein{^  only  a  brief  sketch  of  an  inexhausti- 
ble sqbject ;  the  reader  who  wishes  to  pursue  it  ^rther  is  referred 
to  the  copious  Introduction  to  our  Mathematical  Tables,  and  the 
comprehensive  treatises  on  Trigonometry,  by  Emerson  and  many 
()ther  modem  writers  on  the  same  8ttbject>*vrhere  he  will  find  his 
curiosity  richly  gratified.  • « 

EXBRCI9ES. 
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EXERCISES. 

Ex.  1.  Find  the  sines  and  taogeDts  of  18*,  30*,  46o,  60'', 
arid  76^  :  and  show  how  from  tkeoce  to  find  the  maes  ani 
taajpents  of  several  of  their  subiiwltiples. 

First,  with  regard  to  the  arc  of  45**,  the  sine  and  cosiDe  are 
naolfeslly  equal;  or  they  form  the  perpeadicolar  aod  hase 
of  a  light-angled  triangle  whose  hypothenuse  is  equal  to  the 
assumed  radios.  Thus,  if  radius  he  a,  the  sine  and  cusine  of 
46»,  will  each  be  =  y^  ^r^  =  k^\  sb  i^^'  If  a  be  eqiual 
to  1 ,  as  is  the  case  with  the  tables  in  use,  then 

sin  46<>  =s  cos  46«»  =  ^^2  =  -7071068. 

tan  45«*  =  ~  =  I  =  -??  =  cotangent  46**, 
cos  iin  ° 

Secondly^  for  the  sines  of  60*^  and  of  30<»  :  since  each  angle 
in  an  equilateral  triangle  contains  eo*",  if  a  perpendicular  be 
demitted  from  any  one  angle  of  such  a  triangle  on  the  oppo- 
site side,  considered  as  a  base«  that  perpendidular  v^illbe  tlie 
line  of  60^,  and  the  half  base  the  ^ine  of  30**,  the  side  of  the 
triangle  being  the  assumed  radius.     Thus,  if  it  be  r,  we  shall 

have  |R  for  the  sine  of  SO*,  and  ^R«  —  Jii»  =  ^a^S^forthe 
sine  of  60®.     When  r  =  1,  these  become 

sin  SO*  =  -6 sin  60*  =  cos  30*  =   -8660264. 

Hence,  tan  30*  :=  — i-   =  -^  =  ^  ^  3  =  -6773503, 

tan  60*  =^^  =    i/3    = 1-7320608. 

ConsequentlT,  tin  60*  =  3  tan  30*. 

Thirdly,  n>r  the  sines  of  16*  and  76*,  the  fimner  arc  is  the 
half  of  30^,  and  the  latter  is  the  compliqient  of  that  half  arc. 
Hence,  substituting  1  for  r  and  ^^3,  for  cos  a,  in  the  ex- 
pression Bin^x  =^  ±.  ^  y/  2r*  ±  2r  cos  a  .  .  .  (equa.   in), 

it  becomes  sin  16*  =  ^^  2—  y/T  =^  -2688190.   

Hence,  sin  75*  =  cos  16«»  =  -•I— i(2— -^3)  ==  |v^2+^3  = 
^^^£  =  -9669268. 

Consequently,  tan  15*  =  ~   ==  '.^^1^  =  .2679492. 

^  -^  CM  •9059258 

And,  tain  76*  =  ^^—^  =  -3-7320608. 

•2588190 

Now,  from  the  sine  of  30*,  those  of  6*,  2*,  and  1*,  may 
easily  be  found.  For,  if  6a  =  SO*,  we  shall  haye,  from 
equation  z,  sin  6a  =:  6  sin  a  — -  20  sin'  a+  16  sin'  a  :  or,  if 
sin  A  =  JT,  thi^will  become  16x«  —  204?'  +  6jr  =  -6.  This 
equation  solveo  by  any  of  the  approiimating  rules  for  such 
equations,  will  give  x  =  -1046286,  which  is  the  sine  of  6*. 

Next 
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ISenU  to  find  the  siee  of  2^,  we  baye  ag»ui,  horn  equation 
z,  sin  3a  =  3  sin  a—  4  sin'  a  :  that  k,  if  x  be  put  for  no  2«, 
3r— 4flp3  =B  -1046285.  This  cuhk  solved,  givefl  x  »  *0348996 
=  sin  2«. 

Tlien»  if  8  =s  sin  1^,  we  shall,  from  tiie  second  of  the  e^a' 

tietis  marked  i,  have  28  ^  T— a«  «  -0348995  ;  whence  a  is 
found  «   0174524  ==c  sin  1<». 

Had  the  expression  for  the  sines  of  bisected  arcs  been  ap- 
plied successively  from  sin  lo^^  to  sin  7<>30',  sin  3^45',  sin 
1^52^'  sin  56}' ,  &c  a  different  series  of  values  might  have 
been  obtained  :  or,  if  we  had  proceeded  from  the  quinqui- 
section  of  45**,  to  ^e  trisection  of  9^,  the  bisection  of  3<»,  and 
so  on,  a  different  series  still  would  have  been  found.  But 
what  has  been  done  above,  is  sufficient  to  illustrate  ikis  method. 
The  next  example  will  exhibit  a  ^ery  simple  and  compendious 
way  of  ascending  from  the  sines  of  smaller  to  those  of  larger 
arcs. 

Ex.  2.  Given  the  sine  of  1**,  to  find  the  sine  of  2^,  and 
then  the  sines  of  5^  -#•,  5»,  6*^,  7«,  8*,  9*>,  and  10^,  each  by  a 
siogfe  proportion. 

Here,  taking  first  ttie  expression  for  the  sine  of  a  double 

arc,  equa.  x,  we  have  sin  29  =r  2  sin  1®^1  — sia*  1**='034895. 
Then  it  follows  from  the  rule  in  equa.  xx,  that 


sinl^ 

:  sin  2^— sin  P  : :  si 

sin2<> 

:  sin  30— sin  1*'  : :  s 

sin3» 

:  sin  40— sin  1®  :  :  si 

sin4« 

:  sin  5°— sin  1®  :  :  s 

sinS** 

:  sin  6^— sin  !•  :  :  s 

sine** 

:  sin  7^— sin  1'  :  :  si 

sin  7*> 

:  sin  8^— sin  I®  :  :  s 

sin8<> 

:  sin  9*— sin  1**  :  :  si 

n2«+8inl«> 
n3«»  +  8in  l« 
n4<>+8in  1«» 
n  5*  +8in  !• 
n6<»+8in  !• 
n7*+sin  l^ 
n8«  -f  ainl* 


sm  3®=: 
sin  4'>  = 
sin  5^  = 
sin  6^  =s 
sin  7*=i 
sin  8^  = 
sin  9*'=: 
sinlO«»  = 


-0523360 
•0697666 
•0871567 
•1046286 
•1218693 
•1391731 
•1564375 
•1736482 


in  90  +8in  1<> 

To  check  and  verify  operations  like  these,  the  proportions 
should  be  changed  at  certain  stages.     Thus, 


sin  !•*  :  sin  3®— sin  ^^ 

,8in  l^*  :  sin  4o^8in3^ 

sin  4*  :  sin.7«»— sin  3* 


sin  3«  +  sin  2o  :  sin    5<>, 
sin  4«>  +  sin  3«  :  sin    7^i 
sin  7<»  4-  »in  3*  :  sin  10*. 
The  coincidence  of  the  results  of  these  operations  with  the  ana- 
logons  results  in  the  preceding,  will  manifestly  establish  the 
eorrectness  of  both. 

Cor,  By  the  same  method,  knowing  the  sines  of  5^,  10^, 
and  15«,  the  stfies  of  20«,  25f,  35<*,  65»,  65«,  &c.  may  be 
found,  each  by  a  sini^le  proportion.  And  the  sines  of  1^,  9*, 
and  lO*',  wUl  lead  to  those  of  19*,  29«,  39o,  &c.  So  that  the 
sines  may  be  computed  to  any  arc  :  and  the  tangents  and  other 
t^ngonometricai  lines,  by  means  of  the  expressions  in  art.  4,  &c. 


Ex. 
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Ex.  3.  Find  the  sam  of  all  the  natural  sines  to  every  mi- 
note  in  the  qnadrant,  radius  =1. 

In  this  problem  the  actual  addition  of  all  the  terms  would 
be  a  most  tiresome  labour  :  but  the  solution  by  means  of 
equation  xxyii,  is  rendered  very  easy.  Applying  that  theo- 
rem to  the  present  case,  we  have  sin  (a  4-  ^n  b)  =  sin  45*, 
sin  |(fi  H- 1 )  B::=:sin  46<»0'30 ',  and  sin  |  B=8in  30".     Therefore 

ii- — =  34d8'24b7465  the  same  sum  required. 

sin  30  ^ 

From  another  method,  the  invjestigation  of  which  is  omitted 
here,  it  appears  that  the  same  sum  is  equal  to  ^  (cot  30'  +0* 

Ex.  4.  Explain  the  method  of  finding  the  logdrithnUcy 
sines,  cosines,  tangents,  secants^  &c.  the  natural  sines,  cosines, 
kc.  being  known. 

The  natural  sines  and  cosines  being  computed  to  the  radius 
unity,  are  all  proper  fractions,  or  quantities  less  than  unity, 
so  that  their  logarithms  would  be  negative.  To  avoid  this, 
the  tables  of  logapithmic  sines,  cosines,  &c.  are  computed  to 
a  radius  of  lOOOOOOOOOO,  or  iO>«  :  in  which  case  the  loga- 
rithm of  the  radius  is  10  times  the  log  of  10,  that  is,  it  is  1  a 

Hence,  if  t  reprefent  any  sine  to  radius  1,  then  I0>®  Xs^ 
sine  of  the  same  arc  or  angle  to  rad  10^<^.  And  this,  in  logs 
is,  log.  10»«f  =  10  log.  10  +  log.  •  =  10  +  log.  5. 

The  log  cosines  are  found  by  the  same  process,  since  the 
cosines  are  the  sines  of  the  complements. 

The  logarithmic  expressions  for  the  tamgeBts,  &c.  are  de- 
duced thus  : 

Tan  sK  rad  — .     Theref.  log  tan  s  log  rad  +  log  sin-^log 
cos  =  10  4*  log  sin  -  log  cos. 

9ot  = .   Therf.  log  cot=2  log  rad  -  log  tan=20— log  tan. 

Sec  =»^ — .   Therf.  logsec=21ograd— logcos=20-logco8. 

cos 

Cosec  =  -  T— .  Therf.  1  .cosec=21ograd— logsin=20  -  logsin. 

-,        J    .^^         chord*         (2  sin  4  arc)»         3  X  «»!»«  4  arc 
Versed  sine  =  -— =  2 — ^  ■  .  ■      =  — ^^ 3-' — . 

oiam  2  rsd  rad 

Therefore,  log;ver8  sin  =  log  2  +  2  log  sin  ^  arc  — 10. 

Ex,  6.  Given  the  sum  of  the  natural  tangents  of  the  an- 
gles A  and  B  of  a  plane  triangle  =  3*1601988,  the  sum  of  the 
tangents  of  the  angles  b  and  c  =  31*8765577,  and  the  conti-^ 
nued  product,  tan  a  .  tan  b  .  taa  c  =  5-3047057  :  to  find  the 
angles  a^  b,  and  c. 

It 
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It  liafl  been  demonstrated  io  art.  36 »  that  wheo  radios  is 
ity,  the  product  of  the  natural  tangents  of  the  three  angles 
a  plane  triangle  b  equal  to  their  continued  product.  Hence 
e  process  is  this  : 

From  tanx+tauB+tanc  =  5*3047057 
i   Take  Un  a  +  tan  b   .  .  .  .  =  3*1601988 

Remains  tan  c =  2-1445069  =  Un65«> 

From  tan  A  +  tan  B  +  tan  c  =  5^17067 
Take  tan  b  +  tan  c    .  .  .  .  =  3-8765677 

Remains  tan  A =  1*4281480=:  tan  55^. 

Consequently,  the  three  angles  are  55^,  600,  and  65<*. 

Sx.  6.  There  is  a  plane  triangle,   whose  sides  are  three 
isecutiye  terms  in  the  natural  series    of  integer  nurobers» 
I  whose  largest  aufj^e  is  just  double  the  smilleat.     Kequir- 
the  sides  and  angles  of  thatthangle  1 

|f  A,  B,  c,  be  three  angles  of  a  plane  triangle,  a,  6,  c,  the 
tss  respect!  rely  opposite  to  a,  "b,  c  ;  and  8=^a-i-  b  ^  e, 
ten  from  equa.  in  andxxxiv,  we  ha?e 


■    andsinic=^t*s--^Ji^-0 


let  the  three  sides  of  the  required  triangle  be  represented 
r,  X  -I-  1 ,  and  x  4"  2  ;  the  angle  a  being  supposed  oppo- 
to  the  side  x,  and  c  opposite  to  the  side  x  -f-  2  :  then  the 
ceding  expressions  will  become 
. ^  ^3y*f3     X'\'2     x^l     x-1 

••°-*— (x+l).(l+2)^    2     ''Y''~2  T' 

.     .  ^(ar-H).(x+3) 

:smtc  =  ^      4;r(x^l)      ' 

Iming  these  two  expressions  equal  to  each  other,  as  they 
iX  to  be,  by  the  question  ;  there  results,  after  a  little  re- 
ion,  x3— |x«  -  y  x-2  =  0,  a  cubic  equation,  with  one 
ti?e  integer  root  x  =  4.  Hence  4,  5,  and  6,  are  the  sides 
be  triangle^ 

=  A\/'7  ;  »inc»=:A\/7;sinJc  =  ^,.}:f,=  |^7. 
iie  angles  are,  a  =  4 1 ••409603=  41«>24'  34"|  34  \ 

B  =  55^-77n91  =  56  46   16     18, 
'  c  =  82«*819206 »  82  49     9       8. 

<firect  solution  to  this  curious  problem,  except  by  means 
^e  analytical  formulas  employed  above,  would  bo  exceed- 
\  tedious  and  operose. 


HARVARD    COLLEGE 
LIBRARY 


3  2044  096  989  173 


•4 


^'^ 


COURSE 

OF       ^ 

MATHEMATICS. 

IN  TWO  VOLUBIES. 

FOR  THE  USE  OF  ACADEMIES, 

'  AB   WELL    AS 

PRIVATE  TUITION. 


CHARLES  HUTTON,  L.  L.  D.  F.  R.  S. 

LATE    PROFB880R    OF    MATHEMATICS    IIT   THE    ROYAL    MILITARY 

ACADEMY. 


FBOM  THE  FIFTH  AITD  SIXTH  LOJTDOJ^  EDJTJOJ^S, 

BXYISXD  An  COmBaCTBD  BT 

ROBERT  ADRAIN,  A.  M. 

FBLLOW  OF  THE  AMERICAN  PHILOSOPHICAL  80CIETT, 

AND 
P&OnaSOR  OF  mathematics  in  qiJEEN^S  COLLEGE,  NBW4ERSET. 


VOL.    II. 

NEW-YORK  : 

POBUBHED  BT  SAMUEL  CAMPBELL,  EVEBT  DUTCKINCK, 

T.  k  J.  SWORDS.  PETER  A.  BfESIER,'R.  Mn)ERMUT, 

THOMAS  A.  RONALDS,  JOHN  TIEBOUT, 

AND  GEORGE  LONG. 

1818. 


E^cU^T  ^ovav-^t^fl-^v 


HARVARD  COLLEGE 
LIBRARY 


THE  ESSEX  INSTITUTE 
TEXT-BOOK  COLLECTION 


GIFT  OF 

GEORGE  ARTHUR  PLIMPTON 

OF  NEW  YORK 


JAHUARY  2S.  1914 


3  2044  096  989 


•      *^ 


% 


CONTENTS.  ^ 

PrffcHcai  Qitf«ft'«Rt  S76 

JPro€ii€al  Exifwu  €9neernin^  Forcei S7I 

On  th§  MMm  ^  JB^d^t  in  Ifmd§ 401 

On  the  Mo/Am  rf  MtuHnn^  end  their  Maximum  ^fttu  4l^ 

JPrtmm  of  Earth  and  Itmdt  agaifiMt  walk  and  Fartijkatitm^ 

T%eary  of  MagaaimOf  &c ,  4SS 

Theory  and  Pratdat  of  Qumiery ,       .  ii4 

Promeetuuo  ProHemeand  Exeniteein  MechanUe^  Stattet^  Dynan^ 

ie9^Bfdr9daiie§,Bydraulie9tPniictik9f<f€.&€.  4S0 

AddUiaiM «       t       .       ,  555 

Tahle9  tf  Lofonthme,  Suiee,  aad  TTan^efin  559 


CONTENTS 

OP  fOLttMB  //. 


Page 
PUi^Oi  rRlOOJmMETRT  wmdendmuOifiUaag  1 

On  GndMe  Operatimu^  and  th§  P^gw^  rf  Ok  Earth  sg 

PHndpk^of  Ptbffmm&tnf    .       .      ■.  .       >       »  96 

Cy3M«n,fVroc9 109 

Omerd  Lam  rf  MgUm Ill 

CmdmrfJB^Sn         ^       .......       .  ISI 

JUtm  of  Oraa^'4h9Gmi  •/  hdouy  bodie^^-Jiiotim  ofPnJeetUit  in 

fieetpaee 198 

PraetUai  GimMry Ul 

IhHmu  tf  b9dSe9  M  tneHmd  fUmei  ahd  curve  mtfaee^^-^MfMon  of 

The  Mtehamcal  Powert 15i 

Centre  ff  Granitjf Ifl9 

SSirenffthandelreoeoJ  beamtUe,  18| 

Centre  ^  Pereumien 195 

Centre  ^  Qetakti&m              196 

Cm^tre  rf  QifrfOm                       199 

Of  l^droeuttlieo  901 

CfB^drmiUe 919 

(y  PneMMIfci               «       .  917 

qfUmasphm 997 

Of  the  Air.Pwnp 989 

930 


•       •**•• 


XI 


CONTENTS. 


Page 

Thermmeur- fiss 

On  thB  red&tmnee  oflfidtU^  mtd  mth  their  forcei  and  acHont  on 

bodM     .       ., S36 

JPracHeal  ExercUes  emundng  Sped  fie  Ormrilif  .       «       .  8S9 

Pf  ib§  IHUiisr  qf  BdlU  and  SheOt  ......  345 

OJ  DUtanut  bjf  Urn  vdndljf  ^  Sttmd  .       •      .       •       •  S47 

Practical  Exm-ciett  in  Jlitch^nie^  Statict^  Rf4rauUc9^  Snun^  Mh 

tion,    QnniPff  Pr^tike,  and  ofhsr  drwicAet  ^  Mumal  Fhilo* 

Mphf     , 94S 

On  the  AbftfTi  and  Sobaien  rf  Eguadefu  ingeneral  •       •  SSt 

QntheMttureandFrepgrtieetfQuroeitandtheQenetruetimefOee' 

metrical  Pfikm  9f3 


THE  DOCTRINE  OF  FLUIQONS 


and 


Direct  MBthed  ef  Ituxiene     .... 

0/  eeeendf  third,  lie.  Ituxiene 

'The  Aneree  Methedt  or  Tlie  JfUuUng^  ^  Ifumue 

CfFiuxieneandlfueute 

Qf  Muuctaun  and  ^Sanieut      •       •       .       . 

The  Mfthed  of  Tn^fcmt       .... 

0/Seetificaticnet0r,teJlndtheleng^9fCwrw 

T»  find  the  aurfkcee  tf  SoHde  .       . 

njindtheCemenie^  SeSde 

Te/nd  Ltgarithme 

T^JIndthepeinitqfJb^fiection 

Tifind  the  radme^  curvature  of  Curvet 

OJ  htootute  and  JSmUue  Cwvee 

Ttf9dthtCtftfa^f,0ra9lts 


Idnee 


$0i 
308 
314 
319 
333 
351 
35C 

351 

360 

S6S 
883 

364 

366 


370 

PracHcat 


COURSE 


OF 


MATHEMATICS,  &c. 


HsAXE  T«G0KO2a5TRT  CONSIDEBBD  AJXAlTTlCAlVf, 


Art.  U 


T 


HERE  are  tviro  methods  which  are  adopted  hy  mathemati*^ 
ciaoB  iQ  iorestigating  the  theorj  of  Trigonometry  :  the  one 
Geometrical^  the  other  Algebraical.     In  the  former,  the  vari- 
ous relations  of  the  sines,  cosines,  tangents,  &c.  of  single  or 
multiple  arcs  or  angles,  and  those  of  the  sides  and  angles  of 
triangles,  are  deduced  immediately  from  the  figures  to  which 
the  sererkl  enquiries  are  referred  ;  each  individual  case  requir- 
ing its  own  paiiicular  method,  and  resting  on  evidence  peculi- 
ar to  itself.     In  the  latter,  the  nature  and  properties  of  the  lin- 
ear-angular quantities  (sines,  tangents,  &c.)  being  first  defined, 
some  general  relation  of  these  quantities,  or  of  them  in  con- 
nection with  a  triangle,  is  expressed  by  one  or  more  alsebra- 
ical  equations  ;  and  then  every  other  theorem  or  prec^t,  of 
ub€  in  this  branch  of  science,  is  developed  by  the  simple  re- 
daction and  transformation  of  the  primitive  equation.     Thus, 
the  rules  for  the  three  fundamental  cases  in  Plane  Trigonome- 
try, which  are  deduced  by  three  independent  geometrical  in- 
vestigations, in  the  ^t  volume  of  this  Course  of  Mathematics, 
«re  obtained  algebraically,  hy  forming^  between  the  three  data 
Vob.  H.  .«  9mi 
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iini  the  three  unknown  quantities,  three  eqaatioos,  and  ohtaiiH 
ing,  in  expressions  of  known  terms,  the  valae  of  6ach  of  the. un- 
known quantities,  the  others  being  exterminated  by  the  usual 
processes.  Each  of  these  general  methods  has  its  peculiar  ad- 
Tantages.  The  geometrical  method  carries  conviction  at  every 
step  ;  and  by  keeping  the  objects  of  enquiry  constantly  before 
the  eye  of  the  student,  serves  admirably  to  guard  him  against 
the  admission  of  error  :  the  algebraical  method,  on  the  bon- 
trary,  requiring  little  aid  from  first,  principles,  but  merely  at 
the  cognmencement  of  its  career,  is  more  properly  mechanical 
than  metital,  and  requires  frequent  checks  to  prevent  any 
deviation  from  truth.  The  geometrical  method  is  direct, 
and  rapid  in  producing  the  requisite  conclusions  at  the  out- 
set of  trigonometrical  science  ;  but  slow  and  circuitous  in 
arriving  at  those  results  which  the  modem  state  of  the  science 
requires  :  while  the  algebraical  meliiod,  though  sometimes 
circuitous  in  the  developement  of  the  mere  elementary  theo- 
rems, is  very  rapid  and  fertile  in  producing  those  curious  and 
interesting  formulas,  which  are  wanted  in  the  higher  branches 
of  pure  analysis,  and  in  mixed  mathematics,  especially  in 
Physical  Astronomy.  This  mode  of  developing  the  theory 
of  Trigonometry  is,  consequently,  well  suited  for  the  use  of 
the  more  advanced  student ;  and  is  therefore  introduced  here 
with  as  much  brevity  as  is  consistent  with  its  nature  and- 
utility. 

2*  To  save  the  trouble  of  turning  verjr  frequently  to  the 
1st  volume,  a  few  of  the  principal  definitions,  there  giveo^ 
are  here  repeated,  as  follows  : 

The  SINE  of  an  arc  is  the  perpendicular  let  fall  from  one 
of  its  extremities  upon  the  diameter  of  the  circle  which 
passes  through  the  other  extremity. 

The  COSINE  of  an  arc,  is  the  sine  of  the  complement  of 
that  arc,  and  is  equal  to  the  part  of  the  radius  comprised  be- 
tween the  centre  of  the  circle  and  the  foot  of  the  sine. 

The  TANGENT  of  an  arc,  is  a  line  which  touches  the  circle 
in  one  extremity  of  that  arc,  and  is  continued  from  thence 
till  it  meets  a  line  drawn  from  or  through  the  centre  and 
through  the  other  extremity  ^f  the  arc. 

The  SECANT  of  an  arc,  is  the  radius  drawn  through  one 
of  the  extremities  of  that  arc  and  prolonged  till  it  meets  the 
tangent  drawn  from  the  other  extremity. 

The  VERSED  SINE  of  an  arc,  is  that  part  of  the  diameter 
of  the  circle  which  lies  between  the  beginning  of  the  arc  and 
the  foot  of  the  side. 

The  COTANGENT,  COSECANT,  and  covsRSED  819E  of  an 
arc,  are  the  tangent,  secant,  and  yersed  sine,  of  the  comple- 
ment of  such  arc.  3.  Since 
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.  3.  Since  arcs  are  proper  and  adequate  measores  of  plane 
aisles,  (the  ratio  of  any  two  plane  angles  being  constantly 
eqoal  to  the  ratio  of  the  two  arcs  of  any  circle  whose  centre 
is  the  angular  point,  and  which  are  intercepted  by  the  lines 
whose  inclinations  form  the  angle),  it  is  usual,  and  it  is  per- 
fectly safe,  to  apply  the  above  names /without  circumlocution 
as  though  they  referred  to  the  angles  Uiemselves  ;  thus,  when 
we  speak  of  the  sine,  tangent,  or  secant,  of  an  angle,  we 
mean  the  siqe,  tangent,  or  secant,  of  the  arc  which  measures 
that  ang^e  ;  the  radius  of  the  circle  employed  being  known. 

4.  It  has  been  shown  in  the  1st  vol.  (pa.  382),  that  the  tan- 
gent is  a  fourth  proportional  to  the  cosine,  sine,  and  radius  ; 
the  secant,  a  third  proportional  to  the  cosine  and  radius  ;  the 
cotangent,  a  fourth  proportional  to  the  sine,  cosine,  and  ra- 
dius ;  and  the  cosecant  a  third  proportional  to  the  sine  and 
vadius.  Hence,  making  use  of  the  obyious  abbreviations, 
and  converting  Uie  analo^es  into  equations,  we  have 

rad*  X  Mne-              nd.  x  cos.                 rtd  .                   nd*, 
tan.  = i  cot  = 9  Bee,  =: ,cosec.= . 


sane  cos-  sine 

Dr,  assuming  unity  for  the  rad.  of  the  circle,  these  will  become 

sin  cos.  i  1 

tan.  =  —  •  •  •  cot.  =  —  ...  s^c.  =  —  ...  cosec.  =  — • 
cot.  sin*  cos.  sin* 

These  preliminaries  being  borne  in  mind,  the  student  may 
pursue  his  investigations. 

5.  Let  ABC  be  any  plane  triangle,  of 
which  the  side  bc  opposite  the  angle  a  is 
denoted  by  the  small  letter  a,  the  side  ac 
opposite  Uie  angle  b  by  the  small  letter  6,  _ 

and  the  side  ab  opposite  the  angle  c  by  ^      c      B 

the  small   letter  c,  and  en  perpendicular  to  ab  ;   then  is^ 
£^=^a,  COB  b  -)-  6  .  cos  A. 

For^  sinc^  ac  =  6,  ad  is  the  cosine  of  a  to  that  radius ; 
consequently,  supposing  radius  to  be  unity,  we  have  ao  j=  6, 
COS.  A.  In  like  manner  it  is  bd  =  a^  cos.  b.  Therefore, 
AD-f-BD=3AB  =  c  =  a.  COS.  B  +  ^  •  COS.  A.  By  pursuiug 
simihr  reasoning  with  respect  to  the  other  two  sides  of  jthe 
triangle  exactly  analogous  results  will  be  obtained.  Placed 
toge&er,  they  will  be  as  below  : 


a  =6  .  COS.  c  +  c  .  COS. 

6  =  a  .  COS.  c  4-  c  .  COS.  A.  y  ^  (I.) 

c  =  a  .  COS.  B  +  &  •  COS. 


I.  B.  ) 

I.  A.  y 


6,  Now,  if  from  these  equations  it  were  required  to  find 
expressions  for  the  angles  of  a  plane  triangle,  when  the  sides 

are 
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are  ^ven  ;  we  have  only  to  multiply  the  first  of  these  equa- 
tioiis  by  a,  the  second  by  6,  the  third  by  c,  and  to  subtract 
each  of  the  equations  thus  obtained  firom  the  sum  of  the  other 
two*    For  thus  we  shall  have 

h^+c  ---^a^  =s^  2be .  cos.  a,  whence  cos,  a  = ■ 

a>-fc' — 6' =  2a€ .  COS.  7,   •  *  .  cos.  b,  =  ■    ■■ 

tt  +  ^*^— c*  =  2a6 .  cos,  e,    •  .  .  cos.  c,  ag    ■ 

3a* 


(11.) 


7.  More  convenient  eTpressions  than  these  will  be  deduc- 
ed hereafter  :  but  even  these  will  often  be  found  very  con- 
venient, when  ihe  sides  of  triangles  are  expressed  in  integers^ 
and  tables  of  sines  and  tangents,  as  well  as  a  table  of  squares, 
(Uke  that  in  our  first  vol.)  are  at  hand. 

Suppose,  for  example,  the  sides  of  the  triangle  are  a  =  320, 
B  ^  662,  c  =s  800,  being  the  numbers  given  in  prop.  4,  pa. 
1G1,  of  Uie  Introduction  to  the  Mathematical  Tables  :  then 

we  have 

ja+ca—o"  ==863444     .....     log.  =  6-9311761 

26c     '  .     .     =  899200 log.  =  6-9638080 

The  remainder  being  log.  cos.  a,  or  of  18**20'  =  9-S773671 

Again,  a«  -t-  c»  —  6«  =  4266^6     .  .  .     log.  =  6-6299760 
2ac      .  .  .      sr  612000     .  .  .     log.  =  6-7092700 

TThe  remainder  being  log.  cos.  a,  or  of  33<'36'=s  9*9207060 

Then  180*—  (18«  20'-f  33«>  36')  =  I28*>  6'  =  c:  where  aft 
the  three  triangles  are  determined  in  7  lines. 

8.  If  it  were  wished  to  get  expressions  for  the  sines,  in* 
stead  of  the  cosines,  of  the  angles  ;  it  would  merely  be  ne- 
cessary to  introduce  into  the  preceding  equations  (marl^ed  11)^ 
instead  of  cos.  a,  cos.  b,  &c.  their  equivalents  cos.  a  s=  y^  H  — 
sin',  a),  cos.  B  =  ^  (1  —  sin>.  a),  kc.  For  then,  after  a  little 
reduction,  there  would  result, 

sin.  A  =  JS"-v/2a«^«  -f  2a«c»H-26"ca-.(a*-fA*+c*)l 

sin.  B  =  ^^2an^  +2a»c^  +U^c^^{a^+b^+c^)  I 

sin.  ^  =  iST -v/2a«6-»  -fgoac^  +  «6«ca— (a«-t-6*-t-c*)  J 

Or,  resolving  the  expression  under  the  radical  into  its  four 
constituent  factors,  substituting  s  for  a  4-  6  -f-  c^and  reducing^i 
(be  equations  wfll  become^ 


aixf. 
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iJD.  A  =  fc  y/ 18  Qe  —  c)  (^e  —  6)  (^8  -^)  1 

Bin.  B  =»|^|^^-a)  (i8-6)(P^^)  \     (in.) 

«n.c  =i6t/lsQ8  — o)(j8  — 6)(ie  — c) 

Tliese  equatioDS  are  moderately  well  sailed  for  compatatioD 
io  their  latter  form  ;  they  are  also  perfectly  symmetrical :  and 
as  indeed  the  quantities  under  the  radical  are  identical;  and  are 
consiitated  of  known  terms,  they  may  be  represented  by  the 
same  character  ;  suppose  k  :  then  shaU  we  have 

am.  A  a=  -7-  •  •  •  wn.  b  =  —  ...  sra.  c  ^  — -  . .  .  (iw.) 

be  ae  ab  ^      ' 

Hence  we  may  immediately  deduce  a  yery  important  theo- 
rem :  for,  the  first  of  these  equations,  divided  by  the  second 

gives -?^=:y>  '"'^d  the   fiist  divided  by  t\ie  tinrd  g^vcs 
-r-^ —  =  -  :  whence  we  have 

9U.  c         c 

sin.  A  :  sin.  a  .  sin.  c  cc  ci :  i  :  c  .  .  .  (IV.) 

Or,  in  words,  thB  nde$  of  pUme  triangle$  are  prapariumal  to 
tfcc  tinei  of  their  oppotiie  anglei»     (See  th.  1,  Tng.  vol.  i). 

9.  Before  the  remainder  of  the  theorems,  necessary  in  the 
solution  of  plane  triangles,  are  investigated,  the  fundamental 
proposition  in  the  theory  of  sines,  &c.  must  be  deduced,  and 
the  method  explained  by  which  Tables  of  these  quantities, 
confined  within  the  limits  of  the  quadrant,  are  made  to  ex- 
tend to  the  whole  circle,  or  to  any  number  of  quadrants 
whatever.  In  order  to  this,  expressions  must  be  first  ob- 
tained for  the  sines,  cosine,  &c.  of  the  sums,  and  differences 
of  any  two  arcs  or  angles.  Now,  it  has  been  found  (I)  that 
a  =  6  ,  cos.  G  +  ^  •  COS.  B*    And  the  equations  (fV)  give 

h  s=za.  -: .  .  .  ,  c=^a.  -r-— •      Substituting   these   values 

•in.  A  sin*  ▲ 

of  b  and  c  for  them  in  the  preceding  equation,  and  multiplying 

the  whole  by ,  it  will  become 

sin.  A  =  sin.  b  .  cos.  c  H*  sin.  c .  cos.  b. 
Bat,  in  every  plane  triangle,  the  sum  of  the  three  angles  is 
two  rirht  angles  ;  therefore  b  and  c  are  equal  to  the  supple- 
ment of  A  :  and,  consequently,  since  an  angle  and  its  supple- 
ment have  the  same  sine  (cor.  1,  pa.  378,  vol.  i),  we  have  sin. 
()i  4.  c)  s=  flin.  B  .  COS.  c  +  sin.  c«  cos ,  b. 
^  10.  If, 
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10.  If,  in  the  last  eqoatioD,  c  become  8iibtracti?e,  then 
would  sin.  c  manifestly  become  subtractive  also,  while  the 
cosine  of  c  would  not  change  its  sign,  since  it  would  still  con- 
tinue to  be  estimated  on  the  same  ndius  in  the  same  direction. 
Hence  the  preceding  equation  would  become . 

sin.  (b  —  c)  =  sin.  b  •  cos.  c— -  sin.  c  .  cos.  b. 

11.  Let  c  bd  the  complement  of  c,  and  |0  ^  the  quarter 
of  the  circumference :  then  will  c'  =|  o  —  c.  sin.  c'  =  cos.  c, 
and  COS.  c' =  sin.  c.  But  (art  10),  sin.  (b  —  c')  =  sin.  b, 
COS.  c'-*-8in.  c'  COS.  b.  Therefore,  substituting  for  sin.  c\ 
to§-  c\  their  values,  there  will  result  sin.  (b  —  c')  =  sin.  b  . 
sin.  c.  —  cos.  B  .  COS.  c.  but  because  c'  =  ^O  -r-  c,  we  have 
8in.([B  —  c)  =s  sin.  (b  +  c  —  jo)  =8in.  [(b  +  c)  —  jtO]^ 
—  sin.  r^O  —  (b  +  c)3  =  —  COS.  (b  -)-  c).  Substituting  this 
value  of  sin.  (b  -»  c')  in  the  equation  above,  it  becomes  cos. 
(b  +  c^  =  COS.  B  .  cos.  c.  —  sin.  b  .  sin.  c. 

12.  In  this  latter  equation,  if  c  be  made  subtractive,  sin.  c 
will  become  — -  sin.  c,  while  cos.  c  will  not  change  :  conse- 
quently the  equation  will  be  transformed  to  the  following, 
viz.  cos.  (b  —  c)  =  COS.  B.  COS.  c  4~  sin.  b.  sin.  c. 

If,  instead  of  the  angles  b  and  c,  the  angles  had  been  a  and 
B  ;  or,  if  A  and  b  represented  the  arci  which  measure  those 
angles,  the  results  would  evidently  be  similar  :  they  may  there- 
fore be  expressed  generally  by  the  two  following  equations, 
for  the  sines  and  cosines  of  the  sums  or  differences  of  any  twe. 
arcs  or  angles : 

sin.  (a  ±  b)  =:  sin.  a  .  cos.  b.  ±  sin.  b  .  cos.  a.  )      ^y  % 

cos.  fA  ±  B)  =  COB.  A  .  COS.  B.   qi  siu.  A  .  siu.  B.  )        ^      -^ 

13.  We  are  now  in  a  state  to  trace  completely  the  muta- 
tions of  the  sines,  cosines,  &c.  as  they  relate  to  arcs  in  the  va- 
rious parts  of  a  circle  ;  and  thence  to  perceive  that  tables 
which  apparently  are  included  within  a  quadrant,  are,  in  6ct, 
applicable  to  the  whole  circle. 

Imagine  that  the  radius  mc  of  the.  circle,  in  the  marginal 
figure,  coinciding  at  first  with  ac,  turns  about  the  point  c  (in 
the  same  manner  as  a  rod  would  turn  on  a  pivot),  and  thus 

forming  successively  with  ac  all 
possible  angles  :  the  point  m  at 
its  extremity  passing  over  all 
the  points  of  the  circumference 
aba'b'a,  or  describing  the  whole 
circle.  Tracing  this  motion  at- 
tentively, it  will  appear,  that  at 
the  point  a,  where  the  arc  is 
nothing,  the  sine  is  nothing  also, 
while  the  cosine  does  not  differ 

frfim 
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from  the  n^ius.  As  the  radius  mc  recedes  from  ac,  the  sine 
PM  keeps  increasing,  and  the  cosine  cp  decreasing,  till  the 
describing  point  m  has  passed  over  a  quadrant,  and  arrived 
at  B :  in  that  case  pm  becomes  equal  to  cb  the  radios,  and 
the  cosine  cp  yanishes.  The  point  m  continuing  its  motion 
beyond  b,  the  sine  pV  will  diminish,  while  the  cosine  cp', 
which  now  falls  on  the  contrary  side  of  the  centre  c  will  in- 
crease. In  the  figure,  p'  m'  and  cp'  are  respectively  the  sine 
and  cosine  of  the  arc  am'  or  the  sine  and  cosine  of  abm^ 
which  is  the  supplement  of  aV  to  ^Q  half  the  circumfie- 
rence :  whence  it  follows  that  an  obtuce  angle  (measured  by 
an  arc  greater  than  a  quadrant)  has  the  $ame  sine  and  cosine 
oi  it$  st^plement ;  the  cosine  however,  being  reckoned  sub- 
tractive  or  negative,  because  it  is  situated  contrariwise  with 
regard  to  the  centre  c. 

When  the  describing  point  m  bas  passed  over  ^  0>  <>^  half 
the  circumference,  and  has  airived  9t  a',  the  sine  ^nl  va- 
nishes, or  becomes  nothing,  as  at  the  point  a,  and  the  cosine 
iB  again  equal  to  the  radius  of  the  circle.  Here  the  angle 
Acx  has  attained  its  maximum  limit ;  but  the  radius  cm  may 
still  be  supposed  to  continue  its  motion,  and  pass  helofw  the 
diaoieter  aa'.  The  sine,  which  will  then  be  v'V,  will  con- 
sequently fall  below  the  diameter,  and  will  augment  as  m 
moves  along  the  third  quadrant,  while  cfa  the  contrary  cp", 
the  cosine,  will  diminish.  In  this  quadrant  too,  both  sine 
and  cosine  must  be  considered  as  negative  :  the  former  being 
•n  a  contrary  side  of  the  diameter,  &e  latter  a  contrary  side 
•f  the  centre,  to  what  each  was  respectively  in  the  first  quad- 
rant At  the  point  b',  where  the  arc  is  three-fourths  of  the 
oircumference,  or  |0,  the  sine  p''  vl"  becomes  equal  to  the 
radius  cb,  and  the  cosine  cp''  vanishes.  Finally,  in  the  fourth 
^aadcant,  from  b'  to  a,  the  sine  r^'V^\  always  beltm  mjl'^  di- 
minishes in  its  progress,  while  the  cosine  gp^'',  which  is  then 
Ibund  OQ  the  same  side  of  the  centre  as  it  was  in  the  first 
quadrant,  augments  till  it  becomes  equal  to  the  radius  ca. 
Hence,  the  sine  in  this  quadrant  is  to  be  considered  as  nega- 
tive or  subtractive,  the  cosine  as  positive..  If  the  motion  of 
M  were  continued  through  the  circumference  again,  the  cir- 
cumstances would  be  exactly  the  same  in  the  fifth  quadrant  as 
in  the  first,  in  the  sixth  ieis  in  the  second,  in  the  seventh  as  in 
tiie  third,  in'  the  eighth  as  in  the  fourth  :  and  the  like  would 
be  the  case  in  any  subsequent  revolutions. 

14.  If  the  mutations  of  the  tangerU  be  traced  in  like  man- 
ner, it  will  be  seen  that  its  magnitude  passes  from  nothing  to 
infinity  in  the  first  quadrant ;  becomes  negative,  and  de- 
creases from  infinity  to  nothing  in  the  second  ;  b^omes  po- 
■itive  again,  and  increases  from  nothing  to  infinity  in  the 

tWrd 
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thinf  quadrant ;  and  lastlj,  becomes  negatire  again,  and  de« 
creases  from  infinity  to  nothing,  in  the  fourth  quadrant. 

15.  These  conclusions  admit  of  a  ready  connraiation  ;  and 
others  may  be  deduced,  by  means  of  the  analytical  expres- 
sions in  arts.  4  and  12.  Thus^  if  a  be  supposed  equal  to  ^Oi 
in  equa.  t,  it  will  become. 

COS.  UQ  ±  B^  .=:  COS.  I  O-  <^^'  B  T  B"^*  i  O  •  sin*  B, 
sin.  (jO  :i=  b)  =  sin.  {  Q,  cos.  b  ±  sin.  b  .  cos.  ^  O* 
But  sin.  ^  O  ^  i^d*  ^  I  ;  ^^^  COS.  i  Q  ^^  0  : 
so  that  the  aboye  equations  will  become 

COS.  f  J  O  ^  b)  =r  =P  fiin.  B. 

sin.  li  O  —  b)  =  COS.  B. 
From  which  it  is  obvious,  that  if  the  sine  and  coftine  of  an 
arc,  less  than  a  quadrant,  be  regarded  as  positive,  the  cosine 
of  an  arc  greater  than  ^Q  and  less  than  ^  O  ^iU  be  negative, 
but  its  sine  positive  If  b  also  be  made  <=  ^  O  i  then  shall 
we  have  cos.  i  O  =  —  i  j  »in  ^  O  =  0. 

Suppose  next,  that  in  the  equa.  v,  a  =s  |  q  •  then  shall  we 

obtain. 

COS.  fj-  O  ^  B  =  —  COS.  B. 

sin.  (i  O  ^  B  =  ±  sin.  e  ; 
which  indicates,  that  every  arc  comprised  between  }  O  ^^^ 
lOi  0^  t^^t  terminates  in  the  third  quadrant,  will  have  its 
sine  and  its  cosine  both  negative.  In  this  case  too,  when 
B  =1  O*  or  the  arc  terminates  at  the  end  of  the  third  quad- 
rant, we  shall  have  coss  }  O  =  0»  wn-  J  O  *=  —  L 

Lastly  the  case  remains  to  be  considered  in  which  a  s=|  Q 
or  in  which  the  arc  terminates  in  the  fourth  quadrant  Here 
the  primitive  equations  (V)  give 

cos.  ff  O  :fc  b)  =  ±  sin.  b. 

sin.  (JO  di  b;  =:  —  cos.  b  ; 
so  tbat  in  all  arcs  between  }  O  Bnd  0»  t^  cosines  are  posi- 
tive and  the  sines  negative. 

16.  The  changes  of  the  tangents,  with  regard  to  positive 
'iind  negative,  maybe  traced  by  the  application  of  die  pre- 
ceding results  to  the  algebraic  expression  for  the  tangent  ;  vis. 

sin. 
tan,  =  — r*    ^oi*  it  is  hence. manifest,  that  when  the  sine  and 

COS. 

cosine  are  either  both  positive  or  both  negative,  the  iangeat 
will  be  positive  ;  which  will  be  the  case  in  the  first  and  third 
quadrantS'  But  when  the  sine  and  cosine  have  different 
signs,  the  tangents  will  be  negative,  as  in  the  second  and 
fourth  quadrants.     The  algebraic  expression  (or  the  cotan- 

cos. 
gent,  tIz.  cot.  =  — ,  will  produce  exactly  the  same  results. 

pin. 

The 
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'  » 

The  expresBioaa  for  the  secants  and  cosecants,  viz.  sec«  =s 
1  1 

*— ,  cosec.  =:  —  show,  that  the  signs  of  the  secants  are  the 

COS.  sin. 

tame  as  those  of  the  cosines  ;  and  those  of  the  cosecants  th^ 
same  as  those  of  the  sines. 

The  mof^itude  of  the  tangent  at  the  end  of  the  first  and 
third  quadrants,  will  be  infinite  ;  because  in  thoiie  places  the 
sine  is  equal  to  radius,  the  cosine  equal  to  zero,  and  therefore 

— *  =  00   (infinity).      Of  these,  however,  the  former  will  be 

reckoned  positive,  the  latter  negative. 

17.  The  magnitudes  of  the  cotangents,  secants,  and  cose- 
oants  may  be  tr  ced  in  like  manner  ;  and  the  results  of  the 
13th,  14th,  and  15th  articles,  recapitulated  and  tabulated  as 
below. 


0**     90« 

180*     870^ 

360^^ 

Sin.         0        R 

0        — R 

0 

Tan.      0        00 

0       —00 

0 

Sec.       R        00 

— R        —00 

R 

Cos.       R         0 

— R               0 

R 

Cot      00        0 

00          ,0 

00 

Cosec.  00         R 

—  00        — R 

•00  s 

The  changes  of  signs  are  these. 

fl 

(VI.) 


•in.  COS.  tan.  cot.  sec  cosec* 
1st.  6th.     9th.  l.m. ")  i         +  +  +  +  +  +1 

«d.  6th.  10th.  14th  (9         H +/  .-.„  . 

3d.  7th.  nth.   15th.  CI +  HI >  V^"0 

4th.  8th.   12tb,  16th.  )§. h H J 

We  have  been  tbu9  particular  in  tracing  the  mutations, 
both  with  regard  to  value  and  algebraic  signs,  of  the  princi- 
pal trigonometrical  quantities,  because  a  knowledge  of  them 
is  absolutely  necessary  in  the  application  of  trigonometry  to 
the  solution  of  equations,  and  to  various  astronomical  and 
physical  problems. 

18.  We  may  now  proceed  to  the  investigation  of  other  ex- 
pressions relating  to  the  sums,  differences,  multiples,  kc,  of 
arcs  ;  and  in  order  that  these  expressions  may  have  the  more 
generality,  give  to  the  radius  any  value  R  instead  of  confining 
it  to  unity.  This  indeed  may  always  be  done  in  an  expres- 
sion, however  complex,  by  merely  rendering  all  the  terms 
homogeneous  ;  that  is,  by  multiplying  each  term  by  $uch  a 
power  of  K  a$  ahaU  tnake  it  of  the  same  dimennion^  as  the 
ierm  in  the  equation  which  has  the  kighat  ifimenfion.  Thua^ 
the  expression  for  a  triple  arc. 

Te&.  U.  3  SIB. 
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SID.  3a  =  3  sin.  a- 4  fiin^.  a  (radios  =  1) 

becomes  when  radios  is  assomed  =  Rf 

R*  SID.  3a  =  R«  3  sin.  a— 4  sin^.  a 

o     ^     3a«  sin.  A— 4sin3  .  A 
or  sin.  3a  = . 

Hence  then,  if  consiitentlj  with  this  precept,  &  be  jilaced 
for  a  denominator  of  the  second  member  of  each  eqoati6ii  v 
(art.  12),  and  if  a  be  sihpposed  eqoal  to  b,  we  shall  haye 

,    .  I      V        Bin.  a.  cos.  a  4-  «n.  A  cos.  A 
sm.  (a  +  a)  =  ^ -• 


That  is,  sio.  2a  = 


3  sin.  A  .  cos*  a 


And,  in  like  manner,  by  so pposihg  b  to  become 'successively 
eqoal  to  2a,  3a,  4a,  &c.  there  will  arise 

o          Bin.  A  .  COB.  2A-f-co8.  A  .sin.  3a* 
sin.  3a  =  — 

sm*  4a  = ^v  (Ylll.) 


R 


sin.  5a  = 


sin.  a  •  cos.  4a  -f-cof.  a  .  sin-  4a 


And,  by  similar  processes,  the  fiecodd  of  ^e  e^joatioiiB 
jost  referred  to,  namely,  that  for^cos.  (a+b),  will  gire  suc- 
cessively, 

-  cos'  .  A— tin!  .A 

COS.  2a  =s 


COS.  Sa  = 


COS.  4a  = 


COS.  5a  =» 


COS. 

A. 

R 
,  COS. 

SA.-Bin. 

A 
A 

.  sin,. 
•  sin^ 
.'  sm. 

3a 

COS. 

A. 

COS. 

R 

3a —  Bin. 

3a 

COS. 

A. 

cot. 

R 

4a -^  sin.  A 

4a 

}  (H.) 


1 9.  '■  If,  in  the  expressiots  for  the'  sdcbessire  iiiiiiltipl^s^  of 
the  sines,  the  valoes  of  the  several  cosibes'in  tertiis  of  the 
sines  were  Bo))8tftoted  for  them  ;  and  a  like  process' were 
adopted  with  regard  to  the  multiples  of  the  cosines,  other 
expressions  woold  be  obtained,  in  which  the 'moltiple  sines 
would  be  expressed  in  terms  of  the  radios  and  sine,  knd  tiie 
moltiple  cosines  in  terms  of  thehidios  aiDd  cosinies. 

As  sin.  A  =  8 


sin.  2a  =^  2s^R>  -  s* 
sin.  3a  =  3s— 48* 


sin.  4A=^(48-8s»)yR»— s« 
sin.  5a  =  is-— 20s 3  +  168^ 


(X.) 


sin.  6a  =(68—3283  +  32s«)^r«  — s» 
be  &c. 


cos. 


Cos.    A 

^ 

c 

C08.  2a 

= 

'2c«. 

COS.  3a 

=? 

4c  5 

C09.  4a 

= 

8c« 

COS.  6a 

= 

16c» 

COS.  6a 

= 

32c  • 
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—  l 

—  3c 

—  8c«  +    1  I     (XL) 

—  20c>  4-    6c 

—  48cr  4"  l?c»-  1 
~  &c.  &c*. 

Other  rery  conTeoient  expressions  £)r  mtiLtiple  arcs  may 
be  obtaio^d  tbps : 

Add  together  the  expanded  expressions  for  sin.  (b  -{-  a)^ 
sin.  (JB  '  a),  that  is, 

ad4    -    -     4n.  Tb  +  a^  ==  sin.  b  .  cos.  a  +  cos.  b  .  sin.  a, 

to       -     -     sin.  (b— -  A^  =  sin.  b  .  cos.  a  1 —  cos.  b  .  sin.  a; 

there  results  sin.  Tb  +  a^  +  sin.  (b  — a)  =  2  cos.  a  .  sin.  b: 

whence,  -  sin.  (b  +  a;  =  2  cos.  a  .  sin.  b  —  sin(B  —  a). 
Thus  again,  by  adding  tc^ther  the  expressions  for  cos.  (b  +  a) 
and  cos.  (b— a),  we  have 

cos.  (b  +  a")  +  COS.  (b  —  a)  =*  2  cot.  a  .  cos.  B  ; 

whence,  cos.  (b  -I-  a)  =i8  cos.  a  .  cos.  b  —  cos.  (b  —  a). 
Sobstitoting  in  mese  expreuions  for  the  sine  and  cosine  of 
B  +  A,  the  successive  values  a,  2a,  3a,  &c.  instead  of  b  ;  the 
following  series  will  be  produced. 

sin.  2a  =r  2  COS.  a  •  sin.    a.  ^ 

sin.  3a  =  2  COS.  a  .  sin.  ^a  —  sin.  a.  .  >    r     1 

sin.  4a  =  2  COS.  a  .  sin.  3a  —  sin.  2a.  1    ^**'^ 

sip.  fiA  =  2  COS.  A  .  sin.  (n  —  1)  A^sin.(n— 2)a.  J 

COS.  2a  =  2  COS.  A  .  COS.    A  COS.  0  (=1).  ) 

COS.  3a  =  2  COS.  A. .  COS.  2a  —  cos.  a.  y  r  '  \ 

COS.  4a  =  2  COS.  A  .  COS.  3a  —  cos.  2a.  i    x^'J 

cos.  AA  =  2  COS.  A  .  COS.'(n  —  1)a  — COS.  (ft —  2) A.    ) 

Several  other  expressions  for  the  sines*  and  cosines  of  mul- 
tiple arcs,  might  readily  be  found :  but  the  above  are  the 
most  usefbl  and  commodious. 

20r.  From  the  equation  sin.  2a  = r,  it  will  be 

^  •  R 

easy,  when  the  sine  of  an  arc  is'  known,  to  find  that  of  itr 

half.     For,  substituting  for  cos.  a  its  value  y/  (r'  —  sin*  a), 

..  -n       ■        •      o         2sin  A  v'Cri— tin*  a)    rw%^,  - 

there  will  anse  sin.  2a  = 21-i — *••  Tpis  squared 

gives  R'  sin^  2a  =  4r'  ain*  a  -1  4  sin*  a. 
Here  taking  sin  a  for  the  unknown  quantity,  we  have  a  quad- 


*  Here  we  have  omitted  the  powers  of  r  that  were  necessary  to 
render  all  the  terms  homologous,  merely  that  the  expressions  might 
be  brought  in  upon  the  page ;  but  they  may  easily  be  supplied,  when 
needed^  by  the  rule  in  art  18. 

ratio 
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ralic  equation,  which  solveH  after  the  oynal  manner,  pres 

MD  A  ■=  ±  ^  Jr"  X  i  »-•  v^  h3  —  ^io^  iA 
If  we  make  2a  »  a\  then  will  a  =  ^a    and  conaequently* 
the  last  equation  becomes  . 

sin  iA  =  ±  v^  JR'  ±  JH  ^  R»  "  8ii;r/  >   ^^jj  ^ 

or  sin  Ja  =  ±  J  ^2r«  ±  2h  cosa'j  ) 

bj  putting  cos  a'  for  its  value  ^  r'  *  sin'  a  multiplying  the 
quantities  under  the  radical  ly  4,  and  dividing  the  whole  se- 
cond number  by  2.  Both  these  eipressions  for  the  sine  of 
half  an  arc  or  angle  will  be  ol  use  to  us  as  we  proceed. 

21.  If  the  values  of  sin  (a  +  b)  and  sine  (a  —  b),  given  by 
equa.  v,  be  added  together,  there  will  result 

.    ,      ,      ^^    ,      .    ,           V         2  »in  A .  cos  B      •  _     _ 
sin  (a  +  b)  +  sm  (a  —  b)  = — ;  whence, 

sin  A  .  cos  B  3BX  ^R  sin  (a  +  b)  4*  i  B  sin  (a  — b)  .  (Xlll.) 
Also,  taking  sin  (a  —  b)  from  sin  (a  +  b)  gives 

,        t        \  -        r  V  2  Kin  B  .  C  S  A  • 

sm  (a  4-  b)  —  Sin  (a  —  b)  «« ;  whence. 


sin  B  .  cos  A  =|r  sin  (a+b)  —  JR  .  sin  (a — b)  .  •  (XIV.) 
When  A  =  B  both  equa.  xiii  and  xiv,  become 
cos  A  .  sin  A  ssr  ^R  sin  ^A  .  .  (XV.) 

22.  In  like  manner,  by  adding  together  the  primitive  ex- 
pressions for  cos  (a  +  b),  cos  (a  —  b),  there  will  arise 

,        ,        V      ,  /  V  2  CVB  A  .  COS  B  , 

cos  (a  -f-  b)  -f  cos  (a  —  b)  = ;  whence, 

COS  A  .  COS  B  =:  ^R  •  COS  (aH-b)  +  ^R  .  COS  (a — b)  (XVL); 

And  here,  when  a  =  b,  recollecting  that  when  the  arc  is 
nothing  the  cosine  is  equal  to  radius,  we  shall  have 
cos'  A  =s=  ^R  .  cos  2a  -f  4r'  .  .  .  (XVII.) 

23.  Deducting  cos  (a  +  b)  from  cos  .  (a  —  b),  there  will 
remain 

,           .                 /      •      V          2  sin  A  •  sin  B       , 
cos  (a  — .b)  —  COS.  (a  -f-  b)  =sa ;  wheuce, 

sin  A  .sin  BsB  |R  .  cos  (a—b)— ^R  .  cos  (a+b)  (XVIII.) 
When  A  =  B,  this  formula  becomes 

sin'  A  8s=  |rs  -^  ^r  .  cos  2a  .  .  .  (XIX.) 

24.  Multiplying  together  the  expressions  for  sin  (a  +  r) 
and  sin  (a  —  b),  equa.  v,  and  reducing,  there  results 

sin  (a  +  b;  .  sin  (a  —  b)  ■=■  sin'  a  —  sin'  b. 
And,  in  like  manner,  multiplying  together  the  values  of.  cos 
(a  +  b)  and  cos  (a  —  b),  there  is  produced 

^  dOS  (a  +  b)  .  cos  (a  —  b)  ac=  COS*  A  —  COS'  B. 

Here,  since  sin'  a  —  sin'  b,  is  equal  to  (sin  a  +  sin  b)  X 
(sin  A  ^  sin  b),  that  is,  to  Ihe  rectangle  of  the  sum  and  dif*' 

ference 
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ftreoce  of  the  siaes  ;  it  follows,  that  the  first  o{  these  equa- 
tions converted  into  an  analogy,  becomes 
sin  (a— b)  :  sin  a  -  sin  b  : :  sin  a  +  sin  b  :  sin  (a  -f*  b)  (XX.) 
That  is  to  say,  the  tine  of  the  difference  of  any  two  area  or 
€ngU$,  ii  to  the  difference  of  their  nnes,  oi  Uu  mm  of  those  sines 
iff  to  the  sine  of  their  sum. 

If  A  and  B  be  to  each  other  as  n  -|-  1  to  n,  then  the  preced- 
ing proportion  will  be  converted  into  sin  a  :  sin  (n  +  1)  a — 
sin  fiA  :  :  sin  (n  +  1)  a  +  sin  fiA  :  sin  (tn  -f-  1)  a  .  .  .  .  (AXI.) 

These  two  proportions  are  highly  useful  in  computing  a  ta- 
ble of  ffines  ;  as  will  be  shown  in  the  practical  examples  at  the 
end  of  this  diapter. 

26.  Let  us  suppose  a  4*  b  ==  a',  and  a  —  b  =  b'  ;  then  the 
lialf  sum  and  the  half  difference  of  these  equations  will  give 
respectively  a  =  J(A'-f*B'),  and  b  =  |(a'— b').  Putting  these 
Talues  of  A  and  b,  in  the  expressions  of  sin  a  .  cos  b,  sin  b  .  cos  a, 
•OS  A  .  cos  B,  sin  A  .  sin  b,  obtained  in  arts.  21,  2%,  23,  there 
would  arise  the  foUowing  formulae  : 

sin  ^  f  a'+uO  .  cos  {U'-b'^=  iRCsin  a '+sin  b^, 
sin  i  (a'— b')  .  cos  ^f  a'+b'^  =  |iirsin  a^— sin  bj, 
cosf  (a'+b')  .  cos  mk'  -  ai  =  iRfcos  a^+cos  b^^, 
sin  \  u'+b')    sin  tC^'— b'J  =  |r(cos  b'— cos  a'). 
Dividing  the  second  of  Uiese  tormulae  by  the  first,  there  will 
be  had 
•jiiKaW)    coit(A -I^b  )_8inj(A'-B^)  cosKA>B*)_tinA'-  sma^ 

•ini(A'-f  B  )  '  cosKa'— b')     co«i(A  -B')'«ini(A  +b  )     sinA'^sinB' 


mn  tan         ,  cos  R 


But  since  —  =«  — ,  and-r  =  --♦  it  follows  that  the  two 
cos  R  Bin        Un 

factors  of  the  first  member  of  this  equation,  are 

,  and  -        ,      ..,  respectively;  so  that  the  equation 

R  t«n  3  (  A  "^  B  J 

•r    *i     L  Uni(A— B*)  Sin  a'— Sin  b'  #wfi  \ 

manifestly  becomes  ^ — :;  , ,  /:  =  -: — t-t- — ;  •  •  •  (XXIl.) 

This  equation  is  readily  converted  into  a  very  usefal  pro- 
portion, VIZ.  The  sum  of  the  nnes  of  two  arcs  or  angles ^  is  to 
their  difference  ^  as  ^the  tangent  of  half  the  sum  of  those  arcs  or 
angles,  is  to  the  tangent  of  half  Aeir  difference. 

26.  Operating  with  the  third  and  fourth  formulas  of  the 
preceding  article,  as  we  have  already  done  with  the  first  and 
second,  we  shall  obtain 

tan  i  (a^  4  B  )  .  tan  {(a'-b)  _  cos  b'  —  cos  a' 

r'  coa  a' 4*  CO*  b' 

Ib  like  manner,  we  have  by  division, 
smA>»inB-_sint(V-f B)  »mV f  »^^B  .  .     .. 

CO. a;  +ca» B'     co.1(a'+b')     ^*^^  +"  ^'^i^Z^J^     ^^'^    "  ^' 
sinA'^  sins'        ^     ,  ,  ,       #>  sin  a'— sins'  x,  /  r  •    /\ 

rzrrr-i  =  tan*  (a'— b')  ,  .  . ; ,=  cot  J  (a'4-b  ). 

OOSA  -fCOSB  '   ^  '  cos  B  —  COSA  a  \       •       /. 

COS 
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COS  4*  ^'coa  b' cot  i  (A  4-  ly) 

cos  h  —  cos  A.'        tan  4  (a'  —  b')* 
Making  Br^e  0^  in  one  or  othpi;  of  theie  expr^ssioo^j  there. 
reBuk$» 

sin  a'  .       ,    ,  1 

r^ ,  ==  tan  -JA  =       ^   .  ■;■ 

1-f-  cos  A  '  cot   ^A 

],.^cosA        tan  I A  ^  tiui' 

These  theocems  wUl  find  tb^ir  applicatioa.  in  flpmfs  of  the 
investigations  of  spherical  trigonometry. 


27.  Once  inore,  dividiing  the  expression  fot  sin  (a  ±  b) 
that  for  cos  (a  ±  b),  there  results 

sin  (a  db  b)        sin  a  .  cos  b  +  sin  b  .  cos  a 


cos  (a  ;jb  b)        cos  4^  .  cos  b  7  sin  A  •  sin  b  * 

then  dividing  both  numerator  and  denonunator  of  the  second 

fraction  bj  cos  a  .  cos  b,  and  recoHectioK  that  —    =s  — ,  we 

shall  thus  obtain 

tan  (a  ±  b)  __  R  (tan  a  ±  tan  b). 

R  R<4^tan  A.  tan  b) 

•r,  l«tly.  t«  (A  ±  .)  =  SLC^j;  t.ta"^  •  •  •  •  (**•"•) 

R» 

Also,  since  cot  =  — ,  we  shall  have 

-      tan  __ 

^,    _.      V  R*  r'  -4^  tan  A  .tan  B 

cot  (a  ±  b)  = 7~— T  =  -: X": 5 

^  ^       tan  (a  ±  B)  tan  A  ±  tan  B       ' 

which,  aAer  a  little  reduction,  becomes 

i.  /     -i_     >         COtA.COtB^R*  /VVf \7  \ 

cot  (a  ±  b)  = — -^- ....  (XXIV.) 

^  '  cot  B  Ht  col  A  ^  ^ 

S8.  We  might  now  proceed  to  deduce  expressions  for  the 
tangents,  cotangents,  secants,  &c.  of  multiple  arcs,  as  well  ar^ 
some  of  the  usual  fcrmuls  of  verification  in  the  construction  of 
tables,  such  as 

8in(54«+A)+sin(54«>-.Arsin(l8«  +  A)-sin(l8«>-A)  -  8in(90<>-A)  ; 
sin  A  +sin(36*»-  A)+sin(r2*»4-A)«8ii»{36^  +  a)  +sm(72o  -  a). 

&c.  &c. 

But.  as  these  enquiries  would  extend  this  chapter  to  too 
great  a  length,  we  shall  pass  them  by  ;  and  merely  investigate 
a  few  properties  where  more  than  two  arcs  or  angles  are  con- 
cerned, and  which  may  be  of  use  in  some  subsequent  part  of 
this  volume. 

29.  Let 
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29.  Let  A,  6,  c,  be  in  any  three  drcs  dr'aiagl^s,  and  suppose 
radius  to  be  unity  ;  then 

.     ,      ,     .        tin  A  .  sin  c  +  sin  ^  .  sin  (a  4-  B  +  c). 

sin  (b  +c)  = ^-- — J — r^— ^- — -^—       • 

^  '  sin  (a  +  b) 

For,  by  cqua.  t,  sin  (a+b+c)  =  sin  a  .cos  ^b+c)  +  cos  a  . 

sin  (b  +  cV  whi^h,  (putting  cqs  b  .  cos  c  —  sm  b  .  sin  c  for 

cos  (b  4"  c)),  is  =  sin  a  .  cos  b  .  cos  c— sin  a  .  sin  b  .  sin  c  -(- 

cos  A  .  sin  (b  +  c)  ;  and,  multiplexing  by  sin  b»  and  addine 

sin  A  .  sm  c,  there' results  sin  a  .  sin  c  -{~  sin  b  .  sin  (a^-b+c) 

=  sin  A  .  cos  B  .  cos  c  .  sin  b  +  sin  a  ."sin  c  .  cos*  b  +  cos  a  • 

sin  B  .  sin  fB-f-c)  =  sin  a  .  cos  b  .  (sin  b  •  cosc-f  c6s  b  •  sin  c) 

+  cos  A  .  sm  B  .^sin  (b  +  c)  =  (sin  a  .  cos  b  +  cos  a  .  sin  b)  X 

sin  (b  +  c)  =  sin  (a  +  b)  •  sin  (b  +  c).  •''Consequently,  by 

dividing  by  sin  (a  +  b),  we  obtain  the  expression  above 

given. 

In  a  siiniUr  fn&biii^r  it  m^y  be  shown,  that 
^         '  ttnCA— b) 

30.  If  A,  b,  c,  p,  represent  four  arcs  or  angles,  then  writ- 
ing c+D  for  c  in  the  pi^eceding  investigation,  there  will 
result, 

sin  Cb+c+d^  _  sin  a  .  sm((r4>ir+8in  b  .  sin(A-f  b+c+d) 
^  ^  •in(A+  b) 

A  like  process  for  fite  ires  or  angles  will  gire 
sinfp  1  c  I  d-^e)— *'"^'*''"Cc-f  D-fKH«inB.ain(A-|-B-|>c+p-f »), 

And  for  any  number,'  a ;  b,  c,  ^.  to'  l, 
.    -    ,      ,         X     8iiiA.sni(c-i-D4....L)4-8iiiBjim(A-fB4>c4-*.L) 

sin(B+c+....L)=-. rin  (7^:.)^       ^     — 

31.  Taking  again  the  three  a,  b,  c,  we  have 
sin  fa — c)  =^  sin  b  .  cos  c^— sin  c  •  cos  b, 

'sin  (c— »a)  ==^ sin  c  .  cos  a— 'sin  a  .  co» c, 
sin  (A— b)  '=i  sin  a  .  cM  a-^sin'  b  .  <;os  a. 
Multiplying  the  first  of  these  equations  by  sin- a,  theBeeohd 
by  sin  b,  the  third  by  sin  c  ;  then  adding  together  the*  equa- 
tions thus  transformed,  and  reducing  ;  there  mil  result, 


in  A  .  sin  (b  — cj+sin  b  .  sin  fc— a^  -|-  sin  c  .  sin  Ta— »^  =:0« 
;08  A ..  sin  (b — c)+cos  b  .  sin  (ci-a)  +  cos  c  .  sin  (a^b)  «=  0. 


am 

cos 


These  two  equations  obtaining  for  any  three  aisles  what- 
ever, apply  evidently  to  the  three  angles  of  any  triangle. 

32.  Let  the  series  of  arcs  or  ancles  a,  b,  c,  d  . .  .  .  x.,  be 
coQtemplated,  then  we  hare  (art.  24;, 

sin 


16         ANALYTICAL  PLANE  TRIGONOMETRY, 

BID  (ji  +  B^  .  SID  (a— B^  =  ain^  a  -sin*  b, 
sin  (<  +  c)  .  sin  (b— c;  =  sin*  b  — sin*  c. 


.  sin  Tb— c)  = 
.  sin  (c— d)  = 


sin  (c  +  d)  .  sin  (c— d)  =  sin'  c— ^sin*  d, 

&c.  &c.  lie. 

sin  (l  -f  A  .  sin  (l— a)  =  sin*  l— sin*  a. 
If  all  these  equations  be  added  together,  the  second  member 
of  the  equation  will  vanish,  and  of  consequence  we  shall  ha?e 

sin  (a+b)  .  sin  Ta— bJ  +  sin  Tb+cJ  .  sin  (b— c)  +  &c.  . . 

.....  4*  sin  (l+a;  +  sin  (l— a)  =  0. 
Proceeding  in  a  similar  manner  with  sin  (a— b),  cos  (a  +.  b)^ 
sin  (b— ,c),  cos  (b+c),  &c.  there  will  at  length  be  obtained 

cos  (a+b)  .  sin  Ta  -  bJ  +  cos  (b+c)  .  sib  (b— c)  +  ^c  • .  • 

.  .  .  .  .4"  cos  (l+a)  .  sin  ('-—a)  =  0. 

33.  If  the  arcs,  a,  b,  c,  &c. .  .  .  .  l  form  an  arithmetical 
progression,  of  which  the  first  term  is  0,  the  common  dififer- 
ence  d',  and  the  last  term  l  anv  number  n  of  circumferences  ; 
then  will  b— a  =  d',  c— b  ^  d%  &c.  a  +  b  «  d',  b  -f-  c  =  3d\ 
lie. :  and  dividing  the  whole  by  sin  d,  the  preceding  equa- 
tions will  become 

sin  D  +  sin  3d'  +  sin  Bd'  +  &c.=  0,  }      /vvv  \ 
cos  d'  +  cos  3d'  +  cos  6d'  +  &c.  =  0.  J      K^^^') 

If  E'  were  equal  2d',  these  equations  would  become 

sin  d'+  sin  (d'+e)  +  sin  (d +2e'^  +  sin fD'+3E')+  &c.  =  0, 

cos  D'+  cos  (d'+e')  +  cos  (d'+2e')  +  cos(d'+3e')4-  &c.  =  0. 

34.  The  last  equation,  however,  onlj  shows  the  sums  of 
sines  and  cosines  of  arcs  or  angles  in  arithmetical  progres- 
sion, when  the  common  difference  is  to  the  first  term  in  the 
ration  of  2  to  1.  To  investigate  9l  general  eipression  for  an 
infinite  series  of  this  kind,  let 

s  +  sin  A  +  sin  (a  +  b)  +  sin  (a  +  2b^  sin  (a  +3b)  +  &c. 
Then,  since  this  series  is  a  recurring  senes,  whose  scale  of 
relation  is  2  cos  b— 1,  it  will  arise  from  the  developement  of 
a  fraction  whose  denominator  is  1  —  22r .  cos  b  +  z* ,  making 

vT       A^'    /•      X*  •111.  •»nA+«riin(A+B)— 2  8iB  A  .  COS  b] 

Now  this  nraction  will  be  = -^— ^ — \        — -sr-^ ^• 

1— 29*  cos  b  +s* 

Therefore,  when  z  =  1,  we  have 

>»in  A  -f-  wn  (A  +  b)— 2  sin  A  •  cos  b        ji.i.»    i^^  a  . 

8  == ' hr-T — ' ^ ;  and  this.because  2  sm  a, 

2— i^  coa,«  '  '  * 

cos  b  =  sin  ^  +  b)  +  sin  (a— b)  (art.  21),^  b  equal   t* 
—  .  - — ^ — r- .    But,  smce  sm  a  — sm  b  m  2  cos  ^(a  +  b  ). 

sin 
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• 

4iiB  |(i'— B')i  by  att.  SK,  it  follows,  that  wn  a  •— sin  (a  —  b)  =» 
S  cos  (a  »  |b)  sio  |iv;  besides  Which  we  hare  1  —  cos  b  ^ 
SfiiBi*  ^B.  CoQseqifenUj  the  preceding  expression  becomes 
•  ar  SIB  A  +  «n  (a  +  b)  +  sin  (a  +  *b)  +  sio  (a  +  3b)  +  te. 

ad  infinitum  =  ^^i^''^*^ (XXVI.) 

35.  To  find  the  sum  of  n  4-  ^  tenns  of  this  series,  we  have 
tinfify  to  consider  that  the  sum  of  the  terms  past  the  (n+ 1 )  th, 
Ihat  is,  thesum  of  sin  [a  +  (»  +  0  b]  +sin  [a  +  (n  +  2)b]+ 
«n  f A  4-  (»  +  3)  b]  +  ^.  mi  vf^Uwny  is,  by  tl^  preoediog 

theorem,  ='-lHi-liII — Jll,    Dedacting  this,  therefore,  from 

.the  former  expression,  there  will  remain,  sin  a  +  sin  (a  4*  a) 
+  sin  (a  +  «b)  +  sin  (a  +  3b)  +  •  •  •  •  «n  (a  4-  na)  «s 

•o^(A  — |B)«»cottt,A4-\n^^\Bl     MnC  A-l- ViB>\n^^n^r>  ^n    fXXVf  1 1 

2  bin  ^B  sin  ^b 

By  Vike   means   it  wU}   he  fbaad,    that   the  Bums   of  the 

cosines  of  airs  or  angles  in  arithmetical  progressipn  will  he 

«os  A  +  cos  (a  +  b)  +  cos  (a  +  2b)  +  cos  (a  4-  3b)  4  &€• 

md  infinitum  =  —  ^Vsiala^    (XXVIU.) 

Also, 
oee  a4-co8  (a4-b)  4cee(A4  26)+ cos  (a  4  3b)  4  •  •  •  • 

....  (cos  A  +  «b)  =:^»(A-f*-B)     ,inK«-H)B  ^^XiX.) 

^  '  sin  ijB  \  / 

3€.  Wkh  regard  to  Uie  tangents  of  more  than  two  arcs, 
the  following  property  ^the  only  one  we  shall  here  deduce)  is 
a  very  curious  one,  which  has  not  yet  been  inserted  in  works 
of  Trigonometry,-  though  it  has  been  long  known  to  mathe- 
nuliciaos.  Let  the  three  arcs  a,  b,  c^  together  make  up 
tiie  whele  circumference,    Q  :  then  since   tan   (a  4  b)  =^ 

^ — ^ ^  Vbyequa.xxiii),wehaveR*  X  (tan  a  4*  tan  b  4" 

tan  c)  =  R*  X  [tan A  4  tan  b  -tan  (a  4  a)]  =  r»  X  (Ian  a  + 
tan  a  —     ,  ^  *" — '^ ■)=,  by  actual  multiplication  and  re- 

Ra  —  Ian  A  .  tan  b'  "^  ^ 

duction,  to  tan  A  .  tan  B  .  tan  c,  since  tan  c  =  tan  [  Q  ~* 

,      ,      XT .      ,  V  K«  (lan  A -f  una)  ,        ... 

(a  4-  b)J  =  —  tan  (a  —  b)  = ^ : ,  by  what  has 

\      *      ^^  V         ./  1^3 — tan  a  .  fstn  B      "^ 

preceded  in  this  artiele.  The  result  therefore  is,  that  tht 
turn  of  the  tangents  of  any  thru  arcs  Txhich  together  eonili- 
tide  a  circle^  multiplied  by  the  square  of  the  radius,  is  equal 
to  the  product  of  those  tamgents TaXX.) 

Since  both  arcs  in  the  second  and  fourth  quadrants  have 
flieir  tangents  considered  negative,  the  above  property  will 
^pply  to  arcs  any  way  trisecting  a  semicircle  ;  and  it  will  Uiere- 

Vol.  II.  4  fore 
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fore  applj  to  the  angles  of  a  plane  triangle,  which  are, 
together,  measured  by  ardk  constituting  a  seinicircle.  So 
that  if  radius  be  considered  as  unity,  we  shall  find  that,  th€ 
sum  of  tangenti  of  the  three  angles  of  any  plane  triangU^  is 
equal  to  the  continued  product  of  those  tangents.  (XXXI.) 

37.  Having  thus  given  the  chief  properties  of  the  sines, 
tangents,  &c.  of  arcs,  their  sines,  products,  and  powers,  we 
shall  merely  subjoin  investigations  of  theorems  for  the  2d  and 
3d  cases  in  the  solutions  of  plane  triangles.  Thus,  with  re^ 
spect  to  the  second  case,  where  two  sides  and  their  included 
angle  are  given : 

By  equa.  iv,  a  :  6  :  :  sin  ,a  :  sin  b« 

But,  eq*  XXII,  tan  »(a  +  b)  :  tan  4  f a  —  b)  : :  sin  a  +  sin  » : 
sin  A— sin  b  ;  whence,  ex  equal  a  4-0  I  a  —  6  : :  tan  Ua  4-  b)  : 
tani(A  — b).  .  .  .(XXXll.) 

Agreeing  with  the  result  of  the  geometrical  investigation, 
at  pa.  386,  vol.  i. 

38.  If,  instead  of  having  the  two  sides  a,  6,  given,  we  know 
their  logarithtns,  as  frequently  happens  in  geodesic  opera- 
tions, tan  |(a  —  b)  may  be  readily  determined  without  first 
finding  the  number  corresponding  to  the  logs  of  a  and  6. 
For  if  a  and  ^  were  considered  as  the  sides  of  a  right-angled 
triangle,  in  which  ^  denotes  the  angle,  opposite  the  side  a, 

then  would  tan  ^  =  r-.     Now,  since  a  is  supposed  greater 

than  6,  tiii^  angle  will  be  greater  than  half  a  right  angle,  or 
it  will  be  measured  by  an  anf  greater  than  |  of  the  circumfer- 
ence, or  (ban  JO-  Then,  because  tan  (^-|0)=jqp~^^^9^ 
and  because  tan  |  O  ===  ^  ^^  I»  ^^  ^^^^ 

And,  from  the  preceding  article, 

fl— A^tan  ^(a-.  b)     tan  Ua  —  B)  ^.^ 

-tV=^ — 77 — ; — ^= — ^^ ''  consequentlt, 

a+A    un  ^(a  +  b)       •  cot  ic  1         J » 

tan  i(A  --b)  =  cot  ic  .  tan  {p—\  O)  •  •  •  (XXXIII ) 
From  this  equation  we  have  the  following  practical  rule. 
Subtract  the  less  from  the  greater  of  the  given  Ic^,  the  re- 
mainder will  be  the  log  tan  of  an  angle  :  from  this  angle 
take  45  degrees,  and  to  the  log  tan  of  the  remainder  add  the 
log  c«tan  of  half  the  given  angle  ;  the  sum  will  be  the  log 
tan  of  half  the  d^erence  of  the  other  two  angles  of  the  pla^e 
triangle. 

39.  The 
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39.  The  remaiDiim^  case  is  that  in  which  the  three  sides  of 
the  triangle  are  known,  and  for  which  indeed  we  have  al- 
ready obtained  expressions  for  the  angles  in  arts.  6  and  8. 
Bat,  as  neither  of  these  is  best  suited  tor  logarithmic  compa- 
fation,  (however  well  fitted  they  are  for  instruments  of  in- 
vestigation), another  may  be  deduced  thos  :  in  the  equation 

fi>r  cos  A,  (given  equation  ii),  viz.  cos  A  =  —    I.  ""— ,ifwe 

sabstitute,  instead  of  cos  a,  its  value,  1  —  2  sin*  ^a,  change 
the  signs  of  all  the  terms,  transpose  the  1,  uid  divide  by  2, 

we  shall  have  sm*  *a  =  — r— L-ZJz:= J^ — i-. 

Here,  the  numerator  of  the  secoxid  member  being  the  pro- 
duct of  the  two  factors  (a  +  6  —  c)  and  f  a  —  6  +  c),  the  equa- 
tion will  become  sin*  4a  =  Ka-h^O  J(a  -^-^c)     ^      ^.^^^ 

*  46c 

j(a+6— c)  =  4(a+6-»-c)-c,and4(o-6+0=i(a+6+c>-6  ; 
if  we  put  8  =  a  4*  ^  +  c>  and  extract  Uie  aqoAxe  root,  there 
will  result, 

sin  {A=:^  ~^—^' — '' 
In  like 


mabner 


1 8in  i,  =  ^  t*»-°)^- (*»"0    Wxnr.) 


'  ^  ao 


These  expressions,  besides  their  convenience  for  logarith- 
mic computation,  have  the  further  advantage  of  being  perfect- 
ly free  from  ambiguity,  because  the  half  of  any  angle  of  a 
plane  triangle  will  always  be  lesi  than  a  right  angle* 

40.  The  student  will  find  it  advantageous  to  collect  into 
one  place  all  those  formulae  which  relate,  to  the  computation 
of  sines,  tangents,  &c.*  ;  and,  in  another  place,  those  which 
are  of  use  in  the  solutions  of  plane  triangles  s  the  former  of 
these  are  equations  v,  viii,  ix,  x,  xi,  x,  xi,  xii,  xni,  xiv, 

XV,     XVI,    XVII,     XVIII,       XIX,      XX,     XXII,     XXtl,     XXIII,    XXIV, 

XXVII  ;   the  latter  are  equa.  ii,  iii,  iv,  vii,  xxxii,  xxxiii, 

XXXIV. 

To  exemplify  the  use  of  some  of  these  formulas,  the  follow- 
ing exercises  are  subjoined. 


*  What  is  here  given  beln)^  only  a  brief  sketch  of  an  inexhausti- 
ble subject ;  the  reader  who  wishes  to  pursue  it  %rther  is  referred 
to  the  copious  Introduction  tn  oiir  Mathematical  Tables,  and  the 
comprehensive  treatises  on  Trigonometrjr,  by  Emerson  and  many 
qtber  modem  writers  on  the  same  8ubject>  where  he  will  find  his 

corionty  richly  gratified.  « 

EXBRC19ES. 
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BXEfiCISES. 

Ex.  1.  Find  the  sines  and  tangents  of  la*"*  SO*",  46<»,  eo"*, 
and  76^  :  and  show  how  from  tkence  to  find  the  aiaes  t^ 
taocents  of  several  of  their  subflMiJtiples*    , 

First,  with  regard  to  the  arc  of  45^,  the  sine  and  cosine  are 
manifestly  equal;  or  they  form  the  perpendiGular  and  base 
of  a  light-angled  triangle  whose  hypothenuse  is  equal  to  the 
assumed  radius.  Thus,  if  radius  he  a,  the  sine  and  cfisitie  of 
46«>,  will  each  be  =  y^  ^»»  =  r^|  =»  ^Wt.  II  a  be  eq[Qal 
to  1,  as  is  the  case  with  the  tables  in  use,  then 

sin  46^  =  cos  46»  =  iy/'i  ==  -7071068. 

tan  45®  =  ^  =  i  =  ^*  =  cotangent  46**. 

cos  sm  ^ 

Secondly,  for  the  sines  of  60^  and  of  30®  :  since  each  angle 
in  an  equilateral  triangle  (Sontains  60®,  if  a  perpendicular  be 
demitted  from  any  one  angle  of  such  a  triangle  on  the  oppo- 
site side,  considered  as  a  base^  thai  perpendicular  will  be  the 
sine  of  60®,  and  the  half  base  the  ^ine  of  30®,  the  side  of  the 
triangle  being  the  assumed  radius.     Thus,  if  it  be  n,  we  shall 

have  iR  for  the  sine  of  30®,  and  ^n^  —  Jk»  =  ^B^3,forthe 
sine  of  60®.     When  r  ==  1,  these  become 

sin  30®  =  -6 sin  60®  =  cos  30®  =   -8660264. 

Hence,  tan  30®  ==  — ^  ==  -4r  =  i  ^/  3  =  -5773603, 

tan  60®  =  ^y^  =    v^3    = 1-7320608. 

Coiiseqtiently,  tin  60®  =  3  tan  30<>. 

Thirdly,  for  the  sines  of  16®  and  76®,  the  former  arc  is  the 
half  of  30^,  and  the  latter  is  the  compliipent  of  that  half  arc. 
Hence,  substituting  1  for  r  and  |y^3,  for  cos  a,  in  the  ex- 
pression sin  ^A  =  ±  I  y^  2r*  ±  2r  cos  a  .  •  .  (equa.  xii), 

it  becomes  sin  16®  =  ^y^  2—  y^T  =  -2688190. 

Hence,  sin  75®  =  cos  16®  =  ^i— 1(2— ^3)  5=  iv^2+v'3  = 

i^V?  =  .9669268. 
Consequently,  tan  IS-  =  *£  =  |^  =  -2679498. 

^'^'  '^^  ^*'  =  IS  =  -s-Tsaosos. 

Now,  from  the  sine  of  30®,  those  of  6®,  2®,  and  1®,  may 
easily  be  found.  For,  if  5a  =  30®,  we  shall  have,  from 
^uation  x,  sin  6a  =  6  sin  a  —  20stn>  a+16  sin'  a  :  or,  if 
sin  A  5=  X,  thi^will  become  16x«  —  20a:'  +  6r  =  -6.  This 
equation  solved  by  any  of  the  approximating  rules  for  such 
equations,  will  give  x  =s   1046286,  which  is  the  sine  of  6®. 

Next 
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Next,  to  find  tke  sine  of  2^,  we  have  again,  hwn  equation 
X,  sin  3a  =  3  sin  a—  4  sin'  a  :  that  ia»  if  x  be  put  for  ski  2*, 
3f -.4^3  s£  -1046285.  This  cubic  solved,  gives  x  »  -0348996 
=s  sin  2». 

Theui  if  8  =  sin  1  ^,  we  shall,  from  tba  second  of  the  equa^ 

tiens  marked  x,  have  28  ^  1  — s'  ss  '0348995  ;  whence  s  is 
found  »   0174524  =s  gin  |o. 

Had  the  expression  for  the  sines  of  bisected  arcs  been  ap- 
plied successively  from  sin  15**,  to  sin  7® SO',  sin  3*46',  sia 
1^50|'  sin  SSy,  Sic.  a  different  series  of  values  might  have 
been  obtained  :  or,  if  we  had  proceeded  from  the  qninqui- 
section  of  45^,  to  the  trisection  of  9*,  the  bisection  of  3**,  and 
so  on,  a  different  series  still  would  have  been  found.  But 
what  has  been  done  above,  is  sufficient  to  illustrate  this  method. 
The  next  example  will  exhibit  a  very  simple  and  compendious 
way  of  ascending  frona  the  sines  of  smaller  to  those  of  larger  « 
arcs. 

Elx.  2.  Given  the  sine  of  1**,  to  find  the  sine  of  2^,  and 
then  the  sines  of  3»,  -/*,  5**,  fi*',  T**,  8",  ^^  and  W,  each  by  a 
nagle  proportion. 

Here,  taking  first  the  expression  for  the  sine  of  a  double 

arc,  equa.  x,  we  have  sin  2^  =  29in  l^'^l—sia*  Ps='034895. 

Then  it  follows  from  the  rule  in  equa.  xx,  that 
sin  1*  :  sin  2*— sin  1<>  : :  sin  2«  +  sin  1<>  :  sin  3^  =  *0523380 
sin  2*  :  sin  3«— sin  1*'  : :  sin  3<>  +  sin  I®  :  sin  4<»  =  •0697666* 
tin  3«  :  sin  4^— sin  !<>  :  :  sin  4*>  +  sin  1®' :  sin  5*  =  0871567 
sin  4*»  :  sin  6<>— sin  1*  :  :  sin  5*  +  sin  i^  :  sin  6®  =  •1046285 
sin  5®  :  sin  6«»— sin  !•  :  :  sin  6®  -f  wn  !•  :  sin  7*  =*  •1218693 
sine**  :  8in7*»— sinl^  ::  sin  7^  4- sin  1*  :  sin  8*=  •1391731 
sin  7**  :  sin  8**— sin  1®  : :  sin  8^  -f  sin  !•  :  sin  9*  =  -1564375 
sin  8®  :  sin  9«— sin  1<*  :  ;  sin  9«  -f  sin  l®  :  8inl0<>  =  "1736482 

To  check  and  verify  operations  like  these,  the  proportions 
should  be  changed  at  certain  stdges.     Thus, 

sin  1<»  :  sin  3<>— sin  2^  :  :  sin  3^  +  sin  2o  :  sin    5^, 
,  sin  1**  :  sin  4<'— sin  3<»  :  :  sin  4^  +  sin  3^  :  sin    7*, 
sin  4«  ;  sin.7«»— sin  3*   :  :  sin  7<*  +  sin  3®  :  sin  10*. 
The  coincidence  of  the  results  of  these  operations  with  the  ana- 
logous results  in  the  preceding,  will  manifestly  establish  the 
eorrectness  of  both. 

Cor.  By  the  same  method,  knowing  the  sines  of  5<*,  10*, 
and  15«,  the  sines  of  20«,  25f ,  So**,  65«,  65«,  &c.  may  be 
found,  each  by  a  sini^le  proportion.  And  the  sines  of  1*,  9*, 
and  lO**,  wm  lead  to  those  of  19«,  29»,  39«,  &c.  So  that  the 
sines  may  be  computed  to  any  arc  :  and  the  tangents  and  other 
trigonometrical  lines,  by  means  of  the  expressions  in  art.  4,  &c. 

# 

Ex. 
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£x.  3.  Find  the  sum  of  all  the  natural  sines  to  every  mi- 
nute in  the  quadrant,  radius  =1. 

In  this  problem  the  actual  addition  of  all  the  terms  would 
be  a  most  tiresome  labour  :  but  the  solution  by  means  of 
equation  xxvii,  is  rendered  very  easy.  Applying  that  theo- 
rem to  the  present  case,  we  have  sin  (a  -f-  ^n  b)  =  sin  46®, 
sin  i(n  +  1 )  Bssfiin  45<>0'30",  and  sin  |  s^sin  30'.     Therefore 

: — — ;; — =  3438*24b7466  the  same  sum  required. 

sin  30  ^ 

From  another  method,  the  invjestigation  of  which  is  omitted 
here,  it  appears  that  the  same  sum  is  equal  to  ^  (cot  30'  +0* 

Ex,  4.  Explain  the  method  of  finding  the  logdrithndc, 
sines,  cosines,  tangents,  secants,  &c.  the  natural  sines,  cosines, 
&c.  being  known. 

The  natural  sines  and  cosines  being  computed  to  the  radius 
unity,  are  all  proper  fractions,  or  quantities  less  than  unity, 
80  that  their  logarithms  would  be  negative.  To  avoid  this, 
the  tables  of  logavithmic  sines,  cosines,  &c.  are  computed  to 
a  radius  of  lOOOOOOOOOO,  or  lO*"  :  in  which  case  the  loga> 
rithm  of  the  radius  is  10  times  the  log  of  10,  that  is,  it  is  la 

Hence,  if  s  represent  any  sine  to  radius  1,  then  10^®  X  <  = 
sine  of  the  same  arc  or  angle  to  rad  10><^.  And  this,  in  logs 
is,  log.  10^5  =  10  log.  10  -f-  log.  «  =  10  -h  log.  s. 

The  log  cosines  are  found  by  the  same  process,  since  the 
cosines  are  the  sines  of  the  complements. 

The  logarithmic  expressions  for  the  tangents,  &c.  are  de- 
duced thus  : 

sin 

Tan  =  rad  — .     Theref.  log  tan  =  log  rad  -f-  log  sin— log 

C08 

cos  =  10  +  log  sin  -  log  cos, 

Gfot  =  '^^.   Therf.  log  cot=2  log  rad  -  log  tan=20— log  tan. 

rad' 
Sec  = .   Therf.  log  sec=2  log  rad— log  cos=  20  -  log  cos. 

rad 
Cosec  =  -  r— .  Therf.  1  .co8ec=21ograd— logsin=20  -  logsin. 

XT        J     •«-.    —  chord*         (2  sin  4  apc)»         3  X  «»n«  4  arc 
Versed  sine  = =  ^ — ■  .  ,  -^  =  — ^^ —? — . 

diam  2  rad  rad 

Therefore,  log^Vers  sin  =  log  2  +  2  log  sin  ^  arc  - 10. 

Ex,  6.  Given  the  sum  of  the  natural  tangents  of  the  an- 
gles k  and  B  of  a  plane  triangle  =  3*1601988,  the  sum  of  the 
tangents  of  the  angles  b  and  c  =  31*8765577,  and  the  conti^ 
nued  product,  tan  a  .  tan  b  .  tan  c  =  5*3047057  :  to  .find  the 
angles  a^  b,  and  c. 

It 
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It  has  been  demonstrated  in  art.  36,  that  when  radias  is 
unity,  the  product  of  the  natural  tangents  of  the  three  angles 
of  a  plane  triangle  is  equal  to  their  continued  product.  Hence 
the  process  is  this  : 

From  tan  A  +  tan  B  +  tan  c  =  5*3047057 
Take  tan  a  +  tan  b    .  .  .  .  =  3-1601988 

Remains  tan  c =  2-1445669  =  tan  65*» 

From  tan  A  +  tan  B  +  tan  c  =  5-3047057 
Take  tan  b  +  tan  c    ,  .  .  .  =  3-8765577 

Remains  tan  a =   1-428 1 480  =  tan  66«>. 

Consequently,  the  three  angles  are  55*^,  60*',  and  65**. 

Ex.  6.  There  is  a  plane  triangle,  whose  sides  are  three 
consecutive  terms  in  the  natural  series    of  integer  numbers, 
and  whose  largest  angle  is  just  double  the  smallest.     Requir- 
ed the  sides  and  angles  of  that  triangle  1 

If  A,  B,  c,  be  three  angles  of  a  plaoe  triangle,  a,  6,  c,  the 
sides  respectively  opposite  to  a,  b^  c  ;  and  s  =  a-f-  b  '^  c. 
Then  from  equa.  iii  andzxziv,  we  have 

Let  the  three  sides  of  the  required  triangle  be  represented 
by  X,  X  +  1 9  and  r  -{■  2  ;  the  angle  a  being  supposed  oppo- 
site to  the  side  x,  and  c  opposite  to  the  side  x  +  2  :  then  the 
preceding  expressions  will  become 

.„  ^ ^  ^3arf3    «-^3     x^l     x-1 

"°-^— (x+l).(l+2)^    2      •~2"-^2  2"- 

Assuming  these  two  expressions  equal  to  each  other,  as  they 
ought  to  be,  by  the  question  ;  there  results,  after  a  little  re- 
duction, x'— |x«  -  ^'  x~2  =  0,  a  cubic  equation,  with  one 
positive  integer  root  x  =  4.  Hence  4,  5,  and  6,  are  the  sides 
of  the  triangle. 

sin  A  =  j^  V^'hi'i^f-s  v/y-y.7  =  f:Hv'7=iv/7. 
sinB  =  A\/7  ;  sinc=:A%/7  ;8inic=:v^,.|:{  y=  |^7. 
The  angles  are,  a  —  4 1  ••409603=  4P24'  34"|  34'', 

B==  660-771191  =  55  46  16     18,  . 

c  =  82<>*819206  r=  82  49     9       8. 

Any  direct  solution  to  this  curious  problem,  except  by  means 
of  the  analytical  formulse  employed  above,  would  bo  exceed- 
ingly tedious  and  operose. 

SohUion 
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Solution  to  the  wme  by  R.  Adrain. 

Let  ABC  be  the  triangle,  having  the  angle 
ABC  double  the  angle  a,  produce  ab  to  d,  mak- 
ing BD  =  bc,  and  join  cd  ;  and  the  triangles 
CBD,  ACD  are  evidently  isoflcehes  and  equian- 
galar  ;  therefore  bd  er  bc  is  to  cd  or  ac  as  ac 
to  AD.  Now  let  AB  =  jr,  bc  =  x  —  1,  ac  s=  x  +  1 »  theo 
AD  =  2jf —  1,  and  the  preceding  stating  becomes  x  —  1  : 
X  +  1  :  :  X  +  1  :2x— 1,  which  by  multiplying  esftremes  and 
means  gives  2x^  —  3jr  +  1  =  x*  +  2x  -f  1,  and  by  subtrac- 
tion X*  =  5Xf  or  dividing  by  x,  simply  x  :&  6,  hence  the  sides 
are  4,  6, 6. 

The  same  conclueion  is  also  readily  obtained  without  thu 
use  of  algebra. 

Ex,  7.  Demonstrate  that  sin  18*  =  cos  72*  is  »=  {k 
(- 1  +  ^  6),  and  sin  64*  =  cos  36*  is  =  ^a  (1  -f  ^  6). 

Ex.  8.  Demonstrate  that  the  sum  of  the  sines  of  two  arcs 
which  toother  make  60*,  is  equal  \o  the  sine  of  an  arc 
which  is  greater  than  60,  by  either  of  the  two  arcs  :  Ex.  gr. 
sin  3'  +  Bin  69*  67'  ==  sin  60*  S' ;  and  thus  that  the  tables  may 
be  continued  by  addition  only. 

£x.  9  Show  the  truth  of  the  following  proportion  :  As 
the  sine  of  half  the  difference  of  two  arcs,  which  together 
make  60*,  or  90*,  respectively,  is  to  the  difference  of  their 
sines  ;  so  is  1  to  ^^2,  or  ^3,  respectively. 

Ex.  10.  Demonstrate  that  the  sum  of  the  square  of  the 
sine  and  versed  sine  of  an  arCj  is  equal  to  the  square  of  dou- 
ble the  sine  of  half  the  arc.     . 

Ex.  11.  Demonstrate  that  the  sine  of  an  arc  is  a  mean 
proportional  between  half  the  radius  and  the  versed  sine  of 
double  the  arc. 

Ex.  12.  Show  that  the  secant  of  an  arc  is  eoual  to  Ibe 
sum  of  its  tangent  and  the  tangent  of  half  its  complement. 

Ex.  13.  Prove  that,  in  any  plane  triangle,  the  base  is  to 
the  difference  of  the  other  :two  sides,  as  the  sine  of  half  the 
sum  of  the  angles  at  the  base,  to.  the  sine  of  half  their  diffie- 
V€ttce  :  .also*  that  the  base  is  to  the  sum  of  the  other  two  sides, 
as  the  co£<ine  of  half  the  si^m  of  the  angles  nt  the  b^Mie,  to  the 
4HieiBe  of  half  their  difference. 

Ex. 
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Ex.  14.  How  mast  diree  trees,  a,  b,  c,  be  planted,  so 
that  the  angle  at  jl  may  be  doable  the  angle  ats,  the  angle 
at  B  doable  that  at  c  ;  and  so  that  a  line  ot  400  yards  may 
just  go  roand  them  ? 

Ex.  IB.  In  a  certain  triangle,  the  sine9  of  the  three  an- 
gles are  as  the  nambers  17,  16,  and  8,  and  the  perimeter  is 
160.    What  are  the  sides  and  angles  ? 

Ex.  16.  The  logarithms  of  two  sides  of  a  triangle  are 
2*2407293  and  2*5378 191,  and  the  inchided  angle,  is  37*  20^. 
It  is  required  to  determine  the  other  angles,  without  first 
finding  any  of  the  sides  ? 

Ex,  17.  The  sides  of  a  trianf^e  are  to  each  other  as  the 
fractions  ^,  t»  i  :  what  are  the  angles  *! 

Kx,  18.  Show  that  the  lecant  of  60^,  im  doable  the  tan- 
gent of  46^9  and  that  the  secant  of  45^  is  a  mean  proportional' 
between  the  tangent  of  46*  and  the  secant  of  60*. 


Ex»  19*    Deaonstsate  that  4  times  the  rectangle  of 
liaes  of  two  afos,  is  equal  to  the  difference  of  the  squares  o£ 
Hhe  chords  of  the  sam  and  difference  of  those  aocs. 

Ex.  fO.  Convert  the  equations  marked  ixtw  bte  their 
eqoiTident  logarithmic  expressions ;  and  by  means  of  them 
nadeqaa  iv,  find  Ae  an^es  of  a  triangle  wliKQee  sides  are  6, 
6,  and  7. 


SPHERICAL  TRIGONOMETRY- 


SECTION  I. 

General  Proptrties  of  Spheneal  Triangies^ 

Art.  1.  Drf.  1.  Any  portion  of  a  spherical  surface  bounded 
by  three  arcs  of  great  circlet  is  called  a  i^piWrico/  Triangle. 

Def.  2.   Spherical  Trigonometry  is  the  art  of  coinnuting 
the  measures  of  the  sides  and  angles  of  spherical  trianf^es. 
Vet.  Hu  6  •    />«f. 
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Def/3,  A  rigfU  angled  spherical  triangle  has  one  ri|(ht 
angle  :  the  sides  about  the  right  angle  are  called  legs ;  the 
side  opposite  to  the  right  angle  is  called  the  hypothenuse 


Def,  4. 
to  %Q^  or  a 


A  quadrankU  spherical  triangle  has  one  side  eqnal 
quarter  of  a  great  circle. 

Def,  5.  Two  arcs  or  angles,  when  compared  together,  are 
said  to  be  alike^  or  of  the  same  affection^  when  both  are  lest 
than  90^,  or  both  are  greater  than  90^.  But  when  one  is 
greater  and  the  other  less  than  90^,  thej  are  said  to  be  unlike^ 

or  of  dijfferent  ejections. 

» 

Art.  2.  The  sniall  circles  of  the  sphere  do  not  fall  under 
consideration  in  Spherical  Trigonometry  ;  but  such  only  as 
have  the  same  centre  with  the  sphere  itself.  And  hence  it  i» 
that  spherical  trigonometry  is  ef  so  much  use  in  Practical 
AstroDomy,  the  apparent  heavens  anuming  the  shape  of  a 
concave  sphere,  whose  centre  is  the  same  as  the  centre  of  the 
earth. 

3.  Every  spherical  triangle  has  three  sides,  and  three  an- 
ises :  and  if  any  three  of  these  six  parts,  be  given,  the  re- 
maining three  may  be  found,  by  some  of  the  rules  which 
will  be  investigated  in  this  chapter. 

4  In  plane  trigonometry,  the  knowledge  of  tiie  three  an- 
gles is  not  sufficient  for  ascertaining  the  sides  :  for  in  that 
case  the  relations  only  of  the  three  sides  can  be  obtained,  and 
■  not  their  absolute  values  :  whereas,  in  spherical  trigonome-t 
try,  where  the  sides  are  circular  arcs,  whose  values  depend 
•n  their  proportion  to  the  whole  circle,  that  is,  on  the  num- 
ber of  degrees  they  contain,  the  8ide<<  may  always  be  deter- 
mined when  the  three  angles  are  known.  Other  remarkable 
differences  between  plane  and  spherical  triangles  are,  1st. 
That  in  the  former,  two  angles  always  determine  the  third  ; 
while  in  the  latter  they  never  do.  Sdly.  The  surface  of  a 
plane  triangle  cannot  be  determined  from  a  knowledge  of  the 
angles  alone  ;  while  that  of  a  spherical  triangle  always  can. 

5.  The  sides  of  a  spherical  triangle  are  all  arcs  of  great 
circles,  which,  by  their  intersection  on  the  surface  of  the 
sphere,  constitute  that  triangle. 

6.  The  angle  w))ich  is  contained  between  the  arcs  ef  two 
great  circles,  intersecting  each  other  on  the  surface  of  the 
sphere,  is  called  a  spherical  angle  ;  and  its  measure  is  the  same 
as  the  measure  of  the  plane  angle  which  is  formed  by  two 
lines  issuin);  from  the  same  point  of,  and  perpendicular  to» 
the  common  section  of  the  planes  -which  determine  the  con- 
taining 
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UininiB;  sides  :  that  is  to  say,  it  is  the  same  ^  as  the  an^Ie  made 
by  those  planes.  Or,  it  is  equal  to  the  plane  angle  formed 
bjr  the  tangents  to  those  arcs  at  their  point  of  intersection. 

7.  Hence  it  follows,  that  the  surface 
of  a  spherical  triangle  bag,  and  the 
three  pUnes  which  determine  it  form 
a  kind  of  triangular  pyramid,  bcga. 
of  which  the  vertex  a  is  at  the  centre 
of  the  sphere,  the  base  abc  a  portion 
of  the  spherical  surface,  and  the  faces 
AGC.  AGE,  BGc,  sectoFB  of  the  great 
circles  whose  intersections  determine 
the  sides  of  the  triangle. 

Def.  6.  A  line  perpendicular  to  the  plane  of  a  great  circle, 
passing  through  the  centre  of  the  sphere,  and  terminated  hy 
two  points, /diametrically  opposite,  at  its  surface,  is  called  tb^ 
nxis  of  such  a  circle  ;  and  the  exlremilieB  of  the  axis,  or  the 
points  where  it  meets  the  surface,  are  called  the  poles  of  that 
circle.  Thus,  pgp  is  the  axis,  and  p,  f\  are  the  poles,  of  the 
great  circle  cnd. 

If  we  conceive  any  number  of  less  circles,  each  parallel  to 
the  said  great  circle,  this  axis  will  be  perpendicular  to  them 
likewise  ;  and  the  points  p,  p'  will  be  their  poles  also. 

8.  Hence,  each  pole  of  a  great^'circle  is  90^  distant  from 
every  point  in  its  circumference  ;  and  all  the  arcs  drawn  from 
either  pole  of  a  little  circle  to  its  circumference,  are  equal  to 
each  other. 

9.  It  likewise  follows,  that  all  the  arcs  of  great  circles  drawn 
through  the  poles  of  another  great  circle,*  are  perpendicular  * 
to  it  :  for  since  they  are  great  circles  by  the  supposition, 
they  all  pass  through  the  centre  of  the  sphere,  and  conse- 
quently through  the  axis  of  the  said  circle.  The  same  thing 
may  be  affirmed  with  regard  to  small  circles. 

111.  Hence,  in  order  to  find  the  poles  of  any  circle,  it  is 
merely  necessary  to  describe,  upon  the  surface  of  the  sphere, 
two  ^reat  circles  perpendicular  to  the  plane  of  the  former  ; 
the  points  where  these  ^circles  intersect  each  other  will  be  the 
poles  required. 

n.  It  may  be  inferred  also,  from  the  preceding,  (hat  if  it 
were  proposed  to  draw,  from  any  point  assumed  on  the  sur- 
face of  the  sphere,  an  arc  of  a  circle  which  may  measure  the 
shortest  distance  from  that  pomt,  to  the  circumference  of 
any  given  circle  ;  this  arc  must  be  so  described,  that  its  pro- 
longation may  pa«s  through  the  poles  of  the  given  circle. 
And  conversely y  if  an  arc  pass  through  the  poles  of  a  given 

.  circle, 
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circle,  k  will  measure  the  shortest  distance  from  anj  asnuneA 
point  to  the  circumference  of  that  circle. 
"  12.  Hence  again,  if  upon  the  sides,  ac  and  bc,  (produced 
if  necessary)  of  a  spherical  triangle  bca,  we  take  the  arcs,  cir, 
CM,  each  equal  90^,  and  through  the  radii  on,  om  (figure  to 
art.  7)  draw  the  plane  nom,  it  is  manifest  that  the  point  c 
will  be  the  pole  of  a  circle  coinciding  with  the  plane  «gm  : 
•o  that,  as  the  lines  gm,  on,  are  both  perpendicular  to  the 
common  section  be,  of  the  planes  aoc,  boo,  they  tneasure,  by 
their  inclination  the  angle  of  these  planes  ;  or  the  arc  nm 
measures  that  angle,  and  consequently  the  spherical  angle  bca. 

13.  It  is  also  evident  that  every  arc  of  a  little  circle,  des- 
cribed from  the  pole  c  as  centre,  and  containing  the  same 
number  of  degrees  as  the  arc  mr,  is  equally  proper  for  mea- 
Buring  the  angle  bca  ;  though  it  is  custotnary  to  use  only  arcs 
of  great  circles  for  this  purpose. 

14.  Lastly,  we  infer,  that  if  a  sphericd  angle  be  a  right 
angle,  the  arcs  of  the  great  circles  which  form  it,  will  pass 
mutually  through  the  poles  of  each  other :  and  that,  if  the. 
planes  of  two  great  circles  contain  each  the  axis  of  the  other» 
or  pass  through  the  poles  of  each  other,  the  angle  which  they 
include  is  a  right  angle. 

These  obvious  truths  being  premised  and  comprehended, 
the  student. may  pass  to  the  consideration  of  the  following 
theorems. 

THEOBEM  t. 

Any  Two  Sides  of  a  Spherical  Triangle  are  together  Greatet 

than  the  Third. 

This  proposition  is  a  necessary  consequence  of  the  tmth, 
that  the  shortest  distance  between  any  two  ptiints,  measured 
on  the  surface  of  the  sphere,  is  the  arc  of  a  great  circle  pass- 
ing through  these  poin£. 

THEOREM  n. 

The  Sum  of  the  Three  Sides  of  any  Spherical  Triangle  i$ 

Less  than  360  degrees. 

For,  let  the  sides  ac,  bc,  (fig.  to  art.  7)  containing  any 
angle  a,  be  produced  till  they  meet  again  in  o  :  then  will  the 
arcs  DAC,  DBc,  be  each  180^,  because  allgreat  circles  cut  each 
other  into  two  eoual  parts  :  consequently  dac  -f-  dbc  =  360^. 
But  (theorem  1)  da  and  db  are  together  greater  than  the 

third 
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tktrd  aide  ab  of  the  tiiangle  »ab  ;  and  therelbre,  since  ta  -f- 
e»  +  i>A  +  9B  ^  360^,  the  sum  ca  +  <^  +  ab  is  less  than 
360*.  q.  £.  D. 

THEOREM  UL 

The  Sam  of  the  Three  Angles  of  any  Spherical  Triangle  is 
alwavs  Greater  than  Two  Right  Angles,  bnt  less  than  Six. 

1.  The  first  part  of  this  theorem  is  demonstrated  in  cor.  t 
of  THR.  IV.  following. 

2.  The  angle  of  inclination  of  no  two  of  the  planes  can  be 
io  great  as  two  right  angles  ;  because,  in  that  case,  the  two 
planes  wonld  become  but  one  continued  plane,,  and  the  arcs, 
instead  of  being  arcs  of  distinct  circles,  would  be  joint  arcs  of 
•he  and  the  aame  circle.  Therefore,  each  of  the  three  sphe* 
rical  angles  must  be  less  than  two  right  angles  ;  and  conse- 
quently their  sum  less  than  six  right  angles.  a   e.  d. 

Cor.  1.  Hence  it  follows,  (bat  a  spherical  triangle  may 
hare  all  its  unglea  either  right  or  obtuse  ;  and  there/ore  the 
knowledge  of  any  two  right  angles  is  not  sufficient  for  the  de*' 
termination  of  the  third. 

Cor,  2.  If  the  three  angles  of  a  spherical  triangle  be  right 
or  obtuse,  the  three  sides  are  likewise  each  equal  to,  or  greater 
than  90®  :  and,  if  each  of  the  angles  be  acute,  each  of  the  sides 
it  also  tess  than  90 ;  and  conversely. 

Seholintn.  From  the  preceding  theorem  the  student  may 
eleariy  perceive  what  is  the  essential  difference  between  plane 
and  Spherical  triangles,  and  how  absurd  it  would  be  to  apply 
the  rules  of  plane  trigonometry  to  the  solution  of  cases  in 
spherical  trigonometry.  Yet,  though  the  .difference  between, 
the  two  kinds  of  triangles  be  really  so  great,  still  there  are 
various  properties  which  are  common  to  both,  and  which  may 
be  demonstrated  exactly  in  the  same  manner.  Thus,  for  ex- 
ample, it  might  be  demonstrated  here,  (as  well  as  with  regard 
to  plane  triangles  in  the  elements  of  Geometry,  vol  1)  that 
two  spherical  triangles  are  equal  to  each  other,  1st.  When  the 
three  sides  of  the  one  are  respectively  equal  to  the  three  qides 
of  the  other.  Sdly.  When  each  of  them  has  an  equal  angle  . 
contained  between  equal  sides  :  and,  3dly.  When  they  have 
each  tiro  equal  angles  at  the  extremities  of  eqnal  bases.  It 
^might  also  be  shown,  that  a  spherical  triangle  is  equilateral, 
isosceles,  or  scalene  according  as  it  hath  three  equal,  two 
equal,  or  three  unequal  angles  :  and  again,  that  the  greatest 

aide  is  always  opposite  to  the  greatest  angle,  and  the  least  side 

to 
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to  the  least  angle.  But  the  brevity  that  oar  plan  reqtiirefy 
compels  us  merely  to  mention  these  paKiculars  It  may  be 
added,  however,  that  a  spherical  triangle  may  be  at  once 
right-angled  and  eguilatercU ;.  which  can  never  be  the  case  with 
a  plane  triangle. 

THEOREM  IV. 

If  from  the  Angles  of  a  Spherical  Triangle,  as  Poles,  there 
be  described,  on  the  Surface  of  the  Sphere,  Three  Arcs  of 
Great  Circles,  which  by  their  Intersections  form  another 
Spherical  Triangle  ;  £ach  Side  of  this  New  Triangle  will 
he  the  Supplement  to  the  Measure  of  the  Angle  which  is  at 
its  Pole,  and  (he  Measure  of  each  of  its  Angles  the  Supple-* 
ment  to  that  Side  of  tl^e  Prin^tive  Triangle  te  wbich  i^  ui 
Opposite. 

From  B,  A,  and  c,  as  poles,  let  the 
arcs  DP,  DE,  FE,  be  described,  and  by 
their  intersections  form  another  spheri- 
cal triangle  def  ;  either  side,  as  de,  of 
ihw  triangle,  is  the  supplement  of  the 
measure  of  the  angle  a  at  itB  pole  ;  and 
either  angle,  as  d,  has  for  its  measure 

the  supplement  of  the  side  ab.  

1^  L 

Let  the  sides  ab,  ac,  bc,  of  the  primitive  triangle,  be  pro<* 
duced  till  they  meet  those  of  the  triangle  def,  in  the  points 
I,  L,  M,  N,  6,  K  :  then,  since  the  point  a  is  the  pole  of  the  arc 
DiLE,  the  distance  of  the  points  a  and  e  (measured  oo  an  arc 
of  a  great  circle)  will  be  90*'  ;  also,  since  c  is  the  pole  of  the 
arc  EF,  the  points  c  and  e  will  be  90^  distant :  consequently 
(art.  8)  the  point  e  is  the  pole  of  the  arc  ac.  In  like  manner 
it  may  be  shown,  that  f  is  the  pole  of  bc,  and  d  that  of  ab. 

This  being  premised,  we  shall  have  di.  =  90^,  and  ie=90^ 
whence  dl  +  ie  =  dl  +  el  +  "*  =  de  +  il  =  180**. 
Therefore  de  =  180^— il  :  that  is,  since  il  is  the  measure 
of  the  angle  bac,  the  arc  dr  is^^the  supplement  of  that 
measure.  Thus  also  may  it  be  demonstrated  that  ef  is  equal 
the  supplement  to  mft,  the  measure  of  the  angle  bca,  and 
that  df  is  equal  the  supplement  to  ok,  the  measure  of  the 
angle  abc  :  which  constitutes  the  first  part  of  the  proposition. 

2dly.  The  respective  measures  of  the  angles  of  the  triangle 
BEF  are  supplemental  to  the  opposite  sides  of  the  triangles 
ABC    For,  since  the  arcs  al  and  bg  are  each  90^,  theiefore 
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*ii  At  +  BO  =  CL  +  AB  =  180®  ;  whence  ql  =  180<>  —  ab  ; 
that  i«,  the  measure  of  the  angle  d  is  equal  to  the  supplement 
to  AB.  So  likewise  may  it  be  shown  that  ac,  bc«  are  equal  to 
the  supplements  tu  the  measures  of  the  respectively  opposite 
angles  e  and  f  Consequently,  the  measures  of  the  angles 
of  the  triangle  def  are  supplemental  to  the  several  opposite 
tides  of  the  triangle  abc.  q.  e.  d. 

Cor,  1.  Henre  these  two  triangles  are  called  iuppletnenial 
or  polar  triangles. 

Cor.  2.  Si'ice  the  three  sides  de,  ef,  df,  are  supplements 
to  the  measures  of  the  three  angles  a,  b,  c  ;  it  results  that 
i>e  +  ef  +  df+a4-b+c  =  3X  180«»==640«  But (th  2), 
DE  +  ef  +  DF  <  3»  O**  :  consequently  a  +  b  +  c  >  180*^» 
Thus  the  first  part  of  theorem  3  is  very  compendiously  de- 
monstrated 

Cor.  3  This  theorem  suggests  matations  that  are  some- 
times of  use  in  GoihpulalioD. —  Thus,  if  three  angles  of  a 
spherical  triangle  are  given,  to  Bnd  the  sides  :  the  student 
jDAv  subtract  each  of  the  angles  from  180^,  and  the  three  re- 
mainders  will  be  the  three  sides  of  a  new  triangle  ;  the  angles 
of  this  new  triangle  being  found,  if  their  measures  be  each  ta- 
ken from  180*',  the  three  remainders  will  be  the  respective 
sides  of  the  primitive  triangle,  whose  angles  were  given 

Scholium,     The   invention  of  the  preceding  theorem  is  due 
to  PhiHp  Langsberg      Vide,  Simon  Steven,  liv.  3,.de  la  Cos- 
mographie,  prop  31  and  Alb.  Girard  in  loc.     It  is  often  how' 
ever  treated  very  loosely  by  authors  on  trigonometry  *.  some 
of  them  speaking  of  sides  as  the  supplements  of  angles,  and 
scarcely  any  of  them  remarking  which  of  the  several  trian^cles 
formed  by  the  intersection  of  the  arcs  de,  ef^  df,  is  the  one 
in  question.     Besides   the  triangle  def,  three  others  may  be 
formed  by  the  intersection  of  the  semi- 
circles, and  if  the  whole  circles  oe  consi- 
dered, there  will  be  seven  other  triangles 
formed.  But  the  proposition  only  obtains 
with  regard  to  the  central  triangle  (of 
each  hemisphere),  which  is  distinguished 
from  the  three  others  in  this,  that  the 
two  angles  a  and  f   are  situated  on  the 
same  side  of  bc,  the  two  b  and  e  on  the  same  side  of  ac,  and 
the  two  c  and  d  on.  the  same  side  of  ab. 

THEOREM  y. 

In  Every  Spherical  Triangle,  the  following  proportion  obtains, 
viz.  As  Four  Right  Angles  (or  360*)  to  the  surface  of  a 

Hemisphere  ; 


44  SPIIfiRIGiUL  TRIGONMfBTRY. 

« 

cos  (6-.C)  -  CO.  4  =t  8  ,m  °-i±:^ .  sh  ?i|::5  s 

we  l»re,  obvionaly, 

,  '       sin  ^ .  tin  c 

Whence,  making  6  ^  a  +  b  +  c,  there  'resalti 

'^  sin  /> .  sin  c  f 

So  also,  rin  iB  =  ^  !l!^i*!^ll4?ii^^      >  (III.) 

8in  a .  Sin  c  I     ^       ' 

And,     giQic  =  ^''°<»~°^  ""«'-*).     1 

^  Sin  a .  sin  6  ^ 

The  expressions  for  the  tangents  of  the  half  angles,  might  have 
been  deduced  with  equal  facility  ;  and  we  should  have  obtain- 
ed, for  example, 

tan  |<  =  v'  ««(*7*)«'°Ci«-c)    .^^ 

7    ■       ^         sin  ^fl  ^sin  i  (s^-<i)    ,     ^ 

Thus  again,  the  expressions  for  the  cosine  and  cotangent  of 
half  one  of  the  angles,  are 

,      _      ,  sin  ^9  .  sin  Arp—  a) 

COS  ^4  ^  «/ ^— £ — — 

*  T  Sin  6  .  sin  c 

'  ^    sin  (is  — 6)  .  nn  (^s—  cl 

The  three  latter  flowing  naturally  from  the  former,  by  inieans 

of  the  values  tan  =  — ,  cot  =  -r- .  (art.  4  ch.  iii.\ 

cos  sin    ^  * 

Ck)r,  1.     When  two  of  the  sides,  as  b  and  c,  become  equals 
then  the  expression  for  sin  1a  becomes 

s>n(4s — b)        sin  Aa 

Bin  1a  as V^-  -  =  -r-~- 

'  sm  b  sm  0 

Cor.  2.     When  all  the  three  sides  are  equal,  or  a  =ss  5  =»  e, 

ax.        .     ,  sin  Ja 

then  sin  |a  »= 


8in  a 


Cor,  3.     In  this,  case,  if  <»  =  6  =  c  =  90®  ;  then  sin  iA=== 

^^  =  ^^2  =  sin  46** :  and  a  =  b  5=  c  =  90®. 

Cor.  4.  If  a  =  A  =  c  =  60*»  :  then  sin  ^a  =      *    ^i\/3«» 

sin  35«  15'51"  :  and  a  =  b  c=  c  :=  70<»dl'42",  the  same  as  the 
angle  between  two  contiguous  planes  of  a  tetraedron. 
Cor.  6.  If  a  ss  6  sssc  were  assumed  s=  1 20^  :  then  sin  ^a  = 

!'",.^^  =r  r^^  =5s  1  ;  and  A  =  B  =  c  =  180*» :  which  shows 
Bin  120**        i^3  ' 

that  no  such  triangle  can  be  constructed  (conformably  to 
Jth.  2)  ;  but  that  the  three'Bides  would,  in  such  case,  form  three 
continued  arcs  completing  a  great  circle  of  the  sphere. 

VROBUm 
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spkerkai  «rc#tt,  famishes  a  correct  measare  of  the  8iirfiu:e 
of  that  triangle. 

Cor.  2.    If  «•  =s  3141593,  and  d  the  diameter  of  the 

sphere,  then  is  wdK    ^  "l  ^ =  theareaof  the  spherical 

triangfle. 

Cor,  3.  Since  the  length  of  the  radius,  in  any  circle,  is 
equal  to  the  length  of  67*2957795  degrees,  measured  on  the 
circamference  of  that  circle  ;  if  the  apherical  excesa  be  mal- 
tiplied  by  57*297795,  the  product  will  express  the  surface  of 
the  triangle  in  square  d^^grees. 

Cor,  4,  When  a  =  0,  then  a  +  b  +  c  =  180^  :  and  when 
a  =  ^B^  then  a  +  b  +  c  =  540**.  Consequently  the  sum  of 
the  three  angles  of  a  spherical  triangle,  is  always  between  2 
aad  6  right  a^dglea  :   wkuch  is  another  cfmfirmalion  of  ih.  3. 

Cor,  5.  When  two  of  the  angles  of  a  spherical  triangle 
are  right  angles,  the  surface  of  the  triangle  varies  with  iti 
third  angle.  Aod  when  a  spherical  triangle  has  three  right 
angles  its  sarface  is  one  eighth  of  the  surface  of  the  sphere. 

Remark,  Some  of  the  ones  of  the  spherical  excess,  in  the 
more  extensive  geodesic  operations,  will  be  shown  in  the  fol- 
lowing chapter.  The  mode  of  finding  it,  and  thence  the  area 
when  the  three  angles  of  a  spherical  triangle  are  given,  is  oh-* 
viotts  enough  ;  but  it  is  often  requisite  to  ascertain  it  by  means 
of  other  data,  as  when  two  sides  aod  the  included  angle  are 
given,  or  when  all  the  three  sides  are  given.  In  the  former 
case,  let  a  and  b  be  the  two  sides,  c  the  included  angle,  and 

Ai-  t-        •       I  *1-         •  A   1  cot  i<»      C'-'t  ib  +  COS  G 

s  the  spherical  excess  :  then  is  cot  4  e  «  — = .         . 

'^  "  .  sin  c  • 

When  the  three  sides  a,  6,  c,  are  given,  the  spherical  excess 
may  be  found  by  the  following  very  elegant  theorem,  discover- 
ed, by  Simon  Lfauillier  : 

taniK  =  v^(tan-2LJl.  ton  -3—,.  ton  —^7- ^p     7    ^' 

The  investigation  ef  these  dieorems  would  occopy  more  space 
than  can  be  allotted  to  them  in  the  present  volume. 

TmSORBM  VL 

.In  every  Spherical  Polygon,  or  surface  included  by  any  num- 
ber of  intersecting  great  circles,  the  subjoined  proportion 
obtains,  viz.  As  Four  Right  Angles,  or  360'',  to  the  Suriace 
ef  a  Hemisphere  ;  or,  as  Two  Right  Angles,  or  180*,  to  a 
Great'  Circle  of  the  Sphere  ;  so  is  the  Excess  of  the  Sum 
ef  the  Angles  above  the  Product  of  180<»  and  Two  Less 
than  the  number  of  Angles  of  the  spherical  polygon,  to 
its  Area. 
▼oL.  Ih  6  For, 
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For,  if  the  polygon  be  supposed  to  be  divided  into  as  many 
triangles  as  it  has  sides,  by  great  circles  drawn  froaoi  all  the 
angles  through  any  point  within  it,  forming  at  that  point  the 
Tertical  angles  of  all  the  triangles.  Then,  by  th.  5,  it  will  be 
as  360«  :  ^s  :  :  a+b+c —  180»  :  its  area.  Therefore,  put- 
ting p  for  the  sum  of  all  the  angles  of  the  polygon,  n  for  their 
number,  and  ▼  for  the  sum  of  all  the  vertical  angles  of  its 
constituent  triangles,  it  will  be,  by  composition, 
as  360*  :  |s  :  :  p  +  V  —  180^  n  :  sumce  of  the  polygon. 
But  V  is  manifestly  equal  to  360<>  or  T&O^  X  2.     Therefore, 

Vm^nmm2'\   180* 

as  360*  :  is  :  :  p— (f^-.2)  ISO*  :  Js,  agQo         >  *«  ^«» 

of  the  polygon,     q.  e.  d. 

Cor.  1.  If  «■  and  d  represent  the  same  quantities  as  ia 
theor.  5  cor.  2,  then  the  surface  of  the  polygon  will  be  ex- 

pressed  by  *d» . ^ 

Cor.  2.  If  R*  =  67-2967796,  then  will  the  surface  of  the 
polygon  in  square  degrees  be  =  r*.  (p  —  (»  —  2)  ISOo). 

dor.  3.  When  the  surface  of  the  polygon  is  0,  then  p  = 
\n  —  2)  ISO*  ;  and  when  it  is  a  miCximum,  that  is,  when  it  is 
€qual  to  the  surface  of  the  henusphere,  then  p  =:  (»-— 2)  180* 
-|-  360*  =  fi .  180*  :  Consequently  p,  the  sum  or  all  tne  an* 
gles  of  any  spheric  polygon,  is  always  Uu  than  2»  right  angles^ 
but  greater  than  (2n— 4)  right  angles  n,  denoting  the  num? 
W  of  angles  of  the  polygon. 


GENERAL  SCHOUUie 


On  ihe  Nature,  and  Meamre  of  Solid  JlngU^ 

A  Solid  A/ufU  is  defined  by  Euclid,  that  which  is  made  by 
the  meeting  of  more  than  two  plane  angles,  which  are  not  in 
the  same  plane,  in  one  point 

Others  define  it  the  angular  space  comprized  between 
peveral  planes  meeting  in  one  point. 

It  may  be  defined  still  more  generally,  the  angular  space 
included  between  several  plane  surfaces  or  one  or  more  curv- 
ed surfaces,  meeting  in  the  point  which  forms  the  summit  of 
the  angle. 

According  to  this  definition,  solid  angles  bear  just  the  same 
jpelation  to  the  surfaces  which  comprise  them,  as  plane  angles 
do  to  the  lines  by  which  they  are  included  :  so  tiiat,  as  in  the 
latter,  it  is  not  the  magnitude  of  the  lines,  but  Uieir  mutual 
Inclination,  wUch  determines  the  angle  ;  just  so,  in  the  former 

il 
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jt  is  not  the  magnitude  of  the  planes,  but  their  mutual  bdiua- 
tioQS  which  determine  the  angles.  And  hence  all  those  ge- 
ometen,  from  the  time  of  Euclid  down  to  the  present  period, 
who  hare  confined  their  attention  principally  to  the  magnitude 
of  the  plane  angles  instead  of  their  relative  positions,  have 
never  heen  able  to  develope  the  properties  of  this  class  of 
geometrical  quantities  ;  but  have  affirmed  that  no  solid  angle 
^n  be  said  to  be  the  half  or  the  double  of  another,  aod  have 
spoken  of  the  bisection  and  trisection  of  solid  angles,  even  in 
the  simplest  cases,  as  impossible  problems. 

But,  all  this  supposed  difficulty  vanishes,  and  the  doctrine  of 
volid  angles  bepomes  simple,  satisfactory,  and  universal  in  its 
application,  by  assuming  iphericad  turfactt  for  their  measure ; 
just  as  circular  arcs  are  assumed  for  the  measures  of  plane 
angles*.     Imagine,   that  from  the  summit  of  a  solid  angle 
(formed  by  the  meeting  of  three  planes)  as  a  centre,  any  sphere 
De  described,  and  thkt  those  planes  are  produced  till  they  cut 
the  surface  of  the  sphere.;  then  win  the  surface  of  the  spheri- 
cal triangle,  included  between  those  planes  be  a  proper  mea- 
sure of  the  splid  aiiigfe  made  by  the  planes  at  their  common 
point  of  meeting ;  for  no  chanige  can  be  conceived  in  the  rela- 
tive position  of  those  planes,  that  is  in  the  magnitude  of  the 
solid  angle,  without  a  corresponding  and  proportional  mutation 
in  the  sur&ce  of  the  spherical  triangle.     If,  in  like  manner, 
the  three  or  more  surfaces  which  by  their  meeting  constitute 
another  solid  angle,  be  produced  tifl  they  cut  the  surface  of 
the  same  or  an  equal  sphere,  whose  centre  coincides  with  the 
flunmiit  of  the  angle  ;  the  surface  of  the  spherio  triangle  or 
polygon,  included  between  the  planes  which  determine  the 


*  It  may  be  proper  to  anticipste  here  the  only  objection  which  can 
be  made  to  this  assumption  ;  which  is  founded  on  the  principle,  thai 
^uaniiHtt  MknUd  tUmayt  be  meoiured  by  quaniitU$  of  the  tame  kind.  But 
this,  oftea  and  positively  as  it  is  affirmed,  is  by  no  means  necessafy  ^ 
nor  in  many  cases  is  it  possible.  To  measure  is  to  compare  mathemati- 
cally :  and  if  by  comparing  two  quantities,  whose  ratio  we  know  or  can 
ascertain*  with  two  other  quantities  whose  ratio  we  wish  to  know,  the 
point  in  question  becomes  determined :  it  signifies  not  at  all  whether 
the  magnitudes  which  constitute  one  ratio*  are  Like  or  unlike  the  mag- 
nitodes  which  constitute  the  other  ratio.  It  is  thus  that  mathemati^ 
cians,  with  perfect  safety  and  correctness,  make  use  of  space  as  a  mea- 
sore  of  velocity,  mass  as  a  measure  of  inertia,  mass  and  velocity  con- 
jointly as  a  measure  of  force,  spuce  as  a  measure  of  time,  weight  as  a 
ineajiure  of  density,  expansion  as  a  measure  of  heat,  a  certain  function 
of  planetary  velocity  as  a  measure  of  distance  from  the  central  body, 
arcs  of  the  same  circle  as  measures  of  plane  angles  ^  and  it  is  in  con- 
formity with  this  general  procedure  that  we  adopt  surfaces,  of  the  same 
sphere,  as  measures  of  solid  angles. 

angle 


36  SPHERICAL  TRIGONOMETRY. 

aDgre,  will  be  a  correct  measure  of  that  angle.  And  the  ratio 
which  Bobsiflts  between  the  areas  of  the  spheric  triaDgles  po- 
lygons, or  other  surfaces  thus  formed,  will  be  accurately  the 
ratio  which  subsists  between  the  solid  angles,  constituted  by 
the  meeting  of  the  several  planes  or  surfaces*  at  the  centre  of 
the  sphere. 

Hence,  the  comparison  of  sohd  angles  becomes  a  matter  of 
great  ease  and  simplicity  :  for,  since  the  areas  of  spherical 
triangles  are  measured  by  the  excess  of  the  sums  of  their  an- 
gles each  above  two  right  angles  (th.  5)  ;  and  the  areas  of 
apherical  polygons  of  n  sides,  by  the  excess  of  the  sum  of  ' 
their  angles  abeve  Sn — 4  right  angles  (th.  6)  ;  it  follows,  that 
the  magnitude  of  a  trilateral  solid  angle,  will  be  measured  by 
the  excess  of  the  sum  of  the  three  angles,  made  respectively 
by  its  bounding  planes,  above  2  right  angles  ;  and  the  magni- 
tudes of  solid  angles  formed  by  n  bounding  planes,  by  the  ex- 
cess of  the  sum  of  the  .angles  of  inclination  of  the  several 
planes  above  2n — 4  right  angles. 

As  to  solid  angles  limited  by  curve  surfaces,  such  as  the  an- 
gles at  the  rertices  of  cones  ;  Cbey  will  manifefltly  be  measur- 
ed by  the  spheric  surfaces  cut  off  by  the  prolongation  of  their 
bounding  surfaces,  in  the  same  manner  as  angles  detemlined 
by  planes  are  measured  by  the  triangles  or  polygons,  they 
mark  out  upon  the  same,  or  an  equal  sphere.  In  all  cases, 
the  maximum  limit  of  solid  angles,  will  be  the  plant  towards 
which  the  various  planes  determining  such  angles  approach, 
as  they  diverge  further  from  each  other  about  the  same  sum- 
mit :  just  as  a  right  line  is  the  maximum  limit  of  plane  angles, 
being  formed  by  the  two  bounding  lines  when  they  make  an 
angle  of  18(1^.  The  maximum  limit  of  solid  angles  is  meas- 
ured by  the  surface  of  a  hemisphere,  in  like  manner  as  the 
maximum  limit  of  plane  angles  is  measured  by  the  arc  of  a 
semicircle.  The  solid  right  angle  (either  angle,  for  example, 
of  a  cube)  is}  (=1^)  of  the  maximum  solid  angle  :  while  the 
plane  right  angle  is  half,  the  maximum  plane  angle. 

The  analogy  between  plane  and  solid  angles  ^ing  thus  tra- 
ced, we  may  proceed  to  exemplify  this  theory  by  a  few  instan- 
ces ;  assuming  1000  as  the  numeral  measure  of  the  maximum 
solid  angle  =  4  times  90^  solid  =  360^  solid. 

1.  The  solid  angles  of  right  prisms  are  compared  with  mat 
facility.  For,  of  the  three  angles  made  by  the  three  planes 
which,  by  their  meeting,  constitute  every  such  solid  angle, 
two  are  right  angles  :  and  the  third  is  the  same^s  the  corres- 
ponding plane  angle  of  the  polygonal  base  ;  on  which,  there- 
fore, the  measure  of  the  solid  angle  depends.     Thns,  with 

respect 
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«  a 

respect  to  the  right  prism  with  an  equilateral  triarigQUr  base, 
each  solid  angle  is  formed  by  planes  which  respectively  make 
angles  of  90«,  90*»,  and  60».  Consequently  90<»  -f  ^'^  +  60^- 
leOP  =s60*,  is  the  measure  of  snch  angle,  compared  with  360^ 
the  mazimiim  angle;  It  is  therefore,  one-siath  of  the  maxi* 
mum  angle.  A  right  prism  with  a  square  base,  has,  in  like 
manner,  each,  solid  angle  measured  by  90*  +  90*>+90*—  ISO*" 
=  90^,  which  is  {  of  the  maximum  angle.  And  thus  may  be 
found,  that  each  solid  angle  of  a  right  prism,  with  an  equilateral. 

triahgular  base   is  ^  max.  angle   =   ^  .  1000. 

square  base        is  | 


pentagonal  base  is 


Aetagonal 

is  J  . 

heptagona! 

is 

octagonal 

is  1  . 

nonagonal 

u 

decagonal 

•»l 

undecagonal 

IS 

duodecagonal 

is  A 

ingooal 

13 

I  .1000. 
=«  ^  ,1000. 
=  ^    1000. 

=  ^  .1000. 
==  ^  1000. 
==  ,»^  1000. 
=  ^  .1000. 
=  II  .1000. 

=  —.1000. 
2m 

Hence  it  may  be  deduced,  that  each  solid  angle  of  a  regu- 
lar prism,  with  triangular  base,  is  half  each  solid  angle  of  a 
prism  with  a  regular  hexagonal  base.     Each  with  regular 
square  base  =  |  of  each,  with  regular  octagonal  base, 

pedtagonal   =  | decagonal, 

naxagonal    =^  | "  •    •    •    •    •    •    •    duodecagonal, 

|m  gonal      =  ~~% ^  gonal  base. 

Hence  again  we  may  infer,  that  the  sum  of  all  the  soHd 
angles  of  any  prism  of  triangular  base,  whether  that  base  be 
regular  or  irregular,  is  half  the  sum  of  the  solid  angles  of  a 
prism  of  quadrangular  base,  regular  or  irregular.  And,  the 
sum  of  the  solid  angles  of  any  prism  of 
tetragonal  base  is  =  |  sum  of  angles  in  prism  of  peotag.  base, 

pentaigonal  .  -  .    =  | haxagonal, 

naxagonal    .  .  .    =  | heptagonal, 

m— 2 

m  gonal    .  .  .  .    =  — - '   (w»+l)  gonal. 

2.  Let  us  compare  the  solid  angles  of  the  five  regular 
bodies.  In  these  bodies,  if  m  be  the  namber  of  sides  of  each 
face  ;  n  the  number  of  planes  which  meet  at  each  solid  angle  ; 
^  O  ==  half  the  circumference  or  180°  ;  and  a  the  plane  angle 

1 

cos  —  O 

2a 

made  by  two  adjacent  faces  :  then  we  have  sin  |a  =— *- • 

1 
g«i  — O 

2m 

This 
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This  theorem  gires,  for  the  plane  angle  formed  by  e^ery  tvr# 
contiguous  faces  of  the  tetraedron,  70<»  31'  42'' ;  of  the  hexae- 
dron.  90'> ;  of  the  octaedron,  109«  28'  18";  of  the  dodecaedron, 
1I6»  33'  64''  ;  of  the  icosaedron,  138«»  IT  23'\  But  in  these 
polyedne,  the  number  of  faces  meeting  about  each  solid  angle, 
3.  3,  4,  3,  5  respectively.  Consequently  the  several  solid  an- 
^es  will  be  determined  by  the  subjoined  proportions  : 

Solid  Ani^le 
360O  :  3-70<>3r42"      180*  : :  1000  :    87-73611   Tctraedron. 
360«  :  3-90*»  — 180«^  :  :  1000  :  260  Hazaedron. 

360*  :  4109«28'18''— 360<>  : :  1000  :  216  36186  Octaedron. 
360*^  :  3116«S3'64"— 180«>  :  :  1000  :  471-396  Dodecaedron. 
360»  :  6138«11  23"— 640«>  : :  1000  :  419-30169  Icosaedron. 
3.  The  solid  angles  at  the  vertices  of  cones,  will  be  deter- 
mined by  means  of  the  spheric  s^ments  cot  off  at  the  bases 
of  those  cones  ;  that  is,  it  right  cones,  instead  of  having  plane 
bases,  had  bases  formed  of  the  segments  of  equal  spheres, 
whose  centres  were  the  vertices  of  the  cones,  the  surfaces  of 
those  segments  would  be  measures  of  the  solid  angles  at  the 
respective  vertices.  Now,  the  surfaces  of  spheric  segments, 
are  to  the  surface  of  the  hemisphere,  as  their  altitudes,  to  the 
radius  of  the  sphere ;  and  therefore  the  solid  angles  at  the 
Tertices  of  right  cones  will  be  to  the  maximum  solid  angle, 
as  the  excess  of  the  slant  side  above  the  axis  of  the  cone,  to 
the  slant  side  of  the  cone.  Thus,  if  we  wish  to  ascertain  the 
solid  angles  at  the  vertices  of  the  equilateral  and  the  right- 
angled  cones  ,  the  axis  of  the  former  is  ^  y/  3,  of  the  latter, 
i^^t  the  slant  side  of  each  being  unity,     nence. 

Angle  at  vertex. 
1  :  1  _  ly  3  :  :  looQ  :  133  97464,  equilateral  cone, 
1  :  1—1-^2::  1000  :  292*89322  right-angled  cone. 
4.  From  what  has  been  said,  the  mode  of  determining  the 
solid  angles  at  the  vertices  of  pyramids  will  be  sufficiently  ob- 
vious.    If  the  pyramids  be  regular  ones,  if  n  be  the  number 
of  faces  meeting  about  the  vertical  angle  in  one,  and  a  the 
aiigle  of  inclination  of  each  two  of  its  plane  faces  ;  if  n  be  the 
number  of  planes  meeting  about  the  vertex  of  the  other,  and 
a  the  angle  of  inclination  of  each  two  of  its  faces  :  then  will 
the  vertical  angle  of  the  former,  be  to  the  vertical  angle  of  tbci 
latter  pyramid,  as  va  —  (w  —  2)  180«^,  to  na  —  (n  —  2)  180*. 
If  a  cube  be  cut  by  diagonal  planes,  into  6  equal  pyramids 
with  square  bases,  their  vertices  all  meeting  at  the  centre  of 
the  circumscribing  sphere  ;  then  each  of  the  solid  angles, 
made  by  the  four  planes  meeting  at  each  vertex,  will  be  ^  of 
the  maximum   solid  angle  ;  and  each  of  the   solid   angles, 
at  the  bases  of  the  pyramids,  will  be  ^  of  the  maximum  solid 
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ao^le.  Therefore,  each  solid  angle  at  the  base  of  socb  pyra- 
mid, is  one-fourth  of  the  solid  aogle  at  its  vertex  :  and,  if  the 
angle  at  the  vertex  be  bisected,  as  described  below,  either  of 
the  solid  angles  arising  from  the  bisection,  will  be  doable  of 
either  solid  angle  at  the  base.  Hence  also,  and  from  the  first 
•ubdivision  of  this  scholiam,  each  solid  angle  of  a  prism,  with 
•qailateral  triangular  base,  will  be  half  each  vertical  angle  of 
these  pyramids,  and  double  each  solid  angle  at  their  bases. 

The  angles  made  by  one  plane  with  another*  must  be  ascer* 
tained,  either  by  measurement  or  by  computation,  accordinf^ 
to  circumstances.  But,  the  general  theory  being  thus  explain- 
ed, and  illustrated,  the  further  application  of  it  is  left  to  the 
•kill  and  ingenuity  of  geometers ;  the  following  simple  example  . 
merely,  being  added  here. 

Bx.    Let  the#lid  angle  at  the  vertex  of  a  square  pyramid 

be  bisected. 

1st.     Let  a  plaae  be  drawn  through  the  vertex  and  any  tw» 

•pposite  angles  of  the  base,  that  plane -will  bisect  the  solid  an- 
gle at  the  vertex ;  forming  two  trilateral  angles,  each  equal  tc» 
half  the  original  quadrilateral  angle. 

2dly.  Bisect  either  diagonal  of  the  base,  and  draw  any  plane 
to  pass  through  the  point  of  bisection  and  the  vertex  of  the 
pyramid  ;  such  plane,  if  it  do  not  coincide  with  the  formers 
will  divide  the  quadrilateral  solid  angle  into  two  equal  quadri- 
lateral solid  angles.  For  this  plane,  produced,  will  bisect  the 
great  circle  diagonal  of  the  spherical  parallelogram  cut  off  by 
the  base  of  the  pyragiid  ;  and  any  great  circle  bisecting  such 
diagonal  is  known  to  bisect  the  spherical  parallelogram,  o^ 
square  ;  the  plane,  therefore,  bisects  the  solid  angle. 

Cbr.  Hence  an  indefinite  number  of  planes  may  be  drawn, 
each  to  bisect  a  given  quadrilateral  solid  angle. 


SECTION  U. 

ReioiuHon  of  l^erhtcal  TriangUi, 

Tbe  different  cases  of  spherical  trigonometry,  like  those  in 
plane  trigonometry,  may  be  solved  eiUier  geometrically  or  al- 
gebraically. We  shall  here  adopt  the  analytical  method,  as 
well  on  account  of  its  being  more  compatible  with  brdvity, 

Its  because  of  iH  correspondence  and  connection  with  the  sub- 
stance 


I 
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stance  of  the  preceding  chapter.*    The  whole  doctripe  may 
be  comprehended  in  the  entweqaent  problems  and  theorems. 

PROBLEM  I.* 

To  Find  Equations,  from  which  may  be  deduced  the  solution  of 
all  the  Cases  of  Spherical  Triangles. 
Let  ABC  be  a  spherical  triangle ;  ad  the  tangent,  and*  on 
Ae*^  secani,  0/  the  arc  ab  ;  ae  the  tangent,  and  gb  the  se* 
cant,  of  the  arc  ac  ;  let 
the  capital  letters  a,  b,  ; 
c,  denote  the  angles  of 
the  triangle,  and    the 
small  letters  a,  b,  c,  the 
opposite  sides  bc,   ac, 

AB.  Then  the  first  eqna-  -^i?. 

tions  in  art.  6  PI.  Trig.  E 

applied  to  the  two  triangles  adb,  gdb,  gire,  for  the  fonner, 
DB<  s=  tan>  b  +  tan'  c  — >-  tan  6  .  tan  c  .  cos  a  ;  for  the  latter 
de'  =  sec*  b  4*  Bee'  c  — ^sec  6  .  tfec  c  .  cos  a.  Subtracting 
the  first  of  these  equations  from  the  second,  and  observing 
that  sec*  6— tan>  6  =  r*  =  1,  we  shall  have,  after  a  little 

.     ..         ,    ,  •  sin  6  .  sin  c  cot  a  _       ««.      

reduction,  1  -\ r cos  a — -  =  0.    Whence 

cofe  &  .  cos  c  cos  b  .  cos  c 

the  three  following  symmetrical  equations  are  obtained : 
cos  a  =  cos  6  .  cos  c  +  ain  6  .  sin  c  .  cos  a  *^ 
cos  b  =  cos  a .  cos  c  4-  ain  a  •  sin  c  .  cos  b 
cos  e  =  cos  a .  cos  6  +  sin  a .  sin  6  .  cos  c 

THEOREM  VIL 


!<■• 


In  Erery  Spherical  Triangle,  the  Sines  of  the  Angles  are  Pro- 
^  portional  to  thc'Sines  of  their  Opposite  sides. 

If,    from  the  first  of  the  equations  marked  1,  the  value 

of  cos  A  be  drawn,  and  substituted  for  it  in  the  equation  sin' 

A  =  1  —cos'  A,  we  shall  have 

.  .  «    cos*  a  -4-  coat  ^.  cos'  e  — S  cos  a  cot  b»  coi  c 

-sm'    A   =    1 ^  .    ■  , ■ . 

sinS  6  sin'  c. 

Reducing  the  terms  of  the  second  side  of  this  equation  to  a 
common  denominator,  multiplying  both  numerator  and  deno- 
ininator  by  sin'  a  and  extracting  the  sq.  root  there  will  result 

^ (1  — cos' a  —  cos*  6  — coM^c  4- 2 cos  a.  cos  ^.  cos  C') 

sm  A  as  sm  a  ^^ r-r — ■•  ^ 

8in  a.  sm  6>  am  c 


^  For  the  geometrical  method,  the  reader  may  consult  Simson^a  or 
Playfair's  Euclid,  or  Bishop  Uorsley's  Elementary  Treatises  on  Prac- 
tical Mathematics^  ' 

,  Here 


SPHERICAL  TRKfONOItETTRT.  41 

Here,  if  the  whole  fractioD  whick  naltiplies  sin  a,  be  denoted 
by  K  ^see  art.  8  chap,  iir),  we  may  write  tin  a  =  k  .  sin  a. 
And,  siace  the  fractional  factor,  in  the  above  equation,  con- 
tains terms  in  which  the  sides  a,  6,  e,  are  alike  ailecte<l,  we 
ha?e  similar  Equations  for  sin  b,  and  sin  c.  That  is  to  say, 
we  have 
sin  A  =  K  .  sin  a  .  .  .  ^in  b  =z  s  .  slii  6  . « .  siq  c  =  k  .  sin  c. 

^  ',,       tin  A        sin  a        sin  c  /•.  >      i  •  t  •     ^.l 

Consequently,  -: —  =  -t^ — -  =  -:-*—  .  .  .  (II.)  which  is  the 
"*  •'     sin  a        sin  a        sin  c  ^     ' 

algebraioal  expression  of  the  theorem. 

-   THBOBBM  VIH. 

In  Every  Ri^bt- Angled  Spherical  Triangle,  the  Cosine  of 
the  Hypothenuse,  is  equal  to  the  Prodnct  of  the  Cosines 
of  the  Sides  Indoding  the  right  angle. 
For,  if  A  be  measured  by  |0>  ^^  cosine  becomes  nothipg, 

-and  the  first  of  the  equations  i  becomes  cos  a  a^  cos  b  .  cos  c. 

«.    B.    D.  THEOREM  IX 

In  Every  Right- Angj&ed  Spherical  Triangle,   the  Cosine  of 

either   Oblique  Angle,    is   equa/  to  the  Quotient  of  the 

Tatogeat  of  the  Adjacent  Side  divided  by  the  .Taogeot  of 

^  the  Hypothenuse. 

if,  in  the  second  of  the  equations  i,  the  preceding  value  of 

eo8  a  be  substituted  for  it,  and  for  sin  a  its  value  tan  a  .  cos  a^= 

COB  a  .  COB  6  .  cos  c  ;  then  recoUectiog  that  1— cos'  cassia'  c, 

there  will  result,  tana.coB  c.cobbs  sin  c:  whence  ii 

follows  that, 

x_  '  *  tan  c 

tan  a  .  cos  b  =  tan  c,  or  cos  b  = . 

tan  a 

Thus  also  it  is  fovnd  that  cos  c  s  —  . 

un  o 

THBOREM  X. 

In  Any  Right-Angled  Spbeticai.  Triangle,  the  Cosine  of  one 
of  the  Sides  about  the  right  angle,  is  equal  to  the  Q^uotienl 
of  the  Cosine  of  the  Opposite  aoglie  divided  by  the  uu^  of 
the  Adjacent  angle. 

From  th.  7,  we  have-^ = ;  which,  when  a  is  a  right 

tiin  a     sill  a  .  r 

angle,  becomes  simply  sin  b  =  -^ — .   Again,  from  th.  9,  we 

^  ^  s»n  a 

have  cos  c  =  .    Hence  by  division, 

t*n  a  "^ 

cos  C; tan  b sin  a cos  a 

stn  B      sin  6      tao  a     cos  6 

Now,  th.  8  gives  ^^^  =  cos  c.    Therefore  ^?!-^=cos^ ;  vid 
^        cos  c  sin  B 

.*  r.,  cos  B  , 

mlike  maiwer,  - — -  =s cos o.  q,,  b,  d. 

sin  c 

Vot.  II.  7  nfflOMM 


i 
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THEOREM  XL 

Id  Every  Right-Angled  Spherical  Triangle,  the  Tangent  of 

either  of  the  Oblique  Angles,  is  equal  to  the  Quotient  of 

the  Tangent  of  the  Opposite  Side,  divided  bj  the  sine  of 

the  Other  Side  about  the  right  angle. 

wy                                  sin  d        ,  tin  c 

r  or,  since  sm  b  =  -: ,  and  cos  b  = 


we  have 


Sin  a'  tan  a 

sin  B      sin  ^      tan  a 


COS  B     sin  a     tsn  c 

Whence,  because  (th.  8)  cos  a  =.co8  b  •  cos  c,  and  since 

sin  a  =  cos  a  .  tan  a,  we  have 

.  sin  b  sin  A  tin  &  1  Un  6 

tan  B  = : —  =i t : — ^= r, r-=: , 

cos  a  •  tan  e     cot  o  •  cos  e  .  tan  c      cot  o  cos  c .  tan  c  ^  sin  c 

In  like  manner,  tan  c  =-: — r.  ^.  e.  d. 

'  sin  b 

THEOREM  Xn. 

In  Every  Right-Angled  Spherical  Triangle,  the  Cosine  of  the 
Hypothenuse,  is  equal  to  the  Quotient  of  the  Cotangent  of 
one  of  the  Oblique  Angles,  divided  by  the  Tangent  of  the 

•  Other  Angle. 

For,  multiplying  together  the  resulting  equations  of  the 
preceding  theorem,  we  have 

tan  A     tan  c  1 

tan  B  .  tan  c  ==-t^  .  — : — = — r • 

Bin  b      sm  c    cos  b  •  cos  c  \ 

But,  by  th.  8,  cos  6  .  cos  6  a^  cos  a. 

m.       «       .           A                 I                          cot  c 
Therefore  tan  b  .  tan  c  =«  — —  or  cos  a  «= ,    q.  e.  ©. 

cot  o  tan  B 

THEOREM  Xin. 

In  Every  Right-Angled  Spherical  Triangle,  the  Sine  of  the 
Difference  between  the  Ihrpothenuse  and  Base,  is  equal  to 
the  Continued  Product  of  the  Sine  of  the  Perpendicular, 
Cosine  of  the  Base,  and  Tangent  of  Half  the  Angle  Oppo- 
site to  the  Perpendicular  ;  or  equal  to  the  Continued  Pro- 
duct of  the  Tangent  of  the  Perpendicular,  Cosine  of  the 
Hypothenuse,  and  Tangent  of  Half  the  Ai4;le  Opposite  to 
the  Perpendicular*. 


•  Th'it  theorem  is  due  to  M.  Prony,  who  publithed  it  without  de- 
monstration in  the  Connautance  de»  Tempt  for  the  yetr  1808»  snd  mtde 
ute  of  it  in  the  construction  of  a  chart  of  the  course  of  the  Po. 

Here, 


t 
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Here,  retaimDg  the  same  potation,  since  we  haye 

■in  a  =  ^ — ,  and  cos  b  =  -^:  if  for  the  tangents  there  be 
•in  B  Una 

sabstitated  their  ?alaes  in  sines  a^d  cosines,  there  will  arise, 

•in  b 
sm  c  .  cos  a  =  cos  b  .  cos  c  .  sin  a  =  cos  a .  cos  c . . 

6in  8 

Then  substituting  for  sin  a,  and  sin  c  .  cos  a,  their  ralnes  in 
the  known  formula  (equ.  v  chap,  iii)  viz. 

in  sin  (a  —  c)  =  sin  a  .  cos  c  —  cos  • .  sin  c, 

and  recollecting  that    ""    ''■  -  =  tan  4b, 

^  Bin  B 

it  will  become,  sin  (a^c)  =  sin  6  .  cos  c  .  tan  ^b, 
which  is  the  first  part  .of  the  theorem  :  and,  if  in  this  result 

we  introduce,  instead  of  cos  c,  its  value  — r  (th.  8),  it  will 

be  transformed  into  sin  (a— c)  :^tan  h  •  cos  a  .  tan  -^b  ;  which 
is  the  second  part  of  the  theorem.  ^-  e*  d. 

Cor.  This  theorem  leads  roanifestlj  to  an  analogous  one 
with  regard  to  recdlinestr  (Wangles,  winch,  if  A,  6,  and  p  dt' 
note  the  hypotbenuse,  base,  and  perpendicular,  and  b,  p,  the 
aqgles  respectively  opposite  to  6,  p  ;  may  be  expressed  thus  : 

h'-^b  =  p  •  tan  ^p h^ —  p  =^  b  ,  tan |b. 

These  theorems  may  be  found  useful  in  reducing  inclined  lines 
to  the  plane  of  the  horizon. 

PEOBLEMU. 

Given  the  Three    Sides  of  a  Spherical  Triangle  ;  it  is  re- 
quired to  find  Expressions  for  the  Determination  of  the 
Angles. 
Retaining  the  notation  of  prob.  1,  in  all  its  generality,  we 

soon  deduce  from  the  equations  marked  i  in  that  problem,  the 

following  ;  viz. 

cos  o^cos  b .  cofl  c' 

cos  A  = .  -: 

sm  o  ,  sin  c 

cos  A— cos  a  •  cos  c\ 

cos  B  =    : -. 

sin  a  .  sin  c 

cos  c— cos  a  .  cos  b^ 

COS     C      ^ , — -; — 

sin  a  •  sin  o 

As  these  equations,  however,  are  not  well  suited  for  loga- 
rithmic computation  ;  they  must  be  so  transformed,  that  their 
second  members  will  resolve  into  factors.  In  order  td  this, 
substitute  in  the  known  equation  1  —  cos  a  =  2  sin'  ^a,  the 
preceding  value  of  cos  a,  and  there  will  result 

rt    •  ,  ,         cos  (6—0— cos  a 

2  sm*  4a  =  — :i— -.  -'- . . 

sm  o .  sin  c 

But,  because  cos b'  —  cos  a'  =  2  sin \  (a'  +  b')  .sin  i(^'~"0 

(art.  25  ch.  iii),  and  consequently,  cos 
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we  litre,  obvioatly, 

sin  ^  •  tin  c 

Whence,  makings  :±r  a  +  6  +  c, there  reisaltB 

sin  /» .  gin  c  f 

So  also,  sin  iB  =  </ !iiiI*?^L4?ii^^      >  (III.) 
And.     Big  jc^:^'''"^**- '')•""  <«'-*).     1 

^  Sin  a  •  sin  6  -/ 

The  expressions  for  the  tangents  of  the  half  angles,  might  have 
been  deduced  with  equal  facility  ;  and  we  should  have  obtain- 
ed, for  example, 

tan  4<  =  ^  '"■  t*7*V »;» (»-;0 .  (m.) 

.    •       ^         sm^s -sm  i  (s**<i)        ^ 

Thus  again,  the  expressions  for  the  cosine  and  cotangent  of 

half  one  of  the  angles,  are 

,               ^  sin  ^s  .  Sin  i(9»^  a) 
COS  4a  ^  ^ ~-£ — ^^ ^ 

*  T  Sin  0 .  9in  ^ 

sin  is  .  sin  I  (s^a) 

*  ^    sin  (^s  — o)  •  ^in  (is—  O 

The  three  latter  flowing  naturally  from  the  former,  by  ineans 

of  the  values  tan  =  — ,  cot  =  -r- .  (art  4  ch.  iii.\ 

cos  sin    ^  '  ' 

Cot.  1.     When  two  of  the  sides,  as  6  and  c,  become  equals 

then  the  expression  for  sin  4a  becomes 

8in(is — 6;        sin  Aa 

'  sm  b  sin  b 

Cor,  2.    When  all  the  three  sides  are  equal,  or  a  3==  &  =»  c, 

,  .  sin  ia 

then  sm  |a  = 


sin  a 


Car,  3.     In  this  case,  if  <»  =  6  =  c  =s=  90*> ;  then  sin  |a=== 

^1^  =  l^i  s=  sin  46«»  2  and  A  =  B  :=  c  =  90». 

Cor.  4.  If  a  =  A  =  c  =  60<> :  then  sin  ^a  =    J,  ^W^'^ 

sin  35*  15^51"  :  and  a  =  b  «=  c  ===  70<'3r42",  the  same  as  the 
angle  between  two  contiguous  planes  of  a  tetraedron. 
Cor,  6.  If  a  s=  6  sc  were  assumed  s=i  120*  :  then  sin  ^a  =^ 

?'",^,^  =r  r^TT  =^l;andA=B  =  c=  180** :  which  showi 
sm  120**        4^3  ' 

that  no  such  triangle  can  be  constructed  (conformably  to 

^h.  2)  ;  but  that  the  three'Bides  would,  in  such  case,  form  three 

continued  arcs  completing  a  great  circle  of  the  sphere. 

FROBVm 
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PROBLEM  la. 

Given  the  Three   Angles  of  a  Spherical  TriaDgte,  to  find 

Expressions  for  the  Sides. 

If  from  liie  first  and  third  of  the  equations  marked    1 
(proh.   1),  cos  tf  he  exteraiioated,  there  will  result, 

cos  A  •  sin  c  rf-  cos  c  .  shi  a  •  cos  b  s=  cos  a  .  sin  b. 

But,  it  follows  from  th.  7,  that  sin  c  =  ""  ".' '''"  ^-.  Substitut- 

sin  A 

ing  for  «in  c  this  ?aliie  of  it,  and  for  -: ,  -: •  their  equiva- 

^  '  Bin  a'  »in  a '         ^     ^ 

lents  cot  A,  cot  a,  we  shall  hare, 

cot  A  .  sin  c  -f-  COS  c  .  cos  b  =  cot  a  •  sin  6. 

%T  «.  •     L        coa  a     .     ,  »'m  b  sin  B 

Wow ,  cot  a  •  sin  b  =  -: — ,  sm  b  =«  cos  a  .  -. —  =  cos  a .  r — » 

sin  a  8in  a  im  a 

(th.  7).    So  that  the  preceding  equation  at  length  becomes, 

cos  A     sin  c  ^^  cos  a  .  sin  a  —  aia  a  .  cos  c  •  cos  6. 

In  like  manner,  we  have, 

cos  B  .  sin  c  =  COB  6  .  sin  a  '—sin  b  .  cos  c  .  cos  a. 

Exterminaling  cos  b  from  these,  there  results 

cos  A  s=:  COS  a  .  sin  b  sin  c  —  cos  b  .  cos  c.  ^ 
So  like-  )  cos  b  =  cos  i6  .  sin  a  sin  c  — cos  a^.  cos  c.  >  (IV.) 
wise    ^  cos  c  :^  cos  c  .  sin  A  sin  b  —  cos  a  .  cos  b.  ) 
This  system  of  equations  is  manifestly  analogous  to  equa- 
tion I ;  and  if  they  he  reduced  in  the  manner  adopted  in  the 
last  problem,  they  will  gire 

«;«  1-  =>=    J     ^^  4(A+B+c)  '.  cot  ^(b+c— a)  ' 

Bin  'I'll  ^=  aX  •—  ■■  ■  ' '         '    ' ■  • 

■  "  ^  sin  B .  Sin  G 

iL  ^        con  KA-*   B+C)  .  CO«i  |(A-fc->B) 

sm  40  =.  a/  .  ^. 

"         '^  sm  A  .  sin  c 

cos  KA+Bi-C)  .  COS  i(A+B->c) 
sin  iC  =  a/  — — 1^ : . 

*  ^  Sin  A .  Sin  B 

The  expressidh  for  the  tangent  of  half  a  sfde  is 
#•«  1-  *-    ^     ^^^  tCA-f  B+c) .  cos  Hb+q—a) 

■  ^  cos  i(A-^C— B)  .cos  ^(A-fB-c) 

The  values  of  the  cosines  and  cotangents  are  omitted,  to 
save  room  ;  but  are  easily  deduced  by  the  student. 

Car.  1.  When  two  of  the  angles,  as  b  and  c,  become  equal, 

when  the  value  of  cos  4a  becomes  cos  la  a  ■  .     -, 

*  '  sirnj 

Cor,  2.  When  a  ==  b  =  c  ;  then  cos  la  =  ^2^^-. 

'  sm  A 

Cor.  3.  When  a  =  b  =  c  =  90*^,  then  a  =  6  =  c  =  90*. 

Cor.  4.  If  A  =  B  =s  c*=  60*^ ;  then  cos  la  =  ~— r--  =  1. 

■  sm  60 

9o  that  a  37  6  =  c  =  0.     Consequently  no  such  triangle  caa 
he  constructed  :  conformably  to  th.  3.  Cor. 


(V). 
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c<>8  60^  A 

Cor,  6.  If  A=B=c=  i20*:  then  cos  4a  =  -. — r:rTr=— ^y«== 

'         sin  120*       $^3 

J  V'  3  =  COS  54«^  44'  9\  Hence  a  =  b  =:^  c  m^  109°  2fc'  18". 
Schoi  If  in  the  preceding  values  of  sin  |a,  sin  |^6,  &c.  the 
quantities  under  the  radical  were  negative  in  reality,  as  they 
are  in  appearance,  it  would  obviously  be  impossible  to  deter- 
mine the  value  of  sin  |a,  &c.  But  this  value  is  in  fact  always 
real.     For,  in  general,  sin  (j;  —  J  Q)  =*  ""  cos  x  :  therefore 

sin — ^ —  —  J  o  )  =  —  cos  J(a  +  b  -f  c)  ;  a  quantity  which 

i9  always  positive,  because,  as  a  +  a  +  c  is  necessarily  com- 
prised between  JQ  and  jO«  we  have  1(a+b  +  c)  —  JO 
greater  than  nothing,  and  less  than  |0  Further,  any  one 
side  of  a  spherical  triangle  being  smaller  than  the  sum  of  the 
other  two,  we  have,  by  the  property  of  the  polar  triangle 
(theorem  4),  4p  —  a  less  than  JO  —  »  +  40  —  c  ;  whence 
^  (b  +  c  —  A)  is  less  than  JO  >  sind  of  course  its  cosine  is 
positive. 

PROBLEM  IV. 

diven  Two  Sides  of  a  Spherical  Triangle  and  the  Included 

Angle  to  obtain  Expressions  for  the  Other  Angles. 

1.  In  the  investigation  of  the  last  problem,  we  had 

cos  A  .  sin  c  =  COB  a  .  sin  ^  —  cos  c  .  sin  a  .  cos  b  : ' 

and  by  a  simple  permutation  of  letters,  we  have 

cos  B  .  sin  c  =  cos  6  .  sin  a  ~  cos  c  .  sin  6  •  cos  a  : 

adding  together  these  two  equations,  and  reducing,  we  have 

sin  c  (cos  A  -f-  cos  b)  =  (1  ^  cos  c)  sin  {a  -f-  ?)• 

Now  we  have  from  theor.  7, 

sin  a       sine        .sin  6       sine 

\  — : =  -: ,  and  -: —  =  -: . 

sm  A        am  c  am  B       Bin  o 

Freeing  these  equations  from  their  denominators,  and  respect- 
ively adding  and  subtracting  them,  there  results 

sin  c  (sin  a  -f  >>d  b^  =^  sin  c  (sin  a  +  b>d  6) 
and  sin  c  (sin  a  —  sin  b)  =s  gin  c  (sin  a  — '  sin  b). 
Dividing  each  of  these  two  equations  by  the  preceding,  there 
will  be  obtained 

sin  A  "fain  b  __     sin  c         sin  a  +  s*"**  b 

con  A«f  cot  B         1— coac       am  (a  "f^O 
sin  A  —  8tn  ■  __^     sin  G         sin  a  •-  sin  ^ 

cos  a  4*^08  B  ^"  1— cos  c  *   »>n  («  "I-  A) 
€lomparing  these  with  the  equations  in  arts.  25,  26»  27,  cb.  iii, 
there  will  at  length  result 

tan  J(a  +  b)  =  cot  Jc.  _  ^ ^_ 
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Car.  When  a  =  6,  the  first  of  the  above  equations  be- 
cooiefl  tan  ii  =  tan  b  =^  cot  |c    sec  a. 

And  in  this  case  it  will  be,  as  rad  :  sin  ^c  : :  sin  a  or  sin  6  : 
sin  ^c. 

And,  as  rad  :  cos  a  or  cos  b  : :  tan  a  or  tan  6  :  tan  ^. 

2.  The  preceding  values  of  tan  ^{a  +  b),  tan  Ka^b)  are 
very  well  fitted  for  logarithmic  computation  :  it  may,  notwith- 
standing, be  proper  to  investigate  a  theorem  which  will  at  once 
lead  to  one  of  the  angles  by  means  of  a  subsidiary  angle.  Iq 
order  to  this,  we  deduce  immediately  from  the  second  equation 
in  the  invest^ation  of  prob.  3, 

cot  a  .  sin  6  ^  , 

cot  A  =    : —cot  C  .  COS  6. 

!iin  c 

Then,  choosing  the  subsidiary  angle  ^  so  that 

tan  P=  tan  a  .  cos  c, 
that  is,  finding  the  angle  ^,  whose  tangent  is  equal  to  the  pro- 
duct tan  a  .  coa  c,  which  is  equivalent  to  dividing  the  original 
triangle  into  two  right-angled  triangles,  the  preceding  equation 
will  become 

cot  A=:cot  c(cot^.sin  6— cos6)= -. —  (cos^ .  sin^— sin^ .  cos  b). 

And  this,  since  sin  (6—^)  =  cos  ^ .  sin  6— sin  ^  •  cos  6  becomes 

.  cot  c      .     /,         V 

cot  A  =  — : — .  sm  (6—^). 
sin  #  ^  ' 

Which  is  a  very  simple  and  convenient  expression. 

PROBLEM  y. 

Given  Two  Angles  of  a  Spherical  Triangle,  and  the  Side 
Comprehended  between  them  ;  to  find  Expressions  for 
the  Other  Two  Sides. 

i.  Here,  a  similar  analysis  to  that  employed  in  the  preced- 
ing problem,  being  pursued  with  respect  to  the  equations  iv, 
in  prob.  3,  will  pr<Mloce  the  following  formuls 

am  a  -f-  am  ^  ^_^      sin  c      sin  A  +  sin  B 

cos  a  +  cos  d        i  +  COB  c'sin  (a  +  i)   ' 
stn  a  ~  sin  6  sin  r      sin  A  —  sin  B 

cos  a  +  COS  5  ""  1  +  cos  c  sin  (A  +  a)  ' 
Whence,  as  in  prob.  4,  we  obtain 


tan 
tan 


Ki  i\        A      «      COS*(A-  B)  '> 
a+b)  =  tan*c ^^ — -  -;  / 

Ka-6)  =  tanic.^^^.:p^> 


2.  If 


*  The  formular  marked  vt,  and  vii,  converted  into  analogies,, by 
making  the  dt  nominator  of  the  second  member  the  first  term,  the 
othe"  twt>  fiK^tors  the  second  and  third  terrosy  and  tht  first  member  of 
the  equation,  the  fimrth  term  of  the  proportion,  as 

cos 
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2.  If  it  be  wished  to  obtain  a  side  at  once,  by  means  of  a 

cod  A 

subsidiary  angle  ;  then,  find  ^  so  that ^  tan  f ;  then  vill 

^       cot  c  ,        . 

cota= .  cos  (b  — A). 

COA#  ^        ^' 

PROBI£M  VI. 
Qireh  Two  Sides  of  a  Spherical  Triangle,  and  an  Angle  Op- 
posite to  one  of  them  ;  to  find  the  Other  Opposite  Angle. 
Suppose  the  sides  given  are  a,  b,  and  the  given  angle  b  : 

then  from  theor.  7,  we  have  sin  a=  — ~-  —  ;  or,  sin  a,  a 

SIB  A        '  • 

fourth  proportional  to  sin  6,  sin  b,  and  sin  a. 

PROBLBM  VIL 
Given   Two   Angles  of  a    Spherical  Triangle,   and   a  Side 
Opposite  to  one  of  them  ;  to  find  the  Side  Opposite  to  the 
oQier. 
Suppose  the  given  an^es  a^  a,  and  b,  and  b  the   given 

side  :  then  th.  7,  gives  sin  a  = r^ ;  or,  sin  a,  a  fo^tth 

°  Bin  B 

proportional  to  sin  b  sin  by  and  sin  a. 

Scholium^ 

In  problems  2  and  3,  if  the  circumstances  of  the  question 
leave  any  doubt,  whether  the  arcs  or  the  angles  sought,  are 
greater  or  less  than  a  quadrant,  or  than  a  right  angle,  the 
difficulty  will  be  entirely  remored  -by  means  of  the  table  of 
mutations  cf  signs  of  trigonometrical  quantities,  in  different 
quadrants,  marited  vii  in  chap  3  In  the  6th  q^nd  7th  pro- 
blems, the  question  proposed  will  oAen  be  susceptible  of  two 
solutions  :  by  means  of  the  subjoined  table  the  student  may 
always  tell  when  this  will  or  will  not  be  the  case. 

1.  With  the  data  a,  6,  and  b,  there  can  only  be  one  solution 

when  b  :»  I  O  (a  right  angle), 

or,  when  B<j^O*-«-<><iO«*-«^>A» 

B  <  \  O  ,  .  .  *  a  >  i  O  .^»  •  •  h  >  i  O  —  o, 

B  >  I  O  ••••«<  i  O  ...•*<  i  O  —  «>. 
*>jO-«««<*>iO-«-«^<fl' 

C08  i(a+b)  :  COB  i(a— 6) :  :  cot  Jc  :  Un  j(A-i-B). 

sin  i(a  +b)  :  8i<;i  i(a-6)  :  :  cot  ^o  :  t^n  4(a  -  B>  &c.  &c 
are  called  the  Anaio^iet  of  J^Qfikr^  being  invented  by  that  celebrated 
geometer.  He  likewise  invented  other  rules  for  spherical  trigonome- 
try, known  by  the  name  of  Napkr^*  Kule*  fir  the  circular  parts  ,-  but 
these,  notwlthsUnding  their  ingenuity,  are  not  inserted  here  5  be- 
cause they  arc  too  artificial  to  b^  applied  by  a  voung  computist,  to 
every  case  that  may  occur,  without  considerable  danger  of  misappre- 
hension and  error. 

These  objections  to  Napier's  rules  do   not  appesr  to  me  to  be 
well  founded.    Adbaxk. 

The 
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The  triangle  is  lusceptible  of.  two  fonoB  and  solution 
when  B<^0  •  •  •  •  a<  iO  •  •  •  •  b  <  a^ 

B<  JO  •  •  •  •  a>  {O  .  .  •  .  6  <  J  O— a^ 
B>iO  -  ...  a<  JO  ••"••*  >  lO— «» 
B>JO  •  •  •  •  «>  JO  •  •  •  •  b  >  a, 
B<or>  JO  •  •  •  •  a  =  JO- 
2.  With  the  data  a,  b,  and  b,  the  triangle  can  exist,  but  in 
•ne  fomiy 
when  6s=rJO  (one  quadrant), 

6>JO  ....  A  >  JO  .  .  .  .  B  <A, 
b>lo   ....  A  <  JO  .  .  .  .  B  <  40— A, 
b<iO   ....  A  >  JO  .  .  .  *  B  >  JO— A> 

6<JO   •    .    •    •    A  <    JO    .    .    •    .    B  >A. 

It  is  sosceptible  of  two  forms* 
when6>JO  •  -  •  •  a>  JO  ....  b>a, 

6>JO  ....  A<  JO  •  •  •  -  B>  j  O— A, 
h<\o  .  .  .  .>>  JO  •  -  .  -  B<  JO— A, 

b<}0    ....    A<    JO    •    -    •    •    B<A, 

*<dr>JO.  .  .  .  A=»  JQ. 

h  maj  here  be  obfier?ed,  that  all  the  analogies  and  formnlsB, 
of  spherical  trigonometry,  in  which  cosines  or  cotangents  are 
Bot  concerned,  may  be*  applied  to  plane  trigonometry  ;  taking 
care  to  nse  only  a  side  instead  of  the  sine  or  the  tangent  of  a 
tide  ;  or  the  mm  or  d^erence  of  the  sides  instead  of  the  sine^ 
•r  tangent  of  such  sum  or  difference.  The  reason  of  this  is 
obvious  :  for  analogies  or  theorems  raised,  not  only  from  the 
consideration  of  a  triangular  figure,  but  the  curvature  of  tho 
sides,  also,  are  of  consequence  more  general  ;  and  therefore, 
though  the  curvature  should  be  deemed  evanescent,  by  reason 
of  a  diminution. of  the  surface,  yet  what  depends  on  the  trt* 
engle  alone  will  remain  notwithstanding. 

We  have  now  deduced  all  the  roles  that  are  essential  in 
the  operations  of  spherical  trigonometry  ;  and  explained  un- 
der what  limitations  ambiguities  may  exist.  That  the  student, 
however,  may  want  nothing  further  to  direct  his  practice  in 
this  branch  of  science,  we  shall  add  three  tables^  in  which  the 
several  formulsB,  already  given,  are  respectively  applied  to  the 
solution  of  all  the  cases  of  right  and  oblique-angled  spherical 
triangles,  that  can  possibly  occur. 
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^tfeitions  for  Exercise  in  ^herical  Trigonometry. 

Ex.  1.  In  the  right-angled  spherical  triangle  bac,  right- 
angled  at  A»  the  hjpothennse  a  ss  TS^SC,  and  one  leg  e  = 
TG^^dS')  are  given  :  to  find  the  angles  b,  and  c,  atad  the  other 
leg  b. 


Here,  by  table  i  case  1^  sin  c  =! 


sin  a  ' 


tan  e  .         cos  a 

COS  B  =   •—  :  .  .  .  .  cos  o  =  -!-— . 
^       tan  a  coi  c 

Or>  log  sin  c  =  Ipg  sin  c— log  sin  a  +  10. 
log  cos  B  ==s  log  tan  c— log  tan  a  Hh  10. 
log  cos  b  =>log  cos  a— log  cos  c4^  10. 
Hence,  10  +  log  sin  c  =-  10  +  log  sin  76<>62'  =  19*9884894 

log  sin  a  =s  log  sin  78«2(/  =a    9-990933B 

Remains,  log  sin  c  =  log  sin  8S«66'  =    9-9975566 

Heice  c  is  acute,  because  the  given  leg  is  less  than  90^. 
Again,  10  +  log  Un  o=  10.+  log  tih  76<>62'=-:  20-6320468 

log  tan  a  =  log  tan  78<^20'=  10-686 II 49 

ft- 

Remains,         log  cos  b  =  log  cos'27<'46'  =  9-9469319 

B  is  here  acute,  because  a  and  e  are  of  Uke  afifection. 
Lastly,  10  +  log  cos  a  =  10  +  log  cos  78o20'  ~  19*3058189 

log  cos  c=  log  cos  76<>62' =    9-3564426 


rftai 


Remains,         log  cos  6  =  log  cos  27^8'  =  9-9493763 

where  b  is  less  than  90^,  because  a  and  c  both  are  so. 

Ex.  2r  In  a  right-angled  spherical  triangle,  denoted  as 
above,  are  given  a  =  78<'20^  b  =  27^46'  ;  to  find  the  other 
sides  and  angle. 

Ans.  b  =  27«>8',  c  =  76«52',  c  =  83«66'. 

Ex.  3.  In  a  spherical  triangle,  with  a  a  right  angle,  given 
h  ^  ]17<'34',  c  ===  31<'6r  ;  to  find  the  other  parts. 

Ans.  a  =  113»56',  c  -=  28«5r,  b  =  104«  8'. 

Ex.  4.     ijHiren  b  «=  27<'6',  e  =  76<'62'  ;  to  find  the  other 

parts.  Ans.  a  »  78<>2a  b  ^  27'»45',  c  =  83»56'. 

'  Ex.  5.  Given  6  =  42«12'  b  =  48*  ;  to  find  the  other  parts. 

Ans.  a  =  64*40'^,  or  its  supplemeut, 

,  c  ss  54^44',  or  its  supplement, 

c  =64*' 35',  or  its  supplement. 

£x  6.  Given  b  =  48^,  c  =  64''35' ;  required  the  other 
parte  ?  Ans.  6  s  42<'12',  c  s  64744',  a  »  64*40'^. 

Ex. 


i 
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Ex.  7.  In  the  qaadrantal  triangle  abc,  jgiven  the  quad- 
rantal  side  a  =  90^,  an  adjacent  angle  c  =^  42'  12'  and  the 
opposite  angle  a  =  64^  40'  ;  required  the  other  parts  of  the 
triangle  ? 

JSx.  8.  In  an  ohUque-aQgled  spherical  triangle  ,ai;e  given 
the  three  side  viz.  a  5=  56^  ¥f,b  =  Q3^  13',  c  =  U4*»  3tf  : 
to  find  the  angles. 

Here,  )}j  the  .^fth  case  of  the  table  2,  we  have 

■  *ii>  C4< — O  •  sin  {  4«  ^  O 

'  sin  0  •  sm  c 

,Or,  log., sin  ^A=logsin  (i«-^6)  +  log  sin  (i«— «)  +  ar.comp. 
Ipg.  sin;6  +  AT.  comp.  log  sin  c  :  where's  =  o  +  ^  +  «• 
log  sin  Us-b)  =  log  sin  43o  58'  4  =  9  84 1 5749 
log  sin  (^9-€)  :==  16g  sin  12o  41'  |  =  9*3418386 
A.  c.  log  Bin  6  =  A  .  0  .  log  sin  83<'  13'     =  0'0050d08 
A.  c.  Iqgsin  c  =  a  .  c  .  iogsin  114^  30"     =0-0409771 

Sam  of  the  four  logs 1 9-22744 13 

.Half  sam  ^  Iogsin |a  =--  Iogsin  24<'  15'  ^=9*6 137206 

Conseqnendy  the  angle  a  is  4B^  31'  " 

'  '  '      '  "         * 

Then,  by  the  common  analogy, 

As,  sin  a  .  •  •  sin  56M0' .  .  .log  ^  9*9219401 

To,sin> sin48«3r  ...  log  ==  9*8746^79 

So  Ml,  sin  6  . .  .  sin  83<»13' . .  .log  =  9*9969492 

,To,  sinB  .  .  .  sin  62<'56' ...  log  »  9*9495770 

And  90  is,  sin  c  .  .  .  sin  1 14**30' ...  log  =  9*9590229 

To,,8in  c  .  .  .  sin  J25<'19' ...  log  =  9*9116507 

So  that  the  repnaiojng  angles  are,  b  =  6|2^56',  and  c  =  12&?19'. 

2dly.  By  way  of  comparison  of  methods,  let  us. find  the 
aioigle  A,  bv  the  analogies  of  Naptef,  according  to  case  5  table 
3.'  In  order  to  wiiich,  suppose  a  perpendicular  vdemitted  from 
the  angle  c  on  the  opposite  side  e.     Then  shall  we  havp  tan  ^ 

din.  seg.  of  c  =s ?-^ *-- — ii—— .i. 

.  tin  Jc 

This  in  logarithms,  is 

log  tan  I  r^  +  o)  =  log  tan  69»56'  i  =5=  10*4375601 
l0|g  tan  J  (6  —  a)  =  log  tan  IS*'^'  |^  ^    9-3727819 

Their  sum  =  19*8103420 
Subtract  log  tan  |c  =  log  tan  57<'   15'=  101916394 

Rem.  log  cos  dif.  seg  =  log  cos  22<>  34'  =    9*6187026 

Hence,  the  segments  of  the  base  are  79^  49'  and  34"*  41'. 

Vi>L.  II.  9  Therefore, 
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Therefore,  since  cos  a  ■■  tan  79^\49'  X  cot  &  : 

To  log  tan  adja.  seg.  as  log  tan  TS**  49^  ^  10-7456257' 

Add  log  tan  side  b      ==  log  tan  83o  13'  «=    90753563 

The  snm  rejecting  10  from  the  index  }         ^  oanoooA 
logcosA  =  logco848032'$     =  9'8209820 

The  other  two  angles  may  be  foand  as  before.    The  preifer- 
ence  is,  in  this  case,  manifestly  doe  to  the  former  method. 

Ex.  9.  In  an  oblique-angled  spherical  triangle,  are  given 
two  sides  equal  to  1]4<^  40'  and  56**  30'  respectively,  and  the 
angle  opposite  the  former  equal  to  125^  20'  to  find"  the  other 
parts.  Ans.  Angles  48<'  30',  and  62o  55'- ;  side,  83«  12r. 

Ex.  10.  Given,  in  a  spherical  trian^e^  two  angles,  equal 
to  4B«  30',  and  125<>  20',  and  the  side  opposite  the  latter,  to 
find  the  other  parts. 

Ans.  Side  opposite  first  angle,  56*  40^  ;  other  side^  83*  12' 
third  angle  62*  54'.  *' 

Ex.  1 1.  Given  two  sides,  equal  114*  30*,  and  66^  40' ;  and 
their  included  angle  62*  54' :  to  find  the  rest. 

Ex.  12.  Given  two  angles,  125*20'  and  48*30',  and  the  side 
comprehended  between  them  83*12' :  to  find  the  other  parts. 

Ex.  13.  In  a  spherical  triangle,  the  angles  are  48*31',  62*56'| 
and  126*20' :  required  the  sides  ? 

Ex.  14.  Given  two  amines,  50*  12',  and  58*  8' ;  and  a  side 
opposite  the  former,  62*  42'  ;  to  fidd  the  other  parts. 

Ana;  The  third  angle  is  either  ]30<'56'  or  156*14'. 
Side  betw  giv.  angles,  either  119*4'  or  152*14'. 
Side  opp.  58*8',  either  79*12^  or  100*48'. 

Ex.  15.  The  excess  of  the  thtee  angles  of  a  triangle, 
measured  on  the  earth's  surface,  above  two  right  angles,  is 
1 .  second  ;  what  is  its  area,  taking  tho^earth's  diameter  at 
7957}  miles  ? 

Ans.  76*75299,  or  nearly  76}  square  miles. 

Ex.  16.  Determine  the  solid  angles  of  a  rf^gular  pyramid, 
with  hexagonal  base,  the  Altitude  of  the  pyramid  being  te 
each  side  of  the  bas^  as  2  to  1. 

Ans.  Plane  angle  between  each  two  lateral  faces  126*52^1  T'^. 

between  the  lm«e  and  each  face  66*35' ]2''4, 
S61id  angle  at  the  vertex  1 14-49768  }  The  max.  angle 
Each  ditto  at  the  base      222*34298  $       being  1000. 
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OM  OBOBBSIC  OPBRATIONS,  AND  THE  nGURE  OF  THE 

SABTH, 


SECTION  1. 
Qenerai  Account  of  thit  kind  of  Surveying. 

A&T.  ll  In  Ibe  treatise  on  Land  Sorreying  in  the  fint 
volume  of  tlus  Coune  of  Mathematics,  the  directions  were 
restricted  to  the  necessarj  operations  for  Burvejing  fields, 
fiurms,  lordships,  or  at  most  counties  ;  these  being  the  only 
operations  in  which  the  generality  of  persons,  who  practise 
this  Und  of  measurement,  are  likely  to  be  engaged  :  but  there 
are  especial  occasions  when  it  is  requisite  to  apply  the  princi- 
ples of  plane  and  spherical  geometry,  and 'the  practices  of  sor-. 
▼eying,  to  much  more  extensive  portions  of  the  earth's  sur- 
face ;  and  when  of,  course  much  care  and  judgment  are  calle4 
into  exercise,  both  with  regard  to  the  direction  of  the' practical 
operations,  and  the  management  of  ^he  computations.  The 
extensive  processes  which  -we  are  now  about  to  consider,  and 
which  are  characterised  by  the  terms  Geodeiic  Operaiiom  an4 
Trigonometrical  Surveyings  are  usually  undertaken  for  the  ac- 
complishment of  one  of  these  three  objects.  1.  The  finding 
the  difference  of  longitude,  between  two  moderately  distant 
and  noted  meridians ;  as  the  meridians  of  the  observatories  at 
Greenwich  and  Oxford,  or  of  those  at  Greenwich  and  Paris. 
9.  The  accurate  determination  of  the  geographical  positions 
of  the  principal  places,  whether  on  the  coast  or  inland,  in  an 
bland  or  kingdom  ;  with  a  view  to  give,  greater  accuracy  to 
naps,  and  to  accommodate  the  navigator  with  the  actual  posi- 
tion, as  to  latitude  and  longitude,  of  the  principal  promonto- 
ries, havens,  and  ports.  These  have,  till  lately,  been  deside- 
rata, even  in  this  country  :  the  position  of  some  important 
points,  as  the  Lizard,  not  being  known  within  seven  minutes 
of  a  degree ;  and,  until  the  publication  of  the  board  of  Ord- 
nance maps,  the  best  country  maps  being  so  erroneous,  as  in 
some  cases  to  exhibit  blunders  of  thne  miles  in  distances  of 
less  than  twenty. 

3.  The 
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3.  The  measurement  of  a  degree  in  varioas  situations  ;  and 
thehce  the  determination  of  the  figure  and  luagnitude  of  the 
earth. 

When  ohject9  so  important  as  these  are  to  be  attained,  it  is 
manifest  that,  in  order  to  ensure  the  desii^ble  di^ee  df  cor- 
rectness in  the  results,  the  .instruments  employed,  the  opera- 
tions performed,  and  the  computations  required,  must  each 
have  the  greatest  possible  degree  of  accuracy.  Of  these,  the 
first  depend  on  the  artist ;  the  second  on  the  surveyor  or  en- 
gineer, who  conducts  them  :  and  the  latter  on  the  theorist  and 
calculator  :  they  are  these  last  which  will  chiefly  engage  our 
attention  in  the  present  chapter. 

2.  in  the  determination  of  distances  of  many  miles,  whether 
for  the  survey  of  a  kingdom,  or  for  the  measurement  of  a  de- 
gree, the  whole  line  intervening  between  two  extreme  points 
is  not  absolutely  meatured ;  for  this,  on  account  of  'the  inequa- 
lities of  the  earth's  surface,  would  be  always  very  difficult, 
and  often  impossible.  But,  a  line  of  a  feW^  miles  in  length  is 
very  carefully  measured  on  some  plane,  heath,  or  marsh,  which 
is  so  nearly  level  as  to  facilitate  the  measurement  of  an  actual- 
ly horizontal  line ;  and  this  line  being  assumed  as  the  base  of 
the  operations,  a  variety  of  hills  and  elevated  spots  are  select- 
ed at  which  signals  can  be  placed,  Suitably  distant  and  visible 
one  from  another  :  the  straight  lines  joining  these  points,  con- 
stitute a  double  series  of  triangles,  of  wliicb  the  assumed  base 
forms  the  first  side ;  the  angles  of  these,  that  is  the  angles 
Blade  at  each  station  or  signeil  stafif,  by  two  ot^er  signal  stafis, 
are  carefully  measured  by  a  theodolite,  which  is  carried  siic- , 
cessively  from  one  station  to  another.  In  such  a  series  of  tri- 
angles, care  being  always  taken  that  one  side  is  common  to  . 
two  of  them,  all  the  angles  are  known  from  the  observations  at 
the  several  stations,  and  a  side  of  one  of  them  being  given» 
namely  that  of  the  base  measiired,  the  side  of  all  the  rest,  as 
well  as  the  distance  from  the  first  angle  of  the  first  triangle  to 
any  part  of  the  last  triangle,  may  be  found  by  the  rules  of  trigo- 
nometry. And  so  again,  the  bearing  of  any  one  of  the  sides, 
with  respect  to  the  meridan,  beiog  determined  by  observation, 
the  bearings  of  any  of  the  rest,  with  respect  to  the  same  me- 
ridian, will  be  known  by  computation*  In  these  operations,  it 
is  always  adviseable,  when  circumstances  will  admit  of  it,  to 
measure  another  base  (called  a  base  of  verification)  at  or  near 
the  ulterior  extremity  of  the  series.:  for  the  length  of  this  base, 
tamputed  as  one  of  the  sides  of  the  chain  of  triangles,  com- 
pared with  its  length  determined  by  aciuul  admectsuremerUf 
will  be  a  test  of  the  accuracy  of  all  the  operations  made  in  the 
series  between  the  two  bases.  ^    . 

3.  Now 
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3.  Now,  iQ  ereiy  series  of  triangles,  where 
each*  aogle  is  to  be  ascertained  with  the  same  in- 
stnunent,  they  shonldf  as  nearly  as  circumstances 
will  pennit,  be  equilateral.  For,  if  it  were  pos- 
sible to  choose  the  stations  in  such  manner,  that 
each  angle  should  be  exactly  60  degree  ;  then, 
the  half  number  of  triangles  in  the  series,  multi- 
plied into  the  length  of  one  side  of  either  trian- 
gle would,  as  in  the  annexed  figure,  give  at  once 
the  total  distance  ;  and  then  also,  not  only  the 
sides  of  the  scale  or  ladder,  constituted  by  this  se- 
ries of  triangles,  would  be  perfectly  parallel,  but 
the  diagonal  Iteps,  marking  th^  progress  from 
one  extremity  to  the  other,  would  be  alternately 
parallel  throughout  the  whole  length.  Here  too, 
the  first,  side  might  be  found  by  a  base  crossing  it  perpendicu- 
larly of  about  luklf  its  length,  as  at  h  ;  and  the  last  side  veri- 
fied by  another  such  base,  r,  at  the  opposite  extremity.  If  the 
respective  aides  of  the  series  of  triangles  were  12  or  IS  miles, 
these  bases  might  advantageously  be  between  6  and  7,  or  be- 
Iween  9  and  10  miles  respectively ;  according  to  circumstances. 
It  may  also  be  remarked,  (and  the  reason  of  it  will  be  seen  in 
the  next  section)  that  whenever  only  two  angles  of  a  triangle 
can  be  actually  observed,  each  of  them  should  be  as  nearly 
as  possible  46^.  or  th^sum  of  them  about  90^  ;  for  the  less 
the  tbiiti  or  computed  angle  differs  from  90**,  the  less  proba- 
bility there  will  be  of  any  considerable  error.  See  prob.  1 
sect  2,  of  this  chapter. 

4.  The  student  may  obtain  a  general  notion  of  the  method* 
employed  in  measuring  an  arc  of  the  meridian,  from  the  fol- 
lowing brief  sketch  and  introductory  iHQstrations. 

The  earth,  it  is  well  known,  is  nearly  spherical.  It  may  be 
either  an  ellipsoid  of  revolution,  that  is,  a  body  formed  by 
the  rotation  of  an  ellipse,  the  ratio  of  whose  axes  is  nearly 
that  of  equally,  on  one  of  those  axes  ;  or  it  may  approach  . 
nearly  to  the  lorm  of  such  an  ellipsoid  or  spheroid,  while  its 
deviations  from  that  form,  though  small  relatively,  may  still 
be  sofikientl^  great  in  themselves  to  prevent  its  being  called 
a  spheroid  with  much  more  propriety  than  it  is  called  a  sphere. 
One  of  the  methods  made  use  of  to  determine  this  point,  is 
by  means  of  extensive  Geodesic  operations. 

The  earth  however,  be  its  exact  form  what  it  may,*  is  a 
planet,  which  not  only  revolves  in  an  orbit,  but  turns  upon 
an  axis.  Now,  if  we  conceive  a  plane  to  pass  through  the 
axis  of  rotation  of  the  earth,  and  through  the  zenith  of  any 
place  on  its  surface,  this  plane,  if  prolonged  to  the  limits  of 
•  the 
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the  apparent  celestial  sphere,  would  there  trace  the  circam- 
ference  of  a  great  circle,  which  would  be  the  meridian  of  that 
place.  All  the  points  of  the  earth's  surface,  which  have  their 
zenith  iji  that  circumference,  will  be- under  the  same  celestial 
meridian,  and  will  form  the  corresponding  terrestrial  nuri^ 
dian.  If  the  earth  be  an  irregular  spheroid,  this  meridian  will 
be  a  curve  of  double  curvature  ;  but  if  the  earth  be  a  solid  of 
revolution^  the  terrestrial  meridian  will  be  a  plane  curve. 

5.  If  the  earth  were  a  sphere,  then  every  point  upon  a 
terrestrial  meridian  would  b^  at  an  equal  distance  from  the 
centre,  and  of  consequence  every  degree  upon  that  meridian 
would  be  of  equal  length.  But  if  the  earth  he  an  ellipsoid 
of  revolution  slightly  flattened  at  its  poles,  and  protuberant 
at  the  equator ;  then,  as  will  be  shown  soon,  the  degrees  of 
the  terrestrial  meridian,  in  receding  from  the  equator  towards 
the  poles,  will  be  increased  in  the  duplicate  ratio  of  the  right 
sine  of  the  latitude  ;  and  the  ratio  of  the  earth's  axes,  as  well 
as  their  actual  magnitude,  may  be  ascertained  by  comparing 
the  lengths  of  a  degree  on  the  meridian  in  different  latitudes. 
Hence  appears  the  great  importance  of  measuring  a  degree. 

6.  Now,  instead  of  actually  tracing  a  meridian  on  the  sor* 
face  of  the  earth, — a  measure  which  is  prevented  by  the  in- 
terposition of  mountains,  woods,  rivers,  and  seas,— a  con- 
struction is  employed  which  furnishes  the  same  result.  It  con- 
sists in  this. 

Let  ABCDKF,  &c.  be  a  series  of  tri^^les,  carried  on  as 
nearly  as  may  be,  in  the  direction  of  the  meridian,  according  to 


ttie  observations  in  art.  3.  These  triangles  are  really  spherical 
or  spheroidal  triangles  ;  but  as  their  curvature  is  eitremely 
small,  they  are  treated  the  same  as  rectilinear  triangles,  either 
by  reducing  them  to  the  chords  of  the  respective  terrestrial 
arcs  AC,  AB,  Bc,  &c.  or  by  deducting  a  third  of  the  excess, 
of  Uie  sum  of  the  three  angles  of  each  triangle  above  two 
right  angles,  from  each  angle  of  that*  triangle,  and  working 
with  the  remainders,  and  the  three  sides,  as  the  4limensi6ns 
of  a  plane  triari^le  ;  the  proper  reductions  to  the  centre  of 
the  station,  to  the  horizon,  and  to  the  level  of  -the  sea,  having 
been    previously    made.     These  computations  being   made 

throughout 
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tbroogfaout  the  series,  the  sides  of  the  saccessive  triangles  are 
coDtemplated  as  arcs  of  the  terrestrial' spheriod.  Suppose 
that  we  know,  by  obeterFation,  and  the  computations  which 
will  be  explained  in  this  chapter,  the  azimuth^  or  the  inclina* 
tioo  of  the  side  ac  to  the  first  portion  am  of  the  measured 
meridian,  and  that  we  find  by  trigonometry,  the  point  m  where 
that  carve  will  cut  the  side  bc.  The  points  a,  b,  c,  being  in 
the  same  horizontal  plane,  the  line  am  will  also  be  in  that 
plane  :  but,  because  of  the  curvature  of  the  earth,  the  pro- 
longation mm',  of  that  line,  will  be  found  above  the  plane  of  the 
second  horizontal  triangle  bcd  :  if,  therefore,  without  chang- 
ing the  angle  cmm,  the  line  mm'  be  brought  down  to  coincide 
with  the  plane  ef  this  second  triangle,  by  being  turned  about 
Bc  as  an  axis,  the  point  W  will  describe  an  arc  of  a  circle, 
which  will  be  so  verv  small,  that  it  may  be  regarded  as  a 
right  line  perpendicular  to  the  plane  bcd  :  whence  it  follows, 
that  the  operation  is  reduced  to  bending  down  the  side  mm'  in 
the  plane  of  the  meridian,  and  calculating  the  distance  amm', 
to  find  the  position  of  the  point  x*.  Bj  bending  down  thus  in 
imagination,  one  after  another,  the  parts  of  the  meridian  on 
the  corresponding  horizontal  triangles,  we  may  obtain,  by  the 
aid  of  the  computation,  the  direction  and  the  length  of  such 
meridian,  from  one  extremity  of  the  series  of  triangles,  to  the 
other. 

A  line  traced  in  the  manner  we  have  now  been  describing, 
or  deduced  from  trigonometrical  measures,  by  the  means  we 
have  indicated,  is  called  2l* geodetic  or  geodenc  line  ;  it  has  the 
property  of  being  the  shortest  which  can  be  drawn  between 
Its  two  extremities  on  the  surface  of  the  earth ;  and  it  is  there- 
fore the  proper  itinerary  measure  of  the  distance  between 
those  two  points.  Speaking  rigorously,  this  curve,  differs  a 
lilile  from  the  terrestrial  meridian,  when  the  earth  is  not  a 
solid  of  revolution  :  yet,  in  the  real  state  of  things,  the  dif- 
ference between  the  two  curves  is  so  extremely  minute,  that 
it  may  safely  be  disregarded. 

7.  If  now  we  conceive  a  circle  perpendicular  to  the  celes- 
al  meridian,  and  passing  through  the  vertical  of  the  place 
of  t^  observer,  it  will  represent  the  prime  vertical  of  that 
place.  The  series  of  all  the  points  of  the  earth's  surface  which 
have  their  zenith  in  the  circumference  of  this  circle,  will  form 
the  perpendicular  to  the  meridian,  which  may  be  traced  in 
like  manner  as  the  meridian  itself. 

In  the  sphere  the  perpendiculars  to  the  meric^ian  are  great 
circles  which  all  intersect  mutually,  on  the  equator,  in  two 
fointi  diametrically  opposite  :  but  in  the  ellipsoid  of  revolu 

tion, 
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tion*  and  a  fortiori  Id  the  irregolar  spheriod,  these  coocorring 
perpeDdicolara  are  cuires  of  double  carrature.  #  Whatever  be 
the  nature  of  the  terrestrial  spheriod,  the  parallels  to  the 
equator  are  canres  of  which  all  the  points  are  at  the  same 
latitude  :  on  an  ellipsoid  of  revolution,  these  <iiirvesare  plane 
and  circular. 

8.  The  situation  of  a  place  is  determined,  when  we  know 
either  the  individual  perpendicular  to  the  meridian,  or  the  in- 
dividual parallel  to  the  equator,  on  which  it  is  found,  and  its 
position  on  such  perpendicular,  or  on -such  parallel.  There- 
fore, when  all  the  triangles,  which  constitute  such  a  series  as 
we  have  spoken  of,  have  been  computed,  according  to  the 
principles  just  sketched,  the  respective  positions  of  their  an- 
gular points,  either  by  means  of  their  longitudes  and  latitudes 
or  of  their  distances  from  the  first  meridian,  and  fromthe  per- 
pendicular to  it.  The  following  is  the  method  of  complitiog 
these  distances. 

Suppose  that  the  triangles  abc,  bcd,  &c.  (see  the  £g.  to 
art.  6)  make  part  of  a  chain  of  triangles,  of  which  the  sides 
are  arcs  of  great  circles  of  a  sphere,  whose  radius  is  the  dis- 
tance from  the  level  or  surface  of  the  sea  to  the  centra  of  the 
earth  ;  and  that  we  know  bj  observation  the  anf^  cax,  which 
measures  the  azimuth  of  the  side  ac,  or  its  inclination  to  the 
meridian  ax.  Then,  having  found  the  excess  e,  of  the  three 
angles  of  the  triangle  acc  (cc  being  perpendicular  to  the  me- 
ridian) above  two  right  angles,  by  reason  df  a  theorem  which 
will  be  demonstrated  in  prob.  8  of  this  chapter,  subtract  a.  third 
of  this  excess  from  each  angle  of  the  triangle,  and  thus,  by 
means  of  the  following  proportions  find  ac,  and  cc* 

9tn  (90^— |e  :  cos  fcAc-~|E)  :  :  ac  :  ac  ; 
sin  (90^— ^E  :  sin  (cac^^e;  :  :  ac  :  cc.) 

The  azimuth  of  ab  is  known  immediately,  because  bax  = 
CAB— t AX  ;  and  if  the  spherical  excess  proper  to  the  triangle 
XBU'  be  computed,  we  shall  have 

am'b  s=  1 80'  o  m'ab  —  abm'  -{-  e'. 

To  determine  the  sides  abi',  bm',  a  third  of^E  must  be  deducted 
from  each  of.  the  angles  of  the  triangle  abm'  ;  apd  then  these 
proportions  will  obtain  :  viz. 

ain  nSO*^  —  m'ab^  *-  abm'  +  !»')  :  sin  Tabm'—  ^e'J  : :  ab*  am', 
sin  (180<>  -  m'ab  -  abm'  +  fE)  :  sin  ^m'ab—  Ie')  :  :  ab  :  bm'. 
In  each  of  the  right-angled  triangles  a6b,  m  Jd,  are  known 
two  angles  and  the  hypothenuse,  which  is  all  that  is  necessary 
to  determine  the  sides  a6,  6b,  and  ud^  dix  Therefore  the  dis- 
tances of  the  points  b,  d,  from  the  meridian  and  from  the  per- 
pendicular, are  known. 

9.  Pro- 
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9.  Proceeding  ia  the  same  mariner  with  the  triangle  acv,  or 
s'dji,-  to  obtain  an  and  dn,  the  prolongation  of  cd  ;  and 
then  with  the  triangle  dnf  to  find  the  side  sif  and  the  angles 
siTF,  DFN,  it  will  be  easy  to  caknlate  the  rectangular  co-ordi- 
bates  of  the  point  F. 

The  distance /f  and  the  angles  n^,  nrf^  being  thus  kDow% 
We  shall  have  (th.  6  cor.  3  Geom.)  • 

/fF  =  180*  —  EFD  DFH  —  HF/". 

So  that,  in  the  right-angled  triangle  /fp,  two  angles  and  one 
side  are  known  ;  and  therefore  the  appropriate  spherical  ex- 
cess may  be  compnted,  and  thence  the  angle  Fi^^and  the  sides 
/p,  FP.  Resolving  next  the  right-angled  triangle  etp,  we  shall 
in  like  manner  obtain  the  position  of  the  point  e  with  respect 
to  the  meridian  ax,  and  to  its  perpendicular  ay  ;  that  is  to  say, 
the  distances  ce,  and  ac  =  ap— er.  And  thas  may  the  compntist 
proceed  through  the  whole  of  the  series.  It  is  requisite  how- 
ever, prerious  to  these  caJcalatioos,  to  draw,  by  any  suitable 
scale,  the  chain  of  triangles  obserFed,  in  order  to  see  whether 
any  of  the  subsidiary  triangles  acn,  itfp,  &c.  formed  to  &ci- 
iitate  the  computation  of  the  distances  from  the  meridian,  and 
from  the  perpendicular  to  it,  are  too  obtuse  or  too  acute. 

Such,  in  few  words,  fs  the  method  to  be  folloiFed,  when  we 
have  principally  in  view  the  findii%  the  length  of  the  portiod 
of  the  meridian  eomprised  between  ainf  two  points,  as  a  and 
X.  It  it  obvious  that,  in  the  course  of  the  computations,  the 
aximuths  of  a  great  number  of  the  sides  of  triangles  in  the 
series  is  determined  ;  it  will  be  easy  therefore  to  check  and 
verify  the  work  in  its  process,,  by  comparing  the  azimuths 
ibnnd  by  observation,  with  those  resillting  from  the  calcula- 
tions. The  amplitude  of  the  whole  arc  of  the  meridian 
measured,  is  found  by  ascertaining  the  latitude  at  each  of  its 
extremities  ;  that  is,  commonly  by  finding  the  differences  of 
the  xenith  distances  of  some  known  fixed  star,  at  both  those 
extremities. 

10.  Some  mathematicians,  employed  in  this  kind  of  opera- 
tions, have  adopted  different  means  from  the  above.  They 
dh^w  through  the  summits  of  all  the  triangles,  parallels  to  the 
paeridian  and  to  its  perpendicular  ;  by  these  means,  the  sides 
of  the  triangles  become  the  hypothenuses  of  right-ani;led  tri- 
angles, which  ^ey  compute  in  order,  proceeding  from  soxie 
known  azimuth,  and  without  i^garding  the  spherical  excess, 
considering  all  the  triangles  of  the  chain  as  described  on  a 
plane  surface.  This  method,  however,  is  manifestly  defective 
in  point  of  accuracy 

Others  ha?e  computed  the  sides  and  apgles  of  all  the  tri- 
angles, by  the  rules  of  spherical  trigonometry.    Others  again. 
Vol  11.  10  reduce 
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reduce  the  obseired  angles  to  angles  of  the  chords  of  the  re- 
spective arches,  and  calculate  by  plane  trigonometrj,  from 
such  reduced  angles  and  their  cherds.  Either  of  these  two 
methods  is  equally  correct  as  that  by  means  of  the  spherical 
excess  :  so  that  the  principal  reason  for  preferring  one  of 
these  to  the  other,  must  be  derived  from  its  relative  facility. 
As  to  the  methods  in  which  the  several  triangles  are  contem- 
plated as  spheroidal,  they  are  abstruse  and  difficult,  and  may, 
happily,  be  safely  disregarded  :  for  M-  Lengendre  has  demon- 
strated in  JiAhnoires  de  la  CUute  dei  Sciences  Phytiques  et  Mathi- 
nuUiqves  deV  butitut^  1806,  pa.  190,  that  the  difference  be- 
tween spherical  and  spheroidal  angles,  is  less  than  one  sixtieth 
of  a  second,  in  the  the  greatest  of  the  triangles  which  occur- 
red in  the  late  measurement  of  an  arc  of  a  meridiaB,  between 
the  parallels  of  Dunkirk  and  Barcelona, 

11.  Trigonometrical  surveys  for  the  purpose  of  measuring 
a  degree  of  a  meridian  in  different  latitudes,  and  thence  in- 
ferring the  figure  of  the  earth,  have  been  undertaken  by  dif» 
ferent  philosophers,  under  the  patronage  of  different  go- 
vernments. As  by  M.  Mapertuis,  Clairaut,  &c.  in  Lapland, 
1736  :  by  M.  Bouguer  and  Condamine,  at  the  equator,  1736-*^ 
1743  ;  by  Cassini,  in  lat.  45",  1739—40  ;  by  Boscovich  and 
Lemaire,  ht.  43'>,  1752  ;  by  Beccaria,  lat  44*'  44',  1768  ;  by 
Mason  and  Dixon  in  America,  1764 — 8  ;  by  Major  Landbtonp 
in  the  East  ladies,  1803  ;  by  Mechain,Delambre,  kc.  France^ 
&c  1790—1805 ;  by  Swanberg,  Ofverbom,  ^c«  in  Lapland, 
1802  ;  and  by  General  Roy,  Colonel  Williams,  Mr.  DaHiy,  and 
Colonel  Mudge,  in  England,  from  1784  to  the  present  time. 
The  three  last  mentioned  of  these  surveys  are  doubtless  the 
most  accurate  and  important. 

The  trigonometrical  survey  in  England  was  first  conlmencedy 
in  conjunction  with  similar  operations  in  France,  in  order  to 
determine  the  difference  of  longitude  between  the  meridians 
of  the  Greenwich  and  Paris  observatories  ;  for  this  purpose, 
tiHree  of  the  Frencb  Academecians,  M.  M.  Cassini,  Mechain, 
and  Legendre,  met  General  Roy  and  Dr.  (now  Sir  Charles) 
Blagden,  at  Dover,  to  adjust  their  plans  of  operation^  In  the 
course  of  the  survey,  however,  the  English  philosophers,  se- 
lected from  the  Royal  Artillery  officers,  expanded  their  views, 
and  pursued  their  operations,  under  the  patronage,  and  at 
the  expense  of  the  Honourable  Board  of  Ordnance,  in  order 
to  perfect  the  geography  of  England,  and  to  determine  the 
lengths  of  as  many  degrees  on  the  meridian  as  fell-  witfaia  the 
compass  of  their  laboiin. 

12.  It  is  not  our  province  to  enter  into,  the  history  of  these 

surveys  • 
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surveys  :  but  it  may  be  interestiDg  and  instructive  to  speak  a 
little  of  the  instruments  employed,  and  of  the  extreme  accu- 
racy of  some  of  the  results  obtained  by  thein. 

These  instruments  are,  besides  the  signals^  those  for  mea- 
suring distances,  and  those  for  measuring  angles.     The  French 
philosophers  used  for  the  former  purpose,  in  their  measure- 
ment to  determine  the  length  of  the  tnetre,  rulers  of  platina 
and  of  copper,  forming  metalic  thermometers.     The  Swedish 
mathematicians,   Swanberg    and    Ofrerbom,   employed  iron 
bars,  covered  towards  each  extremity  with  plates  of  silver*. 
General   Roy  commenced  his  measurement  of  the  base  at 
Hounslow  Heath  with  deal  rods,  each  of  20  feet  in  length. 
Though  they,  however,  were  made  of  the  best  seasoned  tim- 
l>er,  were  perfectly  straight,  and  were  secured  from  bending 
in  the  most  effectual  manner  ;  yet  the  changes  in  their  lengths, 
occasioned  by  the  variable  moisture  and  dryness  of  the  air, 
were  so  sreat,  as  to  take  away  all  confidence  in  the  results 
deduced  from  them.     Afterwards,  in  consequence  of  having 
found  by  experiments,  that  a  solid  bar  of  glass  is  more  dilata- 
ble than  a  tube  of  the  same  matter,  glass  tubes  were  substi- . 
tuted  for  the  deal  rods.    They  were  each  20  feet  long,  inclosed 
in  wooden  frames,  so  as  to  allow  only  of  expansion  or  con- 
traction in   length,  from  heat  or  cold,  according  to  a  law 
ascertained  by  experiments.  .  The  base  measured  with  these 
was  found  to  be  27404*08  feet,  or  about  5*19  miles.     Several 

5 ears  afterwards  the  same  base  was  remeasured  by  Colonel 
ludge,  with  a  steel-chain  pf  100  feet  long,  constructed  b^ 
Ramfideii,  and  jointed  somewhat  like  a  watch-chain.  This 
chain  was  always  stretched  to  the  same  tension,  supported  on 
troughs  laid  horizontally,  and  allowances  were  made  for 
changes  in  its  length  by  reason  of  variations  of  temperature,  at 
the  rate  of  '0076  of  an  inch  for  each  degree  of  heat  from  62^ 
of  Fahrenheit :  the  resuU  of  the  measurement  by  this  chain  was 
found  not  to  differ  more  than  2|  inches,  from  General  Roy's 
determination  by  means  of  the  glass  tubes  :  a  minute  differ- 
ence in  a  distance  of  more  than  6  miles  ;  which,  considering 
that  the  measurements  were  effected  by  different  persons,  and 
with  different  instruments,  is  a  remarkable  confirmation  of  the 
accuracy  of  both  operations.  And  further,  as  steel  chains  can 
be  used  with  more  facility  and  convenience  than  glass  rods, 
this  remeasorement  determines  the  question  of  the  compara- 
tive fitness  of  these  two  kinds  of  instruments. 

13.  For  the  determination  of  angles,  the  French  and  Swe- 
dish philosophers  employed  repeating  circUe  of  Borda's  con- 
struction :  instruments  which  are  extremely  portable^  and  with 
which,  though  they  are  not  above  1 4  inches  in  diameter,  tl*^ 
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<^6ryen  can  take  angle*  to  within  T  or  2"  of  thetrotii. 
But  this  kind  of  instrnment,  howeyer  great  its  ingenuitj  in 
theory,  has  the  accuracy  of  its  ohaervations  necessarily  limited 
by  the  imperfections  of  the  tmaU  telescope  which  must  be 
attached  to  it  General  Roy  and  Colonel  Madge  made  use  of 
a  very  excellent  theodolite  constructed  by  Ramsden,  which, 
having  both  an  altitude  and  an  azimuth  circle,  combines  the 
powers  of  a  theodolite,  a  qiiadraat,  and  a  transit  inst rumen t» 
and  is  capable  of  measuring  horizontal  angles  (o  fractions  of  ^ 
second.  This  instrument,  besides,  has  a  telescope  of  a  much 
higher  magnifying  power  than  had  ever  before  been  applied 
to  observations  purely  terrestrial  ;  and  this  is  one  of  the  supe-' 
riorities  in  its  construction,  to  which  is  to  be  ascribed  the  ex- 
treme accuracy  in  the  results  of  this  tr^nometncal  survey. 

Another  circumstance  which  has  augmented  the  accuracy 
of  the  English  measures,  arises  from  the  mode  of  fixing  and. 
using  this  theodolite.  In  the  method  pursued  by  the  Con* 
tinental  mathematicians,  a .  reduction  is  necessary  to  the  plane 
of  the  horizon,  and  another  to  bring  the  observed  angles  .t<> 
the  true  angles  at  the  centres  of  the  signals  :  these  reductions, 
pf  course,  require  formulae  of  computation,  the  actual  em* 
ploy ment  of  which  may  lead  to  error.  But,,  in  the  trigono- 
metrical survey  of  England,  great  care  has  always  been  taken 
to  place  the  centre  of  the  theodolite  exactly  in  the  vertical  line» 
previously  or  subsequentiv  occupied  by ,  the  centre  of  the 
signal  :  the  theodolite  is  also  placed  in  a  perfectly  horizontal 
position.  Indeed,  as  has  been  observed  by  a  competent  judge, 
^'  In  no  other  survey  has  the  woric  in  the  field  been  copducted 
so  much  with  a  view  to  save  that  in  the  closet,  and  at  the  same 
time  to  avoid  all  those  causes  of  error,  however  minute,  tnat 
are  not  essentially  involved  in  the  nature  of  the  problem.  The 
French  mathematicians  trust  to  the  correction  of  tho9e  errors  ; 
tibe  English  endeavour  to  cui  the^n  qff^ eniitely  ;  and  it  can 
hardly  be  doubted  that  the  latter,  thoUgfa  perhaps  the  slower 
and  more  expensive,  is  by  far  the  safest  proceeding." 

.-  14.  In  proof  of  the  great  correctness  of  the  English  snrvey, 
Hre'  shall  state  a  very  few  particulars,  besides  what  is  already 
mentioned  in  art.  12.    < 

General  Roy,  who  first  measured  the  base  on  Hounslow- 
Heath,  measured  another  on  the  fiat  ground  of  Romney- 
Marsh  in  Kent,  near  the  southern  extremity  of  the  first  series 
of  triangles,  and  at  the  distance  of  ihofe  than  60  miles  from 
the  fifst  base.  The  length  of  this  base  of  vterification,  as 
actually  measured,  compared  with  that  resisting  from  the 
tomputation  through  the  whole  series  of  triangles,  differed 
^y  hy  28  inches. 

Colonel 
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ColoDel  Moi^e  measared  aoother  base  of  rerificatioii  on 
Salisbarj  plaia.  Its  leiig;tb  was  36574*4  feet,  or  more  than 
7  miles  ;  Uie  measoreniebt  did  not  differ  more  than  one  inch 
from  the  compotatioD  carried  through  the  series  of  triangles 
from  Hoanslow  Heath  to  Salisborj  Plain.  A  most  remarkable 
proof  of  the  accuracy  with  which  all  the  angles,  as  well  as 
the  two  bases,  were  measured  ! 

The  distance  between  Beachy-Head  in  Sussex,  and  Dan- 
nose  in^the  Isle  of  Wight,  as  deduced  from .  a  mean  of  four 
series  of  triangles,  is  339397  feet  or  more  than  64^  miles. 
The  extremes  of  the  four  determinations  do  not  differ  more 
than  7  feet,  which  is  less  than  1)  inches  in  a  mile.  Instances 
of  this  kind  frequently  occur  in  the  English  survey*.  Bat  we 
have  not  room  to  specify  more.  We  must  now  proceed  to 
discuss  the  most  important  problems  connected  with  this  sub- 
ject ;:  and  refer  those  who  are  desirous  to  consider  it  more 
minately,  to  Colonel  Mndge^s,  "  Account  of  the  Trigonome^ 
trical  Survey  ;'*  Mechain  and  Delambre,  "  Base  du  Systeme 
M^rique  D^imal';"  Swanbei^,  <*  Expi>8itioD  de$  Operations 
ftitesen  LappOnie  ;"  and  Puissant's  works  entitled  '*  Geode- 
sie"  and  "  Traite  de  Topographie,  d'  A^pentage,  &c»'^ 


SECTION  11. 

PrMemB  connected  wiih  ihe  detail  of  OpenAiom  in  Extennvt 

Trigonometrical  Surveys.  / 

PROBLEM  I. 

It  is  required  to  determine  the  Most  Advantageous 
Conditions  oi  Trian^es. 

1.  In  anv  rectilinear  triangle  abc,  it  is  from  the  propor- 
tionality of  sides  to  the  sines  of  their  opposite  angles,  ab  : 
BC  : :  am  c  t  sin  a,  and  consequently  ab.  sin 
A  s=  Bc  .  sin  c.  Let  ab  be  the  base,  which 
is  supposed  to  be  measured  without  percep- 
tible error,  and  which  therefore  is  assumed 
as  constant;   then  finding  the  extremely 

*  Puissant,  in  his  **  Geod^sie,"  after  quoting  some  of  them,  says, 
«*  Neanmoins,  jasqa^  present,  rienn'egale  en  exactitude  les  opera- 
tions jc^odesiquei  qui  ont  servi  de  fondement  k  notre  syst^me  tt^tri- 
que."  He,  however,  gives  no  instances.  We  have  no  wish  to  depre- 
ciate the  labours  of  the  French  measurers  ;  but  we  cannot  yield  them 
the  preference  on  mere  aasenioo. 

small 
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small  variation  or  flaxion  of  the  equation  on  this  bypothesiSt 

*  •  * 

it  ^  AB  .  COS  A  .  A  =  sin  c  .  Bc  4*  Bc  .  COS  c  .  c.  Here,  since 
we  are  ignorant  of  the  magnitade  of  the  errors  or  variations 

expressed  by  a  and  c,  suppose  them  to  be  equal  (a  probable 
supposition,  as  tbey  are  both  taken  by  the  same  instrument), 
and  each  denoted  by  v  :  then  will 

^^     ABCOSA— BCCOS    C 

EC  =  17  X : ; 

sin  c 

or,  substituting -: for  its  equal ,  the  equation  will  be* 

°  sin  A  ^       liin  c  ^ 

w    /  C08  A  COS  C  V 

come  BC  =  X)  X  (bc  .  -: *-  BC  .  -: )  : 

^  8in   A  810   C 

•r,  finally  bc  =  v  bc  (cot  a  —  cot  c). 

This  equation  (in  the  use  of  which  it  must  be  recollected 
that  V  taken  in  seconds  should  be  divided  by  n",  that  is  by 
the  length  of  the  radius  expressed  in  seconds)  gives  the  error 
BC  in  the  estimation  of  bc  occasioned  by  the  errors  in  the 
angles  a  and  c.  Hence,  that  these  errors,  supposing  them  to 
be  equal,  may  have  no  influence  on  the  determination  of  bc, 
we  must  have  a  =  c,  for  in  that  case  the  second  member  of  the 
equation  will  vanish. 

2.  But,  as  the  two  errors,  denoted  by  a,  and  c,  which  we 
have  supposed  to  be  of  the  same  kind,  or  in  the  same  direc- 
tion, may  be  committed  in  different  directions,  when  the  equa- 
tion will  be  BC  =  d:  1^  •  bc  (cot  a  -^  cot  c)  ;  we  must  enquire 
what  magnitude  the  angles  a  and  c  ought  to  have,  so  that  the 
sum  of  their  cotangents  shall  have  the  least  value  possible  ; 

for  in  this  state  it  is  manifest  that  bc  will  have  its  least  value. 
But,  by  the  formulas  in  chap.  3,  we  have 

Ct  (A  +  C)  =  ""(A+C)  /"(f-^/)^  -= 

^  ^       Sin  A  .  Bin  c     ^os(acac)— icos(A-f-c) 

2  sin  B 

cos  (a  (/i  C)  -f.  co^  b' 

-n,  *i        •         _i_  2  sin  B 

Conseiquently,  bc  =  ±  v  .  bc  .  — . 

^         ''  co8(a  (fi  c)-f  cos  » 

.And  hence,  whatever  be  the  magnitude  of  the  angle  b,  the 

error  in  the  value  of  bc  will  be  the  least  when  cos  (a  cq  c)  is* 

the  greatest  possible,  which  is  when  a  =  c. 

We  may  therefore  infer,  for  a  general  role,  that  the  most 

advantageous  state  of  a  triangle^  when  we  would  determine  one 

side  only^  is  when  the  base  is  equal  to  the  side  sought. 

3.  Since,  by  this  rule,  the  base  should  be  equal  to  the  side 
sought,  it  is  evident  that  when  we  would  determine  two  sides^ 
the  most  advantageous  condition  of  a  triangle  is  that  it  be  equi" 
hLieral. 

4.  It 


GEODESIC  OPERATIONS.  il 

4.  It  rarely  happens,  however,  that  a  base  can  be'  commo- 
dioasly  measured  which  is  as  long  as  the  sides  sought.  Sup- 
posing, therefore,  that  the  length  of  the  base  is  limited,  but 
that  its  direction  at  least  may  be  chosen  at  pleasure,  we  proceed 
to  enquire  what  that  direction  should  be,  in  the  case  where 
one  only  of  the  other  two  sides  of  the  triangles  is  to  be  deter- 
mined. 

Let  it  be  imagined,  as  before,  that  ab  is  the  base  of  the  tri- 
angle abc,  and  Bc  the  side  required.  It  is  proposed  to  find 
the  least  value  of  cot  a  :;:  cot  c,  when  we  cannot  have  a  =  c. 

Now,  in  the  case  where  tl\e  negative  sign  obtains,  we  have 

-  ^  AB— BC     C08B       BC-AB.COSB       AB«  —  BC" 

cot  A— cot  G  = — : =  -T — 

BC  .  Sin  B  AB  .  sin    B  AB  .  BC  •  Sih   B* 

This  equation  again  manifestly  indicates  the  equality  of  ab  and 
BC,  in  circumstances  where  it  is  possible  :  but  if  ab  and  bc  are 
constant,  it  is  evident,  from  the  form  of  the  denominator  of 
the  last  fraction,  that  the  fraction  itself  will  be  the  least,  or 
cot  A— cot  c  the  least,  when  ^in  B^is  a  maximum,  that  is,  when 

5.  When  the  positive  sign  obtains,  we  have  cot  a  -f-  cot  c= 

A        •  v'Cbc*  —  AB«  8in«  a)  a       I       ^/         BC  ^. 

cot  A  +^^-^ : -'=COt  A  +  ^  (-____ 1). 

AB  Sin  A  ^    ^AB»  «in  9  A         ' 

Here,  the  least  value  of  the  expression  under  the  radical  sign, 
is  obviously  when  a  =  90^.  And  in  that  case  the  first  term, 
cot  A,  would  disappear.  Therefore  the  least  value  of  cot  a4- 
cot  c,  obtains  when  a  =  90^  ;  conformably  to  the  rule  given 
by  M.  Bouguer  {Fig.  de  la  Terre^  pa.  88).  But  we  have 
already  s^n  that  in  the  case  of  cot  A^cot  c,  we  must  have 
B  =  90.  Whence  we  conclude,  since  the  conditions  a  =  90**, 
B  =s  90^,  cannot  obtain  simultaneously,  that  a  medium  result 
would  give  a  s=  b. 

If  we  apply  to  the  ^de  ac  the  same  reasoning  as  to  bc, 
similar  results  will  be  obtained  •:  therefore  in  general,  when 
the  base  cannot  be  equal  to  one  or  to  both  the  aides  required^  the 
most  advantageous  condition  of  the  triangle  is,  that  the  base  be 
the  longest  possible,  and  that  the  two  angles  at  the  bcue  be  equal. 
These  equal  angles  however,  should  never,  if  possible,  be 
16S8  than  28  degrees. 

PROOLBM  n. 

To  de<}uce,  from  Angles  measured  Out  of  one  of  the  stations, 
but  Near  it,  the  True  Angles  at  the  station. 

When  the  centre  of  the  instrument  cannot  be  placed  in  the 
vertical  line  occupied'  by  the  axis  of  a  signal,  the  angles  ob- 
served must  undergo  a  reduction,  according  to  circumstances* 

I.  Lot 
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1.  Let  c  be  the  centre  of  the  station,  -n, 
r  the  place  of  the  centre  of  the  instni* 
ment,  or  the  flummit  of  the  observed  an- 
gle APB  :  it  is  required  to  find  c,  the 
measure  of  acb,  supposing  there  to  be 
known  apb  =s  p,  bpc  b  p,  cp  =  d^  bq 

=  L,  AC  =  B. 

Since  the  exterior  angle  of  a  triangle  is  equal  to  the  sno) 
of  the  two  interior  opposite  angles  (th  16  Gebm.),  we  have, 
with  respect  to  the  triangle  iap,  aib  =5  p  +  xap  ;  and  with 
regard  to  the  triangle  bio,  aib  =  ^c  -4-  cbp.  Making  these 
two  values  of  aib  equal,  and  transposing  iap,  there  resuks 

C  =  P  +  IAP  —  CBP. 

Bit  the  triangles  cap,  cbp,  give 

cp   .              rf-tin(p+*) 
sin  CAP  =  sin  IAP  =  —  sm  apc  ^ ;    4-, 

AC  R 

cp     .  d .  mp' 

sin  CBP  =— I-  sin  BPC  ^ *^, 

bc  l 

And,  as  the  angles  cap,  cbp,  are,  bj  the  hypothesis  of  the 
problem,  always  very  small,  their  sines  may  be  substituted 
for  their  arcs  or  measures :  therefore 

»  —   ^»''"(P-f/>)      d.9mp 
R  x; 

Or,  to  have  the  reduction  in  seconds, 

d    vthi(p-fj>).iin^^ 

Bin  1     ^         H  L     ' 

The  use  of  this  formula  cannot  in  any  case  be  embarrassing, 

5|X)vided  the  signs  of  sin  p,  and  sin  (p  +  p)  be  attended  to. 
^faus,  the  first  term  of  the  correction  will  ne  positive,  if  the 
angle  (p  +  p)  is  comprised  between  0  and  180*  ;  and  it  will 
become  negative,  if  that  angle  surpass  180^.  The  contrary 
will  obtain  in  the  same  circumstances  with  regard  to  the  se- 
cond term,  which  answers  to  the  angle  of  direction  p.  The 
letter  r  denotes  the  distance  of  the  object  a  to  the  right,  l 
the  distance  of  the  object  b  situated  to  the  left,  and  p  the 
angle  at  th«  place  of  observation,  between  the  centre  of  the 
station  and  the  object  to  the  left. 

2.  An  approximate  reduction  to  the  centre  may  indeed  be 
obtained  by  a  single  term  :  but  it  is  not  quite  so  correct  as  the 
form  above.  For,  by  reducing  the  two  fractions  in  the  second 
member  of  the  last  equation  but  one  to  a  common  denominator* 
the  correction  becomes 

tffL  .  8in  CrA'p)  -  dti  -  tin  p 

LR 

„   .  ^,      .  .       ,  R .  t.in  A         R  .  sin  A 

But  the  triangle  abc  gives  l  =  — r— -•  =-r-7 — r-\' 

fsia  B       Bin  (a4c; 

And 
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And  becaase  p  is  alvvays  very  nearly  equal  to  c,  the  sine  of 
A  +  p  will  differ  eitremely  little  from  sio  (a  +  c),  and  may 


R  ^t>^  A 


therefore  be  sabstituted  for  it,  making  l  =  — \ — : — ?. 
Hence  we  manifestly  have 

U  A  .  (P  f    t).^^.  <\J\  p  .  Bin  (a-|-p)  ^ 


P   = 


Which,  by  taking  the   expanded  expressions,  for  sin  (p+p)* 
and  sin  (a+Pi)  and  reducing  to  seconds,  gives 

d     »iii  p  •  8J.T  (a  — y>) 

5.  When  either  of  the  distances  k,  l,  becomes  in6nite,  with 
respect  to  d,  the  corresponding  term  in  the  expres.^ion  art.  1 
•f  this  problem,  vanishes,  and  we  have  accordina^ly 

d  .  :»  n  p  c/  .  s.n  (p  ^  '') 

c  — p  =  —  , ~n  or  c  —  P  =  — - —     ..   -. 

The  first  of  these  will  apply  when  the  object  a  is  a  heavenly 
body,  the  second  when  b  is  one.  Wlien  both  a  and  b  are 
auch,  then  c  —  p  =»  0. 

But  witliout  supposing  either  a  or  s  infinite,  we  may  have 
c  —  p  =  0,  or  c  =  p  in  innumerable  instances  :  that  is,  in  all 
eases  in  which  the  centre  p  of  the  instrument  is  placed  in  the 
circumference  of  the  circle  that  passes  through  the  three 
points  A,  B,  c  ;  or  when  the  angle  bpc  is  equal  to  the  angle 
BAG,  or  to  BAC  +  IBO**.  Whence,  though  c  should  be  inac-* 
cessible,  the  angle  acb  may  commonly  be  obtained  byol^ser* 
▼ation  without  any  computation.  It  may  further  be  observed, 
that  when  p  falls  iu  the  circumference  of  the  circle  passing 
through  the  three  points  a,  b,  c,  the  angles  a,  b,  c,  may  be 
determined  solely  by  measuring  the  angles  apb  and  bpc  For, 
the  opposite  angles  abc,  apc,  of  the  quadrangle  inscribed  in 
a  circle,  are  {theor.  54  Geom  )  ^  180*.  Consequently,  aec 
=  iao«  —  APC,  and  bac  :=  ISO*  —  (abc+acb)  =s  180»  — . 
.(abc  +  apb). 

4.  If  one  of  the  objects,  viewed  from  a  further  station,  be 
a  vane  or  staff  in  the  centre  of  a  steeple,  it  will  frequently 
happen  that  such  object,  when  the  observer  comes  near  it,  it 
both  invisible  and  inaccessible.  Still  there  are  various  me- 
thods of  finding  the  exact  angle  at  c.  Suppose,  for  example, 
the  signal  staff  be  in  the  centre  of  a 
circular  tower,  and  that  the  angle  apb 
was  taken  at  p  near  its  base.  Let  the 
tangents  pt,  pt',  be  marked,  and  on 
them  two  eqaal  and  arbitrary  distances 
pm,  Pfn',  be  measured.  Bisect  mm'  at 
Ihe  point  n ;  aod,  placing  there  a  signal- 
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ytaff,  measare  tbe  angle  n?B,  which,  rsince  pn  prolonged  0¥- 
▼ioasi^  passes  through  c  the  centre,)  will  be  the  angle  p  of 
the  preceding  investigation  Also,  tbe  distance  p»  added  to 
the  radios  ct  of  the  tower,  will  gtye  pc  =  i<  in  the  former  in- 
vestigation. 

If  the  circumference  of  the  tower  cannot  be  measured,  and 
the  radius  thence  inferred,  proceed  thus  :.  Measure  the  angles 
»PT,  bpt',  then  will  bpc  ss  ^  (bpt  +•  3Pt')  =  p  ;  and  cpt  = 
BPT  -—  BPC  :  Measure  pt,  then  pc  =  pt  .  sec  opt  p=  d.  With 
the  values  of  p  and  d,  thus  obtained,  proceed  as  before 

6.    If  the  base  of  the  tower  be  polygonal  and  regular^  a^ 
■lost  commonly  happens  ;  assume  p  in  the  point  of  intersec- 
tion of  two  of  the  sides  prolonged,  and  bpc'  =  \  (bpt+bpt') 
as  before,  pt  =s  the  distance  from  p  to 
the  middle  of  one  of  the  sides  whose 

grolongation  passes  through  p  ;  and 
ence  pc  is  found,  as  above,  if  the 
figure  be  a  regular  hexagon,  then  the 
triangle  FmnC^^  is  equilateral,  and  pc 

SS  fflfll  ^  3. 


PROBLEM  m. 

To  Reduce  Angles  measured  in  a  Plane  Inclined  to  the 
Horizon,  to  the  Corresponding  Angles  in  the  Horizontal 
Plane. 

Let  BCA  be  an  angle  measured  in  a  plane  inclined  to  the 
horizon,  and  let  b  ca'  be  the  corresponding  angle  in  the  ho- 
rizontal plane.  Let  d  and  d^  be  the  zenith  distances,  or  the 
complements  of  the  angles  of  elevation  aca',  bob'.  Then 
from  X  the  zenith  of  the  observer, 
or  of  the  angle  c,  draw  the  arcs  za, 
z6,  of  vertical  circles,  measuring  the 
zenith  distances  d,  d',  and  draw  the 
arc  oh  of  another  great  circle  to 
measure  the  angle  c  It  follows 
from  this  construction,  that  the  an- 
gle 2,  of  the  spherical  triangle  zab^ 
is    equal  to    the   horizontal    angle 

acb'  ;  and  that,  to  find  it,  the  three  sides  za  =  d^zh  =  V, 
ah  =  c,  are  given.  Call  the  sum  of  these  s  ;  then  the  reftult- 
ing  formulas  of  prob.  2  ch.  iv,  applied  to  the  present  instance, 
becomes 

,  sin  i(»-rf).»in  4(i— d") 

sm  \z  ='sin  Ac  =*:  v^        ^  .     . — .    '       ■-» 

If 
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Ifh'tnd  h'  represeDt  the  angles  of  altitude  aca'  bcb',  the 
preceding  expresdon  will  become 

8in  iC  —  ^ 7 7; '. 

Or,  in  logarithms, 
log  sin  Jc  =  1(20  +  log  sin  \{c  +  A  -/t*)  +  log  sin. 
^(c  +  ^'  —  ^)  —  log  cos  X— log  cos  h'y 

Cor,  I.  If  A  =  V,  then  is  sin  ic  ^  — ^— : —  :  and 

*  cos  A     ' 

log  sin  ^a'cb'  =  10  +  log  sin  |acb  —  log  cos  h. 

Cor.  f .  If  the  angles  h  and  V  be  very  small,  and  nearlj 
«qual ;  then,  since  the  cosines  of  small  angles  vary  extremely 
slowly,  we  may,  without  sinsible  error,  take 
log  sin  |a  cb'=s  10  +  log  sin  ^acb  — Ipg  cos  \{h  +  A'). 

Cor,  3.  In  this  case  the  correction  x  s=  a'cV  — acb,  may 
¥e  found  by  the  expression 

i  =  sin  l"(tanic(^0  -  ^-7-^)*  -cot  Jc(^)0. 

And  in  this  formula,  as  well  as  the  first  given  for  sin  }c,  d  an4 
d  may  be  either  one  or  both  greater  or  less  than  a  quadrant  \ 
that  is,  the  equations  will  obtain  whether  aca'  and  bcb'  be  each 
an  elevation  or  a  depression. 

Scholium.  By  means  of  this  problem,  if  the  altitude  of  % 
hill  be  found  barometrically,  according  to  the  method  describ* 
ed  in  the  1st  volume  or  geometrically  according  to  some  of 
those  described  in  heights  and  distances,  or  that  given  in  the 
following  problem ;  then,  finding  the  angles  formed  at  tEe 
place  of  observation,  by  any  objects  in  the  country  below,  and 
their  respective  angles  of  depression,  their  horizontal  ^^^les, 
and  thence  their  distances  may  be  found,  and  their  relative 
places  fixed  in  a  map  of  the  country  ;  takini;  care  to  ha?e  a 
sufficient  number  of  angles  between  intersecting  lines,  to  verify 
the  operations. 

FROBLfiH  IV. 

• 
Given  the  Angles  of  Elevation  of  Any  Distant  Object,  takes 

at  Three  places  in  a  l-iorizoatal  Right  Line,  which  does 

not  pass  through  the  point  directly  below  the  object ;  and 

the  Respective  Distances  between  the  stations  ;  to  find  the 

Height  of  the  Object,  and  its  Distance  from  either  station. 

Let  AED  be  the  horizontal  plane  :  fc  the  perpendicular 
height  of  the  object  v  above  that  planiB  ;  a,  b,  c,  the  three 
places  ef  observation  ;  fab,  fbc,  fob,  the  respective  angles 
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of  elevation,  and  ab,  bc,  the 
given  distances.  Then,  since 
the  triangles  aef,  bef,  cef, 
are  all  right  angled  at  e,  the  dis- 
tances ae,  be,  ce,  will  mani- 
fesily  be  as  the  cotangents  of 
the  angles  of  elevation  at  a,  b, 
and  c  :  and  we  have  to  deter- 
'  mine  the  |)oint  e,  so  that  those 
lines  may  have  that  ratio.  To 
effect  this  geometrically  use  the  following 

Cofufruction,  Take  bm,  on  ac  produced,  equal  to  bg,  bn 
eqUal  to  ab  ;  and  make 

MO  :  bm  (=  bc)  :^:  cot  a  :  cot  b, 
and  br(  =  ab)  :  ng  :  :  cot  B  :  cot  c. 
With  the  lines  mn,  mo,  no,  constitute  the  triangle  m«g  ;  and 
jf  oin  BG.     Draw  ae  so,  that  the  angle  eap  may  be  eqnal  to  mob  ; 
t/iis  line  will  meet  bg  produced  in  e.  the  pomt  in  the  horizon- 
tal plane  falling  perpendicularly  below  f. 

Demonstration,       By^the  similar  triangles  aeb,  omb,  we 
have  ae  :  be  :  :  mo  :  mb  :  :  cot  a  :  cot  b, 
and  BE  :  ba  (=  bn)  : :  bm  :  bo. 
Therefore  the  triangles  bec,  bon,  are  similar  ;  consequently 
BE  :  EC  :  :  bn  :  Nu  : !  cot  B  :  cot  c.  '  Whence  it  is  obvious  that 
AE,  BE.  cE,  are  respectively  as  cot  a,  cot  b,  cot  c. 

Calculation,  In  the  triangle  mgn,  all  the  sides  are  given,  to 
find  the  angle  omn  =  angle  aeb.  Then,  in  the  triangle  mub, 
two  sides  and  the  included  angle  are  given,  to  find  the  angle 
iiGB  ==  angle  eab.  Hence,  in  the  triangle  aeb,  are  known  ab 
and  all  the  angles,  to  find  ae,  and  be.  And  then  ef  s=  ae  .  tan 
A  ==  BE  .  tan  b. 

Otherwise^  independent  of  the  construction,  thus. 

Put  AB  =  D,  Bc  =  </,  EF  =  X  ;  and  then  express  algebraic- 
ally the  following  theorem,  given  at  p.  128  Simpson's  Select 
Exercises  : 

AE*    .  BC  +  CE*   .  AB  =  BE*   .  AC  +  AC  .  AB  .  BC, 

the  line  eb  being  drat^n  from  the  vertex  e  of  the  triangle  acb, 
to  any  point  b  in  the  base.     1  he  equation  thence  originating  it 

dx'  .  cot*  A+Dx*  .  cot*  c  =  (D+rf)x*  .  cot*  B  +  (o+rf)  odf. 
And  from  this,  by  tranetposing  all  the  unknown  terms  to  one 
aide,  and  extracting  the  root,  their  results 
'  _     . S^t"^^"^. . 

^  4  .  sot*  A  +  »  •  COW  C-(d4- </}COt  'B  ■ 

Whence 


X 
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Whence  if  is  known,  and  the  distances  ae,  bs,  oe,  are  readilj 
found. 

Cor    When  o  =  d,  or  d  +  ^  ^=  2d  =  2J,  the  ezpresflioa 
becomes  better  suited  for  logarithmic  computation,  being  thea 

X  =  #/  -5-  y  (J  cot*  A  4-  I  cot>  c  —  cot*  b). 
In  this  case,  therefore,  the  rule  is  as  follows  :  Double  the  log. 
cotangent!*  of  the  angles  of  elevation  of  the  extreme  stations, 
find  the  natural  numbers  '-inswering  thereto,  and  take  half 
their  sum  ;  from  which  subtract  the  natural  number  answer- 
ing to  twice  the  log.  cotaneeut  of  the  middle  angle  of  eleva- 
tion :  then  half  the  log  of  this  remainder  subtracted  from  the 
log.  of  the  measured  distance  between  the  1st  and  2d,  or  the 
%d  and  3d  stations,  will  be  the  log.  of  the  height  of  the  object 

PROBLEM  y. 

In  any  Spherical  Triangle,  knowing  Two  Sides  and  the  In- 
cluded /^ngle  ;  it  i»  required  to  find  the  Angle  CompreJiend* 
ed  by  the  Chords  of  those  two  sides. 
Let  the  angles  of  the  spherical  tri- 
angle  be   A,   B«   c,  the   corresponding 
angles  included  by  the  chords   a',   b', 
c'  ;    the  spherical   sidles  opposite   the 
former  a,   6,    c,  the  chords  respect- 
ively opposite  the  latter  «,  0,  y  ;  then* 
there  are  given  6,  p,  and  a,  to  find  a'. 

Here,  frocb  prob.  1  equa.  1  chap  iv,  we  have 

cos  a  7=  sin  6    sin  c    cos  a  -|-  cos  6  .  cos  c. 
But  cos  c  =  cos  (^  -f  \c)  =  cos^  ^  — sin'  \c  (by  equa.  ▼ 
ch.  iii)  =  (l-sin«  }c)-.sina  ^c  =  l-2si««  |c.     And  in  like 
manner  cos  a  =  1  —  2  sin*  ^c,  and  cor  6=1  —  2  sin*  J6. 
Therefore  the  preceding  equation  becomes 
1—2  sin'  ^(1=4  sin  ^b  .  cos  ^b  .  iiin  \c  .  cos  |c  .  cos  a  -|» 

(1  —  2  sin«  ib)    (1  —  2  sin*  jc). 
But  sin  ^a  =  |«,  sin  jb  =  i/5.  sin  Jc  =  Jy  :  which  valnet 
•ubstituted  in  the  equation,  we  obtain,  after  a  little  reduction^ 

2  X  ' — —^ =  /Sy  .  cos  J&  .  cos  Jc  .  ces  a  +  J/8*  y«. 

Vow,(equa,  ii  ch.  iii),  cos  a'  « -< .  Therefore,  by 

sobstitution, 

fiy  .  cos  a'  =  /3y  .  cos  \h  .  cos  \c  .  cos  A  -|-  ^/3*  y<  ; 
whence,  dividing  by  /fty«  there  results 

cos  A'  =  i  6    co5«  Jc   cos  A  +  |.a'.  |y  ; 
•r,  lastly,  by  restoring  the  valuies  of  4/9,  jy,  we  have 

^08  a'  —  cos  1^  .  cos  ^c  •  cos  A  +  sin^ .  sin  |c  •  •  « (I ) 

Cor. 
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dor.  1.  ft  follows  eridehtly  from  tbib  formula,  fhat  whek 
the  spherical  angle  is  right  or  obtose,  it  is  always  greater  thab 
Che  correspondiiig  angle  of  the  chords. 

Cor.  2.  The  spherical  angle,  if  acute,  is  leu  than  the  cor- 
responding angle  of  the  chords,  when  we  have  cos  a  greater 

than ,— — 2-7- — i— .. 
1  —  cos  |6  •  i»m  ^c 

PROBLEM  VL    ' 

Knowing  Two  Sides  and  the  included  Anglie  of  a  Rectilinear 
Triangle,  ft  ts  required  to  find  the  Spherical  Angle  of  the  ^ 
Two  Arcs  of  which  those  two  sides  are  the  chords. 
Here  /3,  y,  and  the  an^e  ▲'  are  given,  to  find  a.    Now, 

since  in  all  cases,, cos  =  ^  (1  —  sin'),  we  have 

cos  ^h  .  cos  ^c  =  ^  1(1  —  sin«  |6)  .  (1  — sin«  ^c)]  ; 

we  have  also,   as  above,   sin   |6  «=   \fi,  and   sin   ^cs=b^, 

Sabstituttng  these  values  m  the  equation  i  of  the  preceding 

protilem,  there  will  result,  by  reduction, 

coa  A'  —  y/By ._  .  V 

^"^  ^  ^•(i-i«.(;i+  *«r(i-i>).(i  +  teo" •  •  •  ^"  ^ 

To  compute  by  this  formula,  the  values  of  the  sides  (B ,  y, 
must  be  reduced  to  the  correspondipg  values  of  the  chords  of 
a  circle  whose  radius  is  unity.  This  is  eaisily  effected  by  di« 
viding  the  values  of  the  sides  given  in  feet«  or  tbises,  kc  by 
such  a  power  of  10,  that  neither  of  the  sides  sbaU  exceed  5^ 
the  value  of  the  greatest  chord,  when  radius  is  equal  to  unity. 

From  this  investigation,  and  that  of  the  preceding  problem^ 
the  following  corollaries  may  be  drawn. 

Cor,  1.     If  c  =  6,  and  of  conveqnencle  y  =  iS,  then  will 
cos  A  =  «08  A    cos*  \t  4-  sin*  \c  ;  and  thence 
1-2 sin*  U'  ==  (l-28in*  4a)cos*  ic-f  (l-co«*  \e)  : 
from  which  may  be  reduced 

sin  \k  =  sin  |a  .  cos  |e^ . .  •  (HI) 

Cor  2.  Also,  since  cos  \c  =  v^(l  — sin'^c)  =V(^ — i^'X 
equa  ii  will,  in  ibis  case,  reduce  to 

Cor  3.  from  the  equation  iii,  it  appears  that  the  vertical 
angle  of  an  isosceles  Spherical  triangle,  is  always  greater  than 
the  corresponding  angle  of  the  chords. 

€lor.  4.  If  A  =  90**,  the  formulae  I,  II,  give 

cos  a'  =a:  siu  |6     Sin  \C  =*='  ijSy  .  .     •  (V  ) 

These  five  formulae  are  strict  and  figorous.  whatever  b6 
the  magnitude  of  the  triangle.  But  if  the  triangles  be  small, 
the  arcs  may  be  put  instead  of  the  sines  in  equa  v,  theb 

Cor  6.  As  cos  a  =  sin  ^90«>— a)  «=  in  this  case,  S0«>  —  a'} 
the  small  excess  of  the  spherical  right  au^le  over  the  corre* 

sponding 
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•pondini;  rectilioear  angle,  will,  supposing  the  arc9  &,  c,  takea 
iQ  t^oucU,  be  given  in  seconds  by  the  following  expressiQii 

90«_V  =  ^!  =  i^....(VI.) 

The  error  in  this  formica  will  not  amount  to  a  second, 
when  6  +  c  is  less  than  10^,  br  than  700  miles  measured  ob 
the  earth's  surface. 

Cor.  6.  If  the  hjpothenuse  does  not  exceed  1^^,  we  may 
substitute  a  sin  c  instead  of  c,  and  a  cos  c  instead  of  b ;  this 
will  gkvej>c  =  •'  .  tin  c .  cos  c.  ^  Ja*  .  sin  2  (90**  —  p)  =4a' . 
tin  2b  ;  whence 

(doo  -  0^^''^g^«"''^"^\ . . .  (vu.) 

If  a  =l|*,  and  ■=c=45*»  nearly  ;  then  will  90**  —  a'=  I7".7. 
Cor.  7.  Retaining  the  same  hypothesis  of  a  ^  90^,  and 
0  =  or  <  H**,  we  have 

f         *■  cot  B  be  /VItT  \ 

B-B -^  =  _....(vin.) 

AIsoc  — c'  =  g^  . (LX.) 

Cor.  8.  Comparing  foraral^  vjii,  ix,  with  ti,  we  hare  b— -b^ 
s=  c  •—  c  =  I  (90*  —  a'.)  Whence  it  appears  that  the  sum  of 
the  two  excesses  of  the  oblique  spherical  angles,  over  the 
corresponding  angles  of  the  chords,  in  a  small  right-aogled  tri- 
angle, is  pqual  to  the  excess  of  the  right  angle  over  the  cor- 
responding angle  of  the  chords.  So  that  either  of  the  formu- 
la vi,  VII,  viii,  IX,  will  suffice  to  determine  the  difference  of 
each  of  the  three  angles  of  a  small  right-angled  spherical  tri* 
anglo,  from  the  corresponding  angles  of  the  chords.  And 
hence  this  method  may  be  applied  to  the  measuring  an  arc" of 
the  meridian  by  n^eai^^  of  a  series  of  triangles.  See  fits*  d» 
9,  sect.  1  of  this  chapter. 

in  a  Spherical  Triangle  abc,  Right  Angled  in  a,  knowing  tht 

Hypotheouse  bc  {less  than  4^)  an^  the  Angle  b,  it  is  r«quiredt 

to  find  the  Error  c  committed  through  finding  by  rkne 

Trigonometry,  the  Opposite  Side  ac. 

Referring  still  to  the  diagram  of  prob.  5,  where  we  nov^ 

luppose  the  spherical  angle  a  to  be  right,  we  have  (theor.  10 

chap,  iv)  sin  6  =  sin  a  .  sin  b.     But  it  has  been  remarked  at 

pa.  381  vol.  i,  that  the  sine  of  any  arc  a  is  equal  to  the  suotf 

of  the  following  series  ; 

—  a»    .       A«  A  ,' 

Or,ttBA=-A~-+j3o~5gjj  +  «»C. 
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And,  io  the  present  enquiry,  all  the  terms  after  the  second 
may  be  neglected,  because  the  6tb  power  of  an  arc  of  4*  di- 
Tided  hv  120,  gives  a  quotient  not  exceeding  (/' .  01.  Con- 
lequentfy,  we  may  assume  sin  b  =  6  -»^6',  sin  a  =  a  —  ^a^; 
and  thus  the  preceding  equatiop  will  become, 

5  —  ^6'  =  sin  B  (o  —  Jrt') 
or  6  =  a  sin  B  —  J  (a'  .  sin  b  —  b^). 
Now,  if  the  triangle  were  considered  as  rectilinear,  we  should 
bare  6  =  a  .  sin  b  ;  a   theorem  which  manifestly  gives  the 
side  b  or  ac  too  great  by  |(ri3  .  siu  b  —  6').     But,  »eglec(ing 

anantities  of  the  tiAh  order,  for  the  reason  already  assigned, 
le  last  equation,  but  one  gives  6'  ^=-  a*.  .  sin'  b.  Therefore, 
by  substitution,  e  ^^  — ^a^  .  sin  b  (I  --sin'  b)  :  or,  to  have  this 
•rror  in  seconds,  take  n"  =  the  radius  expressed  in  seconds, 

,     ,,  .  a3   .  CO  a  B 

•0  snail  e  =  —  a  .  sin  b  .  -  ^  „ — j-  • 

OR   .  E 

Cor.  1      If  o  =  4^,  and  b  =  35<>   16',  in  which  case  the 
Talue  of  sin  b  .  cos'  b  is  a  maximum,  we  shall  fin^  <  =?  -  4|''. 

Cor.  2.    If,  with  the  same  data,  the  correction  he  applied, 
to  find  the  side  c  adjacent  to  the  given  angle,  we  should  have 

f  a'  .  Kin*  B 

#  =  a  .  cos  B  --  -.  -;r~ . 

Sr  r 
So  that  this  error  exists  in  a  contrary  sense  to  the  other  ;  th« 
•ne  being  subtractive,  the  other  additive. 

Car.  3.     The  data  being  the  same,  if  we  have  to  find  the 
angle  c,  the  error  to  be  c6rrected  will  be 


„  .        810  SB 


«'-?=:a« 


4r'* 

^  As  to  the  excess  of  the  arc  over  its  chord,  it  is  easy  to  find  it 
•orrectly  from  the  expressions  in  prob.  5  :  but  for  arcs  that 
are  very  small,  compared  with  the  radius,  a  near  approxima- 
tion to  that  excess  will  be  found  in  the  same  measures  as  the 
radius  of  the  earth,  by  taking  ^  of  the  quotient  of  the  cube 
•f  the  length  of  the  arc  divided  by  the  square  of  the  radius. 

PROBLEM  Vni. 

It  is  required  to  Investigate  a  Theorem,  by  means  of  which. 
Spherical  Triangles,  -whose  Sides  are  Small  compared  with 
the  radius,  may  be  solved  by  the  rules  for  Plane  Trigono- 
metry, without  considering  the  Chords  of  the  respective 
Arcs  or  Sides. 

Let  a,  6,  c,  be  the  sides,  and  a,  b,  c,  the  angles  of  a  sphe- 
risal  triangle,  on  the  sur&ce  of  a  sphere  whose  radius  is  r  ; 

then 
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then  a  similar  triangle  on  the  surface  of  a  sphere  whose  radias 
=  1,  mil  have  for  its  sides  -,   -,  -  :    which-,  for  the   sake 

r      r     r 

•f  brevity,  we  represent  by  «,  jB,  y,  respectively  :  theo,  by 

,         .  ,  cos «— COS  /3 .  CO*  V 

eqaa.  i,  chap,  iv,  we  have  cos  a  = ■. — r — : =-. 

^  '^  ^  hui  /B .  am  > 

Non^,  r  being  very  great  with  respect  to  the  sides,  a,  6,  c, 
we  may,  as  in  the  iuvestigatioo  of  the  last  problem,  omit  all 
the  terms  containing  higher  than  4th  powers,  io  the  series 
for  the  sine  and  cosine  of  an  arc,  given  at  pa.  38 1  vol.  i  :  so 
shall  we  have,  withont  perceptible  error, 

And  similar  expressions  may  be  adopted  for  cos  /S,  cos  y, 
sin  y .     Thus,  the  preceding  equation  will  become 

cos  A  7~^"(Y-*^«-i>«  • 

Multiplying  both  terms  of  this  fraction  by  1+}  (/d^  +  y'),  to 
simplify  the  denominator,  and  reducing,  there  will  result, 

0M  ^y»  -  *•    I    **+5*+>'*— 2«*;0S— 2«»3'>-i;5fi«y» 
•^  20y  ^  248y 

Here,  restoriug  the  values  of  «,  ^,  y,  the  second  member  of 
the  equation  will  be .  entirely  constituted  of  like  combinations 
•f  the  letters,  and  therefore  the  whole  may  be  represented  by 

cos  A  =  rr+«7r-.«  •  •  •  0-) 

2bc      24^crS  ^     ^ 

Let,  now,  a  represent  the  angle  opposite  to  the  side  a,  in 
the  rectilinear  triangle  whose  sides  are  equal  in  length  to  the 
arcs  a,  6,  e  ;  and  we  shall  have 

,        b*  -fct  -  gS      u 

Squaring  this,  and  substituting  for  cos'  a  its  value  1— sin'  a', 
there  will  result  ^ 

-46«  c'  sin«  a'=  a' +6* +c« - 2a«  b»^ia^  c«— 2i«  c»=:ir. 
So  that,  equa.  i,  reduces  to  the  form 

V  f  be      .    ^      f 

COS  A  =  COS  A  —  *->  8in'  A . 

Let  A  =  a'  +  JT,  then,  as  x  is  necessarily  very  small,  its^  second 
power  may  be  rejected,  and  we  may  assume  cos  a  =  cos  a'-^ 
X  .  sin  a'  :  whence,  substituting  for  cos  a  this  value  of  it,  we 

be 

shall  have  jr  =  =—  •  sin  a'. 

Ort 

It  hence  appears  that  x  is  of  the  second  order,  with  respect 

be 
to  —  and  — ;  and  of  course  that  the  result  is  exact  to  quan- 

VoL.  If.  12  itties 
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tities  withio  the  fourth  order.     Therefore,  because  AxsA'-|<r» 

A  =i  A    +■.—  .  Sm  A  . 

But,  by  prob.   i  rale  2,  Mensuration  of  Planes  ^6c  sin  a'  is 
the  area  of  the  rectilinear  triangle,  whose  aides  are  a»  b,  and  c« 

Therefore  a  =  a  +  V?^ 

area 
OrA'==:A  — -^. 

In  like  f    b'  =  b  — 


manner  (  ,„^ 


3r«. 
irea 


And  A'  +  b'  +  c'  =  180«  ==  a  +  b  +  c—  ^. 

Whence,  since  the  spherical  ezceas  is  a  measure  of  the  area 
(th.  6  ch.  iv),  we  have  this  theorem  :  viz. 

A  spherical  triangle  being  propoeed^  of  which  the  aides  ar&^ 
very  small,  compared  with  the  radius  of  the  sphere  ;  if  from 
each  of  its  angles  one  third  of  the  excess  of  the  sum  of  its 
diree  angles  above  two  right  angles  be  siAtracted^  the  angles 
so  diminished  may  be  uAen  for  the  angles  of  a  rectilinear 
triangle  J  whou  sides  are  equal  in  length  to  those  of  the  pro- 
posed  spherical  triangle*. 

Scholium. 

We  have  already  iriven,  at  th.  5  chap,  iv,  expressions  fot 
finding  the  spherical  excess,  in  the  two  cases,  where  two  sittes 
and  the  included  angle  of  a  triangle  are  known,  and  where 
the  three  sides  are  known.  A  few  additional  rules  may  with 
propriety  be  presented  here. 

1.  The  spherical  excess  e,  may  be  found  in  seconds,  by  the 

expression  e  =  —  ;  where  s  is  the  surface  of  the  triangle  := 

Ibc  .  sm  A  =  lap  .  sm  c  =  lac  .  sm  b  =  la*.  — - — -■ — - ,r  is 
■  '  '  0m  (b  +  • )' 

the  radius  of  the  earth,  in  the  same  measures  as  a,  6,  and  c, 

and  r"  =  206264"'8,  the  seconds  in  an  arc  equal  in  length  to 

the  radins. 

If  this  formula  be  applied  logarithmically  ;  then  log  a"  =: 

log.  — ^,  =  6-3144261. 
•   arc  1 


#  This  curious  theorem  was  first  announced  by  M.  Legendre,  in  the 
Memoirs  of  the  Paris  Academy,  for  1787.  Le^ndre's  investigation 
ia  nearly  the  same  aa  the  above  :  a  shorter  investigation  is  given  by 
Swiinberg,  at  pa.  40,  of  hiB  **  Eipositi  n  des  Operations  faites  en  Lap* 
pome  ;"  but  it  is  defective  in  point  of  perspicuity, 

^  2.  From 
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2.  From  the  logarithm  of  the  area  pf  the  triangle,  taken 
.  as  a  plane  one,  in  feet,  subtract  the  constant  log  9  3267737 

then  the  remainder  is  the  logarithm  of  the  excess  above  180^ 
io  seconds  oearly*. 

3.  Since  s  =  ^bc  .  sin  a,  we  shall  manifestly  have  e  » 

;r~  be  *  sin  a.     Hence,  if  from  the  vertical  angle  b  we  demi^ 

3/-* 

ti!ie  perpendicnlar  bd  upon  the  base  ac,  diridi^  it  into  thi 

two  segments  «,  /9,  we  shall  have  b  s=  a+^s 

r"  r" 

imd  thence  £  =„—  «(«  +  /*)  sin  ^  ==  ^ra  *^' 

r" 
sin  A  +  r-^  ^c  .  sin  a.     But  the  two  right- 

an^rled  tHangles  abd,  cbb,  being  nearly  rec- 
tilinear, give  «  =  a  .  cos  c,  and  0  as  c .  cos  a; 
whence  we  have 

r"  r" 

E  =  ;r--  OC  .  sin  A  .  COS  C  +  —-C*    .  SIO  A  •  COS  A. 

In  like  manner,  the  triangle  abc,  which  itself  is  so  small  as  to 

differ  bat  little  from  a  plane  triangle,  gives  c .  sin  a  ^  a  .  sin  c. 

Also,  sin  A  .  cos  A  =  I  sin  2a,  and  sin  c  .  cos  c  =  ^^  sin  2c 

(eqoa.  zv.  ch.  iii).     Therefore,  finally, 

r"  •  r" 

E  =  -r:.<**  •  sin  2c  +  -— c*  .  sin  2a. 

4r«  4r« 

From  this  theorem  a  table  may  be  formed,  from  which  the 
spherical  excess  may  be  found  ;  entering  the  table  with  each 
of  the  sides  above  the  base  and  its  adjacent  angle,  as  argu- 
ments. 

4»  If  the  base  h  and  height  k^  of  the  triangle  are  giveoi 

then  we  have  evidently  e  =  ^bk  — .  Hence  results  the  fol- 
lowing simple  logarithmic  role :  Add  the  logarithm  of  the 
base  of  the  triangle,  taken  in  feet,  to  the  logarithm  of  the 
perpendicular,  taken  in  the  same  measure  ;  deduct  from  the 
sum  the  logarithm  9-6278037;  the  remainder  will  be  the 
common  logarithm  of  the  spherical  excess  io  seconds  and 
decimals. 

6.  Lastly,  when  the  three  sides  of  the  triangle  are  given 
in  feet :  add  to  the  logarithm  of  half  their  sum,  the  log^i.  of 
the  three  differences  of  those  sidef  and  that  half  sum,  divide 
the  total  of  these  4  logs,  by  2,  and  from  the  quotient  subtract 
the  log.  9*3267737 ;  the  remainder  will  be  the  logarithm  of 
the  spherical  excess  in  seconds  kjc.  as  before. 

One  or  other  of  these  rules  will  apply  to  all  cases  in  which 
the  spherical  excess  will  be  required. 

■       <■  «     .  -  -  -I.  ■  —I  -  ■  i     .  ,         ■  . . .-    - -'-.  ■ 

•  This  is  Generat  Koy's  rule  given  in  the  Philosophtc.n1  ''.  r^nac- 
tiont.  far  1790,  pa.  171.  PROBLEM 
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PROBLEM  IX. 

Given  the  Measure  of  a  Base  on  any  Elevated  Level ;  to  find 
its  Measure  when  Reduced  to  the  Level  of  the  Sea. 

Let  r  represent  the  radius  of  the  earth,  or  the  distance 
from  its  centre  to  the  surface  of  the  sea,  r  4-  ^  the  radius  re- 
ferred to  the  level  of  the  base  measured,  the  altitude  h  being 
determined  by  the  rule  for  the  measurement  of  such  altitudes 
by  the  barometer  and  thermometer,  (in  this  volume)  ;  let  b  b^ 
the  len^rth  of  the  base  measured  at  the  elevation  hj  and  6  ^at 
of  the  base  referred  to  the  level  of  the  sea. 
Then  because  the  measured  base  is  all  along 
reduced  to  the  horizontal  plane,  th^  two,  b 
and  6,  will  be  concentric  and  similajr  arcs,  to  the 
respective  radii  r  +  h  and  r.  Therefore,  since 
similar  arcs,  whether  of  spheres  or  spheriods, 
are  as  their  radii  of  curvature,  we  have 

r  -i-  h  :  r  :  :  B  s  b  =  — r— 7 

r-f"  A 

Hence,  also  b  —  6  =  b  —  jrr-r-  =  -TjT;  or,  by  actually  divi- 
ding B^  by  r  4"  h,  we  shall  have 

h        h^        h^        h* 
B-6  =  B  X  (^ 1 h  lie.) 

r         fS         r3         r« 
Which  is  an  accurate  expression  for  the  excess  of  b  above  6. 

But  the  mean  radius  of  the  ^arth  being  more  than  21  mil- 
lion feet,  if  h  the  difference  of  level  were  60  feet,  the  second 
and  all  succeeding  terms  of  the  series  could  never  exceed 
the  fraction  tttttfoVtft^tt  5  ^^^  ^Vf  therefore  safely  be  neg- 
lected :  so  that  for  all  practical  purposes  we  may  assume 

]$  .  6  = — .     Or,  in   logaritlims,  add  the  logarithm  of  the 

r 

measured  base  in  feet,  to  the  logarithm  of  its  height  above 
.  the  level  of  the  sea,  subtract  from  the  sum  the  logarithm 
7*3223947,  the  remainder  will  be  the  logarithm  of  a  numbes; 
which  taken  from  the  measured  base  will  leave  the  reduced 
base  required. 

PROBLEM  X. 

To  determine  the  Horizontal  Refraction. 

1.  Particles  of  light,  in  passing  from  any  object  through 
the  atmosphere,  or  part  of  it,  to  the  eye,  do  not  proceed  in  a 
right  line  ;  but  the  atmosphere  being  composed  of  an  infini- 
tude of  strata  (if  we  may  so  call  them)  whose  density  increases 
^8  they  are  posited  nearer  the  earth,  the  luminous  rays  which 

pasa 
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pass  through  it  are  acted  dd  as  if  they  passed  successively 
through  media  of  increasing  density,  and  are  therefore  inflect- 
ed more  and  more  towards  the  earth  as  the  density  augments. 
In  consequence  of  this  it  is,  that  rays  from  objects,  whether 
celestial  or  terrestrial,  proceed  in  curves  which  are  concave  to^ 
wards  the  earth  ;  and  thus  it  happens,  since  the  eye^ways  re- 
fers the  place  of  objects  to  the  direction  in  which  the  rays 
reach  the  eye,  that  is,  to  the  direction  of  the  tangent  to  the 
curve  at  that  point,  that  the  apparent,  or  observed  elevations 
of  objects,  are  always  greater  than  the  true  ones.  The  differ- 
ence of  these  elevations,  which  is,  in  fact,  the  ^ect  of  refrac- 
tion, is,  for  the  sake  of  brevity,  called  refractitm :  and  it  is  dis- 
tin^ished  into  two  kinds,  horizontal  or  terrestriai  refraction, 
being  that  which  affects  the  altitudes  of  hills,  towers^  and 
other  objects  on  the  earth's  surface  ;  and  astronomical  refrac- 
tion, or  that  which  is  observed  with  regard  to  the  altitudes  of 
the  heavenly  bodies.  Refraction  is  found  to  vary  with  the  state 
of  the  atmosphere,  in  regard  to  heat  or  cold,  humidity  or  dry- 
ness, &c.  :  so  that,  determinations  obtained  for  one  state  of  the 
atmosphere,  will  not  answer  correctly  for  another,  without 
modification  Tables  conmionly  exhibit  the  refraction  at  dif- 
ferent altitudes,  for  some  assumed  mean  state. 

2.  With  regard  to  the  horizontal  refraction  the  folloiving 
method  of  determining  it  has  been  successfully  practised  in 
the  English  Trigonometrical  Survey. 

Let  A,  a\  be  two  elevated  stations  on 
the  surface  of  the  earth,  bd  the  inter- 
cepted arc  of  the  earth's  surface,  •  the 
earth's  centre,  ah',  a'h,  the  horizontal 
lines  at  a,  a',  produced  to  meet  the  oppo- 
site vertical  lines  ch',  ch.  Let  a,  a',  re- 
present the  apparent  places  of  the  objects 
A,  A^  then  is  a'xA  the  refraction  observ- 
ed at  a,  and  aA^A  the  refraction  observed  at  a'  ;  and  half  the 
sum  of  those  angles  will  be  the  honzontal  refraction,  i(  we  as- 
sume it  equal  at  each  station. 

Now,  an  instrument  being  placed  at  each  of  the  stations 
A,  A^  the  reciprocal  observations  are  made  at  the  same  in- 
stant of  time,  which  is  determined  by  means  of  signals  or 
watches  previously  regulated  for  that  purpose  ;  that  is,  the 
observer  at  a  takes  the  apparent  depression  of  a',  at  the  same 
moment  that  the  other  observer  takes  the  apparent  depression 
of  A. 

In  the  quadrilateral  aca'i,  the  two  angles  a,  a',  are  right 
angles,  and  therefore  the  angles  i  aid  c  are  together  equal  to 
two  right  angles  :  but  the  three  angles  of  the  trianglo  iaa' 

are 
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are  together  eqaal  to  two  Hf^t  angles  ;  and  consequently  the 
angles  a  and  a'  are  together  equal  to  the  angle  c,  which  is 
neasured  by  the  arc  an.  If  therefore  the  som  of  the  two 
depressions  ra^o,  h'aa',  be  taken  from  the  sum  of  the  angles 
ha'ahaa'  or,  which  is  equivalent,  from  the 'angle  c  (which, 
is  known,  because  its  measure  bd  is  known)  ;  the  remainder 
is  the  sum  of  both  refractions,  or  angles  aA  a,  o'aa'.  Hence 
this  rule,  take  the  sum  of  the  two  depresiiom  from  the  measure 
ef  the  intercepted  terrestrial  etrc^  hedf  the  remainder  is  the  re- 
Jraetion.  ^ 

3.  If,  by  reason  of  the  minuteness  of  the  contained  arc  bo, 
one  of  the  objects,  instead  of  being  de|»ressed,  appears  ele* 
rated,  as  suppose  a'  to  a' :  then  the  sum  of  the  angles  a"  aa' 
and  4a'a  will  be  greater  than  tbe  sum  iaa'+ia'a,  or  than  c, 
hy  the  angle  of  elevation  a"  aa'  ;  but  if  from  the  former  -sum 
there  be  taken  the  depression  ha  a,  there  will  remain  the 
sum  of  the  two  refractions.  So  that  in  this  case  tbe  rule  be- 
comes as  follows  :  take  the  depression  from  the  sum  of  Ae  con^ 
iained  arc  and  elevcUion,  half  the  remainder  is  the  refraction. 

6.  Tbe  quantity  of  this  terrestrial  refraction  is  estimated 
hy  Dr.  Maskelyne  at  one-tenth  of  the  distance  of  the  object 
observed  expressed  in  degrees  of  a  great  circle  So,  if  the 
distance  be  10000  fathoms,  its  10th  part  1000  fathoms,  is  the 
60  part  of  a  degree  of  a  great  circle  on  the  earth,  or  T,  which 
therefore  is  the  refraction  in  the  altitude  of  the  object  at  th«t 
distance. 

But  M.  Legendre  is. induced,  be  says,  by  several  ezperi- 
mqntB,  to  allow  only  i^th  part  of  the  distance  for  tbe  refrac- 
tion in  altitude,  i^o  that,  on  the  distance  of  10000  fathoms, 
the  14th  part  of  which  is  714  fiithoms,  he  allows  only  44''  of 
terrestrial  refraction,  so  many  being  contained  in  the  714 
fathoms.  See  his  Memoir  concerning  the  Trigonometrical 
operations,  &c. 

Again,  M.  Delambre,  an  ingenious  French  astronomer, 
makes  the  quantity  of  the  terrestrial  refraction  to  be  tbe  1 1th 
part  of  the  arch  of  distance.  But  the  English  measurers, 
especially  Col.  Mudge,  from  a  multitude  of  exact  observations, 
determine  the  quantity  of  the  medium  refraction,  to  be  the 
12th  part  of  tbe  said  distance. 

The  quantity  of  this  refraction,  however,  is  foand  to  vary 
Gonsiderably,  with  the  different  states  of  tbe  weather  and  at- 
mosphere, from  the  4th  to  the  iV^h  of  (he  contained  arc.  See 
Trigonometrical  Survey,  vol.  1  pa.  160,  ^5. 


Scholium 
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SehoUum. 

HaTing  given  the  mean  results  of  obserratioiia  on  the  ter- 
restrial relractioD,  it  may  not  be  aoiiss,  thoogh  we  cannot 
enter  at  large  into  the  investigation^  to  present  liere  a  correct 
table  of  mean  astronomical  refractions.     The  table  which  has 
been  most  commonly  given  in  books  of  astronomy  is  Dr. 
Bradley's,  compated  from  the  rule  r  =9  6T'  X  cot  (a  +  3r), 
where  a  is  the  altitude,  r  the  refraction,  and  r  as  2'  36"  when 
a  s=  20^.     But  it  has  been  found  by  numerous  observations, 
that  the  refractions  thus  computed  are  rather  too  imalL^^ 
Laplace,  in  his  Mecanique  Celeste  (tome  iv  pa.  27)  deduces 
a  formula  which  is  strictly  similar  to  Bradley^s ;  for  it  is 
r  =  m  X  tan  (2  —  nr)^  where  2  is  the  zenith  distance,  and  m 
and  n  are  two  constant  quantities  to  be  determined  from  ob- 
servation.    The  only  advantage  of  the  formula  given  by  the 
French  philosopher,  over  that  given  by  the  English  astrono- 
mer, is  that  Laplace  and  hia  colleagues  have  found  more 
correct  coefficients  tban  Bradley  bad. 

Sow,  if  a  =  67<'-29577d6,  the  arc  equal  to  the  radius,  if 

we  make  m  =  — ,  (where  A;  is  a  constant  coefficient  which,  as 
well  as  n,  is  an  abstract  number,)  the  preceding  equation  will 
become  —  =  t  X  tan  (ir— -nr).  Here,  as  the  refraction  r  is 
always  very  small,  as  well  as  the  correction  nr,  the  trigono- 
metrical tangent  of  the  arc  »r  nay  he  substituted  for  ^\  thns 

R 

we  shall  have  tan.nr  s=  Jb  .  tan  (z-^nr). 

But  nr  =3  4*— (i*— »r)  ...  z^nr  =  J2  -f-  {\z-nr)  ; 


ton  (f . 


a— 3fir 


r  Un  nr         ^2 8 sins-sin  (z»to)       , 

^'  un  («—  «•)  «  j^e— 2iir     sin  «-f  iin(s  -  3nr) 

Hence,  sin  {z^inr)  =  j^.  «in  z. 

This  formula  is  easy  to  use,  when  the  co-efficients  n  and  j^p-^ 

are  known  :  and  it  has  been  ascertained,  by  a  mean  of  many 
observations,  Uiat  these  are  4  and  -99766176  respecUvely. 
Thus  Laplace's  equation  becomes 

sin  («— 8r)  =  -99766176  sin  z  : 
and  from  this  the  following  Uble  has  been  computed.  Besides 
the  refractions,  the  differences  of  refraction,  for  every  10 
minutes  of  altitude,  are  given  ;  ^n  addition  which  will  render 
the  toble  more  eitensively  useful  in  all  cases  where  great 
accuracy  is  required.  ^^^^^ 
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REFRACTION.  «» 


PROBLEM  XL 

To  find  the  Angle  made  by  a  Given  Line  with  the  Meridian. 

1.  The  easiest  methed  of  finding  tbe  angular  distance  of  a 
giren  line  .  from  the  meridian,  is  to  measure  the  greatest  and 
the  least  angular  distance  of  the  vertical  plane  in  which  is  the 
star  marked  a  in  Ursa  minor  (commonly  called  the  pole  star), 
from  the  said  line  :  for  half  the  sum  of  these  two  measures 
will  manifestly  be  the  angle  required. 

8.  Another  method  is  to  ebserye  when  the  sun  is  on  the 
given  line  ;  to  measure  the  altitude  of  his  centre  at  that  time, 
and  correct  it  for  vefraction  and  parallax.     Then,  in  the  sphe- 
rical triangle  zps,  where  z  is  the  zenith  ^ 
of  the  place  of  observation,  p  the  ele- 
vated   pole»  and  b  the  centre  of  the 
sun,  there  are  supposed  given  zs  the 
zenith  distance,  ^or  co-altitude  of  the 
sun,  PS  the  co-declination  of  that  lu- 
minary, pz  the  co-latitude  of  the  place  of  observation,  and 
ZPS  the  hour  angle,  measured  at  the  rate  of  15*^  te  an  hour, 
to  find  the  angle  szp  between  the  meridian  pz  and  the  ver- 
tical zs,  on  which  the  sun  is  at  the  given  time.    And  here, 
as  three  sides  and  one  angle  are  known,  the  required  angle  is 
readily  found,  by  saying,  as  sine  zs  :  sine  zps   :  :  sine  PS  : 
sine  pza  ;  that  is,  as  the  cosine  of  the  sun's  altitude,  is  to  the 
sine  of  the  hour  angle  from  noon  ;  so  is  the  cosine  of  the  sun's 
declination,  to  the  sine  of  the  angle  made  by  the  given  verti- 
cal and  the  meridian. 

Note.  Many  other  methods  are  given  in  books  of  Astrono* 
my  ;  but  the  above  are  sufficient  for  our  present  purpose. 
The  first  is  independent  of  the  latitude  of  the  place  ;  the  se- 
cond requires  it. 

PROBLEM  XIL 

To  find  the  latitude  of  a  Place. 

The  latitude  of  a  place  may  be  found  by  observing  the 
greatest  and  least  altitude  of  a  circumpolar  star,  and  then  ap- 
plying to  each  the  correction  for  refraction  ;  so  shall  half  the 
sum  of  the  altitudes,  thus  corrected,  be  the  altitude  of,  tbe 
pole,  or  the  latitude. 

Vol.  11.  13  For, 
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For,  if  p  be  the  elevated  pole,  $t 
the  circle  described  by  the  star,  pr 
=  Ez  the  latitude  :  then  since  pi  = 
Pi,  PR  most  be  ==  I  (Rt+Ri). 

This  inethod  is  obvioasly  indepen- 
dent of  the  declination  of  the  star  : 
it  is  therefore  most  commonly  adopt- 
ed in  trigonometrical  surveys,  in 
Which  the  telescopes  employed  are 
of  such  power  as  to  enable  the  observer  to  see  stars  in  the  day- 
time :  tne  pole-star  being  here  also  made  use  of. 

Numerous  other  methods  of  solving  this  problem  likewise 
are  given  in  books  of  Astronomy  ;  but  they  need  not  be  de- 
tailed here. 

Carol.  If  the  mean  altitude  of  a  circumpotbr  star  be  thui 
measured,  at  the  two  extremities  of  any  arc  of  a  mendiaii>  tJie 
difference  of  the  altitudes  will  be  the  measure  of  that  arc  : 
and  if  it  be  a  small  arc,  obe  for  ezRraple  not  exceeding  a  de- 
gree of  the  terrestrial  meridian,  since  such  small  arcs  differ 
extremely  little  from  arcs  of  the  circle  of  curvature  at  tibeir 
middle  points,  we  may,  by  d  simple  proportion,  infer  lh« 
length  Of  a  degree  whose  middie  point  ie  the  middle  ef  that 
arc. 

Ssholium» 

Though  it  is  tiot  consistent  with  the  purpose  of  this  chap- 
ter to  enter  largely  into  the  doctrine  of  astronemicd  spherical 
problems  ;  yet  itinay  be  here  added,  for  the  sake  of  the  young 
student  that  if  a  =  right  ascension,  d  ^  declination, 7  = 
latitude,  A  =  longitude,  p  =±:  angle  of  position  (or,  the  abgle 
at  a  heavenly  body  formed  by  two  great  circles,  one  passing 
through  the  pole  of  the  equator  and  the  other  ^through  the 
pole  of  the  ecliptic),  t  =  inclination  or  obliquity  of  the  eclip- 
tic, then  the  followiiig  equations,  most  of  which  are  new,  ob- 
tain generally,  for  all  the  stars  and  heavenly  bodies. 

1.  tan  a  s=  tan  A  .  coe  t— tan  I .  Sec  a  .  sin  t. 

2.  sin  c2  =  sin  A  .  cos  / .  sin  t+sin  I .  cost. 

3.  tan  A  =  sin  t .  tan  d  .  sec  a-ftan  a  .  cos  i. 

4.  sin  /  =  sin  (2  .  cos  t  —  sin  a  .  cos  d  •  sin  t. 

5.  cotan  p  =  cos  d  .  sec  a  .  cot  t+sin  d  .  tan  a. 

6.  cotan  p  =  cos  I .  sec  A  .  cot  t  —  sin  / .  tan  a. 

7.  cos  o  .  cos  d  =  cos  / .  cos  A. 

8.  sin  p  .  cos  d  =  sin  i  .  cos  A. 

9.  sin  p  .  cos  A  =  sin  t .  cos  a.  ^ 

10.  tan  a  =  tan  A .  cos  u  }  when  I  =  0,  as  is  always  liie  case 

1 1 .  cos  A  =  cos  a .  cos  d.  v        with  the  sun. 

The 
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The  iofettigatioii  of  these  eijuatioDS,  which  is  omitted  for 
the  take  of  breWty,  depend  on  the  resolution  of  the  epberi- 
cal  triiin^  whose  angles  are  at  the  poles  of  the  ecliplic  and 
equator,  aud  the  given  star,  or  luminary. 

PROBLEM  Xm. 

To  determine  the  Ratio  of  the  Earth's  Axes,  and  their  Actual 
Magnitude,  from  the  Measure  of  a  Degree  or  Smaller 
Portion  of  a  Meridian  in  Two  Oiren  Latitudes  ;  the  earth 
being  supposed  a  spheroid  generated  by  the  rotation  of  an 
ellipse  upon  its  minor  axis. 
Let  ADBB  represent  a  meridian 
of  the  earth,  oe  its  minor  ^xis, 
AB  a  diameter   of    the  equator, 
M ,  m,  arcs  of  the  same  number 
of  degrees,  or  the  same  parts  of 
a  degree,  of-  which  the  lengths 
are  measured,  and  which  are  so 
small,  compared  with  the   mag- 
nitude  of  the  earth,  that  they 
may  be  considered  as  coinciding  with  arcs  of  the  o^culatory 
circles  at  their  respective  middle  points  ;  let  mo,  fjio,  the  radu 
of  corvatore  of  those  middle  points,  be=R  and  r  respectively  ; 
vp,  «]»,  ordinates  perpendicular  to  ab  :  suppose  further  cd=c, 
CB  =  d;  d*  — c«  =s  fii  cp  =  X  ;  cp  =c  u  ;  the  radios  or  sine 
total  at  I ;  the  known  angle  bsm ,  or  the  latitude  of  the  mid- 
dle point  H,  x=  L  ;  the  known  angle  B«m,  or  the  latitude  of  the. 
point  m»  s=  / ;  the  mieasured  lengths  of  the  arcs  m  and  m  be- 
ing denoted  by  those  letters  respectively. 

Now  the  similar  sectors  whose  arcs  are  u,  m,  and  radii  of 
curvature  a,  r,  give  &  :  r  :  :  m  :  m  ;  and  consequently  urn  = 
m.    The  centnd  equation  to  the  ellipse  investigated  at  p.  635 

of  volume  first  gives  pm  =  -^  (rf«  —  x^) ;  pm=!-^((f «-««); 

also  sp  =  ^5/>  =^  (by  th.   17  Ellipse).    And  the  method 

of  finding  the  radius  of  curvature  (Flux.  art.  74,  75),  ap- 
plied to  the  central  equations  above,  gives 

R  s=  i — i-  ;  and  r  =*  i-, — .  On  the  other  hand, 

e^  d  c*a 

the  triangle  spv  gives  sp   :  pm  :  :  cos  l  :  sin  l  ;  that  is, 

-Ts-  '  -7 a/  fd"  —  x«  ) ;  :  cos  L  :  sm  L  :  whence  x^^s- — ^^-t-* 

And  from    a   like  process   there    results,  «*  =^j  t  •  n* 

"''  Sub- 
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Substituting  in  the  equation  nm  =  m,  for  r,  and  r  their 
ralues.  far  jp^  and  ti>  their  Values  just  found,  and  observing 
that  sin*  l  +  cos'  l  =^  1,  and  sin'  /-|-cos>  2  s=  1,  we  shall  find 


m 


(d«-e«8in«L)*       (</»-e«8in«/)* 

or  m  (d«  — e»  sin>  /)*  =  h  (d«  -««  sin*  l)*, 

or  fn»(d«  -€«  sin*  /)  =  m^  {d^  -e«  sin*  l). 
From  this  there  arises  e'  =  </*  — c*  (by  hjp.)  = 

d*(M».m*  But,f!=,i  J'-?' 


m'  8in*L— m^sin'i 
and  consequently  the  reciprocal  of  this  fraction,  or 

di       M*«ina  L — m8«in*  /     (M3tinL4.m38in/)  .  (MSsinL  —  nfl  sin  /) 

m*  cos«/—  M>cos«T.    '(m3coi2-t>M3cos  l)  .  (m ' co«/— M 'COS  0* 
Whence,  by  extracting  the  root,  there  results  finally 

^  (m3co8/+M8co«  l)  .  (mScos/— m'cosl)* 

This  expression,  which  is  siqpple  and  symmetrical,  has  been 
obtained  without  any  developement  into  series,  pi'ithout  any 
omission  of  terms  bn'the  supposition  that  they  are  indetinitely 
small,  or  any  possible  deviation  from  correctness,  except  what 
may  arise  from  the  want  of  coincideAce  of  the  circle  6f  cur* 
vature  at  the  middle  {>oints  of  the  arcs  measured;  with  the  arcs 
themselves ;  and  this  source  of  error  maiy  be  diminished  at 
pleasure,  by  diminishing  the  magnitude  of  the  arcs  measured  i 
though  it  must  be  acknowledged  that  such  a  procedure  may 
give  rise  to  errors  in  the  practice,  which' may  more  than  coun- 
terbalance the  small  one  tQ  whi<ih  we'  baVe  ju6t  adverted. 

Cor.  Knowing  the  number  of  degrees,  or  the  parts  of  de- 
grees, in  the  measured  arcs  h,  m^  and  their  lengths,  which 
are  here  regarded  as  the  lengths  of  arcs  to  the  circles  which 
have  R,  r,  for  radii,  those  radii  evidently  become  known  in 
magnitude  At  the  same  time  there  are  given  the  algebraic 
Values  of  R  and  r  ;  thus,  taking  r  for  example,  and  extermi- 

nating  e'andx*  ,there  results  r= —.  There- 

c(rf»— (rf«— c8)8inL)* 
fore,  by  putting  in  this  equation  the  known  ratio  of  d  to  c, 
there  will '  remain  only  one  Unknown  quantity  d  or  c,  ivhich 
may  of  course  be  easily  determined  by  the  reduction  of  the 
last  equation  ;  and  thus  all  the  dimensions  of  the  terrestrial, 
spheroid  will  become  known. 
.  General 
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General  SchoHum  and  Remarks. 
I.  The  valae — !» s=-^,  is  called  the  compression  of  the 
terrestrial  spheriod,  aod  it  maDifestly  hecomes  known  when 
the  ratio  -  is  determined.  But  the  measaremenfs  of  philoso- 
phers, hoireyer  carefully  conducted,  famish  resulting  com- 
pressions, in  which  the  discrepancies  are  much  greater  than 
might  be  wished.  General  Roy  has  recorded  several  of  these 
in  the'  Phil  Trans,  vol.  77,  and  later  measurers  have  deduced 
others.  Thus,  the  degree  measured  at  the  equator  by 
Bouguer,  compared  with  that  of  France  measured  by  Me- 

',       1 
chain    and   Delambre,  gives  for  the    compression  —  ,  also 

d  =  3271268  toises,  c  =  3261443  toises,  d— c  =  9766  toises. 
General  Roy's  sixth  spheriod,  from  the  degrees  at  the  equa- 
tor and  in  latitude  46®,  gives  =p^^*    i^r.  Dalby  makes  d  = 

(3489932  fathoms,  e  :=  3473666.  Col.  Mudge  d  =  3491420, 
c  =  3468007,  or  7936  and  7882  miles.  The  degree  mea- 
sured at  Quito,  compared  with  that  measured  in  Lapland  by 

Swanberg,  gives  compression  =:  -       .     Swanberg's  observa- 

tions,  compared    with     Bouguer's  give  q.y.^-»    Swanberg's 

compared  with  the  degree  of  Delambre  and  Mechain  ^^=7.  • 

Compared  with  Major  Lambton's  degree  -^^titz*    A  minimum 

ff  errors  in  Lapland,  France,  and  Peru  gives         ,    Laplace, 

from  the  lunar  motions,  finds  compression  =^nrr  From  the 
theory  of  gravity  as  applied  to  the  latest  observation  of  Bui^, 
Maskelyne,  kc.  -rrrrrr.    From  the  variation  of  the  pendulum 

in  different  latitudes  ■  *.  Dr.  Robinson,  assuming  the  va- 
riation of  gravity  at  — ,  makes  the  compression  —  -  Others 
give  results  varying  from  —gj  to  —  :    but  far   the  greater 

number  of  observations  differ  but  little  from-- ,  which  the 

computation  from  the  phenomena  of  the  precession  of  the 
equinoxes  and  the  nutation  of  the  earth's  axis,  gives  for  the 
maximum  limit  of  the  compression.  2.  From 

*  Thit  number  ^yi-jj  does  not  resuHfrooi  the  variation  of  the  pen- 
dolum  in  different  latitudes,  but  is  altogether  erroneous  in  conse- 
quence of  certain  numerical  mistskes  in  La  Place's  calculations. 
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2.  From  the  various  retdts  of  careful  a4imeaeur(ement8  it 
happens,  as  Gen.  Roy  has  remarked,  '*  that  philosophers  are 
not  jet  agreed  in  opinion  with  regard  to  the  exact  figure  of 
the  earth  ;  some  contending  that  it  has  no  regular  figure,  that 
is,  not  such  ^  would  be  generated  by  the  reyolution  of  9 
curve  around  its  axis.  Others  ha?e  supposed  it  to  be  ^n 
ellipsoid  ;  regular,  if  both  polar  sidep  should  hare  the  same 
degree  of  flatness  ;  but  irregular  if  one  should  be  flatter  than 
the  other.  And  lastly,  some  suppose  it  to  be  a  spheroid  dif- 
fering from  the  ellipsoid,  but  yet  such  as  would  be  formed  by 

'  the  revolution  of  a  curve  around  its  axis."  According  to  the 
theory  of  gravity  however,  the  earth  must  of  necessity  have 
in  axis  approaching  nearly  to  either  the,  ratio  of  1  to  680  or 
^03  to  304  ;  and  as  the  former  ratio  obviously  does  not  obtain » 
the  figure  of  the  earth  muat  be  such  as  to  correspond  nearijr 

^  with  the  latter  ratio. 

3,  Besides  the  method  above  described,  others  have  been 
proposed  for  determining  the  figure  of  the  earth  by  measure- 
jnent.  Thus  that  figure  might  be  ascertained  by  the  mea- 
surement of  a  degree  in  two^  parallels  of  latitude  ;  but  not  so 
accurately  as  by  meridional  arcs,  1st.  Because,  when  the  dis- . 
tance  of  the  two  stations,  in  the  same  parallel  is  measured^ 
the  celestial  arc  is  not  that  of  a  parallel  circle,  but  is  nearly 
the  arc  of  a  great  circle,  and  always  exceeds  the  arc  that  cor- 
responds truly  with  the  terrestrial  arc.  2dly,  The  interval 
of  the  meridian's  passing  through  the  two  stations  must  be 
determined  by  a  time-keeper,  a  very  small  error  in  the  going 
of  which  will  produce  a  very  considerable  error  in  the  com- 
putation. Other  methods  which  have  been  propbsed,  are,  by 
comparing  a  degree  of  the  meridian  in  any  latitudb,  virith  a 
degree  of  the  curve  perpendicular  to  the  meridian  in  the  same 
latitude  ;  by  comparing  the  measures  of  degrees  of  the  curves  * 
perpendicular  to  the  meridian  in  different  latitudes  ;  and  by 
comparing  an  arc  of  a  meridian  with  an  arc  of  the  parallel  of 
latitude  that  crosses  il.  The  theorems  connected  with  these 
and  some  other  methods  are  investigated  by  Professor  Play- 
fair  in  the  Edinburgh  Transactions,  vol.  v,  to  which,  together 
with  the  books  mentioned  at  the  end  of  the  Ist  section  of  this 

*  chapter,  the  reader  is  referred  for  much  useful  information 
on  this  highly  interesting  subject. 

Having  thu9  solved  the  chief  problems  connected  with 
Trigonometrical  Surveying,  the  student  is  now  presented 
ivith  the  following  examples  by  way  of  exercise. 

fjx.  I.  The  angle  subtended  by  two  distant  objects  at  a 
third  object  is  66^  30'  39"  ;  one  of  those  objects  appeared  un- 
der an  elevation  of  25'  47'',  the  other  under  a  depression  of  T'. 
Kcquired  the  reduced  horizontal  angle.         Ans,  66**  30'  37". 


i 
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Ex.  2.  Going  along  a  straight  and  hortzontaJ  road  which 
passed  by  a  tower,  [  wished  to  find  its  height,  and  for  tiiii 
purpose  meafiored  two  equal  distances  each  of  84  feet,  and  at 
the  extremities  of  those  distances  took  three  angles  of  eleva- 
tion of  the  top  of  the  tower,  viz.  d6«  60',  2I<>  24',  and  ii*". 
What  is  the  height  of  the  tower  ?  Ans.  63-96  feet. 

Ex,  3.  Investigate  General  Roy's  rule  for  the  spherical  ex- 
cess, given  in  the  scholiom  to  prob.  Q. 

Ex,  4.  The  three  sides  of  a  triangle  measured  on  the 
earth's  surface  (and  reduced  to  the  level  of  thB  sea)  are  17, 18, 
and  10  miles :  what  is  the  spherical  excess  ? 

Ex.  6.  The  base  and  perpendicular  of  another  triangle  are 
24  and  16  miles.     Required  the  spSerical  excess. 

Ex.  6.  In  a  triangle  two  sides  are  IS  and  23  m^s,  and 
they  inclade  an  angle  of  56<>  24'  36".  What  is  the  spherical 
excess  t 

JSx.  7.  The  le^gilb  of  a  base  measured  at  ao  elevatievof 
M  feet  abore  the  level  of  the  sea  is  34286  feet :  repaired  the 
IsBgCh  wiMM  reduced  to  that  levcL 

£t.  &.  Given  the  latitude  of  a^place  48*  61'n,  the  sun's 
declination  18^^  dO'ir,  and  the  sun^s  altitude  at  I0>>  1 1*  26*  ast, 
52*36' ;  to  find  the  ang^e  that  the  vertical  on  which  the  sun 
is,  makes  with  the  meridian. 

Ex.  9.  VHien  the  sun's  loi^^tude  is  29*  13'  43",  what  is 
his  fight  ascension  ?  The  obliquity  of  the  elliptic  being  23* 
27'  40'. 

Ux.  lOi  Required  the  lon^lude^of  ^o  sun,  when  his  right 
ascensioD  and  dvolioation  are"32*  46^  52"  ^  and  13*  13*  27".  n 
respectively.     See  the  theorems  in  the  scholimn  to  prob.  12, 

JSx.  11.  The  right  ascension  of  the  star  «  Ursae  majoris 
is  t62*  60'  34\  and  the  declination  62*  60'  n  :  what  are  the 
Ibngitude  and  latitude  ?  The  obliquity  of  the  ecliptic  being  as 
above. 

Ex.  12.  'Given  the  measure  of  a  degree  on  the  meridian  in 
If.  lat  49*3',  60833  fathoms,  tod  of  another  in  ir.  lat.  12*32^, 
60494  fathoms  :  to  fiud  the  ratio  of  the  earth's  axes.  . 

Ex,  13.  Demonstrate  that,  if  the  earth's  figure  be  that  of 
an  oblate  spheroid,  a  degree  of  the  earth's  equator  is  the  first 
of  two  mean  proportionals  between  the  last  and  first  degrees 
of  latitude. 

Ex.  14.  Demonstrate  that  the  degrees  of  the  terrestrial 
meridiaoy  in  reoediog  from  the  equator  towards  the  poles,  are 

increased 


d6  FOLTGONOMETRY. 

increased  retj  nearly  in  the  daplicate  ratio  of  the  tine  of  the 
latitude. 

Ex.  15.  If  p  be  the  measure  of  a  degree  of  a  great  circle 
perpendicular  to  a  meridian  at  a  certain  point,  m  that  of  the 
corresponding  degree  on  the  meridian  itself,  and  d  the  length 
of  a  degree  on  an  oblique  arc,  that  arc  makiQg  an  angle  a 

with  the  meridian,  then  is  li  =  —r-z — ^  .  ^    .    Required  a 

demonstration  of  this  theorem. 


PRINCIPLES  OF  POLYGONOJfBTRY. 

The  theorems  and  problems  in  Polygonometry  bear  an  in- 
timate connection  and  close  analogy  to  those  in  plane  trigo- 
nometry ;  and  are  in  great  measure  deducible  from  the  same 
common  principles.     Each  comprises  three  general  cases. 

1.  A  triangle  is  determined  by  means  o£  two  sides  and  an 
angle  ;  or,  which  amounts  to  the  same,  by  its  sides  except 
one,  and  its  angles  except  two.  In  like  manner,  any  rectili* 
near  polygon  is  determinable  when  all  its  sides  except  one, 
and  all  its  angles  except  two,  are  known. 

2.  A  triangle  is  determined  by  one  side  and  two  angles  ; 
that  is,  by  its  sides  except  two,  and  all  its  angles.  So  like- 
wise, any  rectilinear  figure  is  determinable  when  all  its  sides 
except  two,  and  all  its  angles,  are  known. 

3.  A  triangle  is  determinable  by  its  three  sides  ;  that  is 
when  all  its  sides  are  known  and  all  its  angles,  but  three.  In 
like  manner,  any  rectilinear  figure  is  determinable  by  means 
of  all  its  sides,  and  all  its  angles  except  three. 

In  each  of  these  cases,  the  three  unknown  quantities  may 
be  determined  by  means  of  three  independent  equations  ;  the 
manner  of  deducing  which  may  be  easily  explained,  after  the 
following  theorems  are  duly  understood. 

THEOREM  L 

In  Any  polygon,  any  One  Side  is  Equal  to  the  Sum  of  all 
The  Rectangles  of  Each  of  the  Other  Sides  drawn  into  the 
Cosine  of  the  Angle  made  by  that  Side  and  the  Proposed 
Side*. 


*  This  theorem  and  the  following  one,  were  aanounced  by  Bffr. 
Lexel  of  Petersburg,  in  PhiL  Trani.  vol.  65,  p^  282  :  but  they  were 
first  demonsuated  by  Dr«  Hutton,  in  Phit  Trans*  foL  66;,  ps^  600- 

Let 
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Let  ABCDEF  be  a  polygon  :  then 

irill  AF  =  AB  .  cos  A  -(-  EC  .  €06 
«B^  r  A  +  CD  .  COS  CD*  AP  +  DE  •  COS 
»E*  AF  +  EF  .  COS  EF*  AF*. 

For,  drawing  lines  from  the  sever- 
al angles,  respectively  parallel  and 
perpendicular  to  af  ;  it  will  be 

a(  =  AB  .  cos  baf, 

5c  =3  B/8  ^=  BC  •  cos  CB/S  =  BC  .  COS  CBa  AF^ 
Ccf  ^=  ^D  =  CD  .  COS  CD#  =  CD  •  COS  CD^  AF, 
c2e  s=  f £  =  DE  .  COS  DEff  =  DE  •  COS  DE*  AF, 
eF  =s    ....    EF  .  COS  EFe  =s  EF  .  COS  EF^  AF. 

Bat  AF  s=  6c  +  c<2  +  de  +  eF  —  a6  ;  and  a6,  as  expressed 
above,  is  in  effect  subtractive,  because  the  cosine  of  the  obtose 
angle  baf  is  negative.    Cooseqnently, 

AF  =  A£  +  Ctl+de  +  eF  =  AB  .  cos  BAF  +  BC  .  COS  CB*  AF  + 

&c.  as  in  the  proposition.  A  like  demonstration  will  apply, 
mtOatit  mutandii^  to  any  other  polygon. 

Cor,  When  the  sides  of  the  polygon  are  redaced  to  three, 
this  theorem  becomes  the  same  as  the  fundamental  theorem 
in  chap,  ii,  from  which  the  whole  doctrine  of  Plane  Trigo- 
nometry is  made  to  flow. 

THEOBBMO. 

The  Perpendieidar  let  fall  from  the  Highest  Potbt  or  Swnmit 
of  a  Polygon,  upon  the  Opposite  Side  or  Base,  is  Eqnal  to 
the  8am  of  the  Products  of  the  Sides  Comprised  between 
that  SaoMdit  and  the  Baae,  into  the  Sines  of. their  Respec- 
tive Inclinations  to  that  Base. 

Thas,  in  the  preceding  figare,  cc  »  cb  .  sin  cb^fa+ba  •  sin 
A  ;  or  cc  ==  CD .  sin  cd^af4-de  .  sin  db^af-(-ef  •  sin  f.  This 
is  evident  from  an  inspection  of  thefigore. 

Car.  1.  Id  like  manner  d(2  =  de  •  sin  db^af-{-ef  .  sin  f, 
or  Dd  =  CB  .  sin  cbafa  -f-  ba  .  sin  a  —  gd  .  sin  cd^af. 

Cor,  2.  Hence  the  som  of  the  products  of  eachnde,  into 
the  sine  of  the  sum  of  the  exterior  angles,  (or  into  the  sine  of 
the  sum  of  the  sapplements  of  the  interior  angles),  comprised 
between  those  sides  and  a  determinate  side,  is  =  -f-  perp.  ^i-* 
perp.  or  s:  o.  That  is  to  say,  in  the  preceding  figare, 
AB  .  sin  A  -|-  BC  .  sin  (a  -|-  b)  +  co  .  sin  {A+B-fc)+DE  .  sin 

(a  -f  b  +  c  -f  d)  +  EF  .  4in  (a  -f-  B  +  c  +  o  +  e)  ~  0* 


^  *  When  a  caret  is  put  between  two  letters  or  pairs  of  letters  deno- 
tinr  Unas,  the  expression  altofellier  denotes  the  angle  which  would  be 
made  by  those  two  lines  if  they  were  produced  till  they  met,  thus 
CBAVA  denotes  the  inclination  or  the  line  cb  to  fa. 

Vofc.  If.  14  Here 
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Here  it  is  to  be  observed,  tbat  the  sines  of  angles  great^^  than 

180^  are  negative  (ch.  ii  eqoa.  vii^. 

Cor.  3.  Hence  again,  by  potting  ror  sin  (a4-b),  sin  f  a+b + c), 

their  values  sin  a  .  cos  a  +  >in  b  .  cos  a,  sin  a  .  cos  (b  +  c)  4^ 

sin  (b  -h  c  •  cos  A,  &c.  (ch.  ii  equa.  v),  and  recollecting  that 

sin 
tang  =  —  (ch.  ii  p.  65),  we  shall  have, 

sin  A  •  (AB-f  BC  .  COlsB-f'CD  .  COS(b +€)+!>£  •  COS(b  -|-  C-f*l>)  -|-&c) 

+cosa.(bc  sinB+CD .  8in(B-{-c)-{*DE .  cos(b4-c4-d)-{-&c)=0  ; 
and  thence  finally,  tan  180^— a,  or  tan  baf  <= 

Bc.iinB«^cp«  Mn(B>|"C)-f  PK.gin(B«Kc4'P)'K»> »  •in(B-f  c*f  D+») 

AB-t7BC.COfiB-|.GO.COt(B«fo)4-D£.C<)8(B4-C-fl>)-MF.C06(B*fC-fD-(-E) 

A  similar  expression  will  manifestly  apply  to  any  polygon ; 
and  when  the  namber  of  sides  exceeds  toor,  it  is  highly  nsefal 
in  practice. 

Cor.  4.  In  a  triangle  abc,  where  the  sides  ab,  bc,  and  the 
angle  abc,  or  its  supplement  b,  are  known,  we  have 

bc  .  sin  B                  .                         ab  .  sin  b 
tan  cab  ==^  — r-^ .  . .  .  tan  bca  = 1 ; 

AB-f-BC.COSB  BCTAB.COBB' 

in  both  which  expressions,  the  second  term  of  the  denomi- 
nator will  become  subttactive  whenever  the  angjle  abc  is  acute, 
or  b  obtuse.  - 

TUEOfiEMUK 

The  Square  of  Any  Side  of  a  Polygon,  is  Equal  to  the  Sum  of 
the  Squares  of  All  the  Other  Sides,  Minus  Twice  the  Sum 
of  the  Products  of  All  th6  Other  Sides  Multiplied  two  and 
two,  and  by  the  Cosines  of  the  Angles  they  Include. 
For  die  sake  of  brevity,  let  the  sides 
be  represented  by  the  small  letters  which 
stand  against  them  in  the  annexed  figure  : 
then,  from  theor.  1,  we  shall  have  the  sub- 
jpined  equations,  viz.  J^ 

o  =s  6  .  coso^  +  c  .  cos o^c  +  J* .  cos  a*^, 
b  =  a  .  cos  0*6  +  c  •  cos  6*c  +  '  •  cos  6^^, 
c  ==  a  •  cos  cue  -I-  6  .  cos  6^c  +  ^ .  cos  c^f, 
t=  a  .  cos  a^f  +  b'»  cos  lf^9  +  c  .  cos  c*^. 

Multiplying  the  first  of  these  equations  by  a,  the  second  by  &, 
the  third  by  c,  the  fourth  by  9  ;  subtracting  the  three  latter 
products  from  the  first,  and  transposing  6*,  c*,  #*,  there  will 
result 

a«  =  6«  +c»  +^  — 2(ic .  cos  h^+bf .  cos  b^f+cf .  coa  c^). 
In  like  manner,  ^ 

c*  =s:a*  +6«  +t9^  2{ab .  cos  o^  -{-  a/ .  cos  a^i-ybt .  cos  b^f). 

&c.        &c. 

Or, 
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Or,  »iiice  J^c  =  c,  W  =  c  +  d  —  180«,  c^i  =  d,  wc  have 
a«  =  6«  4-  c*  4-  **  —2f 6c  .  cos  c  —  6^ .  cosfc+D^+c^.cos  dV 

C>  =  a«  4-  *•  +  ^  —  2(o6  .  cos  B  —  6^  .  C08(A'+B)+fl*.C08  a). 

&c.  &c* 
The  same  method  applied  to  the  pentagon  abode,  will  give 
a«  «*«+c»  +rfa  +e>-2  \  *f-coM:-^rf.cos(c+  D)+^f.cos(c+D+B>  7 
»      !»  -rc-TB   -re      '•J^ -j.crf,eo9D— ce.cosCD+«)+<fc.cos  B  5' 
And  a  like  process  is  obviously  applicable  to  any  nomber  of 
sides  ;  whence  the  trath  of  the  theorem  is  manifest. 

Cor.  The  property  of  a  plane  triangle  expressed  in  equa.  i 
9h.  ii,  is  only  a  particolar  case  of  this  general  theorem* 

THEOREM  ly. 

*f  wice  the  Sarface  of  Any  Polygon,  is  equal  to  the  sam  of 
the  Rectangles  of  its  Sides,  except  one,  taken  two  and  two, 
by  the  Sines  of  the  Sodas   of  the  Exterioi*  Angles  Con- 
tained by  those  sides. 
1.  For  a  trapezium,  or  polygon  of  four 
sides.    Let  two  of  the  siden  ab,  bc,  be 
produced  till  they  meet  at  p.     Then  the 
trapezium  abcd  is  manifestly  equal  to  the      y^ 

difference  between  the  triangles  pjd  and    -rf- X  \ 

pbc.  But  twice  the  surface  of  the  tri* 
angle  pad  is  (Mens,  of  Planes  pr.  2  rule  2)  ap  .  fd  •  sin  p  = 
{ab  4"  Bp)  .  (dc  +  cp)  .  sin  p  ;  and  twice  the  surface  of  the 
triangle  pbc  is  =  bp  .  pc  .  sin  p  :  therefore  their  difference, 
or  twice  the  area  of  the  trapezium  is  =:  (ab  •  dc  +  ab  .  cp- 
+  DC  .  Bp)  •  sin  p.     Now,  in  A  pbc, 

•  •  •  BG .  sin  B 

sm  p  :  sm  B  :  :  Bc  :  Pc,  whence  po  = 


sin  p  :  sin  c  : :  Bc  :  PB,  whence  pb  =s£ 


sin  p 
BC  •  sin  c 


sin  V 

Substituting  these  ralues  of  pb,  pc,  for  them  in  the  above 
equation,  and  observing  that  sin  p  =  sin  (pbc  +  pcb)  =  sin 
9U11  of  exterior  angles  b  and  c,  there  results  at.  length, 

Twice  sar&ce   ?  _  K"  *  !!  '  !'"  ?,  .  ,x 

Cwr.   Since  ab.bg.  sin  b  =  twice  triangle  abc,  it  follow^ 

tl^at  twice  triangle  agd  is  equal  to  the  remaining  two  terras,  viz. 

*»;^«  «*^*  t      AB  .  DC  .  sin  (b  +  c) 

twice  area  agd  ==  ?   ,  .    ^     •    < 

\  -f-Bc  .  DC  .  sin  c. 


*  The  exterior  angles  here  meant,  are  those  formed  by  producing 
the  sides  in  the  same  manner  as  in  th«  20  Geometiy*  and  in  cors.  1, 2, 
th*  2,  of  this  chap. 

2.  For 
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9.  For  t  pentagoD,  as  abcde.  Iti  area 
is  obviously  e(|ual  to  the  sum  of  the  areas 
of  the  trapezium  abco*  and  of  the  tri- 
angle ADB.  Let  the  sides  ab,  dc,  as  be- 
forot  meet  when  produced  at  r.  Then, 
from  the  above,  we  have 

Twice  area  of  ^       C     ab  .  bc  .  sin  b 
the  trapezium  S  =  v  +ab  .  do  .  sin  (b  +  c) 
ABCD         )       f  4-BC  •  DC  .  sin  c. 
And,  by  the  preceding  corollary, 
Twice  triangle  >  _  (  ap  .  de  .  sin  (v+T))  or  sin  (b+c+d) 


DAE 


That  is  twice  ^ 
triangle  dab   5 


DP  .  DE  .  Sin  d. 

AB  .  DB  .  sin  (b+c+d) 


f       AB  .  DB  .  sin  (b 

_,  1 +DC  •  DE  .  sin  D 
\  4"BP  .  PE  .  sin  (fi 
\  +C1P  •  DE  .  sin  D. 


B+C+») 


Now,  BP  = 


BG  •  Sin  c 


and  cp 


BC  •  tin  B 


sin  (B  +c)'  """  "'  sin  (b  +  c) 

two  terms  become  >c  ■  pb  .rinc.,m(B  totD)^Bc 


therefore  the  last 


DB  nn  B  sm  D 


=  BC.DB 


Bin{B^e)  '       sin  (B  -|- c) 

Bin  B  •  sin  D+stn  c  •  sin  (B-f  c4>d)        .^,. 

:— ; — ; — r -:  andthis  ezpressioa 

•in  (b  -f  c)  '^ 

by  means  of  the  formula  for  4  arcs  (art  SO  ch.  iii,)  becomes 

BC  .  DE  .  sin  (c*|-d).    Hence,  collecting  the  terms,  and  ar* 

ranging  them  in  the  order  of  the  sides,  they  become 

AB  •  BC  .  sin  b 

-hAB  .  DC  .  sin  fa+c) 

of  the  pent.-  v  =^ +*■•«•  •«  (■+«+«>) 

gOn  ABODE         5 


Twice  the  area  \ 


•BC  .  DC  •  sm  c 
+BC  .  DE  .  sin  (c+d) 
-  -DC  .  DE  .  sin  D. 
Cor.     Taking  away  from  this  eipression,  the  1st,  2d,  and 
4th  terms,  which  together  make  double  the  trapezium  abcd, 
there  will  remain 

Twice  area  of  >       (     ab  .  de  •  sin  Tb+c+d) 
the  triangle  J  =  \  +bc  .  db  .  sin  (c+o) 

DAE  J         \  4'PC  .  DE  .  sin  D. 

3.  For  a  hexagon,  as  abcdbp.  The 
double  area  will  be  found,  by  supposing 
it  divided  into  the  pentagon  abcde,  and 
the  triangle  aep.  For,  by  the  last  rule, 
and  its  corollary,  we  have, 
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Twice  area  of 
the   pentagon 

A^CPB 


!- 


Twice  area  oQ 
the     triangle  > 

ABF  ) 


AB  •  BC   .  SIO  B 

4-AB  •  CD  .  sin  Cb+c) 

4-AB  .  DE  .  Sih  (b+C+d) 

4-Bc  •  CD  .  sin  c 
4-Bc  •  DE  .  sin  (c+d) 
^  -)~cD .  pE  •  sin  D. 

) 


iAP  •  EF  •  sin  fn+c- 
+DF  •  EF  .  sin  (d+e] 
4-DE  .  EF  •  sin  B. 

•f     AB  •  EF  •  sin  (b+c+d+e) 


Or,  twice  area  of)       [  4-dc  .  ef  .  sin  (d+b) 
triangle  >  =s  ^  -f  i 


die 

AEF 


•DB  •  EF 
J  j  +W  .  EF 

L+CF  .  EF 


sm  B 


.  sin  fB4"C+ 

.  sin  (d+e). 


+D+t) 


Now,  writing  for  bp,  cf,  their  respective  values, 

BC  •  »m  c       .  BO  .  tin  B      ..         _     ^  Ai.    *_  *.  A 

-r— 7—— rand  .  - — r — r,  the  sum  of  the  fest  two  eipressions, 

•in  (B+c)         sin  (B  4-  c)  '^ 

in  the  doable  areas  of  aef,  will  become 

•in  c  Bin  (B-f  cr+D-f  B)'f  •in  b  .  «in  (P-f  e). 

•in  (b  -f  c) 
and  this,  bj  means  of  the  formula  for  6  arcs  (art.  50  ch.  iii) 
becomes  bc.  ef  sin  (c+o+b).    Hence,  collecting  and  pro- 
perij  arranging  the  several  terms  as  before,  we  shall  obtain 

'     AB  .  BC  .  sin  B 
+AB  .  CD  .  sin  f  B+c) 
4"AB  .  DE  .  sin  fB+c+n) 
+AB  •  EF  .  sin  (b+c+d+e) 
+BC  .  CD  .  sin  c 


Twice  the  area) 
of  the  hexa-^  ==< 

gOn  ABCDEF    J 


+BC  .  DE  •  sin  fc+D) 


+BC  .  EF  .  sin  (c+d+e) 
-hcD  «  DE  .  sin  D 
+CD  .  EF  .  sin  (d+e) 

^  -  -DE  .  EF  .  sin  E. 

4.  In  a  similar  manner  maj  the  area  of  a  heptagon  be  de- 
termined, by  finding  the  sum  of  the  areas  of  the  hexagon  and 
the  adjacent  triangle  :  and  thence  the  area  of  the  octagon, 
nonagon,  or  of  any  other  polygon,  may  be  inferred  ;  the  law 
of  continuation  being  sufficiently  obvioos  from  what  is  done 

ft      1    fi^2 

above,  and  the  number  of  terms  =  — - .  — ~,  when  the  num- 

ber  of  sides  of  the  polygon  is  n :  for  the  number  of  terms  is 
evidently  the  same  as  the  number  of  ways  in  which  n  —  1  quan- 
tities can  be  taken,  two  and  two ;  that  is,  (by  the  nature  of 

Permutations)  =*—    '"i"  * 

Scholium, 
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Scholium. 

This  carious  theorem  was  first  inyestigated  by  Simon  Lhuil- 
liert  s^d  published' in  1789.  Its  principal  advantage  over  the 
common  method  for  finding  the  areas  of  irregular  polygons 
ig,  that  in  this  method  there  is  no  occasion  to  construct  the 
figures,  and  of  course  the  errors  that  may  arise  from  such 
constructions  are  avoided. 

In  the  appUcation  of  the  theorem  to  practical  purposes,  the 
expressions  above  become  simplified  by  dividing  any  proposed 
polygon  into  two  parts  by  a  diagonal,  and  computing  the  sur- 
race  of  each  part  separately. 

Thus,  by  dividing  the  trapezium  abgd  into  two  triangles, 
"by  the  diagonal  ac,  we  shall  have 

Twice  area  ^  ^_  C      ab  .  bc  .  sin  b 
trapezium     )       (  -}-co  .  ad  .  sin  d. 

The  pentagon  abcde  may  be  divided  into  the  trapezium 
ABCDy  and- the  triangle  ade,  whence 


Twice  area 
pentagon 


f     AB  .  BC  .  sin  B 
of  ^  _.  1  +AB  .  DC  .  sin  (b4" 
J        i  -f-Bc  ,  DC  .  sin  c 

(+DE  .  AE  .  sin  E. 


c) 


Thus  again,  the  hexagoi^  may  be  divided  into  two  trape- 
ziums, by  a  diagonal  drawn  from  a  to  d,  which  is  to  be  the 
line  excepted  in  the  theorem  ;  then  will 


Twice  area 
hexagon 


B+c) 


b+f) 


And  lastly,  the  heptagon  may  be  divid- 
ed into  a  pentagon  and  a  trapezium,  the 
diagonal,  as  before,  being  the  excepted 
line :  so  will  the  double  area  be  expressed 
by  9  instead  of  15  products,  thus  : 


Twice  area  of 
heptagon 


1= 


AB  .  BC  .  Sm  B 

+AB  .  cB  .  sin  (b+c) 
4-AB  .  DE  .  sin  (b+c+d) 
4-bc  .  CD  •  sin  c 
+BC  .  DE  .  sin  (c+d) 
-fcD  .  DE  •  sin  D 
4-EF  .  Fo  .  sin  F 
+KF  .  GA  .  sin  (f+g) 
^  +F0  .  OA  ,  sin  G. 


The  same  method  may  obviously  be  extended  to  other  poly- 
gons, with  great  ease  and  simplici^. 
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It  ofteo  happens,  howerer,  that  only  one  side  of  a  polygon 
can  be  measured,  and  the  distant  .angles  be  detennined  by  in- 
tersection ;  in  this  case  the  area  may  be  found,  independent 
of  construction,  by  the  following  problem. 

PROBLEM  I. 

•Giyen  the  Length  of  One  of  the  Sides  of  a  Polygon,  and  the 
Angles  made  at  its  two  eitremities  by  that  Side  and  Lines 
drawn  to  all  the  Other  Angles  of  the  Polygon  :  to  find  an 
Expression  for  the  Surface  of  that  Polygon. 
Here  we  suppose  known  f<i  ;  also  -o 

AP^  =  dy  BPq  ac  Iff  CPft  =  c',  DP<1  =  d'  ;  yf^ jC 

Aqp  =  a",  B<ip  =  6", cqp  =  e'y  nqp  =  d".     A /<y*'   \-^ rS]> 
Now,  sin  PAft  =  sin  (a+a")  ;  sin  pb^  = 
•in  (b'+b"). 

P  Q- 


Therefore,  sin  (o'  +  a")  :  ra  :  2  «in  «^' :  pa  =  ^ 


sih  a' 


.PC. 


sin  (a' 4-  o") 

sin  b" 
Aod,  .  .  •  sin  (b'+b'*)  :  p%  : :  sin  4"  :  pb  =  fo,, 

^  /  sin(6'+6") 

Buf,  triangle  apb  =  ap  .  pb  •  | sin  apb  =  ^ap  .  pb  .  sin  (a'— 6). 

^      .  '  sin  o".  sin  6".  sin  (a' -6') 

Hence,  surface  A  apb  =  ^  p^'. 

sin  (a'+tf") .  sin  (A'  +  6") 

*                  sin  6" .  sin  c" .  sin  (b'  —  c) 
In  like  manner,  A  bpc  =  i  pq'.  ».. 

sin(6'+6")  .8in(c+0 

sin  c" .  sind*'.  sin  (c'  —  <f ) 

A  CPD  =  i  P<l'. .. 

sin(c  +  c")  .  sin  (d*  +  d") 

&c.  &c.  &c. 

sind' 

Adp^  =  qp .  pd  •  |sin  DP^  =  pq. — .iP(i .  sin  d"  == 

sin  (d'+d") 

Consequently, 

n  a" .  sin  b"  .  sin  (o'  —  J') 


iP%' 


sin  d  .  sin  d" 


sin  (d*  +  d") 


SuTfaee  pabcd^  =  |p<i'.    < 


s 


+ 
+ 
+ 


n(a'  +  a").sin(6'  +  &'J 
n  6"  .  sin  c"  .  sin  \b'  —  ej 


n  (6'  +  b")  .  sin  Tc  +  c) 
n  c*  .  sin  d'* .  sin  (c'  —  d') 

n  (c  +  c")  .  sin  Td'  +  d) 
sin  tf  .  sin  a* 


sin  (d'  +  d") 


The 


104  POLYGONOMETRT. 

The  same  method  manifestly  applies  to  polygons  of  any 
number  of  sides  :  and  all  the  tenns  except  the  last  are  so  per- 
feetly  symmetrical,  while  that  last  term  is  of  so  ob?ioas  a  form, 
that  there  cannot  be  the  least  difficulty  in  extending  the  formula 
to  any  polygon  whatever. 

PBOBLEM  II. 

Given,  in  a  Polygon,-  All  the  Sides  and  Angles^  except  three  j 

to  find  the  unknown  Parts. 

This  problem  may  be  divided  into  three  general  cases,  as 
shown  at  the  beginning  of  this  chapter :  but  the  amdytical 
solution  of  all  of  them  depends  on  the  same  principles ;  and 
these  are  analogous  to  those  pursued  in  the  analytical  investi* 
gations  of  plane  trigonometry  In  polygonometry,  as  well  as 
trigonometry,  when  three  unknown  quantities  are  to  be  found, 
it  most  be  by  m^eans  of  three  independent  equations,  involving 
the  known  and  unknown  parts.  These  equations,  may  be  de- 
duced from  either  theorem  1,  or  3,  as  may  be  most  suited  to 
the  case  in  hand  ;  and  then  the  unknown  parts  may  each  be 
found  by  the  usual  rules  of  extermination 

For  an  example,  let  it  be  supposed  that 
in  ftn  irregular  hexagon  abcpef,  there  are 
given  all  the  sides  except  a^,  bc,  and  fdl 
the  angles  except  b  ;  to  determine  those 

three  quantities.  

A         B 

The  angle  b  is  evidently  equal  to  (2n~-4)  right  angles  — 
(a  +  c  +  p  +  e  +  f);  n  being  the  number  of  sides,  and  the 
angles  being  here  supposed  the  interior  ones. 

Let  AB  =5  X,  BC  s=  2f  *  ^^^^  ^y  ^'  ^9 
ac  =  y  .  cos  b  +  dc  .  cos  abHjd  +  de  .  cos  ab^ed 

-j-  EP  .  cos  ABAEF  4"  AF  •  COS  AB^AF  ; 
y  =:  X  .  COS  B  +  AF  .  COS  BC^AF  +  ^^  •  COS  BC^Ffe. 

+DE  .  COS  BC^De4"I>C  .  COS  BC*CD. 

In  the  first  of  the  above  equations,  let  the  sum  of  all  the 
terms  aAer  y  .  cos  b,  be  denoted  by  c  ;  and  in  the  second  the 
sum  of  ail  those  which  fall  after  s  .  cos  b,  by  d  ;  both  sums 
being  manifestly  constituted  of  known  terms  :  and  let  the 
known  coefficients  of  x  and  y  be  m  and  n  respectively.  Then 
will  the  preceding  equations  become 
.    I  X  =  ny  +  c  .  .  .  .  y  =  ma:  +  d. 

Substituting  for  y,  in  the  first  of  the  two  htter  equations,  its 
value  in  the  second,  we  obtain  x  =  mnx  +  nd  -{~  ^*  Whence 
tl)f  re  will  readily  be  found 

X  = ,  and  y  :e  •    ^  . 
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Thus  AB  and  bc  are  detemmied.  Like  expressions  will  serve 
for  the  determination  of  any-  other  two  sides,  whether  conti- 
fooQs  or  not  :  the  coefficients  of  x  and  y  being  designated  by 
different  letters  for  that  express  purpose  ;  which  wonld  have 
been  otherwise  unnecessary  in  tlie  solution  of  the  individual 
case  proposed. 

Remark.  Though  the  algebraic  investigations  comoionlj 
lead  to  results  which  are  apparently  simple,  yet  they  are  often, 
especially  in  polygons  of  many  sides,  inferior  in  practice  to 
the  methods  suggested  by  subdividing  the  figures.  The  fol- 
lowing examples  are  added  for  the  purpose  of  explaining  those 
methods  :  the  operations  however  are  mesely  indicated ;  the 
detail  beipg  omitted  to  save  room. 


£XAMP1£S. 

Ex.  1.  In  a  hexagon  abcdb^,  all  the  sides  except  af,  and 
all  the  angles  except  a  and  f,  are  known.  Required  the  un- 
luowD  parts.    Suppose,  we- have 

AB  ==  1284        Ext  ang.  Whence 

BC  =  1782         B  =  32*         B  +  c  =80^ 

CD  =s  2400        c  =  48»         B+c  +  D  =  132<» 

ns  =  2700        D.=  62«        b  +  c  +  »  +  k  =  19S» 
EF  =  2860         E  =  66*         A  +  F  =  162*'. 

Then,  by  cor.  3  th.  2,  tan  baf  === 

BC  .  •in  b4»CP  .■in(i  f  C)->.PK  .  tin(»+C+P)-t"BF8in(i4-C't'l)4"E) 
*B-^B«  CO«l+C©.COl(B+C)+n*XO»(  B+C  +iD)+BF,COtt(B-hC't-B  +»  J 

^  BC .  «ifi  32^  -f  CD  .  <in  8Q<>  4-  BE  .  sin  13^*  -f  Ev »  %\n  198? 
"**  ▲B'f  BC .  oo»32^-f-eo  .  co!»  80^+nB  .  oos  ISSf^^zr .  oos  i98^ 
— .     BC  .  am  ^<>  4-  CD  .  tin  80^  -f  PB  .  gin  48<>-tr  .  sin  18^     " 

AB  f  BC  .  CM  3S^-f.C0  .  cos  80*^  -  DK  *  cos  48^-  BF  .  COM  18* 

Whence  baf  is  found  106^  31'  38*^ ;  and  the  other  angle  afg  «=± 
91«»28'22".  So  that  the  exterior  angles  a  and  f  are  7d«28'22', 
and  88^3 1*38"  respectively  :  all  the  exterior  angles  making  4 
right  angles,  as  they  ought  to  do.  Then,  all  the  angleB  being 
known,  Uie  side  af  is  found  by  th.  1  =  4621-5. 

If  one  of  the  angles  had  been  a  re-entering  one,  it  would 
have  made  no  other '  diJOTerence  in  the  computation  than  what 
would  arise  from  its  being  considered  as  subtractive. 

Ex.  2.    In  a  hexagon  abcdef,  all  the  sides  except  af,  and 
all  the  angles  except  c  and  b,  are  known  :  viE. 
Vol.  II.  16       -  ab 
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I 

AB=2400  Ex.  Ang.  We  shall  have,  by  tbi  S  cof  1, 

B6=2700       A=64»  N        , 

— AB  .  tin    64* 
Therefore,  cd  .  tdn  (1 16o  +  c)  =  ^  -»^ '  ^  {'£ 

+EF.gm    72«». 


Or,  n6«  +  c-.    ?+ 33036/34". 
The  second  of  these  will  eive 


lese  will  give  for  c,  a  re-entering  angle  ; 
the  first  will  give  exterior  angle  c  =  33«  23'  26'^  and  theM 
wUl  D  =  14«  36'34''.     Lastly,  ^ 

— AB  .  cos  64** 
+BC  .  cos  64* 
AF  =   ^  +CD  .  COS  30<>36'34"  >  =  3885'905. 

-f-DE  •  COS  44* 
EF  .  COS  72** 

Ex,  3»     In  a  hexagon  abcdbf,  are  known,  all  the  sides  ex- 
cept AF,  and  all  the  angles  except  b  and  e  ;  to  fidd  the  rest. 
Given  ab  ==  1200    Exterior  angles  a  =&  64* 
Bc  =  1600 

CD  =  1600  c  s=  72<» 

DE  =  1800  D  =  76«* 

EF  =2000 

E  ==  84». 
Snppose  the  diagonal  be  dtawh,  dividing  the  figure  into  tw^ 
trapeziums.  Then,  in  the  trapezium  bcde  the  sides,  except 
BE,  and  the  angles  except  b  and  e,  will  be  known  ;  and  these 
may  be  determined  as  in  exam.  1.  Again,  in  a  trapezium 
abef,  there  will  be  known  the  sides  except  af,  and  the 
angles  except  the  adjacent  ones  b  and  e.  Hence,  first  for 
BCDB  :  (cor.  3  th.  2), 

.                          Cv  .  tUn^  +  nt ,  iin  (c  +d)    . 
tan  CBE  =    .  ;  ~ — r~t= 

BC  +  CD  •  COB  G-f-OB  .  COSIC  +  D) 

CD  .  rn  72^+  pb  .  sin  147**  ^         Cp  .  »m  72^j4-pe  .  sin  33* 

BC+CD . cos72^4-]iB  . cot  147**"" BC -f  CD  .  cos  72«^IdeTco»33^' 

Whence  cbe  =  79*»  2'  V^  ;  and  therefore  deb  =  67*^67'  69''. 

(     BC  .  cos  79*»  2' r  i 

Then  eb  =  {  +cd  .  cos    7«»  2'  V  }  =  2648-681. 

(  +DE .  cos67«5T69"  ) 

Secondly,  in  the  trapezium  abef, 

ab  .  sin  a  4*  BE  .sin  (a  +  b)  =>  ef  .  sin  f  :  whence 

•  •*  r     I  •.^  — .  '^  •  «»"  F— AB  .  sin  B  i    20**66'64", 

sin^(A  +  B)  = -^_ =  sm  J  jgg,  4,  g.; 
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Taking  the  lower  of  these  to  avoid  re-entering  angles,  we 
have  B  (exterior ang.)  =  SS^'  4'  6"^ ;  abe  =  84''  55'  54' ;  feb  ^ 
€3*  4'er  :  therefore  abc  *  163^  6T  55' ;  and  fed  =  131  •'S  5" : 
and  consequently  the  exterior  angles  at  b  and  m  are  16^  2'  6'* 
and  48^  57  55'  respectively. 

Lastly,  AF  =  — .  AB .  cos  a— be  .  cos  (a  +  b)  —  EF  cos  F  =  — 
AB .  cos  64*  +  BE  .  COS  $0<^  55'  54"  —  ef  .  cos  84«  =  1645-292. 

Ifote.  The  preceding  three  examples  comprehend  all  the 
varieties  which  can  occur  in  Polygonometry,  ivhen  all  the  sides 
except  one,  and  all  the  angles  but  two,  are  known.  The  un- 
known angles  may  be  about  the  unknown  side  ;  or  they  may 
be  adjacent  to  each  other,  though  distant  from  the  unknown 
side ;  and  they  may  be  remote  from  each  other,  as  well  as 
from  the  unknown  side. 

Ex,  4.  In  a  hexagon  abcd^f,  are  known  all  the  angles,  and 
all  the  sides  except  af  and  cd  :  to  find  those  sides. 

Given  ab  =  2200    Ext.  Ang.    a  ;=  96^ 
Bc  =  2400  B  =  54«» 

e  =  20^ 
DE  =  4800  D  =i  249 

ef  =  5200  E  =  18» 

F=148». 
Here,  reasoning  from  the  principle  of  cor.  th.  2,  we  have, 

AB  .  sin   9605      r     „_      .    ,^oOP  AB  sin  84*'">       C 
+  BC  .  «n  lSO^i=z>     "  •  •!"  J$So+BC.8in  30«C  =  5  J>»-*:»: 
+  CD .  si.  170«5     C  +*'  •  "*"  ^^+  CD3in  W03      ^+«v..ii^ 
Whence  C     Di.»inl4^.coiccl0®  —  A B.8in  84^ .  cosec  10«  7     ^-^^^  . 
CD»    C  +EF.Mn32*.cowclOP  —  BC  sin  30® . cOsec  10»  C  ■*3045«5a 
And    r     DE.»lh24**.cosccl0<>  — CB8in20®7        ixttrloa 
Ar<»    ^+EF.8lB42<>.cofecl0**— BA.«in74*»5  ="  *«/^**VB. 

Ex.  5.  In  the  nonagon  abcdefghi,  all  the  sides  are  known 
and  all  the  angles  except  a,  d,  o  :  it  is  required  to  find  those 
angles. 
Given  ab  =  2400  fo  ==  3800    Ext.  ang.  b  =  40** 
BC  =  2700  GH  ==  4000  c  =  82* 

CD  =  2800  m   3=  4200  E  =  36«> 

DE  =  3200   lA  =  4500  F  =  45» 

EF  =  3500  H.  =  48« 

I  =  50<^. 
Suppose  diagonals  drawn  to  join  the 
anknown  angles,  and  dividing  the  po- 
lygon into  tlu'ee  trapeziums  and  a  tri- 
angle ;  as  in  the  marginal  figure.  Then, 
Ist.  In  the  trapezium  abcd,  where 
AD,  and  the  an^es  about  it  are  unknown 
we  have  (cor*  3.  th.  2) 

tan 


ii4« 
.tin32<' 


\ 
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^^ BCSiflB^-  C  D.»in(B  +C).^  BC  jin40**+  CPtfflTO^ 

AB-f  BC  cosB«f  CO  cus(B-hC)       AB+  BC.COft40**+CD.Caa72* 

Whence  bad  ^  SS**  3o'  42 ',  cda  =  32^  2S'  18". 

L     AS.  co8^9<»3042  ) 
And  AD  =  <  +BC  .  C09    0    29  18  >  =  6913-292. 

(+CD  -cos  32    29  18  ) 
2dly.  Id  the  quadrilateral  befo,  where  do  and  the  angles 
about  it  are  unknown  ;  we  hare 

.                             Kr*smB4- ro.sin(B4-r)           Br.Bin36*^+FG.fciii81^ 
tan  BDO  = ^— ^ — ■ — ^ • — o 

V    DE+ElP*fU)SE  +  rC.COS(E-f-T)      DB+EF.C0836*'+FO.e088l 

Whence  epg  =  4  J  <>  14'  63",  fgd  =  39«>  46'  T. 

{      Dz,  C08  4P    14^63'') 
And  DO  =  ?  +EF  .  cos    6<»   14'  63"  .)  =s  8812-803. 

(  +F0    cos  39<»  46'    r  ) 

Sdly.  In  the  trapezium  gria,  an  exactly  simiUir  process  gives 
HGA  =  60*>  46'  63",  lAG  =  47*  H  7\  and  ag  =  9780-691. 

4thly.  In  the  trian^rle  adg,  the  three  sides  are  now  known, 
to  find  the  angles  :  viz  pag  =  60«  63'  2^',  agd  =  43®  16'  64", 
ADG  :=■  lb'*  60'  40".     Hence  there  results,  lastly, 

lAB  =47**  13'  7''+60®63'26"+S9*»  30'42'  =  147»  57  16", 
CDE~32*>  !ji9'18"H-70*^6O'4O"+41*'  1463' ==  149«'  34'  61", 
roH=39«  46'  7''+43«16'64"+50»  46  63"  =:..i33«  47'  64'^ 
Consequently ,  the  required  exterior  angles  are  a=32^22'46^  , 
D  =  30*  26*  9",  G  =  46«  12^  6% 

Ex.  6.  Required  the  area  of  the  hexagon  in  ex.  1. 

Ans.  16530191. 

Ex,  7.  In  a  quadrilateral  abcd,  are  given  ab=24,  bc  =  30» 
CD  =  34  :  angle  abc  s=  92''  18^  bod  =  07<»  23'.  Required  the 
JBide  ad,  and  the  area. 

Ex,  8.  In  prob.  1,  suppose  pq  =  2688  links,  and  tlie  angles 
as  foelow  ;  what  is  the  area  of  the  field  abcd^f  ? 

AP<i==89o  14',  BPQ=68o  ir,  cH=36«  24',DPq=  19*  67  ; 
A^p=26*'  18',  B^F=69»  24',  c<iP=K9*^     6>v=121*  18'. 
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OF  MOTION,  FORCES,  &c. 

DEFINITIONS. 

Art.  1.  BODY  is  the  mass,  or  qtiaDtitj  of  matter,  in  any 
material  substance  ;  and  it  is  always  proportional  to  it|  weight 
or  gravity,  whatever  its  figure  may  be. 

2.  Body  is  either  Hard,  Soft,  or  Elastic  A  Hard  Body 
is  that  whose  parts  do  not  yield  to  any  stroke  or  percussion, 
but  retains  its  figure  unaltered.  A  Soft  Body  is  that  whose 
parts  yield  to  any  stroke  or  impression,  without  restoring 
themselves  again  ;  the  figure  of  the  body  remaining  altered. 
And  an  Elastic  Body  k  that  whose  parts  yield  to  any  stroke, 
bat  which  presently  restore  themselves  again,  and  the  body 
regains  ih€  same  figure  as  before  the  stroke. 

We  know  of  no  bodies  that  are  absolutely,  or  perfectly, 
either  hard,  soft,  or  eAstic  ;  but  all  partaking  these  proper- 
ties, more  or  less,  in  some  intermediate  degree. 

3.  Bodies  are  also  either  Solid  or  Fluid.  A  Solid  Body, 
is  that  whose  parts  are  not  easily  moved  among  one  another, 
and  which  retains  any  figure  given  to  it.  But  a  Fluid  Body 
is  that  whose  parts  yield  to  the  slightest  impression,  being 
easily  moved  among  one  another  ;  and  its  sur&ce,  when  left 
to  itself,  is  always  obser^d  to  settle  in  a  smooth  plane  at 
the  top. 

4.  Density  is  the  proportional  wei^t  or  quantity  of 
piatter  in  any  body.  So,  in  two  spheres,  or  cubes,  &c.  of 
equal  size  or  magnitude  ;  if  the  one  weigh  only  one  pound, 

.  but  the  other  two  pounds  ;  then  the  density  of  the  latter  is 
double  the  density  of  the  former  ;  if  it  weigh  3  pounds,  its 
density  is  triple  ;  and  so  on. 

6.  Motion  is  a  continual  and  successive  change  of  ^place. — 
If  the  body  more  equally,  or  pass  over  equal  spaces'  in  equal 
times,  it  is  called  Equable  or  Uniform  Motion.  But  if  it 
increase  or  decrease,  it  is  Variable  Motion  ;  and  it  is  called 
Accelerated  Motion  in  the  former  case,  and  Retarded  Motion 
in 'the  latter.-— Also,  when  the  moving  body  is  considered 

with 
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with  respect  to  some  other  body  at  rest,  it  is  said  to  be  Ab- 
solute Motion.  But  when  compared  with  others  in  motioD, 
it  is  called  Relatiye  Motion. 

6.  Velocity,  or  Celerity,  is  an  affection  of  motion,  by 
which  a  body  passes  over  a  certain  space  in  a  certain  time. 
Thus,  if  a  body  in  motion  pass  uniformly  over  40  feet  in 
4  seconds  of  time,  it  is  said  to  move  with  the  velocity  of  10 
feet  per  second  ;  and  so  on. 

7.  Momentum,  or  Quantity  of  Motion,  is  the  power  or 
force  in  moving  bodies,  by  which  they  continually  tend  from 
their  present  places,  or  with  which  they  strike  any  obstacle 
that  opposes  their  motion. 

8.  -Force  is  a  power  exerted  on  a  body  to  move  it,  or  to 
stop  it.  If  the  force  act  constantly,  or  incessantly,  it  is  a 
Permanent  Force  :  like  pressure  or  the  force  of  gravity. 
But  if  it  act  instantaneously,  or  but  for  an  imperceptibly 
small  time,  it  is  called  Impulse^  or  Percii^ion  :  like  the  smart 
blow  of  a  hammer. 

9.  Forces  are  also  distinguished  into  Motive,  and  Accele- 
rative  or  Retarding.  A  Motive  or  Moving  Force,  is  the 
power  of  ah  agent  to  produce^  motion  ;  and  it  is  equal  or 
propoirtienal  to  the  momentum  it  will  generate  in  any  body, 
when  acting,  either  by  percussion,  or  for  a  certain  time  as  a 
permanent  force. 

10.  Accelerative,  or  Retardive  Force,  is  commonly  un- 
derstood to  be  that  which  affects  the  velocity  only  ;  or  it  is 
that  by  which  the  velocity  is  accelerated  or  retarded  ;  and  it 
is  e(]ual  or  proportional  to  the  motive  force  directly,  and  to 
the  mass  or  body  moved  inversely.*— So,  if  a  body  of  2  pounds 
weight,  be  acted  on  by  a  motive  force  of  40  ;  then  the 
accelerating  force  is  20.  But  if  the  same  force  of  40  act  on 
another  b<^y  of  4  pounds  weight  ;  then  the  accelerating 
force  in  this  latter  case  is  only  10 ;  and  so  is  but  half  the 
former,  and  will  produce  only  half  the  velocity. 

11.  Gravity,  or  Weight,  is  that  force  by  which  a  body 
endeavours  to  fall  downwards.  It  is  called  Absolute  Gravity, 
when  the  body  is  in  empty  space ;  and  Relative  Gravity, 
when  emersed  in  a  fluid. 

12.  Specific  Gravity  is  the  proportion  of  the  weights,  of 

different  bodies  of  equal  magnitude  ;  and  so  is  proportional 

to  the  density  of  the  body. 

^  AXIOMS. 
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13.  Evert  body  naturally  eDdeavoun  to  continue  in  its 
present  state,  whether  it  be  at  rest,  or  moTing  uniformly  in 
a  right  line. 

14.  The  Change' or  Alteration  of  Motion,  by  any  external 
force,  is  always  proportional  to  that  force,  and  in  the  direction 
of  the  right  line  in  which  it  acts. 

15.  Action  and  Re-action,  between  any  two  bodies,  are 
equal  and  contrary.  That  is,  by  Action  and  Re-action,  equal 
changes  of  motion  are  produced  in  bodies  acting  on  each  oth- 
er ;  and  these  changes  are  directed  towards  opposite  or  con- 
trary parts. 
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PROPOSTn#K  L 


16.  The  QuantUy  of  Matter^  in  all  bodies,  i$  in  Uu  Compound 
Ratio  of  their  Magnitudes  and  Densities, 

That  is,  6  is  as  tnd  ;  where  h  denotes  the  body  or  quantity 
of  matter,  m  its  magnitude,  and  d  its  density. 

For,  by  art.  4,  in  bodies  of  equal  magnitude,  the  mass  or 
quantity  of  matter  is  as  the  density.  But,  the  densities  re« 
maining,  the  mass  is  as  the  magnitude  :  that  is,  a  double  mag- 
nitude contains  a  double  quantity  of  matter,  a  triple  magnitude 
a  triple  quantity,  and  so  on.  Therefore  the  mass  is  in  the 
compound  ratio  ef  the  magnitude  and  density. 

17.  Ct>ro/.  1.  In  similar  bodies,  the  masses  are  as  the  den- 
sities and  cubes  of  the  diameters,  or  of  any  like  linear  dimen- 
sions.— ^For  the  magnitudes  of  bodies  are  as  the  cubes  of  the 
diameters,  kc^ 

IB.  CoroL  2.  The  taiasses  are  as  the  magnitudes  and  specific 
gravities. — For,  by  art.  4  and  12,  the  densities  of  bodies  are 
as  the  specific  gravities. 

19.  Scholium,  Hence,  if  b  denote  any  body>  or  the  quan- 
tity  of  matter  in  it,    m  its  magnitude,  d  its  density,  g  its 

specific 
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specific  gravity,  and  a  its  diameter  or  other  dimeoBion  ;  then* 
oc  (pronoonced  or  named  as)  being  the  mark  for  general 
proportion,  from  this  proposition  and  its  coroUahes  we  have 
these  general  proportions  : 

h  cc  md  OL  mg  ac.  a'J, 

6  b 

f n  oc   -   o(  -    oc  a*, 

d        g 

b  n^g 

da-  oc  g    a  '— , 

m  a' 

b  *      mg 

a»  oc  -  cc  m    oc  — . 

d  d 


PROPOSITION 

20.  Tke  Momenivm^  or  Quantity  of  Motion^  generated  by  a 
Sif^h  hnjnUie,  or  any  Momentary  Force,  i$  as  the  Generating 
Force. 

That  id,  m  is  as  /;  where  m  denotes  the  momentum,  and 
/the  force.  ^ 

For  every  effect  is  proportional  to  its  adequate  caase.  So 
that  a  double  force  will  impress  a  double  quantity  of  mo- 
tion ;  a  triple  force,  a  triple  motion ;  and  so  on.  That  is, 
the  motion  impressed,  is  as  the  motive  force  which  pro* 
duces  it 

PROPOSITION  in.  / 

f 

21.  The  Momenta,  or  Quantities  of  Motion,  in  mvoing  Bodieif 
are  in  the  Compound  Ratio  of  the  Maaei  and  Felocitiee. 

That  is,  m  is  as  bv. 
For,  the  motion  of  any  body  being  made  up  of  ihe  mo- 
tions of  all  its  parts,  if  the  velocities  be  equal,  the  momenta 
will  be  as  the  masses ;  for  a  double  mass  will  strike  with  a 
double  force ;  a  triple  mass,  with  a  triple  force,  and  so  on. 
Again,  when  the  mass  is  the  same,  it  will  reouire  a  double 
force  to  move  it  with  a  double  velocity,  a  triple  force  with  a 
triple  velocity,  and  so  on  ;  that  is,  the  motive  force  is  as  the 
velocity  ;  but  the  momentum  impressed,  is  as  the  force  which 
produces  it,  by  prop.  2  ;  and  therefore  the  momentum  is  as 
the  velocity  when  the  mass  is  the  same.  But  the  momentum 
was  found  to  be  as  the  mass  when  the  velocity  is  the  same. 

Consequently, 
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Consequently,  when  neither  are.  the  same,  the  momentam  ia 
in  the  componnd  ratio  of  both  the  mass  and  relocitj. 

rtioi'osmoN  IV. 

22,  In  Uniform  Motions^  the  Spact9  deictibed  are  in  the  Com" 
pound  Ratio  of  the  Velocities  and  the  Times  of  their  Descrip* 
tion,    ' 


That  is,  sift  as  tv. 

For,  by  the  nature  of  uniform  motion,  the  greater  the  ve* 
locity,  the  greater  is  the  space  described  in  any  one  and  the 
same  time  ;  that  is,  the  space  is  as  the  velocity,  when  the 
times  are  equal.  And  when  the  velocity  is  the  same,  the  space 
will  be  as  the  time  ;  that  is,  in  a  double  time  a  double  space 
will  be  described  ;  in  a  triple  time,  a  triple  space  ;  and  so  on. 
Therefore  universally,  the  space  is  in  the  compound  ratio  of 
the  velocity  and  the  time  of  description. 

S3.  Corol.  1.  In  uniform  motions,  the  time  is  as.  the  space 
directly,  and  velocity  reciprocally  ;  or  as  the  space  divided  by 
the  velocity.  And  when  the  Velocity  is  the  same,  the  time  is 
as  the  space.  But  when  the  space  is  the  same,  the  time  is  re-' 
ciprocally  as  the  velocity. 

24.  drol.  2.  The  velocity  is  as  the  space  directly  and  tha 
time  reciprocally  ;  or  as  the  space  divided  by  the  time.  And 
when  the  time  is  the  same,  the  velocity  is  as  the  space.  But 
when  the  space  is  the  same,  the  velocity  is  reciprocally  as  the 
time. 


Scholium. 

26.  In  uniform  motions  generated  by  momentary  inl^uise, 
let  b  =:  any  body  or  quantity  of  matter  to  be  moved^ 
/  =  force  of  impulse  acting  on  the  body  6, 
V  =  the  uniform  velocity  generated  in  6, 
ffi  s=  the  momentam  generated  in  69 
s  =  the  space  described  by  the  body  &, 
t  =  the  time  of  describing  the  space-  s  with  the  veloc.  v. 

Then  from  the  last'  three  propositions  and  corollaries,  we 
have  these  three  general  proportions,  namely/  cc  m^m  cc  bv^ 
and  8  cc  tv  ;  from  which  is  derived  the  following  table  of  the 
general  relations  of  those  six  quantities,  in  uniform  motions 
and  impulsive  or  percussive,  forces  : 

Vol,  U.  16  /am 
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y  OC  m  OC  00  oc  — . 


m  a  /  a  6v  a  ^. 

.         jt        ifn 
s  €c  to  cK  <-  a  T-* 

9  f        m 

,        9        b%        bt 
<  «  -  a   "7  a  — . 
V       J        m 

By  ttemiM  of  which,  may  be  resolved  all  questions  relating 
to  nnifonn  motions,  and  the  effects  of  momentary  or  impnfaive 
forces. 

PROPOSITION  V. 

126.  Tke  Momentwn  generated  by  a  ComtatU  and  Uniform  Force 
acting  for  any  TVme,  iiinthe  Compound  Ratio  of  the  Forte 
and  Titne  of  Acting, 

That  is,  m  is  as  y^. 

For,  supposing  the  time  divided  into  verf  small  part9, 
by  prop  2,  the  momentum  in  each  particle  of  time  is  the  same, 
and  therefbre  the  whole  momentnib  will  be  as  the  whole  time, 
or  sum  of  all  the  small  parts.  But  by  the  same  prop,  the  mo- 
mentum for  each  small  time  is  also  as  the  motive  force.  Con- 
sequently the  whole  momentum  generated,  is  in  the  compound 
ratio  of  the  force  and  time  of  acting. 

27.  Corol  1  The  motion,  or  momentum,  lost  or  destroyed 
in  any  time,  is  also  in  the  compound  ratio  of  the  force  and 
time  For  whatever  momentum  any  force  generates  in  4 
given  time  ;  the  same  momentum  will  an  equal  force  destroy 
in  the  same  or  equal  time  ;  acting  in  a  contrary  direction. 

And  the  same  is  true  of  the  increase  or  decrease  of  motion, 
by  forces  that  conspire  with,  or  oppose  the  motion  of  bodies. 

28.  (  orot  2  The  velocity  generated,  or  destroyed,  in  any 
time,  is  direcUy  as  the  force  and  time,  and  recipiocally  as  the 
body  or  mass  of  matter  *rFor,  by  this  and  the  3d  prop,  the 
compound  ratio  of  the  Lody  and  velocity,  is  as  that  of  the  force 
and  time  ;  and  therefore  the  velocity  is  as  the  force  and  time 

.  divided  by  the  body.     And  if  the  body  and  force  be  given,  or 

constant,  the  velocity  will  be  as  the  time. 

PROPOSITION 
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PROPOSITION  VI. 

29.  The  Spaces  pa$9ed  over  by  Bodies^  urged  by  any  CorutofU 
and  Uniform  Forces j  acting  during  any  THmes^  are  in  the  emn- 
found  fiatio  of  the  Forces  and  Squares  of  the  Times  direct" 
ly,  and  the  Body  or  Mass  reciprocally. 

Or,  tfte  Spaces  are  as  the  Squares  of  the  Times ,  wAen  the  Force 
and  Body  are  given. 

That  is,  s  ia  as  ^,  or  as  <*  when /and  b  are  giren.     For, 

let  V  denote  the  Telocity  acqaired  at  the  end  of  any  time  f , 
by  any  given  body  6,  when  it  has  passed  over  the  space  t. 
Then,  because  the  velocity  is  as  the  time,  by  the  last  coroL 
therefore  ^  v  is  the  velocity  at  ^  ^  or  at  the  middle  point  of 
the  time  ;  and  as  the  increase  of  velocity  is  uniform,  the 
iame  space  s  will  be  described  in  the  same  time  t,  by  the 
velocity  \  v,  uniformly  continued  from  beginning  to  end. 
But,  in  uniform  motions,  the  space  is  in  the  compound  ratio 
of  the  time  and  velocity  ;  therefore  «  is  as  ^  tv,  or  indeed  s :« 

^tv.     But,  by  the  last  corol.  the  velocity  v  is  as  ^ ,  or  as 

9 

the  force  and  time  directly,  and  as  the  body  reciprocally. 

Therefore,  s,  or  ^  tv,  a  as  --;  that  is,  the  space  is  as  the  force 

and  square  of  the  time  directly,  and  as  the  body  reciprocally. 
Or  «  is  as  t' ,  the  square  of  the  time  only,  when  6  and  /  are 
given. 

.30.  CoroL  1.  The  space  s  is  al«io  as  tv^  or  in  the  com- 
pound ratio  of  the  time  and  velocity  ;  b  and/  being  given. 
For,  «  =::  1^(9  is  the  space  actually  described  But  tv  ii*  the 
space  which  might  be  described  in  the  same  time  ^  with  the 
last  velocity  v,  if  it  were  uniformly  continued  for  the  same  or 
an  equal  time.  Therefore  the  space  s,  or  ^rv,  which  is  ac- 
tually described,  is  just  half  the  space  tv,  which  would  be  de- 
scribed, with  the  last  or  greatest  velocity,  uniformly  continu- 
ed for  an  equal  time  t. 

31.  CoroL  2,     The  space  s  is  also  as  v',  the  square  of  the 
velocity  ;  because  the  velocity  v  is  as  the  time  /. 


Scholium* 


32.  Propositions  3,  4,  6,  6,  give  theorems  for  resolving  all 
^uestiODS  relating  to  motiona  uniformly  accelerated.    Thus, 
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pat  &  =  any  body  or  quantity  of  matter, 
f  =  the  force  constantly  acting  on  it, 

t  =  the  time  of  its  acting, 

V  =  the  velocity  generated  in  the  time  t, 

$  =  the  space  described  in  that  time, 
m  =s=  the  momentum  at  the  end  of  the  time. 

Then,  from  these  fandamental  relations,  tn  9c  ln>t  ni  tt'  fiy 
s  «  tv,  and  V  9t^-y  we  obtain  the  following  table  of  the 
general  relations  of  uniformly  accelerated  motions  : 

m«6vtt/ttc'  —  «6  —  Qc  oc    ^hfi  «  y/  hfto, 

.        «       /I        ml        //«        /«^        «a        ma         ./i 


/m         6v        mv        nu        m^ 
8c-«c  —  ee  —    K  —    oc   -;—   « 
I  I  f  lav         6f 


ma         6va  6« 

ofti  «  la 


#         /*         m        Wit        /•        m^  7*        /at/ 


ft>        mt       /t*v        mv       ma        d»*         fnav 
S    oc   <v    oc    --:-    oc    -T-    «c    «    -T    *    T7    «    — r-    «    -rr— . 

(f      !>       »»       f      V      f      fi^ 

^  %        m        hv-        bt  Jb9  fiu        iwa    , 

ltC-OC-r,tC---OC-      OC     y/"      «    ^--.     «     — ,  &C. 

33.     And  from  these  proportions  those  quantities  are  to  be 

left  out  which  are  given,  or  which  are  proportional  to  each 

other.     Thus,  if  the  body  or  quantity  of  matter  be  always 

the  same,  then  the  space  descrioed  is  as  the  force  and  square 

of  the  time.     And  if  the  body  be  proportional  to  the  K>rce, 

as  all  bodies  are  in  respect  to  their  gravity  ;  then  the  space 

described  is  as  the  square  of  the  time,  or  square  of  the  velo- 

f 
city;   and  in  this  case,  if  f  be  put  ==-,  the  accelerating 

force  ;  then  will 

f     CC     i«     «     Ft«     X     — . 


V    oe    -    OC    ^t    oc    */F». 
<    OC     -    oc    -    oc    ^-. 


THE 
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THE  COMPOSITION  AND  RESOLUTION  OF 

FORCES. 

34.  CoMPosiTiov  OF  Forces,  is  the  apiting  of  tiro  or 
more  forces  into  one,  tvhich  shall  have  the  same  effect ;  or 
the  finding  of  one  force  that  shall  he  equal  to  several  others 
taken  together,  in  any  different  directions.  And  the  resola- 
tion  of  Forces,  is  the  finding  of  two  or  inore  forces  which* 
acting  in  any  different  directions,  shall  have  the  same  effect 
at  any  given  single  force. 

PROPOSITION  VII. 

36.  If  a  Body  at  Abe  urged  in  the  Directioru  ab  and  ac,  hy  any 
two  Similar  Forces^  $uch  that  they  would  $eparately  came  the 
Body  topiitM  over  the  Space$  ab,  ac,  mi  an  equal  Time  ;  then 
if  both  Forcti  act  together,  they  will  caute  the  Body  to  move  m 
die  same  Timet  through  ad  the  Diagonal  of  the  Parallelogram 

ABCD. 

Daaw  cd  parallel  to  ab,  and  bd  paral- 
lel to  AC     And  while  the  body  is  carried  h      b     H 

over  a6,  or  cd  by  the  force  in  that  direc-  A9l     ^ — i 7 

tion,  let  it  be  carried  over  bd  by  the  force  c|"."^S,^  }        ; 

in  that  direction  ;  by  which  means  it  will     A .^!^^^     } 

be  foTind  at  d     Now,  if  the  forces  be  /                ^n^ 

impulsive  or  momentary,  the  motions  will      C j^ 

be  uniform,  and  the  spaces  described  will  be  as  the  times  of 
description : 

tberef.         a6  or  cd  :  ab  or  cd  :  :  time  in  a6  :  time  in  ab, 
and  bd  or  ac  :  bd  or  ac  :  :  .time  in  ac  :  time  in  ac  ; 

but  the  time  in  a6  :  =  time  in  ac,  and  the  time  in  ab  =: 
time  in  ac  ;  therefore  xb  :  bd  :  :  ab  :  bd  by  equality  :  hence 
the  point  d  is  in  the  diagonal  ad. 

And  as  this  is  always  the  case  in  every  point  J,  dy  kc.  there- 
lore  the  path  of  the  body  is  the  straight  line  Adr>,  or  the  di- 
agonal of  the  parallelogram. 

But  if  the  similar  forces,  by  means  of  which  the  body  is 
moved  in  the  directions  ab,  ac,  be ,  uniformly  accelerating 
ones,  then  the  spaces  will  be.  as  the  squares  of  the  times  ;  in 
which  case,  call  the  time  in  bd  or  cd,  if  and  the  time  in  ab  or 
AC,  T  ;  then 

it  will  be        Ab  or  cd  :  AB^or  cd  :  :  <*  :  t», 
and        -        bd  or  ac  :  bd  or  ac  : :  I*  :  t*, 
theref,  by  equality,  Ab  :  bd  :  :  ab  :  bd  ; 
and  so  the  body  is  always  found  in  the  diagonal,  as  before. 

36.  CoroL 
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36.  CoroL  1.  If  the  forces  be  not  similar,  by  wbich  tbe 
"Mly  18  uiiged  in  the  directions  ab,  ac,  it  will  moTe  in  some 
ennred  line,  depending  on  the  nature  of  the  forces. 

37.  CoroL  2.  Hence  it  appears  that  the  body  moves  over 
the  diagonal  ad,  by  the  compound  motion,  in  the  very  same 
time  that  it  would  move  over  the  side  ab«  by  the  single  force 
impressed  in  that  direction,  or  that  it  would  move  over  the 
■ide  AC  by  the  force  impressed  in  that  direction. 

38  CoroL  3.  The  forces  in  the  directions,  ab,  ac,  ad,  are 
respectively  proportional  to  the  lines  ab,  ac,  ad,  and  in  these 
directions. 

• 

39.  CoroL  4*    The  two  oblique  forces 
AB,  AC,  are  equivalent  to  the  single  di-    j^ 
rect  force  ad,  which  may  be  compound- 
ed of  these  two,  by  drawing;  the  diagonal 
of  tiie  parallelogram.     Or  they  are  equi- 
Talent  to  the  double  of  ae,  drawn  to  the 
middle  of  the  line  bc.      And  thus  any   q 
Ibrce  may  be  compounded  of  two  or  more 
other  forces  ;  which  is  the  meaning  of  the  expression  e&mpo^ 
aitum  of  forces. 


B 

7^ 


40.  Exam*    Suppose  it  were     j} 
required  to  compound  the  three         i 
forces  AB,  AC,  ad  ;  or  to  6nd  the  ^^  ix 
direction  and  quantity  of  one  sin-       /  ^^^^    \  \  ^^^' 
g^e  force  which  shall  be  equi- 
Talent  to,    and  have  the  same 
effect,  as  if  a  body  a  were  acted  C 

on  by  three  forces  in  the  directions  ab,  ac,  ad,  and  propor- 
tional to  these  three  lines  First  reduce  the  two  ac,  ad,  to 
one  AE,  by  completing  the  parallelogram  adec.  Then  re- 
dace  the  two  AE,  AB  to  one  af  by  the  parallelogram  aefb. 
So  shall  the  single  force  af  be  the  direction,  and  as  the  quan- 
tity, which  shall  of  itself  produce  the  same  effect,  as  if  all  the 
three  ab,  ac,  ad  acted  together. 

41.  CoroL  5.  Hence  also  any  single 
direct  force  ad,  may  be  resolved  into 
two  oblique  forces,  whose  quantities 
tDd  directions  are  ab,  ac,  having  the 
same  effect,  by  describing  any  paralle- 
logram whose  diagonal  may  be  ad  :  and 
thu  is  called  the  resolution  of  forces. 
So  the  force  ad  may  be  resolved  into 
the  two  ab,  AC  by  the  parallelogram 

ABDC, 
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ABDc ;  or  into  the  two  ae,  av,  bj  the  parallelogram  aedf  ; 
and  80  on,  for  any  other  two.  And  each  of  these  may  be  re-^ 
aolred  again  into  as  many  others  as  we  please. 

4t,  Corol.  6.  Hence  too  may  be 
found  the  effect  of  any  given  force,  in 
any  other  direction,  besides  that  of  the 
line  in  which  it  acts ;  as,  of  the  force 
AB  in  any  other  given  direction  cb.  For 
draw  AD  perpendicular  to  cb  ;  then  shall 
DB  be  the  effect  of  the  force  ab  id  the  di- 
rection cB.  For  the  given  force  ab  is  equivalent  to  the  two 
AD,  DB,  or  AC  ;  of  which  the  former  ad,  or  eb,  being  perpen- 
dicular, does  not  alter  the  velocity  in  the  direction  cb  ;  and 
therefore  db  is  the  whole  effect  of  ab  in  the  direction  cb. 
That  is,  a  direct  force  eipressed  by  the  line  db  acting  in  the 
direction  db,  will  produce  the  same  effect  or  motion  in  a  body 
b,  in  that  direction,  as  the  oblique  force  expressed  by,  and 
acting  in,  the  direction  ab,  produces  in  the  same  direction  cb. 
And  hence  any  given  force  ab,  is  to  its  effect  in  db,  as  ab  to 
DB,  or  as  radios  to  the  cosine  of  the  angle  abd  of  inclination 
of  those  directions.  For  the  same  reason,  the  force  or  effect 
in  the  direction  ab,  is  to  the  force  or  effect  in  the  direction  ad 
or  EB,  as  AB  to  AD  ;  or  as  radius  to  sine  of  the  same  angle  abd, 
•r  cosine  of  the  angle  dab  oi  those  directions* 

43.  CaroL  7.  Hence  also,  if  the  two  given  forces,  to  be 
compounded,  act  in  the  same  line,  either  both  the  same  way, 
or  the  one  directly  opposite  to  the  other  ;  then  their  joint  or 
compounded  force  will  act  in  the  same  line  also,  and  will  be 
equal  to  the  sum  of  the  two  when  they  act  the  same  way,  or 
to  the  difference  of  them  when  they  act  in  opposite  direc- 
tions ;  and  the  rompound  force,  whether  it  be  the  sum  or  dif- 
ference^  will  always  act  in  the  direction  of  the  greater  of  the 

I^ROPOSITION  vin. 

44.  //  T%ree  Forces  a,  b,  c,  acting  all  together  in  the  fame  PIom^ 
keep  one  another  in  Eiquilibrio  ;  they  will  be  proportional  to 
Ae  Three  Sides  de,  ec,  cd,  of  a  Triangle ^  which  are  drawn 
Parallel  to  the  Directions  of  the  Forces  ad,  db,  cd. 

Produce     a»,   bd,    and   draw  cf,    cs   parallel   to  them« 

Thevh 


i£0 


OF  MOTION,  P6RCES,  kc. 


Then  the  force  id  cd  is  equivalent 
to  the  two  AD,  BD,  by  the  supposi- 
tion  ;  but  the  force  cd  is  alio  eqni- 
Taletit  to  the  two  rd  and  ce  or  fd  ; 
therefore,  if  cd  represent  the  force 
c,  then  ED  will  represent  its  opposite 
force.  A,  and  ce,  or  fd.  its  opposite 
force  B.  Consequently  the  three 
forced.  A,  B,  c,  are  proportional  to  de, 
CE,  CD,  the  three  lines  parallel  to  the 
directions  in  which  they  act. 

45.  Cord^  1.  Because  the  three  sides  cd,  ce,'  de,  are  pro- 
portional to  the  sines  of  their  opposite  ancles  e,  o,  c  ;  there- 
fore the  three  forces,  when  in  equilihrio,  are  proportional  to 
the  sines  of  the  angles  of  the  tnangle  made  of  their  lines  of 
direction  ;  namely,  each  force  proportional  to  the  sine  of  the 
angle  made  by  the  directions  of  the  other  two. 

46.  CoroL  2.  The  three  forces,  acting  against,  and  keep- 
ing one  another  in  equilibrio,  are  also  proportional  to  the  side^ 
of  any  other  triangle  made  by  drawing  lines  either  perpendi- 
cular ta  the  directions  of  the  forces,  or  forming  any  given 
angle  with  those  directions.  For  such  a  triangle  is  always 
similar  to  the  former,  which  is  made  by  drawing  lines  parallel 
to  the  directions  ;  and  therefor^  their  sides  are  in  the  same 
proportion  to  one  another. 

47.  CSproZ.  3.  If  any  number  of  forces  be  kept  in  equilibrio^ 
by  their  actions  against  one  another  ;  they  may  be  all  reduced 
to  two  equal  and  opposite  ones. — For,  by  cor.  4,  prop.  7,  any 
two  of  the  forces  may  be  reduced  to  one  force  acting  in  the 
same  plane  ;  then  this  last  force  and  another  may  likewise  be 
reduced  to  another  force  acting  in  their  plane  ;  and  so  on,  till 
at  la»t  they  all  be  reduced  to  the  action  of  only  two  opposite 
forces  ;  which  will  be  equal,  as  well  as  opposite,  because  the 
whole  are  in  equilibrio  by  the  supposition.  ' 

48.  CoroL  4.  If  one  of  the  forces, 
as  c,  be  a  weight,  which  is  sustained 
by  two  strings  drawing  in  the  direc- 
tions DA,  DB  :  then  the  force  or  ten- 
sion of  the  string  ad,  is  to  the  weight 
c,  or  tension  of  the  string  dc,  as  de 
to  DC  ;  and  the  force  or  tension  of 
the  other  string  bd,  is  to  the  weight 
c,  or  tension  of  cd,  as  ce  to  cd. 

49.  Corol. 
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49.  Corol.  5.  If  three  forces  be  io  equilibrio  by  their  mutu- 
al actions  ;  the  line  of  direction  of  each  force,  as  dc,  passes 
through  the  opposite  angle  c  of  the  parallelogram  formed  by 
the  directions  of  the  other  two  forces. 

60.  Retnark  These  properties,  in  this  proposition  and  its 
corollaries,  hold  true  of  all  similar  forces  whatever,  whether 
they  be  instantaneous  or  continual,  or  whether  they  act  by 
percussion,  drawing,  pushing,  pressing,  or  weighing  ;  and  are 
of  the  utmost  importance  in  mechanics  and  the  doctrine  of 
forces. 


ON  THE  COLLISION  OF  BODIES. 

PROPOSITION  IX. 

51.  If  a  Body  strike  or  aei  Obliquely  on  a  Plain  Sufface,  ihe 
Force  or  Energy  of  ihe  Stroke^  or  Action^  is  as  the  &ine  of  the 
Angle  of  Ineidente, 

Or,  tkeForee  on  ihe  Surface  is  to  the  same  if  it  h<id  acted  Perpetk' 
dicularlyy  as  the  Sine  of  incidence  is  to  Radius. 

Let  ab  express  the  direction  and 
the  absolute  quantity  of  the  oblique 
force  on  the  plane  de  ;  or  let  a  given 
body  A,  moving  with  a  certain  velo- 
city, impinge  on  the  plane  at  b  ; 
then  its  force  will  be  to  the  action 
on  the  plane,  as  radius  to  the  sine  of 

the  angle  abd,  or  as  ab,  to  ad  or  bc,  drawing  ad  and  bc  per- 
pendicular, and  AC  parallel  to  de. 

For,  by  prob.  7,  the  force  ab  is  equivalent  to  the  two  forces 
AC,  CB  ;  of  which  the  former  ac  does  not  act  on  the  plane,  be- 
cause it  is  parallel  to  it.  The  plane  is  therefore  only  acted  on 
by  the  direct  force  cb,  which  is  to  ab,  as  the  sine  of  the  an- 
gle BAc,  or  ABD,  to  radius. 

r 

52.  Cord.  1.  If  a  body  act  on  another,  in  any  direction,  and 
by  any  kind,  of  force,  the  action  of  that  force  on  the  second 
body,  is  made  only  in  a  direction  perpendicular  to  the  surface 
on  which  it  acts.  For  the  force  in  ab  act^  on  de  only  by  the 
force  CB,  and  in  that  direction.        « 

63.  CoroL  2.  If  the  plane  de  be  not  absoliitely  fixed,  it 
will  move,  after  the  stroke,  in  the  direction  perpendicular  to 
its  sur&ce.  For  it  is  in  that  direction  that  the  force  is  ex- 
erted. 
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FBOPOSmOK  X. 

64.  If  one  Body  a,  strike  another  Body  b,  which  'is  either  mt  Rest 
or  mortW  towards  the  Body  a,  or  tnovit^  from  it,  but  with  a 
less  Velocity  than  that  of  a,  then  the  Momenta^  or  fjwntiHes  of 
Atotiony  of  the  two  Bodies,  estimated  in  any  one  Direction^ 
will  be  the  very  same  after  the  Stroke  that  they  were  before  it. 

For,  because  action  and  reaction  are  always  equal,  and  in 
contrary  directions,  whatever  momentum  the  one  body  gains 
one  way  by  the  stroke,  the  other  must  just  lose  as  much  in 
the  same  direction  ;  and  therefore  the  quantity  of  motion  in 
that  direction,  resulting  from  the  motions  of -both  the  bodies 
remains  still  the  same  as  it  was  before  the  stroke. 

55.  Thus,  if  A  with  a  momentum 

of  10,  strike  b  at  rest,  and  commu-      (^  Q  ■         ^ 

Bicate  to  it  a  momentum  of  4,  in  the     A.  B  ^ 

directioD  ab.   Then  a  will  have  only 

a  momentum  of  6  in  that  direction  ;  which,  together  ftrith  the 
jnomentum  of  b,  viz.  4,  make  up  still  the  same  momentum  be- 
tween them  as  before,  namely,  10. 

56.  If  b  were  in  motion  before  the  stroke  with  a  momen- 
tum of  5,  in  the  same  direction,  and  receive  firom  a  an  addi- 
tional momentum  of  2.  Then  the  motion  of  a  after  the  stroke 
will  be  8,  and  that  of  b,  7  ;  which  between  them  make  15,  the 
same  as  }0  and  5,  the  motions  before  the  stroke. 

57.  Lastly,  if  the  bodies  move  in  opposite  directions,  s^nA 
meet  one  another,  namely,  a  with  a  motion  of  10,  and  b,  of 
5  ;  and  a  communicate  to  b  a  motion  of  6  in  the  direction  ab 
of  its  motion.  Then,  before  the  stroke,  the  whole  motion 
from  both,  in  the  direction  of  ab,  is  10  —  5  or  5.  .  But,  after 
the  stroke,  the  motion  of  a  is  4  in  the  direction  ab,  and  the 
motion  of  b  is  6  —  5  or  1  in  the  same  direction  ab  ;  therefore 
the  sum  4  +  1,  or  5,  is  still  the  same  motion  from  both  as  it 
was  before. 

PBOFOSmON  XI. 

$8.  The  Motion  of  Bodies  included  in  a  Gvoen  Space,  is  the 
same  with  regard  to  each  other,  whether  ihtU  Space  be  at  Rest^ 
'  or  move  uniformly  in  a  Bi^ht  Line. 

For,  if  any  force  be  equally  impressed  both  on  the  body 
and  the  bne  ib  which,  it  moves  this  will  cautfe  no  change  in 

the 
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the  motion  of  the  body  along  the  right  line.  For  the  same 
reason,  the  motions  of  all  the  other  bodies,  in  their  seyeral 
directions,  will  stiU  remain  the  same.  Consequently  their 
motions  among  themselves  will  continue  the  same,  whether 
the  including  apace  be  at  rest,  or  be'^moycd  uniformly  for- 
ward. And  therefore  their  mutual  actions  on  one  another, 
must  also  jremain  the  same  in  both  cases. 


PROPOSITION  xn. 

59.  If  a  Hard  and  Fixed  Plane  he  itruck  by  either  a  Soft  or  a 

Hard  UneUutic  Body^  the  Body  will  continue  on  ii.    But  if  the 

Plane  be  struck  by  a  Perfectly  Elastic  Body^  it  will  rebound 

from  it  again  rvilh  the  same  Feloeity  with  which  it  struck  th^ 

Plane. 

For,  since  the  parts  which  are  struck,  of  the  elastic  body, 
•oddeoly  yield  and  give  way  bj  the  force  of  the  blow,  and 
as  suddenly  restore  themselves  again  with  a  force  equal  to 
the  force  which  impressed  them,  by  the  definition  of  elastic 
bodies ;  the  intensity  of  the  action  of  that  restoring  force  on 
the  plane,  will  be  equal  to  the  force  or  momentum  witb 
which  the  body  struck  the  plane.  And,  as  action  and  re- 
action are  equal  and  contrary,  the  plane  will  act  with  the 
same  force  on  the  body,  and  so  cause  it  to  rebound  or  move 
Kack  again  with  the  same  velocity  as  it  had  before  the  stroke. 

But  hard  or  soft  bodies,  being  devoid  of  elasticity,  by  the 
definition,  having  no  restoring  force  to  throw  them  off  again, 
they  must  necessarily  adhere  to  the  plane  struck. 

60.  C>ro^  1.  The  effect  of  the  blow  of  the  elastic  body^ 
•n  the  plane,  is  double  to  that  of  the  unelastic  one,  the  velo- 
aity  and  mass  being  equal  in  each. 

For  the  force  m  the  blow  from  the  unelastic  body  is  a$ 
its  mass  and  velocity,  which  is  only  destroyed  by  the  resist- 
ance  of  the  planei  But  in  the  elastic  body,  that  force  is  not 
only  destrojfed  and  sustained  by  the  plane  ;  but  another  abo 
equal  to  it  is  sustained  by  the  plane,  in  consequence  of  the 
resterii^  force,  and  by  virtue  of  which  the  body  is  throwQ 
back  again  with  an  equal  velocity.  And  therefore  the  in- 
tensity of  the  blow  isdoubled. 

61.  Carol.  2.  Hence  unelastic  bodies  lose,  by  their  col- 
lision, only  half  the  motion  lost  by  elastic  bodies  ;  their  mast 
and  velocities  beii»  equal. — ^For  the  latter  communicate 
double  the  motioa  9i  the  former^ 

FROPOSITIQII 
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62.  If  an  ElaHic  Body  a  impinge  on  a  Firm  Plane  de  at  the 
Point  B,  it  will  rebound  from  it  in  an  ^ngle  eqval  to  ikat  in 
which  it  struck  it ;  qr  the  Jingle  of  Incidence  will  be  equal  to 
the  Angle  of  Reflexion  ;  namely ^  the  Angle  abd  equal  to  the 
Angle  FBE. 

Let  ab  eipress,  tbe  force  of 
the  body  a  in  the  directiou  ab  ; 
which  let  be  resolved  into  the 
two  AC,  cb,  parallel  and  per^ 
pendicalar  to  the  plane. — Take 

BE  abd  CF  equal  to  ac,  and  draw 

bf.  Now  action  and  reaction  being  eqaal,  the  plane  will 
resist  the  direct  force  cb  by  another  bc  equal  to  it,  and  in  a 
contrary  direction  ;  whereas  the  other  ac,  being  parallel  to 
the  plane^  is  not  acted  on  or  diminished  by  it,  but  still  con- 
tinues as  before.  The  body  is  therefore  reflected  from  the 
plane  by  two  forces  bc.  be,  perpendicular  and  parallel  to  the 
pl^ne,  and  therefore  moyes  in  the  diagonal  bf  by  composition, 
out,  because  ac  is  equal  to  be  or  cf,  and  that  bc  is  common, 
the  two  triangles  bca,  bcf  are  mutually  similar  and  equal ;  and 
consequently  the  angles  at  a  and  f  are  equal,  as  also  their 
equal  alternate  angles  abd,  fbe,  which  are  the  angles  of  inci- 
dence and  reflexion. 

PROPOSITION  3lV. 

63.  To  determine  the  Motion  of  Kon-elastic  Bodies  when  they 
strike  each  other  Directly ,  or  in  the  same  Line  of  Direction. 

Let  the  nen-elastic  bod^  b,  mov- 
ing with  the  velocity  v  in  the  di-       ^ q 

rection    b6,  and  the   body  b  with       g  ^  C 

the  velocity  v,  strike  each  other. 

Then,  because  the  momentum  of  any  moving  body  is  as  the 
mass  into  the  velocity,  by  ="  u  is  XhQ  momentum  of  the  body, 
B,  and  bv  =  t/i  the  momentum  of  the  body  b,  which  let  be 
the  less  powerful  of  the  two  motions.  Then,  by  prop.  10, 
the  bodies  will  both  move  together  as  one  mass  in  the  direc- 
tion BC  afler  the  stroke,  whether  before  the  stroke  the  body 
b  moved  towards  c  or  towards  b.  Now,  according  as  that 
motion  of  6  was  from  or  towards  b,  that  is  whether  the 
r  potions  were  in  the  same  or  contrary  ways,  the  momentum 
after  the  stroke,  in  direction  bc,  will  be  the  turn  of  difference 


COLLISION  OF  BODIES.  126 

of  the  momentuntt  before  the  stroke  ;  namely,  the  momen- 
tum in  direction  bc  will  be 

r 

Bv  +  bv,  if  the  bodies  moved  the  same  way,  or 

B V 6v,  if  they  moved  contrary  ways,  and 

BY  only,  if  the  body  6  were  at  rest. 

Then  divide  each  momentum  by  the  commoiki  mass  of  mat- 
ter B  +  6,  and  the  quotient  will  be  the  common  velocity  after 
the  stroke  in  the  direction  bc  ;  namely,  the  common  velocity 
win  be,  in  the  first  case, 

»_I+±:,  in  the  2d ?^,  and  in  the  3d --5£-. 

B  +  6  '  B  +  A  B  +  6 

64.  For  example,  if  the  bodies,  or  weights,  b  and  6,  be  as 
§  t-)  3  and  their  velocities  v  and  v,  as  6  to  4,  or  as  3  to  2,  be- 
fore the  stroke  ;  then  1 5  and  6  will  be  as  their  momentums, 
and  8  the  sum  of  their  weights  ;  consequently ,  after  the  stroke, 
the  GOBunon  velocity  will  be  as 

15-H6    g|  ^y  2 .  ijj  ^^  g„j  ^j^gg^ 

8     ^8 

^^""^- ^or  li  in  the  second,  and 
8    ""  8 


15 


or  If  in  the  third. 
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66.  ff  two  Perfectly  EUaitic  Bodies  impinge  on  one  another : 
thetr  ReiaHve  Velocity  wUl  be  the  same  both  Before  and  Af' 
ier  the  Imptdse  :  iliat  isy  the^  will  recede  from  each  other 
with  the  same  Velocity  with  which  they  approached  and  me^ 

For  the  compressing  force  is  as  the  intensity  of  the  stroke  ; 
which,  in  given  bodies,  is  as  the  relative  velocity  with  which 
they,  meet  or  strike.  But  perfectly  elastic  bodies  restore 
themselves  to  their  former  figure,  bv  the  same  force  by  which 
they  were  compressed  ;  that  is,  the  restoring  force  is  equal 
to  the  compressing  force,  or  to  the  force  with  which  the 
bodies  approach  each  other  before  the  impulse.  But  the 
bodies  are  impelled  from  each  other  by  this  restoring  force  ; 
and  therefore  this  force,  acting  on  the  same  bodies,  will  pro« 
duce  a  relative  velocity  equal  to  that  which  they  had  before  : 
or  It  will  make  die  bodies  recede  firom  each  other  with  the 

same 
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same  Telocity  with  which  they  before  approached,  or  to  as  to 
be  equally  distant  from  one  another  at  equal  tiiftes  before  and 
after  the  impact. 

66.  Rtauirk.  It  is  not  meant  by  this  proposition,  that  each 
body  will  have  the  saihe  velocity  after  the  impulse  as  it  had 
before  ;  for  that  will  be  varied  according  to  the  relation  of 
the  masses  of  the  two  bodies  ;  but  that  the  velocity  of  the 
one  will  be,  after  the  stroke,  as  mach  increased  as  that  of 
the  other  is  decreased,  in  one  and  the  same  direction  So,  if 
the  elastic  body  b  move  with  a  vielocity  v,  and  overtake  the 
elastic  body  6  moving  the  same  way  with  the  velocity  v  ;  then 
their  relative  velocity,  or  that  with  which  they  strike^  is 
V  —  V,  and  it  is  with  this  same  velocity  that  they  separate 
'  from  each  other  after  the  stroke.  But  if  they  meet  each 
other,  or  the  body  b  move  contrary  to  the  body  b  ;  then  they 
meet  and  strike  with  the  velocity  ▼  +  v,  and  it  is  with  the 
same  velocity  that  they  separate  and  recede  from  each  other 
after  the  stroke.  But  whether  they  move  forward  or  back- 
ward after  the  impulse,  and  with  what  particular  velocities, 
are  circumstances  that  depend  on  the  varioas  masses  and  ve- 
locities of  the  bodies  before  the  stroke,  and  which  make  the 
subject  of  the  next  proposition. 

PROPOSITION  XVt 

67.     To  determiM  the  Motion*  of  Elastic  Boditi  afUr  Striking 

each  other  directly. 

Let  the  elastic  body  b  move  in  ^  q 

the  direction  bc,  with  the  velocity  ^  b  C 

'  r ;  and  let  the  velocity  of  the  other  . 
body  6  be  V  in  the  same  line  ;  which  latter  velocity  v  will  b» 
positive  if  6  move  the  same  way  as  b,  but  negative  if  6  move 
in  the  opposite  direction  to  b.  Then  their  relative  velocity 
in  the  direction  bc  is  v  —  v ;  also  the  momenta  before  the 
stroke  are  bv  and  bv^  the  sum  of  which  is  bv  4*  ^  in  the 
direction  bc. 

Again,vpnt  x  for  the  velocity  of  b,  and  y  for  that  of  (, 
in  the  same  direction  bc,  after  the  stroke  ;  then  their  rela- 
tive velocity  is  y  —  x,  and  the  sum  of  their  momenta  Bx+by 
in  the  same  direction. 

But  the  momenta  before  and  after  die  coltision,  estimated 
in  the  same  direction,  are  equal,  by  prop.  10,  as  also  the 
relative  velocities,  by  the  last  prop.  Whence  arise  these  two 
equations  : 

viz. 


COLLISION  OF  BODIES. 


«1 


▼iz  BF  +  6p  =  BJC  +  6y, 
ftnd  r  —  p  ^5    y  —  Jf ; 
the  resolation  of  which  eqaations  giTes 

X  =^^-x  X — >  ^^  velocity  of  b, 

y  = — ^ j-T-i — — ,  the  yelocitj  of  o, 

both  in  the  direction  bc,  when  v  and  v  are  both  poaitire,  or 
the  bodies  both  mored  towards  c  Before  the  collision.  But  if 
V  be  negative,  or  the  body  h  moyed  in  the  contrary  direction 
before  collision,  or  towards  b  ;  then,  changing  the  sign  of  v, 
the  same  theorems  become 

-^  ^ ^— -r ,  the  velocity  of  b, 


X  = 


—  (■  — 6)  W-I-2B  V 


» the  yeloc.  of  6,  in  the  direction  bc. 


And  if  h  were  at  rest  before  the  intact,  making  its  velocity 
9  S3S  Oy  the  same  theorems  give 

X  =3 — ^-x  V,  and  y  =  -— t^tV,  the  velocities  in  this  case. 

And  in  this  case,  if  the  two  bodies  b  and  h  be  eqnal  to 

each  other ;  then  b  —  J  =0,  and — —-.=-*.  =  l  ;   which 

giire  X  =  0,  and  y  =  v ;  that  is  the  body  b  will  stand  still, 
and  the  other  body  h  will  move  on  with  the  whole  velocity  of 
the  former  ;  a  thing  which  we  sometimes  see  happen  in  play- 
ing at  billiards  ;  and  which  would  happen  much  oftener  if  the 
balls  were  perfectly  elastic. 


pBOPOsmoN  xva 


68.  If  BodU9  ^rike  me  another  Obliquely^  it  is  proposed  to  da 
iermine  their  Motions  after  the  Stroke. 


Let  the  two  bodies  b,  5, 
move  in  the  oblique  directions 
BA,  6a,  and  strike  each  other 
at  A,  with  velocities  which  are 
in  proportion  to  the  lines  ba,^ 
^A  ;  to  find  their  motions  after 
the  impact.  Let  car  repre- 
sent the  plane  in  which  the 
bodies  touch  in  the  point  of 
concourse  ;  to  which  draw  the  perpendiculars  bc,  6d,  and' 
complete  the  rectangles  cE|  df.    Then-  the  motion  in  ba  is  re- 

•  solvent 
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solved  into  the  two  bc,  ca  ;  and  the  motioa  in  6a  is  resolretl 
into  the  two  6d,  da  ;  of  which  the  antecedents  bc,  6d,  are  the 
velocities  with  which  they  directly  meet,  and  the  conseqaents 
CA,  PA,  are  parallel ;  therefore  by  these  the  bodies  do  not  ioi- 
pinee  on  each  other,  and  consequently  the  nations,  according 
to  these  directions,  will  not  be  changed  by  the  impulse  ;  so 
.that  the  velocities  with  which  the  bodies  meet,  are  as  bc  and 
6d,  or  their  equals  ea  and  fa.  The  motions  therefore  of  the 
bodies  b,  6,  directly  striking  each  other  with  the  velocities  ka, 
FA,  will  be  determined  by  prop.  16  or  14,  according  as  the 
bodies  are  elastic  or  non-elastic ;  which  being  done>  let  ag  be 
the  velocity,  so  determined,  of  one  of  them,  as  b  ;  and  since 
there  remains  also  in  the  body  a  force  of  moving  in  the  direc- 
tion parallel  to  be,  with  a  velocity  as  be,  make  ah  equal  to  be, 
and  complete  the  rectangle  or  :  then  the  two  motions  in  ab 
and  AG,  or  hi,  are  compounded  into  the  diagonal  ai,  which 
therefore  will  be  the  path  and  velocity  of  tlie  body  b  aiier  the 
stroke.  And  afler  the  same  manner  is  the  motion  of  the  o&er 
body  b  determined  after  the  impact. 

If  the  elasticity  of  the  bodies  be  imperfect  in  any  given  de- 
gree, then  the  quantity  of  the  corresponding  lines  must  be  di- 
minished in  the  same  proportion. 


THE  LAWS  OF  GRAVITY  ;  THE  DESCENT  OP  HEAVY 
BODIES  ;  AND  THE  MOTION  OF  PROJECTILES  IN 
FREE  SPACE. 

PROPOSITION  XVIII. 

69.  All  the  propertie$  of  Motion  delivered  in  Propoiition  FI,  its 
CoroUariee  and  Sehotium^  for  Constant  Forces^  are  tme  in  tke 
Motions  of  Bodies  freely  descending  by  their  own  Gravity  ; 
namely^  that  the  velocities  are  as  the  Times,  and  the  Spaces  as 
the  Squares  of  the  Times^  or  as  the  Squares  of  the  Feloci-^ 
ties. 

For,  since  the  force  of  gravity  is  uniform,  and  constantly 
the  same,  at  all  places  near  the  earth ^s  surface,  or  at  nearly 
the  same  distance  from  the  centre  of  the  earth  :  and  since  this 
is  the  force  by  which  bodies  descend  to  the  surface  ;  they 
therefore  descend  by  a  force  which  acts  constantly  and  equally  -, 
consequently  all  the  motions  freely  produced  by  gravity,  are 
as  above  specified,  by  that  proposition,  &c. 

8CH0UUM. 

70.'  Now  it  has  been  founds    by  numberless  experiments^ 

that 
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that  grayity  is  a  force  of  such  a  natare,  that  all  bodies,  whether 

lii^ht  or  heavy,  fall  perpendicularly  through  equal  spaces  ia 

the  9aine  time,  abstractiDg  from  the  resistance  of  the  air  ;  as 

lead  or  gold  and  a  feather,  whic^  in  an  exhausted  receiver 

iail  from  the  top  to  the  bottom  in  the  same  lime.     It  ia  also 

found  that  the  velorities  acquired  by  descending,  are  in  the 

exact  proportion  of  the  times  of  descent  :  and  further,  that 

the  spaces  descended  are  proportional  to  the  squares  of  the 

times,  and  therefore  to  the  squares  of  the  velocitien.     Hence 

then  it  follows,  that  the  weights  of  gravities,  of  bodie!>  near 

the  surface  of  the  earth,  are  proportional  tQ  the  quantities  of 

matter  contained  in  them  ;  and  that  the  spaces,  times,  and 

velocities,  generated  by  gravity,  have  the  relations  contained 

in  the  three  general  proportions  before  laid  down.     Further, 

as  it   is  found,  by  accurate  experiments,  that  a   body  in  the 

latitude  of  London,  falls  nearly    IQ^  feet  in  the  first  second 

of  time,  and  consequently  that  at  the  end  of  that  time  it  has 

acquired  a  velocity  double,  or  of  32^  feet  by  corol.  1,  prop.  6  ; 

therefore  if  s;  denote   16^  feet,  the  space  fallen  through  ia 

one  second  of  time,  or  2g  the  velocity  generated  in  that  time  ; 

then,  because  the  velocities  are  directly  proportional  to  the 

times,  and  the  spaces  to  the  squares  of  the  times  ;  therefore 

it  will  be, 

as  1"  :  ('  :  :  2g  :  ^gt  =  v  the  velocity, 
^nd  P  :  t^  :  :    g  :    gi^  =  $  the  space. 
So  that,  for  the  descents  of  gravity,  we  have  these  general 
aquations,  namely, 

^  =  2g<  =    -  =  2yg,. 

2^            '         ^  g 
v^  t    »s 

^  ""  2«     ^    "|3    ^  iT* 

Hence,  becaase  the  tfmes  are  as   the  velocities,  and  the 
spaces  as  the  squares  of  either,  therefore, 

if  the  times  be  as  the  numbs.        1,2,3,     4,    5,  &c. 

the  velocities  will  also  be  as        1,  2,  3,     4.    5,  kc. 

and  the  spaces  as  their  squares  1,  4,  9,  16,  25,  &c. 

and  the  space  of  each  time  as     1,3,5,     7,    9,  &c. 
namely,  ar  the    series  of  the  odd  numbers,  which   are  the 
differences  of  the  squares  denoting  the  whole  spaces.     So 
that  if  the  first  series  of  natural  numbers  be  seconds  of  time, 

V«i.  11.  IB  namely, 


ISO 
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namely,  the  times  in  secondli 
tlie  veldcittes  in  feet  will  be 
the  spaces  in  the  whole  times 
,Bnd  the  space  for  each  second* 


1",      2-,       3'',         4",  k€. 

^^f    64^.    ^h    '^^1'  ^^' 

J^A»  64»  1^4'  ^^'^h  ^c- 
le^V.  48i,  eOArllgfj,  &c. 


71.  These  relations,  of  the  times,  Yetoci- 
ties,  and  spaces,  may  be  aptly  represented' 
by  certain  lines  and'  gieometrical  figures. 
Thus,  if  the  line  ab  denote  the  time  of  any 
body's  descent,  and  bc,  at  right  angles  to  it,  • 
the  velocity  gained  at  the  end  of  that  time .; 
by  joining  ac,  and  dividing  the  time  ab  into 
any  number  of  parts  at  the  points  a,  6,  c '; 
dien  shall  ad,  6e,  cf,  parallel  to  bc,  be  the  velocities'  at  the 
points  of  time  a,  6,  c,  or  at  the  ends  of  the  times,  ao,  a6, 
AC  ;  because  these  latter  lines,  bv  similar  triangles  are  pro- 
portional to  the  former  ad,  bt^  efy  and  the  times  are  propor- 
tional to  the  velocities.  Also,  the  area  of  the  triangle  abc 
will  represent  the  space  descended  through  by  the  force  of 
gravity  in  the  time  ab,  in  which  it  generates  the  velocity  bc  ; 
berause  that  area  is  equal  to  ^abXbc,  and  the  space  descend- 
ed is  «  ==  \U>^  or  half  the  product  of  the  time  and  the  last 
velocity.  And,  for  the  same  reason,  the  less  triangles  aoc/, 
A6e,  kcfj  will  represent  the  several  spaces  described  in  the 
corresponding  timer  Aa,  a6,  ac,  and  velocities  ad,  6e,  tf\ 
those  triangles  or  spaces  being'  also  as  the  squares  of  their 
like  sides  ao,  a&,  ac,  which  represent  the  times,  or  of  ad^  hey 
cf^  which  represent  Uie  velocities. 


72.  But  as  areas  are  rather  unnatural 
representations  of  the  spaces  passed  over 
by  a  body  in  motion,  which  are  lines,  the 
relations  may  better  be  represented  by 
the  ibsetsses-  and  ordi hates  of  a  parabola. 
Thus,  if  pq  be  a  parabola,  pr  its  axis, 
and  Hq  its  ordinate  ;  and  pa,  f6,  re,  &c. 
parallel  to  rq,  represent  the  times  from 
the  beginning,  or  the  velocities,  then  a^,  hf,  cg^  &c.  parallel 
to  the  axis  pr,  will  represent  the  spaces  described  by  a  fali- 
in%  body  in  those  times  ;  for,  in  a  parabola,  the  abscisses  p^. 
Ft,  pA:,  ^c.  or  ae,  bf,  eg,  &c.  <wbich  are  the  spaces  described, 

^  are  as   the  squares  of  the  ordinates  he,  if,  kg,  &c.  or  pa,  p6, 
rc^  &X.  which  represent  the  times  or  velocities. 

73.  And  because  the  laws  for.  the  destruction  of  motion, 

are 


k 
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are  the  aame  fts  those  for  the  generation  of  it,  by  .equal  forces^ 
but  acting  in  a  contrary  direction  ;  therefore, 

Isl,  A  body  thrown  directly  upward,  with  any  velocity  wili 
lose  equal  velocities  in  equal  times. 

2rf,  If  a  body  be  projected  upward,  with  the  velocity  it 
acquired  in  any  time  by  descending  fVeely,  it  will  lose  all  its 
Telocity  in  an  equal  time,  and  will  ascend  just  to  the  same 
hei^iit  from  which  it  fell,  and  will  describe  equal  spaces  in 
equal  times,  in  rising  and  falling,  but  in  an  inverse  order  ; 
and  it  will  have  equal  velocities  at  any  one  and  the  same  point 
of  the  line  described,  both  in  ascending  and  descending. 

3</,  If  bodies  be  projected  upward,  with  any  velocities,  the 
beieht  ascended  to.  will  be  as  the  squares  of  those  velocities, 
«r  as  the  squares  of  the  times  of  ascending,  til)  they  lose  all 
their  velocities. 

,74.    To  illustrate  now  the  rules  for  the  natural  descent  of 
bodies  by  a  few  examples,  let  it  be  required, 

Isl,  To  find  the  space  descended  by  a  body  in  7  seconds 
of  time,  and  the  velocity  acquired. ' 

Ans.  788^  space  ;  and  S25^  velocity. 

2dy  To  find  the  time  of  generating  a  velocity  of  100  feet 
per  second,  and  the  whole  space  descended. 

Ans.  3*f^  time  ;  155y\^  space. 

3d,  To  find  the  time  of  descending  400  feet,  and  the  velo* 
eity  at  the  end  of  that  time. 

Ans.  4"^^  time  ;  and  160ff  velocity 
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75.  If  a  Body  be  prqjecUd  in  Tree  Space  either  Parallel  to  the 
Horizon^  or  in  an  Oblique  Direction^  by  the  Force  of  Gun- 
Powder^  or  any  other  Impulse;  it  will  by  this  M6tion^  in 
Conjunction  with  the  Action  of  Gravi^ty  describe  the  Curve 
Ldne  of  a  Parabola, 


H  G^ 

LkT  the  body  be  projected  from  the  point  a,  in  the  di- 
rection AD,  with  any  uniform  velocity  :  then,  in  any  equal 

portions 


! 
1 


iS2  OF  MOTION,  FORCES,  fcp.         '      ' 

portions  of  time,  it  would  by  prop.   4,   describe  tbe  eqnd 
Spaces  AB,  Bc,  ( D,  &c.  in  the  line  ad,  if  it  were  not  drawft 
continually  down  below  that  line  by  the  action  of  gravity. 
Draw  BF,  CF,  d&,  &c.  in  the  direction  of  gravity,  or  perpen- 
dicular to  theJ)orizon«  and  equal  to  the  spaces  through  which 
tbe  body  would  descend  by  its  gravity  in  the  same  time  in 
which  jt  would  uniformly  pass  over  the  corresponding  spaces 
AB,  AC,  AD,  &c.  by  the  projectile  motion.     Then,  since  by 
these  two  motiops  the  body  is  carried  over  the  space  ab,  in 
the    same   time  af>   over  the    space  be,  and  the  space   ac 
in  the  same  time  aS  the   space  cf,  and  the  space  ad  in  the 
same  time  as  the  space  dc,  &c.  ;  therefore,  by  the  compo- 
sition of  motions,  at  the  end  of  those  times,  the  body  will  be 
found  respectively  in  the  points  e,  f,*g,  &c.  ;  and  consequent- 
ly the  real  path  of  the  projectile  will  be  the  curve  line  aefg, 
&c.     But  the  spaces  ab,  ac,  ad,  &c.  described  by  uniform  mo- 
tion, are  as  the  times  of  description  ;  and  the  spaces  be,  cf,  dg« 
&c.  described  in  the  same  times  by  the  accelerating  force  of 
.  gravity,  are  as  the  squares  of  the  times  ;  consequently  the 
perpendicular  descents  are  as  the  squares  of  the  spaces  in  ad, 
that  is  be,  cf,  dg,  &c.  are  respectively  proportional  to  ab^/ 
ac^,  ad^,  &c«  ;  which  is  the  property  of  the  parabola  by 
theor.  8,  Cofl.  ^ect.     Therefore  the  path  of  the  projectile  is 
the  parabolic  line  aefg,  &c.  tq  which  ad  is  a  tangent  at  the 
point  A. 

76.  CoroL  1.  The  horizontal  velocity  of  a  projectile,  is 
always  the  same  constant  quantity,  in  every  point  of  the 
curve  ;  because  the  horizontal  motion  is  in  a  constant  ratio 
to  the  motion  in  ad,  which  is  the  uniform  projectile  motion. 
And  the  projectile  velocity  is  in  proportion  to  the  constant 
horizontal  velocity,  as  radius  to  the  cosine  of  (he  angle  dah, 
or  angle  of  elevation  or  depression  of  the  piece  above  or  be* 
low  the  horizontal  line  ah. 

77.  CovqI.  2.  The  velocity  of  the  projectile  in  the  direction 
of  the  curve,  or  of  its  tangent  at  any  point  a  is  as  the  secant 
of  its  anfi^le  bai  of  direction  above  the  horizon  For  the 
motion  in  the  horizontal  direction  ai  is  constant,  and  ai  is  to 
AB,  as  radius  to  the  secent  of  the  angle  a  ;  therefore  the  mo- 
tion at  A,  in  AB,  is  every  where  as  the  secant  of  the  angle  A. 

78.  Oorol.  3  The  velocity  in  the  direction  dg  of  gravity, 
or  perpendicular  to  the  horizon,  at  any  point  o  of  tl^e  curve, 
is  to  the  tir^t  uniform  projectile  velocity  at  a,  or  point  of 
contact  of  a  tangent,  as  ^gd  is  to  ao.  For,  the  times  in  ad 
and  DG  being  equals  and  the  velocity  acquired  by  freely  de- 
scending 
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ir.efi<!iii^  thronfl^h  do,  bein^  such  as  would  carry  the  body  nni- 
for:iity  over  tivice  dg  in  an  equal  time,  and  the  spaces  describ* 
ed  with  uniform  motions  being;  as  the  velocities,  therefore  the 
space  AD  i<<  to  the  space  2dg,  as  the  projectile  velocity  at  a, 
to  the  perpendicular  velocity  at  o. 


PROPOSITION 


79.   The  Vetocity  in  the  Direction  of  the  Curve,  at  any  Point  of 
t<,  as  A,  is   equal  to  that  which  is   gener.ied   by  Gravity  in 
f reefy   descending    throusrh  a  Space   whicff  is  equal,  to  One^ 
Fourth  of  the  Parameter  of  the  diameter  of  ihi   Parabola 
at  that  Point. 

Let  PA  or  AB  be  the  height 
due  to  the  velocity  of  the  projec- 
tile at  aiw  point  a,  irt  the  direction 
of  the  curve  or  tansjent  ac,  or 
the  velocity  acquired  by  falling 
throujrh  that  height  ;  and  com- 
plete the  paralleloflcram  acdb. 
Then  is  co  =s  ab  or  ap,  the 
height  due  to  the  velocity  in  the  curve  at  a  and  cd  is  aho  the 
heii^ht  due  to  the  perpendicular  velocity  at  o,  which  must 
be  equal  to  the  former  ;  hut  by  the  last  corol.  the  velocity  at 
A  is  to  the  perpendicular  velocity  at  d,  as  ac  to  2cd  ;  and 
as  these  velocities  are  equal,  therefore  ac  or  bd  is  equal  to 
2cD,  or  2ab  ;  and  hence  ab  or  ap  is  equal  to  ^bd,  or  \  of  the 
param^t^r  of  the  diameter  ab,  by  corol.  to  theor.  13  of  the 
Parabola. 


80.  Carol.  I.  Hence,  and  from  cor.  2,  jj  H  H  H  H 
theor.  13  of  the  parabola,  it  appears  that, 
if  from  the  directrix  of  the  parabola 
which  is  the  path  of  the  projectile,  seve- 
ral lines  HE  be  drawn  perpendicular  to 
the  directrix,  or  paralleHo  the  avis  ;  then 
the  velocity  of  the  projectile  in  the  direction  of  the  curve,  at 
any  point  e,  is  always  equal  to  the  velocity  acquired  by  a  body 
falling  freely  through  the  perpendicular  line  he. 

81.  V^roL  2  If  a  body,  after  falling  through  the  height 
pa  (last  6g.  but  one),  which  is  equal  to  ab,  and  when  it 
arrives  at  a,  have  it$  course  changed,  by  reflection  from  an 
•lastic  plane  ai,  or  otherwise,  into  any  direction  ac,  without 
altering  the  velocity  ;  and  if  ac  be   taken  =  2ap  or  2ab, 

and 
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and  the  parallelofcnm  be  completed  ;  tben  the  bodj  wiH  de- 
Kribe  the  parabola  passing  throngb  the  point  d, 

82.  Carol.  3.  Becauie  jc  =  Zab  or  Sod  or  2ap,  therefore 
AC*  K  Zap  X  See  or  At .  4cd  ;  and  because  all  the  perpeo- 
diculan  ef,  cd,  gh,  are  at  At',  ac*,  ao'  ;  therefore  also 
AF  .4Er  =  AB*,  and  ap  .  4ob  =  Ao^.Jic.  ;  aod  because  ihe 
rectangle  of  the  extremes  is  equal  to  the  rectangle  of  the 
aeaos  of  four  proportionals,  therefore  always 

itis  AP  :  AE  :  :  ae  i  4Er, 

and  AP  :  AC   : :   AC  :  4cd, 

and  AP  :  Ao  :  :  ao  :  4Gif, 
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SS.  Having  givtn  the  DirecUoa,  and  the  Impelut,  or  Jttiiude 
due  to  3ie  Firif  Velocity  of  a  Projectile  ;  to  determine  the 
Greateit  Height  to  vshieh  t(  mtl  rite,  and  the  Rmidom  or 
Hori2onlat  Range. 

Let  af  be  the  height  due  lo  the 
projectile  * elocitj  at  a,  ac  the  di- 
rection, and  AH  the  hi^rizon.     On 
AG  let  fall  the  perpendirular  pq, 
and  OD  AP  the  perpendicular  an ;  so 
shall  AR  he  equal  to  the  greatest  al- 
tit:)de  cv.and  -t^a  eqnal  to  the  hori- 
zontal range  ah.  Or,  having  drawn 
P4  perp.   to  AG,  take  ao  =  4a4,  and  draw  gb  perp.  to  ab  ; 
then  AH  is  the  range. 
For.  by  the  last  corollary, 
and,  by  similar  triangles. 


4a<i  ;    and,  by  HimilBr  Iriaoglea,  ah  =  4mt. 

be  the  vertex  of  the   parabola,  then  ab  or  |Aa 

,  which  ii  »  cT 


therefore  : 
Also,  if 
—  Sa^,  or  Aq  =  dB,;  conBequently 
by  the  property  of  the  parabola. 

84.  Carol.  1.  Because  the  angle 
(t  i«  a  right  angle,  which  is  the  angle 
in  a  semicircle,  therefore  if,  on  ap 
as  a  diameter,  a  semicircle  be  de- 
scribed,  it  will  past  through  the 
point  «. 

85.  Carol.  2.  If  the  horizontal  range 
and  the  projectile  velocity  be  given, 

the 
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the  direction  of  the  piece  so  as  to  hit  the  ohject  h,  will  be 
thus  easily  found  :  Take  ad  =  ^  ab,  draw  dq  perpendicular 
to  AH,  meeting  the  semicircle,  described  on  the  diameter  ap» 
in  ^  and  q  ;  then  a<i  or  Aq  wiH  be  the  direction  of  the  piece. 
And  hence  it  appears,  that  there  are  tvro  directioos  ab,  Ab» 
which,  with  the  same  projectile  velocity,  give  the  yery  same 
horizontal  range  ah.  And  these  two  directions  make  eqnal 
angles  qAo,  ^ap  with  ah  and  Ar,  because  the  arc  p^  =  the  arc 
Aq. 

86.  Corol,  3.  Or,  if  the  range  ah,  and  direction  ab,  be  gir- 
en  ;  to  find  the  altitude  and  velocity  or  impetus.  Take  ad  = 
^AH,  and  erect  the  perpendicular  d<i,  meeting  ab  in  <i  ;  so 
shall  D^  be  equal  to  the  greatest  altitude  cv.  Also,  erect  ap 
perpendicular  to  ah,  and  <iP  to  a<^  ;  so  shall  ap  be  the  height 
due  to  the  velocity. 

87.  Ckn-ol,  4.  When  the  body  is  projected  with  the  same 
velocity,  but  in  difierent  directioos  :  the  horizontal  ranges 
AH  will  ■  be  as  the  sines  of  double  the  angles  of  elevation. — 
Or,  which  is  the  same,  as  the  rectangle  of  the  sine  and  co- 
sine of  elevation.  For  ad  or  bq,  which  is  J-ah,  is  the  sine 
of  the  arc  a^»  which  measures  double  the  angle  qAo  of  eleva- 
tion. 

And  when  the  direction  is  the  same,  but  the  velocities  diffe- 
rent ;  the  horizontal  ranges  are  as  the  square  of  the  velocities, 
or  as  the  height  ap,  which  is  as  the  square  of  the  velocity  ; 
for  the  sine  ad  of  b^  or  |ah  is  as  the  radius  or  a^  the  diame- 
ter AP. 

Therefore,  when  both  are  different,  the  ranges  are  in  the 
compound  ratio  of  the  squares  of  the  velocities,  and  the  sines 
of  double  the  angles  of  elevation. 

88.  Corol.  5.  The  ^eatest  range  is  when  the  angle  of  ele- 
vation is  45*^,  or  half  a  right  angle  ;  for  the  double  of  46  is 
90,  which  hae  the  greatest  sine.  Or  the  radius  os,  which  is 
\  of  the  range,  is  the  greatest  sine. 

And  hence  the  greatest  range,  or  that  at  an  elevation  of  45*, 
is  just  double  the  altitude  ap  which  is  due  to  the  velocity,  or 
equal  to  4vc.  Consequently,  in  that  case,  c  is  the  focus  of  the 
parabola,  and  ah  its  parameter.  Also,  the  ranges  are  equ^, 
at  angles  equally  above  and  below  45^. 

89.  CoroL  6.  When  the  elevation  is  15*,  the  double  of 
which,  or  30**,  has  its  sine  equal  to  half  the  radius  ;  conse- 
quently then  its  range  will  be  equal  to  ap,  or  half  the  greatest 
range  at  the  elevation  of  46^  ;  that  is.  the  range  at  \b^,  is 
equal  to  the  impetus  or  height  due  to  the  projectile  velocity. 

90.  Qmi(.Tv 
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90.  Carol.  7.  The  greatest  altitude  cv,  being  equal  to  ab, 
is  as  the  versed  sitie  of  double  the  angle  of  eievatiol»,  and 
also  38  AP  or  the  square  of  the  velpcity.  Or  as  the  square 
of  the  sine  of  elevation,  and  the  square  of  the  velocity  ;  for 
the  square  of  the  sine  4s  as  the  versed  sine  of  the  double  an- 
gle. 

91.  CoroL  8.  The  time  of  flight  of  the  projectile,  which  is 
equa^l  .to  the  time  of  a  body  tailing  freely  through  gh  or 
4cv,  four  times  the  altitude,  is  therefore  as  the  square  root 
of  the  altitude,  or  as  the  projectile  velocity  and  sine  of  the  ele- 
vation. 

SCHOUUM. 

92.  From  the  last  proposition,  and  its  corollaries,  may  be 
deduced  the  following  set  of  theorems,  for  finding  all  the 
circumstances  of  projectiles  on  horizontal  planes,  having  any 
two  of  them  given.  Thus,  let  »,  c,  i  denote  the  sine,  cosine, 
and  tangf'nt  of  elevation  ;  s,  v  the  sine  and  versed  sine  of 
the  double  olevation  ;  R  the  horizontal  ranf^e  ;  t  the  time  of 
flight ;  V  the  projectile  velocity  ;  h  the  greatest  height  of  the 
projectile  g  =  16^^  feet,  and  a  the  impetus,  or  the  altitude 
due  to  the  velocity  v.     Then, 

R  ==       208=       4afc=     -T—^-     =^- =  ^^ —  =  —. 

2^  g  •  t  i 

*  4c  4y  8^        4 

And  from  any  of  these,  the  angle  of  direction  may  l>e 
found.  Also,  in  these  theorems,  g  may,  in  many  cases,  be 
taken  =  16,  without  the  small  fraction  yi^«  which  will  be  near 
enough  for  common  use. 

PROPOSITION  xxn. 

S3.  To  determine  the   Range    on   an   Oblique  Plane;    having 
given  the  Impetus  or  Felocityy  and  the  Angle  of  ^Direction. 

Let  ae  be  the  oblique  plane,  at  a  given  angle,  either 
above  or  below  the  horizontal  plane  ah  ;  ao  the  direction 

ef 
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^  tbe  pi^e«  amdl  av  the  alti- 
•tade  due  to  the  projectile  Telo- 
city at  A. 

'  .By  |he  last  proposition,. find 
the  horizontal  range  ah  to  the 
.giFen  velocity  and  direction  ; 
yoraw  UK  perpendiculkr  toABy 
"pj^eetiog  the  ohliqde  plane  in  r ; 
:,4raw  Er  pan^H^l  to  io,  and 
^jri  parallel  to  b£  ;  so  shall  the 

,proje(^te    pass    throagh  i,  and  the  ravage  on  the  ohliqn^ 

plane  Will  oe  ^i.     As  is  evident  hy  theor.  16  of  the  Para- 

,l)ola,  where  it  is  proved,  that' if  iri,  it  be  any  fwo  lines  ter- 

ininated  at  .the  curve,  and  ir,  be  paraBel  to  the  asds.;  th^A 

is  EF  parallel  to  the  tangent  AG. ' 

94.    Oiherwi$€t  without  the  Horizontal  Range* 


Draw  F^  perp.  to  ao,  and  ^d  perp.   to  the  horizontal 

5 lane  af,  meeting  the  inclincfd  plane  in  z  ;  take  az  ss.  4jUi^ 
raw  Mf  |>arallel  to  ao,  and  ri  imrallef  to  ap  or  d^  ;  so  shall 
>i  be  the  raftge  on  th6  oblique  ptaoe.  For  ah  s  4sp, 
'therefore  zh  H  paralleFto  fi,  and  so  on,  as  above* 

OtherwtH. 

95.   Draw  rq  making  Oie  angle  AFg  ss  the  angle  gai  ; 
:then  take  ag  =s  4ao,  and  diilw  at  perp.  to  ab.  <  Or,  draw 
Ifk  perp.  to  AB,  and  take  Ar  ^  4a^.    Also  z^  willbe  eqilal 
to  ev  the  greatest  height  above  the  plane. 

For,  by  cor.  2,  prop.  20,  ap  :  ag  ':  :  ao  :  4oi 
and  by  sim.  triangles,  ap  :  ag  :  :  a^  :  gi, 
or        -        •        -  ap  :  AG  :  :  Aug  S  4oi  ; 

therefore  ag  =  4a^  ;  and  by  sim-  triangles,  ai  =s  4aI;. 
Also  qk^  or  ^oi,  is  s  to  <^  by  theor.  13  of  the  Parabola* 

P 

P 


96   Cord.  U 
,  V#i.  II. 


If  AO  be  drawn  perp.  to  the  plane  ai,  and 
19  A^be 
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AP  be  bisected  bj  tbe  perpendicular  sto  ;  then  with  the 
centre  o  describing  a  circle  through  a  and  f»  the  same  will 
also  pass  through  9,  because,  tbe  angle  oai,  formed  by  the 
taofi^ent  ai  and  ao,  is  equal  to  the  angle  Arg,  which  will 
therefore  stand  on  the  same  arc  a^. 

97.  Card,  2.  If  there  be  given  the  range  ai  and  the  Te- 
locity, or  the  iinpetus,  the  direction  will  hence  be  easily 
found  thus  :  Take  Mk  =  ^ai,  draw  kg  perp.  to  ah,  meeting 
the  circle  described  with  the  radius,  ao  in  two  peints  q  and 

L;  then  Aq  or  ao  will  be  *the  direction  of  the  piece  Ani 
tnco  it  appears  tnat  there  are  two  directions,  which,  with 
the  same  impetus,  give  the  very  same  range  ai.  And  these 
two  directions  make  equal  angles  with  ai  and  ap,  because 
the  arc  Fg  is  equal  the  arc  A9.  They  also  ma||p  equal  anglee 
with  a  line  drawn  from  a  through  s,  because  the  arc  sq  is 
equal  the  arc  sq. 

,  98  Cord.  3.  Or,  if  there  be  giyen  the  range  ai,  and  the 
direction  a^  ;  to  find  the  relooity  or  impetus.  Take  AJb  .ss 
j-  AI,  and  erect  kq  perp.  to  ah,  meeting  the  line  of  direction 
In  q  ;  then  draw  qf  making  the  ^^a^p  =  ^Akq  ;  so  shall 
AP  be  the  impetus,  or  the  altitude  due  to  the  projectile 
Telocity. 

99.  Corel,  4.  The  range  on  an  oblique  plane,  with  a  giTen 
eletration.  is  directljf  proportional  to  the  rectangle  of  the 
cosine  of  the  direction  of  the  piece  above  the  horizon,  and 
the  sine  of  the  direction  above  the  oblique  plane,  and  reci- 
procally to  tbe  square  of  the  cosine  of  the  angle  of  the  pbne 
above  or  below  the  horizon. 

For,  put  s  ss  sin.  Zf  ai  or  ap^, 

e  Bss  COS.  ZfAH  or  sin.  pa^, 

c  sr  COS  ^lAH  OP  sin.  aA^ce  or  A&jf  or  ajp^ 

Then,  in  the  triangle  APf  ,'c  :  t  : :  ap  :  a^  ; 
and  in  the  triangle  Ajbg,  c  :  c  : :  Agr :  aA:  ; 
theref  by  composition,      c*  :  c«  :  :  ap  :  ak  ss  J-Af. 

So  that  the  oblique  range  ai  ss  —  X  4ap« 

IW^  The  range  is  the  greatest  when  a^  is  .the  greatest ; 
that  is  when  kq  touches  the  circle  in  the  middle  point  a  ; 
,and  then  the  line  of  direction  passes  through  s,  and  bisecta 
the  angle  formed  by  the  oblique  plane  and  the  vertex.  Also, 
the  ranges  are  equal  at  equal  angles  above  and  below  this 
direction  for  the  maximum. 

101.  CoroL  5.     The  greatest  height  ivotkq  of  the  projec- 
tile^ 
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Mle,  ate?e  the  plane,  is  equal  to^-  X  ap.    And  therefore  it 

is  as  the  impetus  *and  square  of  the  sine  of  direction  ahove 
the  plane  directly,  and  square  of  the  posine  of  the  piane'-s  in- 
clination redprpcallj. 

For  -  c  fsin.  aop^  :  •  ^«in.  ap^^  : :  ap  :  aj* 
and  c  (sin.  Jiq)  :  s  (sin.  luq)  : :  A?  :  %i 
theref.  by  comp.  «':«*::  ap  :  ik^. 
102.  Carol.  6.    The  time  of  flight  in  the  carve  avi  is  «;: 

— V^—    where  g  ^  \6^  feet.    And  therefore  it  is  as  the 
c       ^  t 

Telocity  and  sine  of  direction  above  the  plane  directly,  and 

cosine  of  the  plane's  inclination  reciprocally.     For  the  time 

of  describing  Uie  cnnre,  is  equal  to  the  time  of  falling  freely 

tfaroQgfa  oi  or  4Jb9  or  — ^  X  ap.     Thenfore,  the  time  being 

c 

as  the  square  root  of  the  distance , 

V  8 '  — V^  AP  : :  r  : — ^—9  the  time  of  flight. 

8CH0UUM. 

163,  From  the  forgoing  corollaries  may  be  collected  the 
IbllomBg  set  of  theorems  relating  to  projects  made  on  any 
given  inclined  planes,  either  above  or  below  the  horizontsJl 
plane.    In  which  the  letters  deiiote  as  before,  namely, 

e  ss  COS.  of  direction  above  the  horizon, 

p  ^  COS.  of  inclination  of  the  plane, 

9  =  sin.  of  direction  above  the  plane, 

WL      the  range  on  the  oblique  plane, 

T      the  time  of  flight, 

T      the  projectile  velocity, 

H      the  greatest  height  above  the  plane, 

a      the  impetus,  or  alt.  due  to  the  velocity  v, 

g  ss  16^  feet.    Then, 

E  =--  X4a=  --—▼«  =5-^  =  — H. 
c*  c^g  s  • 

C«  4^c»  4c  4 

And  froa  va  of  these,  the  aiirie  of  direction  may  be  finind. 

FaAC 


■  <r 


140  OF  MOTIOK,  t6RCtii,  ke. 


fRACTICAli  QUNNERT. 

• 

104.  TFfE  two  foregoing  propositions  contain  the  whole 
theory  of  projectiles,  with  theorems  for  all  the  cases,  regu- 
larly arranged  for  use,  both  for  oblique  and  hprixoiital  planes. 
But.  before  they  can  be  applied  to  use  in  resolving  thfi  several 
.  cases  in  the  practice  of  gunnery,  it  is  necessary  that  some 
more  data  be  laid  down,  as  derived  from  good  experiments 
made  With  balls  or  shelb  discharged  from  cannon  or  mortars, 
by  gunpowder,  under  diflferent  circumstances.  For,  without 
i^uch  experiments  and  data,  those  theorems  can .  b^  of  very 
little  use  in  real  practice,  on  account  of  the  imperfections  and 
irregularities  in  the  driog  of  gunpowder,  and  the  ezpulsioii 
of  balls  from  guns,  but  mote  especially  on  account  of  the 
enormous  resistance  of  the  aic  to  all  projectiles  made  with 
any  velocities  that  are  considerable.  •  As  to  the  cases  in 
which  projectiles  are  made  with  small  velocities,  or  such  as 
do  not  exceed  200,  or  300,  or  400  feet  per  second  of  time, 
they  may  be  resolved  tolerably  near  the  truth,  especially  for 
the  larger  shells,  by  the  parubolic  theory,  laid  down  abi^ve. 
But,  incases,  of  great  projectile  velocities,  that  theory  is  quite 
inadequate,  without  the  aid  of  several  data  drawn  from  many 
tod  good  experiments.  For  so  great  is  the  effect  of  the.  re- 
sistance of  the  air  to  projectiles  of  considerable  velocity,  that 
some  of  those  which  in  the  air  rangc^  only  between  ^  and  i 
miles  at  the  most,  would  in  vacuo  range  about  ten  times  as 
lar,  or  between  20  and  30  miles. 

'  The  effects  of  this  resistance  are  also  various,  according  to 
the  velocity,  the  diameter,  and  the  weight  of  the  projectile. 
So  that  the  experiments  ipade  with  one  size  of  ball  or  shell, 
will  not  serve  for  another  size,  though  the  vebcity  should  be 
the  same  ;  neither  will  the  experiments  made  with  one  ve- 
locity, serve  for  other  velocities,  though  the  ball  be  the  same. 
And  therefore  it  is  plain  that,  to  form  proper  rules  for  prac- 
tical  gunnery,  we  ought  to  have  good  experiments  made  with 
each  size  of  mortar,  and  with  every  variety  of  charge,  from 
the  least  to'  the  greatest.  And  not  only  so,  but  these  ought 
Also  to  be  repeated  at  many  different  angles  of  elevation, 
namely  for  every  single  degree  between  30*  an460<^  elevation, 
and  a(  intervals  of  5^  above  60^  and  below  SO,  from  ^e  ver- 
.  tical  direction  to  point  blank.  By  such  a  cenrse  of  exper* 
iments  it  will  be  found,  that  the  greatest  range,  instead  of  be- 
ing constantly  that  at  an  elevation  of  46^,  as  in  the  parabolic 
theory,  will  be  at  all  intermediate  degrees  between  46  and  30 ; 
♦      i.  being 
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being  nore  or  less,  both  according  to  the  velocity  and  the 
weight  of  the  projectile  ;  the  smaller  velocities  and  larger 
«heUB  ranging  mrthest  when  projected  almost  ^t  an  elevation 
cf  46^  ;  while  the  greatest  velocities,  especially  with  the 
smaller  shells,  range  farthest  with  an  elevation  of  about  30". 

lOd.  There  hare,  at  different  tines,  been  made  certain 
small  parts  of  such  a  course  of  experiments  as  is  hinted  at 
above.  Such  as-  the  experiments  or  practice  carried  on  in 
the  year  1773,  on  Woolwich  Common  ;  in  which  all  the  sizes 
of  fflortars  were  used,  and  a  variety  of  small  charges  of  pow- 
^r..  But  they  were  all  at  the  elevation  of  46*' ;  consequent* 
!y  these  are  defective  in  the  higher  ehai^es,  and  in  all  the 
#ther  angles  of  elevation. 

Other  ex|)erimen(s  were  also  carried  on  in  the  same  place 
in  the  years  1784  and  1786,  with  various  angles  of  elevation 
indeed,  but  with  only  one  size  of  mortar,  and  only  one  chaige- 
of  powder,  and  that  but  a  umall  one  too  ;  so  that  all  those 
nearlfr  agree  with  the  parabolic  theory.  Other  experiments 
have  also  been  carried  en  with  the  ballistic  pendulum,  at  dif- 
ferent times  ;  from  which  have  been  obtained  seme  of  the  laws 
for  the  quantity  of  powder,  the  weight  and  velocity  of  the 
^balUthe  length  of  the  gun,  &c.  Namely,  that  the  velocity  of 
the  ball  varies  as  the  square  root  of  the  charge  directly,  and 
as  the  square^  root  of  the  weight  of  ball  reciprocally;  and 
that,  some  rounds  being  fired  with  a  medium  length  of  one- 
pounder  gun,  at  1$*»  and  45"  elevation,  and  with  2,4,  8^ 
and  12  ounces  of  powder,  gave  nearly  the  velocities,  ranges^ 
and  times  of  flight,  as  they  are  here  set  down  in  the  following 
Table. 


Powder. 

Elevation 
of  gun. 

Velocity 
of  ball. 

Range. 

Time  of] 
flight. 

oz. 
2 

4 

8 

12 

2 

16« 

15 

16 

15 

45 

feet. 

860 
1230 
1640  . 
1680 

860 

feet 
4100 
5100 
6000 
6700 
5100 

9^ 
12 

16i 
21 

# 

106.  But  as  we  are  not  yet  provided  with  a  sufficient 
number  and  variety  of  experiments,  on  which  to  establish 
true  rules  for  practical  gunnery  independent  of  the  parabolic 
theory,  wc  must  at  present  content  ourselves  with  the  data  of 

svme 
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im»  ceftain  experimented  nnge  and  time  of  flight,  at  a 
given  angle  of  elevation  ;  and  tben  by  help  of  these,  and  the 
rales  in  the  parabolic  theory,  detennine  the  like  circumstances 
Jbr  other  elevations  that  are  not  greatly  different  from  the 
ibrmer,  assisted  by  the  following  practical  mles. — 

SOME  PRACTICAL  RULES  IN  6UNNERT. 

L  To  Jimd  the  FdocUy  of  any  SKoi  or  Shell. 

RvLB.  Divide  denble  the  weight  of  the  charge  of  powder 
by  the  weight  of  the  shot,  both  in  lbs.  Extract  the  square  root 
of  the  quotient.  Multiply  that  root  by  1600,  and  the  product 
will  be  the  velocity  in  feet,  or  the  number  of  feet  the  shot 
passes  over  per  second. 

Or  tay^As  the  root  of  the  weight  of  the  shot,  is  to  the  root 
•f  double  the  weight  of  the  powder,  so  is  1600  feet,  to  the 
velocity. 

II.  Given  the  range  at  one  Elevation ;  to  find  A/e  Range  ai 

Another  Elevation. 


Rule. 
range  ; 
range. 


As  the  sine  o£  double  the  first  elevation,  is  to  its 
is  the  sine  of  double  another  elevation,  to  its 


111.  Given  the  Range  for  One  Charge  ;  to  find  the  Range  for 
Another  Charge^  or  the  Qiarge  for  Anffther  Range. 

Rule.  The  ranges  have  the  same  proportion  as  the  chaig- 
es  ;  that  is,  as  one  range  is  to  its  charge,  so  is  any  other  ran^ 
to  its  charge  :  the  elevation  of  the  piece  being  the  same  in 
both  cases. 

107.  Example  1.  If  a  ball  of  1  lb.  acquire  a  velocity  of 
1600  feet  per  second,  when  fired  with  8  ounces  of  powder  ; 
it  is  required  to  find  with  what  velocity  each  of  the  several 
kinds  of  shells  will  be  discharged  by  the  full  charges  of  pow- 
der, viz. 

Nature  of  the  shells  in  inches  Is 

Their  weight  in  lbs.     -  .  J  96 

Chaige  of  powder  in  lbs.      -  9 

Ans.  The  velocities  are     -  485 

108.  Exam.  2.  If  a  shell  be  found  to  range  1000  yards, 
when  discharged  at  an  elevation  of  45^  ;    bow  far  will Jt 

range 
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tange  wheo  the  eleratton  is  50*  16^,  the  charge  of  powder 
"^  '     the  same  ?  Ads.  2612  feet,  or  871  yards. 


109.  Exam.  3.  The  range  of  a  shell,  at  46*  elevation, 
being  found  to  be  3760  feet ;  at  what  elevation  most  the  piece 
be  set,  tp  strike  an  object  at  the  distance  of  2810  feet,  with 
the  same  chaige  of  powder  ? 

Ans.  at  24*  16'  or  at  66*  44'* 

1 10  Exam,  4.  With  what  impetos,  velocity,  and  charge 
•f  powder,  must  a  13- inch  shell  be  fired,  at  an  elevation  of 
32*  12^,  to  strike  an  object  at  the  distance  of  3260  feet  ? 

Ans.  impetus  1802,  veloc.  340,  charge  4lb.  7|oz. 

111.  Exam.  5.  A  shell  being  found  to  range  360P  feet 
when  discharged  at  an  elevation  of  26*  12  ;  bow  far  then 
will  it  range  at  an  elevation  of  36**  16'  with  the  same  charge 
•f  powder  ?  Ans.  4332  fed:. 

112.  Exam.  6.  If,  with  a  charge  of  91b.  of  powder,  a  shell 
range  4000  feet  f  what  charge  will  suffice  to  throw  it  3000 
feet,  the  elevation  being  46*  in  both  cases  ? 

Ans.  6}lb.  of  powder. 

113.  Exam.  7.  What  will  be  the  time  of  flight  foir  ahy 
given  range,  at  the  elevation  of  46*  ? 

Ans.  the  time  in  sees,  is  i  the  Sq.  root  of  the  range  in  fe^t. 

114.  Exam.  8.  in  what  time  will  a  shell  range  3260  feet, 
at  an  elevation  of  32*  ?  Ans.  1  l^sec.  nearly. 

116.  Exam.  9.  How  far  will  a  shot  range  on  a  plane  which 
ascends  8^  16' ;  and  another  which  descends  8^  15' ;  the  im- 
petus being  3000  feet,  and  the  elevation  of  the  piece  32*  30'  I 

Ans«  4244  feet  on  the  ascent, 
and  6746  feet  on  the  descent. 

116.  Exam.  10.  How  much  powder  will  throw  a  13-inch 
shell  4244  feet  on  an  inclined  plane,  which  ascends  8^  16', 
Hhe  elevation  of  the  mortar  being  32^  30^  ? 

Ans.  7-3766lb,  or  71b.  6oz. 

117.  Eixam.  11.  At  what  elevation  must  a  13-inch  mortar 
he  pointed  to  range  6746  feet  on  a  plane  which  descends 
8^  16' ;  the  chai|^e  7|lb.  of  powder  ?  Ans.  32*  28'. 

118i  £!vooi.  12.  In  what  time  wUl  a  13-inch  shell  strike  a 

plane  which  rises  8»  3a,  when  elevated  46*,  and  discharged 

with  an  impetus  of  2304  feet  ?  Ans.  14}  seconds. 

•  THE 
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THE  f  DESCENT  OF  BODIBS  ON  INCLINED  ffLAMES 
AND  CURVE  SURFACES.— THE  MOTION  OF  PJiN- 
DULUMS. 


niopoHrn w  zzio. 

119.  If  a  wei^  w  he  Sustained  on  an  jfnelined  Plane  ab  hy  a 
P<mer  p,  ofHng  in  a  Direction  wp,  ParMeL  tothePfatUt  Them 


ne  I^ength  ib. 
The  Height  BCtifnd 
The  Base  ACt 
of  the  Plane. 


JTu  Weight  of  the  Body,  w 
The  Sustainifig  Power  p,  and 
J%e  Pressure  on  the  Plane^  p, 
are  respectively  cls 

For,  draw  cd  perpeDdicidar 
to  th^  pkiie.  Now  here  are 
three  forces,  keeping  one  an- 
other in  eqoilibrio  ;  namely,  the 
weight,  or  force  of  graFity,  act- 
ing perpendicular  to  ac,  or  pa- 
rallel to  Bc ;  the  power  acting 
parallel  to  div;  and  Che  pressure  perpendicular  to.AB,  or  pa- 
rallel to  DC  :  but  when  three  forces  keep  one  another  in  equili- 
brio,  they  are  proportional  to  the  sides^of  the  triangle  cb9, 
made  bylines  in  the  direction  of  thode  forces,  by  prop.  8; 
therefore  those  forces  are  to  one  another  as  bc,  bd,  cd.  But' 
the  two  triangles  abc,  cbd,  are  equiangular,  and  ha?e  their 
like  sides,  prpportional ;  therefore  the  three  bd,  bc,  cd,  are  to 
one  another  respectively  as  the  three  ab,  bc,  ac  ;  which  there- 
fore are  as  the  three  forces  w,  p,  p. 

.  ItO.  CoroL  1.  Hence  the  weight  w,  power  p,  and  pressure 
p,  are  respectively  as  radius,        sine  and  cosiiie, 

of  the  plane's  elevation  bac  above  the  horizon. 

For,  since  the  sides  of  triangles  are  as  the  sines. of 'their 
.  opposite  angles,  therefore  the  three  ab,  bc,  ac, 
are  respectively  as    •        -        -    sin.  c,  sin.  a,  sin  b, 
er  as        -        •        -        -        ^    radius,  sine,  cosine, 

of  the  angle  A  of  elevation. 

• 

Or,  the  three  forces  are  aa  ac,  cd,  ad  ;  perpendicular  to 
their  directions. 

121.  C&rol,  2.  Thejiower  or  relative  weight  tbatuigeaa 
body  w  down  die  ioklined  plane  is  ss  —  X  w ;  er;  the  fierce 

AM 

with 
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with  which  it  descends,  or  endeavoors  to  descend,  is  as  th« 
sine  of  the  angle  a  of  inclination. 

122.  Carol  3.  Hence,  if  there  he 
two  planes  of  the  same  height,  and 
two  hodies  he  laid  on  them  which 
are  proportional  to  the  lengths  of 
the  planes  ;  they  will  have  an  equal 
tendency  to  descend  down  the  planes. 
And  conseqaently  they  will  mutually  sustain  each  other  if 
they  he  connected  by  a  string  acting  parallel  to  the  planes. 

123.  CoroL  4.  In  like  manner, 
when  the  poWer  p  acts  in  any 
other  direction  whatever,  wf  ;  by 
drawing  cde  perpendicular  to  the 
direction  wp,  the  three  forces  in 
equilibriot  namely,  the  weight  w, 
the  power  p,  and  the  pressure  on 
the  plane,  wilL  still  be  respectively 
as  AC,  cOj  AD,  drawn  perpendicular 
te  the  direction  of  those  forces.        ' 


PROPOSITION 


124.  If  a  Weight  w  on  an  Inclined  Plane  ab,  he  in  Equilibria 
with,  another  Weight  p  hanging  freely ;  then  if  they  be  set 
o-movfti^,  their  Perpendicular  Velocities^  in  that  Place^  intl 
be  Reciprocally  as  those  Weights, 

Let  the  weight  w  descend  a  very 
small  space,  from  w  to  a,  along  the 
plane,  by  which  the  string  pfw  will 
come  into  the  position  pfa.  Draw 
wB  perpendicalar  to  the  horizon  ac, 
and  wo  perpendicular  to  ap  :  then 
WH  will  be  the  space  perpendicularly 
descended  by  the  weight  w  ;  and  ao, 
or  the  difference  between  fa  and  fw» 

will  be  the  space  perpendicularly  ascended  by  the  weight  p  ; 
and  their  perpendicular  velocities  are  as  those  spaces  wr 
and  AG  passed  over  in  those  directions,  in  the  sam^  time. 
Draw  cnr  perpendicular  to  af,  and  nx  perpendicular  to  ac. 

Then, 
in  the  sim.  figs,  agwb  and  Acnr, 
and  in  the  sim.  tri.  acc,  dig,    ' 
but,  by  cor.  4,  prop.  23, 
therefore,  by  equality. 

Vol.  If.  20 


AG  :  WH  :  :  ax 

:  DI  ; 

AC  :  CD  :  :  ac 

• 

:  Dt  ; 

AC  :  CD  :  :  w 

*  9  • 

AG  :  WH  :  :  w 

That 
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That  is,  their  perpeDdicnlar  spaces,  or  Telocities,  are  re- 
ciprocally as  their  weights  or  masses. 

12a.  CoroL  1.  Hence  it  follows,  that  if  an j  two  bodies  be 
in  equilibrio  on  two  inclined  planes,  and  if  they  be  set  a- 
moving,  their  perpendicolar  Velocity  will  be  reciprocally  as 
^eiir  weights.  Because  the  perpendicular  weight  which  sus- 
tains  the  one,  would  also  sustain  the  other. 

126  Carol.  2  And  hence  also,  if  two  bodies  sustain  each 
othei*  in  equilibrio,  on  any  planes,  and  they  be  put  in  motion  ; 
then  each  body  multiplied  by  its  perpendicular  Telocity,  will 
gite  equal  products. 

FROPdsmoK  xrv. 

1 

127.     Thi  Felocity  acquired  byf  B^dy  dtictndingfruly  domn 
an  fndined  Plane  ab,  is  to  thh  Felocity  acquired  by  a  Body 
falling  Perpendicularly^  in  the  same  Time  ;  at  the  Height  of 
the  Plane  bc,  is  to  its  Length  ab. 
For  the  force  of  gravity,  both  per- 
pendicularly and  ou  the  plane,  is  con-  1)^ 
stant  ;  and  these  two,  by  corol.  2,  prop. 
23,  are  to  each  other  as  ab  to  bc.     But, 
by  art.  28,  the  yelocities  generated  by 
any  constant  forces,  in  the  same  time^        '^ 
are  as  those  forces.     Therefore  the  Telocity  down  ba  is  ta 
the  Telocity  down  bc,  in  the  same  timie,  as  the  force  on  ba  to 
the  force  on  bc  :  that  is,  as  bc  to  ba. 

1428.  CoroL  1.  Hence,  as  the  motion  down  an  inclined 
plane  is  produced  by  a  constant  force,  it  will  be  a  motion 
uniformly  accelerated  ;  and  therefore  the  laws  before  laid 
down  for  accelafited  inotions  in  general,  hold  good  for  mo- 
tions on  inclined  planes  f  such,  for  instance,  as  the  following  : 
That  the  velocities  are  as  the  times  of  descending  from  rest ; 
that  the  spaces  descended  are  as  the  squares  of  the  velocities^ 
or  squares  of  the  times  ;  and  that  if  a  body  be  thrown  up  an 
inclined  plane,  with  the  velocity  it  acquired  in  descending,  it 
will  lose  all  its  motion,  and  ascend  to  the  same  height,  in  the 
same  time,  and  will  repass  any  point  of  the  plane  with  the 
eame  velocity  as  it  passed  it  in  descending. 

129.  CoroL  2.  Hence  also,  the  space  descended  down  an 
inclined  plane,  is  to  the  space  descended  perpendicularly,  in 
the  same  time,  as  the  height  of  the  plane  cb,  to  its  length 
ab,  or  as  the  sine  of  inclination  to  radius.    For  the  spaces 

described 
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4etcribed  by  anj  forces,  io  the  same  time»  are  as  the  forces,  or 
as  the  velocities. 

130.  Corol,  3.  Consequently  the  velocities  and  spaces  de* 
•cended  by  bodies  down  different  inclined  planes,  are  as  the 
sines  of  elevation  of  the  planes. 

131.  Ckfrol.  4.  If  CD  be  drawn  perpendicular  to  ab  ;  then 
while  a  body  falls  freely  through  the  perpendicular  space  bc, 
another  body  will  in  the  same  time,  descend  down  the  part  of 
of  the  plane  bd.     for  by  similar  triangles,  - 

Bc  :  BD  :  :  ba  :  bc,  that  is,  as  the  space  descended,  by  cO- 
rol.  2. 

Or,  in  any  right-angled  triangle  bdc, 
having  its  hypothenuse  bc  perpendicular 
to  the  horizon,  a  body  will  descend  down 
any  of  its  three  sides  bd,  bc,  dc,  io  the 
same  time.  And  therefore,  if  on  the  dia- 
meter BC  a  circle  be  described,  the  time 
of  descending  down  any  chords  bd.  be,  bf, 
sc,  EC,  FC,  kc.  will  be  all  equal,  and  each 
equal  to  the  time  of  falling  freely  through 
the  perpendicular  diameter  bc 


PROPOSITION  XXVI. 


132.  The  Time  of  detcending  down  the  inclined  Plane  ba,  is  to 
the  Time  offaliing  through  the  Height  of  the  Pldne  bc,  a$  the 
Length  ba  is  to  the  Height  bc 


Draw  cd  perpendicular  to  ab. 
Then  the  times  of  describing  bd  and 
BC  are  equal  by  the  last  corot.  Call 
that  time  I,  and  the  time  of  describ- 
ing BA  caH  T. 

Now,  because  the  space  describ- 
ed by  constant  forces,  are  as  the  squares  of  the  times  ;  there- 
fore <*  :  T*  :  :  BD  :  BA. 

But  the  three  bd,  bc,  ba,   are  in  continual  proportion  ; 
therefore,  bd  :  ba  :  :  bc*  :  :  ba'  ; 
hence,  by  equality,  t*  :  t*  :  ;  bc>  :  ba*, 
•r  -         -  <  :  T  J  :  BC    :  BA. 


133.  Corol-  Hence  the  times  of  descending  down  different 
planes  of  the  same  height,  are  to  one  another  as  the  lengths 
•f  the  planes. 

PROPOBITION 


14S  OF  MOTION,  FORCES,  lie. 


PBOPOSmON  XSVTL 

194.  A  Body  aeqmre$  the  Same  Vtloeity  in  detcending  down  mny 
helined  Plane  ba,  cm  hyfaUing  perpendicular  dirough  the 
Height  of  the  Plane  bc. 

Poft,  the  velocities  generated  by  any  coBstaot  forces,  are  in 
the  compound  ratio  of  the  forces  and  times  of  acting. 
Put  if  we  put 

r  to  denote  the  whole  force  of  gravity  in  bc, 

/the  force  on  the  plane  ab,  ^^ 

t  the  time  of  describing  bc,  and  ^ 

T  the  time  of  descending  down  ab  ; 

then  by  art.  1 19,  f  :/ :  :  ba  :  bc  ; 

and  by  art.  132,  t,  :  t  : :  bc  :  ba  ; 

theref.  by  comp.  Ft  :/t  : :  1  :  1. 

That  is  the  compound  ratio  of  the  forces  and  times,  or  the 
ratio  of  the  velocities,  is  a  ratio  of  equality. 

135.  Corol.  I.  Hence  the  velocities  acquired,  by  bodies 
descending  down  any  planes,  from  the  same  height,  to  the 
same  horizontal  line  are  equal. 

136.  CoroL  2.  If  the  velocities  be  equal,  at  any  two  equal 
altitudes,  d,  e  ;  they  will  be"*  equal  at  all  other  equal  altitudes 
A,  c. 

137.  Corol.  3.  Hence  also  the  velocities  acquired  by  de- 
scending down  any  planes,  are  as  the  square  roots  of  the 
heights. 

PROPOsmON  XXVUL 

138.  If  a  Body  descend  down  any  Atim&er  of  Contiguous  Plane$t 
AB,  bc,  CD  ;  it  mil  at  last  acquire  the  Same  Felocity^  as  a  Body 
falling  perpendicularly  through  the  Same  Height  ed,  supposing 
the  Velocity  not  altered  by  changing  from  one  Plane  to  an- 
other, 

Pboduce  the  planes  dc,  cb,  to 
meet  the  horizontal  line  ea  pro- 
duced in  F  and  o.  Then,  by 
art.  135,  the  velocity  at  b  is  the 
same  whether  the  body  descend 
through  AB  or  fb.  And  therefore 
the  velocity  at  c  will  be  the  same, 

whether  the  body  descend  through  abc     or   through  fc, 

which 
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which  18  also  again,  hy  art  135,  the  same  aa  by  desceoding 
through  Gc/  Consequently  it  will  have  the  same  velocity' 
at  D,  by  descending  through  the  planes  ab,  bc,  cd,  as  by  de- 
scending through  the  plane  gd  ;  supposing  no  obstruction 
to  the  motion  by  the  body  impinging  on  the  planes  at  b  and 
c :  and  thb  again,  is  the  same  velocity  as  by  descending 
through  the  same  perpendicular  height  so. 

139.  CoroL  1.  If  the  lines  abcd,  kc.  be  supposed  inde- 
finitely small,  they  will  form  a  curve  line,'  which  will  be  the 
path  of  the  body  ;  from  which  it  appears  that  a  body  ac- 
quires also  the  same  velocity  in  descending  along  any  curve, 
as  in  falling  perpendicularly  through  the  same  height 

140.  Carol.  2.  Hence  also,  bodies  acquire  the  same  velo- 
city by  descending  from  the  same  height,  whether  they 
descend  perpendicularly,  or  down  any  planes,  or  down  any 
curve  or  curves.  And  if  their  velocities  be  equal,  at  any  one 
height,  they  will  be  equal  at  all  other  equal  heights.  There- 
fore the  velocity  acquired  by  descending  down  any  lines  or 
curves,  are  as  the  square  roots  of  the  perpendicular  heights. 

141.  Cord*  3.  And  a  body,  after  its  descent  through  any 
curve,  will  acquire  a  velocity  which  will  carry  it  to  the  same 
height  through  an  equal  curve,  or  throdgh  any  other  curve 
either  by  running  up  the  smooth  concave  side,  or  by  being 
retained  in  the  curve  by  a  string,  and  vibrating  like  a  pen- 
dulum :  Also,  the  velocities  will  be  equal,  at  all  equal  alti- 
tudes ;  and  the  ascent  and  descent  will  be  performed  in  the 
same  time,  if  the  corves  be  the  same. 

PROPOSITION  XXDL 

142.    The  Times  in  which  Bodies  descend  through  Similar  Paris 

of  Similar  Curves,  abc,  akc,  placed  alike  ^  are  as  the  Square 

ttoots  of  their  Lengths. 

That  is,  the  time  in  ac  is  to  the  time  in  ac,  as  y/  ac 
to  j/  oc. 

For,  as  the  curves  are  similar,  they  may 
be  considered  as  made  up  of  an  equal 
number  of  corresponding  parts,  which  are 
every  where,  each  to  each,  proportional  to 
the  whole.  And  as  they  are  placed  alike, 
the  corresponding  small  similar  parts  will 
also  he  parallel  to  each  other.  But  the 
time  of  describing  each  of  these  pairs  of  corresponding  pa- 
rallel  parts^  by  art.  128.  are  as  the  square  roots  of  their 

lengths. 
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lengths,  which  by  the  suppositioii,  are  as  y/  ac  t«  ^  ac,  the 
roots  of  the  whole  carves  Therefore,  the  whole  times  are 
in  the  same  ratio  of  y/  ac  to  y/  ac. 

143.  CoroL  1.  Because  the  aies  bc,  dc,  of  similar  curyes, 
are  at  the  lengths  of  the  similar  parts  ac,  oc  ;  therefore  the 
times  of  descent  in  the  curves  ac,  ae,  are  as  ^  dc  to  y/  dc^ 
or  the  square  roots  of  their  axes. 

144.  Corol,  2.  As  it  is  the  same  thing,  whether  the  bodies 
mn  down  the  smooth  concave  side  of  the  curves,  or  he  made 
to  describe  those  curves  by  vibrating  like  a  pendulum,  the 
lengths  being  dc,  do  ;  therefore  the  times  of  the  vibration 
of  pendulums,  in  similar  arcs  of  any  curves,  are  as  the  square 
roots  of  the  lengths  of  the  pendulums. 


o 


SCHOUUM. 


145.  Having  in  the  last  corollary,  mentioned  the  pen- 
dulum, it  may  not  be  improper  here  to  add  some  remalfai 
concerning  it. 

A  pendulum  consists  of  a  ball,  or  any 
other  heavy  b9dy  b,  hung  by  a  fine  string 
or  thread,  moveable  about  a  centre  a, 
and  describing  the  arc  cbd  ;  by  which 
Tibration  the  same  motions  happen  to  this 
heavy  body,  as  would  happen  to  any 
body  descending  by  its  gravity  along  the 
spherical  superficies  cbd,  if  that  superfi-  B 

cies  were  perfectly  hiird  and  smooth.  If  the  pendulum  be 
carried  to  the  situation  ac,  and  then  let  fall,  the  ball  in  de- 
scending will  describe  the  arc  cb  ;  and  in  the  point  b  it 
wilK  have  that  velocity  which  is  acquired  by  descending 
through  cB,  or  by  a  body  falling  freely  through  eb.  This 
velocity  will  be  sufficient  to  cause  the  ball  to  ascend  through 
an  equal  arc  bd,  to  the  same  height  d  from  whence  it  fell 
at  c  ;  having  there  lost  all  its  motion,  it  will  ^tgain  begin  to 
descend  by  its  own  gravity  ;  and  in  the  lowest  point  b  it  will 
acquire  the  same  velocity  as  before;  which  will  cause  it  to 
re*ascend  to  c  ;  and  thus,  by  ascending  and  descending,  it  will 
perform  continual  vibrations  on  the  circumference  cbd.  And 
if  the  motions  of  pendulums  met  with  no  resistance  from 
Ihe  air,  and  if  there  were  no  friction  at  the  centre  of  mo- 
tion A,  the  vibrations  of  pendulums  would  never  cease. 
But  from  these  obstructions,  though  small,  it  happens,  that 
the  velocity  of  the  ball  in  the  point  b  is  a  little  diminished 
in  every  vibration ;  and  consequently  it  does  not  returnt 
precisely  to  the  same  points  cor  d,  but  the  arcs  described  con- 
tinually 
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tinaaOy  become  shorter  and  ^hotter,  till  at  length,  they  are 
inscDsiUe  ;  anless  the  motion  be  assisted  by  a  mechanical 
contrivanue,  as  in  clocks,  called  a  maintaining  power* 

DEFINITION.  * 

146.  Ifthecir-  ^j 
cnmference  of  a 
circle  be  rolled  on 
a  right  line,  begin- 
ing  at  any  point 
A,  and  continued 
till  the  same  point 
A  arrive  at  the  line 

again,  making  jost  one  revolution,  and  thereby  measuring 
oiit  a  straight  line  aba  equal  to  the  ciit:u inference  of  the  cir- 
cle, while  the  point  a  in  the  circumference  traces  out  a  curve 
line  AC  AG  A  ;  thea  this  curve  is  called  a  cycloid  ;  and  some 
of  its  properties  are  contained  in  the  following  lemma* 

IjEMMA* 

147.  If  the  generatiqg  or  revolving  circle  be  placed  in  the 
iniddJe  of  the  cycloid,  its  diameter  coinciding  with  the  axis 
AB,  and  from  any  point  there  be  drawn  the  tangent  cf,  the 
ordinate  cds  perp.  to  the  axis,  and  the  chord  of  the  circle 
AX>  :  Then  the  chief  properties  are  these  : 

The  right  line        en  ==  the  circular  arc  ao  } 
The  cycloidal  arc   ac  =  double  the  chord  ao  ; 
The  scmi-oycloid  aca  =  double  the  diameter  ab,  and 
The  tangent  cf  is  parallel  to  the  chord  ad. 


FROPOSmON  XXX. 

\. 
148.    When  a  Pendulum  vibreUet  in  a  cycloid  ;  ih/e  Time  cf  one 
Fihration^  i$  to  the  Time  in  which  a  BodyfalU  ikroiugh  Htdf 
the  Length  of  the  PendtUwm^  as  the  drcunference  of  adr 
cle  is  to  its  Diameter. 

Let  ABa  be  the  cycloid  ; 
AB  its  axis,  or  the  diameter 
of  the  generating  semicircle 
OEB  ;  CB  =  2db  the  length 
of  the  pendulum,  or  radius 
of  curvature  at  b.  Let  the 
ball  descend  from  f^  and, 
in  vibrating,  describe  the 
arrc  fb/*.  Divide  fb  into  in- 
onroerable  small  parts,  one 
of  which  is  og  ;  draw  fel, 
^^»  g^9  perpendicular  to 


ns. 
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OB.  On  LB  describe  the  ae- 
Bfticircle^  lmb,  whose  cen- 
tre is  o  ;  draw  ur  parallel 
to  DB  ;  also  draw  the  chords 
BE,  BH,  EH,  and  the  radius 

ON. 

Now  the  triangles  beh, 
BHK,  are  eqaiangalar ;  there- 
fore BK  :  BH  :  :  BR  :  be,  or 

BH*   =:  BK  •  BE,  or  BH  =  ^> 

(bk  .  be). 

And  the  equiangular  triangles  Mtnp,  mok,  give 

up  :  um  :  :  MR  :  mo.     Also,  by  the  nature    of  the  cycloid, 

nh  is  equal  to  og. 

If  another  body  descend  down  the  chord  eb,  it  will  have 
the  same  velocity  as  the  ball  io  the  cycloid  has  at  the  same 
height.  So  that  kA;  and  og  are  passed  over  with  the  same 
Telocity,  and  consequently  the  time  in  passing  them  will  be 
as  their  lengths  «g,  xA;,  or  as  Bk  to  sib,  or  bh,  to  bk  by 
similar  triangles,  or  ^  (be  .  be)  to  bk,  or  ^  be  to  ^  be,  or  as 
^  BL  to  ^  BN  by  similar  triangles. 

That  is,  the  time  in  og  :  time  in  sk  :  :  ^  bl  i^  bn. 

Again,  the  time  of  describing  any  space  with  a  uniforan 
motion,  is  directly  as  the  space,  and  reciprocally  as  the  ye- 
locity  ;  also,  the  vdocity  in  s  or  kJu  is  to  the  Telocity  at  b, 
as  y^  er  to  ^  EB,  or  as  y/  LR  to  ^LB  ;  and  the  uniform  ve- 
locity for  Eir  IS  equal  to  half  that  at  the  point  b,  therefore  the 

^  .         ,        ..  .  Kk  BB  Hn  LB 

time  m  ke  :  time  in  eb  :  :  -— —  :  -r-r —  : :  — —  :  -- - — 

^LV         |\/LB  ^LH       iv^I'B 

(by  sim.  tri.)  :  :  wn  or  mp  :  2y/  (bl  .  lr.) 

Thai  is,  the  time  in  £k  :  time  in  eb  : :  mp  :  2^  (bl  .  lr.) 

Butit  was,  time  in  sg  i  time  in  kA:  : :  ^  bl  :  y/  br  ;  theref. 

by  Gomp.  time  in  og  :  time  ita  eb  : :  mp  :  2^  (br  .  rl)  or  2rm. 

But,  by  sim.  tri.  Mm  :  2eM  or  bl  :  :  mp  :  2rm. 

Theref.  time  in  co  :  time  in  eb  : :  Mm  :  bl. 

Consequently  the  sum  of  all  the  times  in  all  the  og%  is  to 
the  time  in  eb«  or  the  time  in  db,  which  is  the  same  ttiing^ 
as  the  sum  of  all  the  Mm's,  is  to  lb  ; 
that  is,  the  time  in  wg  r  time  in  db  :  :    Lm  :  lb, 
and  the  time  in        fb  :  time  in  db  :  :  lmb  :  lb, 
or  the  time  in         fb/*:  time  in  db  :  :  2lmb  :  lb. 

That  is,  the  time  of  one  whole  vibration, 

is  to  the  time  of  falling  through  half  cb, 
as  the  circumference  of  any  circle, 
is  to  its  diameter! 

149.  Corel. 
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149.  CoroL  1.  Hence  all  the  Tibrations  of  a  pendttlam  in 
a  cycloid,  whether  great  or  small,  are  performed  in  the  same 
time,  which  time  is  to  the  time  of  falling  through  the  axis, 
or  half  the  length  of  the  pendulum,  as  3-1416,  to  1,  the  ratio 
of  the  circumference  to  its  diameter  ;  and  hence  that  time 
is  easily  found  thus.  Put  p  =*  3*1416,  and  /  the  length  of 
the  pendulum,  also  g  the  space  fallen  by  a  heavy  body  ia 
1"  of  time. 

then  ^  g  :  y/\l  :  :  l"  :  y^  i-  the  time  of  falling  through  |/, 

theref.  1  '-P  '  '-  -J  rr  *  V  4/-^,  which  therefore  is  the  time  of 

ene  Tibr^on  of  the  pendulum. 

150.  And  if  the  pendulum  vibrate  in  a  small  arc  of  a  circle  ; 
because  that  small  arc  nearly  coincides  with  the  small  cy- 
eloidal  arc  at  the  vertex  b  ;  therefore  the  time  of  vibration  in 
the  small  arc  of  a  circle,  is  nearly  equal  to  the  time  of  vibra- 
tion in  the  cycloidal  arc  ;  consequently  the  time  of  vibratiop 

,  in  a  small  circular,  arc  is  equal  to  p  ^/o"'  ^^^f  ® '  "^  the  radios 

of  the  circle. 

161  So  that,  if  one  of  these,  g  or  /,  be  found  by  experi- 
ment, this  theorem  will  give  the  other.  Thus,  if  g^  or  the 
space  fallen  through  by  a  heavy  body  in  \"  of  time,  be  found, 
then  this  theorem  will  give  the  length  of  the  second  pendu- 
lum. Or,  if  the  length  of  the  second  pendulum  be  ob- 
served by  experiment,  which  is  the  easier  way,  this  theorem 
will  give  g  the  descent  of  gravity  in  I''.  Now,  in  the  lati- 
tude of  London,  the  length  of  a  pendulum  which  vibrates 
seconds,  has  been  found  to  be  39|  inches  ;  and  this  being 

.     391 
written  for  I  in  theorem,  it  gives  p  ^  —  =   1"  :    hence  i^ 

found g  s|p*  ^  =  IP'  X  39|  =  193*07  inchests  16^^  feet, 
for  the  descent  of  gravity  in  1"  \  -which  it  has  also  been 
found  to  be,  very  nearly,  by  many  accurate  experiments. 

SCHOLIUM. 

152.  Meoce  is  found  the  length  of  a  pendulum  that  shall 
make  any  number  of  vibrations  in  a  given  time.  Or,  the 
number  of  vibrations  that  shall  be  made  by  a  pendolum  of 
a  given  length.  Thus,  suppose  it  were  required  to  find  the 
length  of  a  half-seconds  pendulum,  or  a  quarter-seconds 
pendulum  ;  that  is,  a  pendulum,  to  vibrate  twice  in  a  second,- 
or  4  times  in  a  second.  Then  since  the  time  of  vibration 
is  as  the  square  root  of  the  length, 

Toe.  IK  '  ei  therefore 
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therefore  1  :  ^  : :  v^99|  :  y^/, 

Or    •    •     1  :  }  : :  39|  :  •—  =  9J  inches  nearly,  the  length 

4 
of  the  half-seconds  pendolam.     Again  1  :  iV  *•  :  39|  :  2f  in- 
ches, the  length  of  the  (quarter- seconds  pendalum. 

Again,  if  it  were  rehired  to  find  how  many  vibrations  a 
pendulam  of  80  inches  long  will  make  in  a  minute.     Here 

29| 

V^80  :  ^39J  :  :  e(f  or  1'  :  60^ ^  U  ^/  313  =  -  • 

80 
41*96987,  or  almost  42  vibrations  in  a  minute. 

153.  In  these  propositions,  the  thread  is  supposed  to  be 
very  fine,  or  of  no  sensible  weight,  and  the  ball  very  small, 
or  all  the  matter  united  in  one  point ;  also,  the  length  of 
the  pendulum,  is  the  distance  from  the  point  of  suspension, 
or  centre  of  motion,  to  this  point,  or  centve  of  the  small 
ball.  But  if  the  ball  be  large,  or  the  string  very  thiek,'OF 
the  vibrating  body  be  of  any  other  figure ;  then  the  length 
of  the  pendulum  is  different,  and  is  measured,  from  the 
centre  of  motion,  not  .to  the  centre  of  magnitude  of  the 
body,  but  to  such  a  point,  as  that  if  all  the  matter  of  the 
pendulum  were  cgllected  into  it,  it  would  then  vibrate  in 
the  same  thne  as  the  compound  pendulum  ;  and  this  point  is 
called  the  Centre  of  Oscillation  ;  a  point  which  will  be  treated, 
of  in  what  follows. 


THE  MEC]HANICAL  POWERS,  kc. 

154.  WEIGHT  and  Power,  when  opposed  to  each  etfaerr 
signify  the  body  to  be  moved,  and  the  body  that  moves  it ; 
or  the  patient  and  agent.     The  power  is  the  agent,  which 
moves,  or  endeavours  to  move,  the  patient  or  weight. 

165.  Equilibrium,  is  an  equality  of  action  or  force,  her 
tween  two  or  more  powers  or  weights,  acting  against  each 
other,  by  which  they  destroy  each  other's  effects,  and  remain 
at  rest. 

156.  Hachiner  or  Engine,  is  any  Mechanical  instrument 
contrived  to  move  bodies.  And  it  is  composed  of  the  me* 
chanical  powers. 

157.  ATechanical  Powers,  are  certain  simple  instruments* 
commonly  employed  for  raising  greater  weights,  or  overcom- 
ibg  greater  resistances,  than  coiHdbe  effected  by  the  natural 
aCrengtb  without  them.    These  are  usually  accounted  sii  ii^ 

Bumber^ 
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Buaiber,  yiz.  the  Lever,  the  Wheel  and  Axle,  the  Palley,  tha 
IflcliDed  Plane,  the  Wedge,  and  the  Screvr. 

168.  Mechanics,  is  thp  science  of  forces,  and  the  effects 
tfaejr  produce,  when  applied  to  machines,  in  the;  motion  of 
bodies. 

169.  Statics,  is  the  science  of  weights,  especially  when 
considered  in  a  state  of  equilibrium. 

160.  Centre  of  Motion,  is  the  fixed  point  about  which  a 
body  moves.  And  the  Axis  of  Motion,  is  the  fixed  line  aboat 
which  it  moves. 

161.  Centre  of  Gravity,  is  a  certain  point,  on  which  a  body 
being  freely  suspended,  it  will  rest  in  any  position. 

OF  THE  LEVER. 

162.  A  Lever  is  any  inflexible  rod,  bar,  or  beam,  which 
serves  to  raise  weights,  while  it  is  supported  at  a  point  by  a 
fulcrum  or  prop,  which  is  the  centre  of  motion.  The  lever 
is  supposed  to  be  void  of  gravity  or  weight,  to  render  the 
demonstrations  easier  apd  sampler.  There  are  three  ■'--^' 
•f  levers. 


1C3.  ALeverofthePirst   ^| J" 

kind  has  the  prop  c  be- 
tween  the  weight  ^  w  and 
the  power  p.  And  of  this 
kind  are  balances,  scales, 
crows,  hand-spikes,  scissors, 
pinchers,  kc. 

164.  A  Lever,  of  the  Se- 
cond kind  has  the  weight 
between  the  power  and  the 
prop  Such  as  oars,  rud- 
ders, cutting  knives  that  are 
£xed  at  one  end,  kc. 
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165.  A  Lever  of  the 
-Third  kind  has  the  power' 
between  the  weight  and 
the  prop.  Such  as  tongs, 
the  bones  and  muscles  of 
animals,  a  man  rearing  a 
ladder,  kc. 
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166.  A  Fourth  kiod  is  some-  .  ^- 

times  added,  called  the  Bended         "2 ^    y^  L 

L<  ver.     As  a  hammer  drawing  w  HT^^^      ^ 

a  nail  G 

167.  In  all  these  iDStrumeDto  the  power  may  be  repre- 
•eoted  by  a  weight,  which  i?  its  most  natural  measure,  acting 
downward:  but  having  its  direction  changed,  when  necessary, 
by  means  of  a  fixed  pulley. 

PROPOSITION  XXXL 

168.  Whtn  the  Weight  and  Power  keep  the  Lever  in  EquiUbrio. 
they  are  to  each  other  Reciprocally  as  the  Distances  of  their 
Lines  of  Directions  from  the  Prop.  That  w,  p  :  v?  :  :  cd  : 
^E  ;  where  cd  and  ce  are  perpendicular  to  wo  and  ao,  the 
Directions  of  the  two  Weights^  or  thp  Weight  and  Power 
Vf  atid  A. 

For,  draw  cf  parallel  to  ao,  and 
€!B  parallel  to  wo  :  Also  join  co, 
which  will  be  the  direction  of  the 
pressure  on  the  prop  c  ;  for  there 
cannot  be  an  equilibrium  unless  the  ^ 
directions  of  the  three  forces  all  meet 
in,  or  tend  to,  the  same  point,  as  o. 
Then,  because  these  three  forces 
keep  each  otL;Br  in  equilibrio,  they 
are  proportional  to  the  sides  of  the 
triangle  ,cbo  or  cfo,  drawn  in  *  the 
(direction  of  those  forces  ;  there- 
fore -  -  -  -  p.:  w  : :  CF  r  FO  or  ca* 
But,  because  of  the  parallels,  the 
two  triangles  cdf,  ce3  are  equiangu- 
lar, therefore  -  -  -  cd  :  ce  :  :  cf  :  cb. 
Hence,  by  equality,  •     -             ■  p  :  w  :  :  ct)  :  ce. 

That  is  eacli  force  is  reciprocally  proportional  to  the 
distance  of  its  direction  from  the  fulcrum. 

And  it  will  be  found  that  this  demonstration  will  serve  for 
all  the  other  kinds  of  levers,  by  drawing  the  lines  as  directed. 

169.  Corol,  1.  When  the  angle  a  is  =  the  angle  w,  then 
is  CD  :  cE  :  :  cw  ;  c A  : :  p  :  w.  Or  when  the  two  forces  act 
perpendicularly  on  the  lever,  as  two  weights,  &c.  ;  then,  in 
case  of  an  equilibrium,  d  coincides  with  w,  and  e  with  p  ; 
consequi^nlly  then  the  above  proportion  becomes  also  p  :  w  :  : 
cw  :  OA,  or  the  distances  of  the  two  forces  from  the  fulcrum, 
taken  on  the  lever^  are  reciprocally  proportional  to  those 
forces. 

J70,  CoTol 
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170.  Corol.  2.  If  any  force  p  be  applied  to  a  lever  at  a  ;  its 
effect  OD  the  lever,  to  turn  it  aboat  the  centre  of  motion  c,  is 
as  the  length  of  the  lever  ca,  and  the  sine  of  the  angle  of  di- 
rection CAE.     For  the  perp.  ce  is  as  ga  X  a  Z  a. 

171.  CoroL  3.  Because  the  product  of  the  extremes  is 
equal  to  the  product  of  the  means,  therefore  the  product  of 
the  power  by  the  distance  of  its  direction,  is  equal  to  the  pro-t 
duct  of  the  weight  by  the  distance  of  its  direction. 

That  is,  p  X  CE  =  w  X  CD. 

172.  CoroL  4.  If  the  leyer,  with  the  weight  and  power 
fixed  to  it,  be  made  to  move  about  the  centre  c  ;  the  momen- 
tum of  the  power  will  be  equal  to  the  momentum  of  the 
weight ;  and  their  velocities  will  be  in  reciprocal  proportion 
to  each  other.  For  the  weight  and  power  will  describe  eir- 
cles  whose  radii  are  the  distances  cd,  ce  ;  and  since  the  cir- 
cumferences or  spaces  described,  are  as  the  radii,  and  also 
as  the  velocities,  therefore  the  velocities  are  as  the  radii  cd, 
CE ;  and  the  momenta,  which  are  as  the  masses  and  velocities, 
are  as  the  masses  and  radii ;  that  is,  as  p  X  ge  and  w  X  cd, 
which  are  equal  by  cor  3. 

173.  CoroL  5.  In  a  straight  lever,  kept  in  equilibrio  by  m 
weight  and  power  acting  perpendicularly  ;  then,  of  these 
three,  the  power,  weight,  and  pressure  on  the  'prop,  any  one 
is  as  the  distance  of  the  other  two. 
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174.  Corol,  6.  If  A 
several  weights,  p,  q,  r, 
8,  act  on  a  straight  le- 
ver, and  keep  it  in  equi- 
librio ;  then  the  sum  of 
the  products  on  one  side  *p 
of  the  prop  will  be 
equal  to  the  sum  on  the 

other  side,  made  by  multiplying  each  weight  by  its  distance  ; 
namely, 

PXAC-fqXBC  =  RXDc4-«XEC. 

For,  the  effect  of  each  weight  to  turn  the  lever,  is  as  the 
weight  multiplied  by  its  distance  ;  and  io  the  case  of  ao 
equilibrium,  the  sums  of  the  effects,  or  of  the  products  on  both 
sides  are  equal. 

175.  CoroL  7.  Because,  when  -a 
two  weights  ^  and  r  are  in  — 
equilibrio,  ^  -c  r   : 


CD 


CB 


#. 


1 


therefore,  by  composition,  q  +  R  :  ^  : :  bd  :  cd» 

aod>  ^  -j-  R  :  R  : :  BD  :  cb. 


TUt 
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That  ifi,  ilie  turn  of  the  weights  is  to  either  of  them,  as  the 
soul  of  their  distances  is  to  the  distance  of  the  other* 

SCHOUUM. 

1 76.  On  the  foregoing  prin- 
ciples depends  the  nature  of 
iicales  and  beams,  for  weigh- 
ing all  sorts  of  goods.  For, 
if  the  weights  be  equal,  then 
will  the  distances  be  equal  al- 
ao,  which  gives  the  construc- 
tion of  the  common  scales, 
which  ought  to  have  these  pro- 
perties : 

I  ft.  That  the  points  qt  suspension  of  the  scales  and  the 
centre  of  motion  of  the  beam,  a,  b,  c,  should  be  in  a  straight 
line  :  2(f,  That  the  arms  ab,  bc,  be  of  an  equal  length  :  §J, 
That  the  centre  of  gravity  be  io  the  centre  of  motion  b,  or  a 
little  below  it :  4tk^  That  they  be  in  equilibrio  when  empty:  bih. 
That  there  be  as  little  friction  as  possible  at  the. centre  b.  A 
defect  in  any  of  these  properties,  makes  the  scales  either  im- 
perfect or  false.  But  it  often  happens  that  the  one  side  of  the 
beam  is  made  shorter  than  the  other,  and  the  defect  covered 
by  making  that  scale  the  heavier,  by  which  means  the  scales 
bang  in  equilibrio  when  empty  ;  but  when  they  are  charged 
\rith  any  weights,  so  as  to  be  still  in  equilibrio,  those  weights 
are  not  equal ;  but  the  deceit  will  be  detected  by  changing  the 
v^eights  to  the  contrary  sides,  for  then  the  equilibrium  will 
be  immediately  destroyed. 

177.  To  find  the  true  weight  of  any  body  by  such  a  false 
balance  : — First  weigh  the'  body  in  one  scale,  and  afterwards 
weigh  it  in  the  other  ;  then  the  mean  proportional  between 
these  two  weights,  will  be  the  true  weight  required.  For,  if 
any  body  b  weigh  w  pounds  or  ounces  in  the  scale  d,  and  only 
"TJo  pounds  or  ounces  in.  the  scale  e  :  then  we  have  these  two 
equations,  namely,  ab  ^  6  =  bc  .  w. 

and  bc  .  6  ==  AB  .  IV  ; 
the  pr6duct  of  the  two  is  ab  .  bc    6*  =  ab  .  bc  •  wiv  ; 
hence  then  -        -        -        6*  =•  ww, 

and  -        -        •        6*  =  y^ww, 

the  mean  proportional,  which  is  the  true  weight  of  the  body  (. 

178.  The  Roman  Statera,  or  Steelyard,  is  also  a  lever,  but 
of  unequal  brachia  or  arms,  so  contrived,^  that  one  weight 
only  may  serve  to  weigh  a  great  many,  by  sliding  it  back- 
ward 
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ward  and  forward,  to  different  distances^  on  the  longeir 
of  the  le?er  ;  and  it  is  thus  constructed  i 


t0^ 


Let  IB  be  the  steelyard,  and  c  its  centre  of  motion,  whence 
the  divisions  mast  commence  if  the  two  arms  jnst  balance 
each  other:  if  not,  slide  the  constant  moveable  .weight  i 
lilong  from  b  towards  c,  till  it  jhst  balance  the  other  end 
withoat  a  weight,  and  there  make  a  notch  in  the  beanr^ 
marking  it  with  a  cipher  0.  Then  hang  on  at  a  a  weight  w 
equal  to  i,  and  slide  i  back  towards  b  till  thej  balance  each 
other;  there  notch  the  beam,  and  mark  it  with  !•  Then 
make  the  weight  w  double  of  r,  and*  sliding  i  back  to  balance 
it,  there  mark  it  with  2.  Do  the  same  at  9,  4,  d,  &c.  hr 
nnking  w  equal  to  3,  4,  5,  &c.  times  i  ;  and  the  beam  la 
finished.  Then  to  find  the  weight'  of  any'  body  b  by  the 
steelyard  ;  take  off  the  weight  w,  and  hang  on  the  body  b 
at  A  ;  then  slide  the  weight  i  backward  and  forward  tin  it 
just  balance  the  body  6,  which  suppose  to  be  at  the  number 
5  ;  then  is  b  equal  to  5  times  the  weight  of  i  So,  if  i  be  one 
pound,  then  ^  is  5  pounds  i  but  if  i  be  S  pounds^  then  b  u  20 
pounds ;  and  so  on. 


OP  THE  WHEEL  AND  AXLE. 

PROPOSITION  XXXIL 

VJ9.  In  tk9  Wheel-and'AxU ;  the  Weight  and  Power  mil  k 
ill  EquUibriOf  when  the  Power  p  i$  to  the  Weight  w,  /2eci- 
procaUy  as  the  Radii  of  the  Circles  where  they  act ;  thcU  u» 
M  the  Radius  of  ^  Axle  ca,  "where  the  Weight  hangs^  t» 
the  Radius  of  the  Wheel  cb»  where  the  Power  acts*  That 
iff,  p  :  w  : ;  GA  :  cB. 

HERE  the  cord,  by  wUch  the  power  p  acts^  goes  about 

the 


tfafi  circmnference  of  the  wbee),  while 
lha(  of  the  weight  w  goes  round  its 
aile,  or  another  smaller  wheel,  attach- 
ed to  thejarger,  and  having  the  same 
aiis  or  ceolre  c  So  that  ba  is  a  lever 
noveable  about  the  point  c.  the  power 
p  acting  always  at  the  distance  bc, 
and  the  weight  w  at  the  distance  ca  i 
therefore  p  :  w  r :  ca  :  cb. 

180.  Corol.  I.    If  the  wheel  be  put 
in   motion ;  then,  the   spaces  moved  , 

being  as  the  circnmferences,  or  as  the  radii,  the  velocity  of 
w  niU  be  to  the  velocitj  of  f,  as  ca  to  cb  ;  that  is,  the 
weight  is  moved  as  much  slower,  as  it  is  heavier  than  the 
power ;  so  (hat  what  is  gained  in  power,  is  lost  in  time. 
And  this  is  the  universal  property  of  all  michiuei  ftod  en- 
fines. 

181.  Carol.  2.  If  the  power  do  not  act  at  right  angles 
lo  the  radius  cb,  but  obliquely ;  draw  cp  perpendicular  to 
the  direction  of  the  power ;  theo,  by  the  nature  of  the  lever, 
#  :  w  : :  CA  :  CD. 


aCHOUUH. 

182.  To  this  power  be- 
long all  turning  or  wheel 
machines,  of  different  radii. 
Thus,  in  the  roller  turning 
on  (he  axis  or  spindle  ce, 
bj  the  handle  cbd  ;  the 
power  applied  at  b  is  to 
the  weight  w  on  the  roller 
as  the  radius  of  the  roller 
is  to  the  radius  cb  of  the 
handle. 

183.  And  the  same  for  all  cranes,  capstans,  windlasses,  and 
such  Uke  ;  the  power  twing  to  the  weight,  always  as  the  ra- 
dial or  lever  at  which  the  weight  acts,  to  that  at  which  the 
power  acts  ;  so  that  they  are  alirays  in  the  reciprocal  ratio 
of  their  velocities.  And  to  the  same  principle  may  be  re- 
lierred  the  gimblet  and  auger  for  boring  holes. 

184.  But  all  this,  however,  is  on  supposition  that  the  ropes 
or  cords,  snetaining  the  weights,  are  of  no  sensible  thiclmess. 
For,  if  the  thickness  be  considerable,  or  if  there,  be  several 
iblds  of  them,  over  one  another,  on  the  roller  or  barrel ;  then 

»  to  the  middle  of  the  outermost  rope,  for 
the 
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Ibe  nditn  of  (he  roller  ;  or,  to  the  radtaa  of  the  roller  we 
must  add  balf  the  thicknew  of  the  cord,  when  there  is  but 
one  fold. 

186.  The  wheel-aod-asle  has  a  great  advaotage  over  the 
(irnple  ler^r,  in  point  of  convenience.  For  a  weight  can  be 
raised  but  a  little  way  by  the  lerer  ;  nhereas,  by  the  continual 
turoing  of  the  wheel  and  roller,  the  weight  maj  be  raised  to 
any  height,  or  from  any  depth. 

186.  By  increasiog  the  number  of  wheels  too,  the  power 
may  t>e  maltipiied  to  any  extent,  making  always  the  less 
wheels  to  tarn  greater  ones,  as  far  as  we  please  ;  and  this  is 
commonly  called  Tooth  and  Pinion  Work,  the  teeth  of  one 
circamference  working  in  the  rounds  or  pioions  of  another, 
to  turn  the  wheel.  And  then,  in  case  of  an  equilibrium,  Ibe 
power  is  to  the  weight,  as  the  contioual  product  of  the  radii 
of  all  the  axles,  to  that  of  all  the  wheels.     So,  if  tha  power  i 


turn  the  wheel  a,  and  this  tarn  the  small  wheel  or  aile  R, 
and  this  Inm  the  wheel  s,  and  this  turn  the  aile  t,  and  this 
turn  the  wheel  v,  and  this  tgm  the  aile  x,  which  raises  the 
weigh!  w  ;  then  p  :  w  :  :  cb  .  dg  .  ro  :  ic  .  bd  .  Er.  And 
in  the  same  proportion  is  the  velocity  of  w  slower  thin  that 
of  F.  Thus,  if  eseh  wheel  be  (o  its  aile,  as  10  to  1  i  then 
p  ;  w  :  ;  l>  :  10*  or  as  1  to  1000.  So  that  a  power  of  one 
pound  will  babnce  a  weight  of  lOtX)  pounds  ;  but  then, 
when  put  in  motion,  the  power  will  move  1000  times  Aster 
than  the  weight. 

V<n.  11.  «f  OF 
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OF  THE  PULLEY. 

187.  A  Pullet  is  a  small  wbeel,  commonlj  made  of  wood 
or  brass,  which  tarns  about  an  iton  axis  passing  through  the 
centre,  and  fixed  in  a  block,  by  means  of  a  cord  passed  round 
its  circumference^  which  serves  to  draw  up  any  weight. 
The  pulley  is  either  single,  or  combined  together,  to  increase 
the  power.  It  is  also  either  fixed  or  iBOveable,  according  as 
it  is  fixed  to  one  place,  or  moves  up  and  down  with  the 
weight  and  pow^r. 

PROPOSITION  xxxni. 

188.    jjf  a  FvwT  tiMtotn  a   W^^  iy   msoiu    of  a  Fixed 
Ptii/ey  :  (he  Power  osid  P^e^fcl  are  JSftial. 

For,  through  the  centre  c  of  the  puUej 
draw  Uie  horizontal  diameter  ab  :  then 
will  AB  represent  a  lever  of  the  fint  landt 
its  prop  being  the  fixed  centre  c  ;  from 
which  the  points  a  and  b.  where  the 
power  and  weight  ^  act,  beiqg  equaUy 
distant,  the  power  r  is  consequently  equU 
to  the  weight  w. 

189.  CW.  -Hente,  if  the  BuHey  be  put 
in  motion,  4ie  power  p  will  descend  as 
fast  as  the  weignt  w  ascends.  So  that 
the  power  is  not  increased  by  the  use  of 
the  fixed  pulley,  even  though  the  rope  gor  over  several  of 
them*  It  IS,  however,  of  greal  service  in  ^e  raising  of 
weights,  both  by  changing  the  direction  of  the  force,  fi>r  the 
convenience  of  acting,  and  by  enabling  a  person  to  raise  a 
weight  to  an]^  height  without  moving  fix>m  his  place,  and 
also  by  permitting  a  great  many  persons  at  once  to  exert 
their  force  on  Ae  rope  at  p,  which  they  could  not  do  to  the 
weight  itself ;  as  is  evident  in  raising  the  hammer  or  weight 
of  a  pile-driver,  as  well  as  on  many  other  occasions. 


PBOPoarnoN  xxxiv. 


190.    ^  a  fimw  iwtain  a  W$iglU  by  mtamjf  One  MirvtabU 
PiUUy ;  iht  Power  U  M  HalfthB  Wmghi. 

FdR,  here  ab  may  be  coniiidered  as  a  lever  of  the  second 

kind, 
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kind,  tb«  power  acting  at  a, 
the  weight  at  c,  aodthe  prop 
or  fixed  point  at  b  ;  and  be- 
canae  p  :  w  :  :  cb  :  ab, 
and  CB  =  Jab,  therefore  p 
=  Jw,  or  w  =  2p. 

191.  CoTPl.  1.  Hence  itis 
evident,  tbat  when  the  pol- 
icy if  put  in  motion,  ttie  Te- 
locity of  ttte  power  will  be 
doable  the  relodty  of  the 
wetg^  u  the  point  p  moTCB 
twice  ai  fait  as  the  point  c  and  weight  w  riaea.  It  \»  also  eri- 
dent.  that  the  fixed  pulley  r  makea  no  difference  in  the  power 
r,  bat  is  oolj  oied  to  cluuige  tbe  direction  of  it,  from  upwards 
to  dgwnwardi. 

192.  Coni.t.  Hence  we  may  eatimate  the  effect  of  a  combi- 
Dation  of  any  number  of  fixed  and  moreable  palleyi ;  by 
which  we  afaul  find  that  erery  cord  going  over  a  moveable 
pulley  always  adds  <  to  the  powers ;  aJDce  each  moTeable  pul- 
Hj'i  rope  bean  ao  eqaai  share  of  tbe  weight ;  while  each  rope 
that  ii  fixed  to  a  pulley,  only  increases  the  power  by  unity. 


Here  p  =  Jw. 


Here  j>  a=  Jw  =  - 


OF  THE  INCLINED  PLANE. 
193.  THE  UcLiNED  Flare,  is  a  plane  inclined  to  the 
horizon,  or  making  an  angle  with  it.  It  is  often  reckoned  one 
•f  the  simple  mechanic  powers  ;  and  tbe  doable  inclined  plane 
makes  the  wedge.  It  is  em]rioyed  to  advantantage  in  railing 
faeaTy  bodies  in  certain  situations,  dinuniihing  their  weights  bj 
laying  them  on  the  inclined  planes. 

PROPOSITION 


164  MECHANICS. 

PBOPOSITION  XXXV- 

194.  The  Pimer  gained  by  the  Inclined  Plane,  is  in  Proportion 
at  the  Let^h  ^  the  Plane  is  to  its  Height.  That  is,  when  a 
Weight  w  is  sustained  on  an  Inclined  Plane ;  bc,  by  a  Power 
T  acting  in  the  Direction  Dvr ,  parallel  to  the  Plane  ;  then  the 
Weight  w,  is  in  proportion  to  the.  Power  p,  as  the  Lef^th  of 
the  Plane  is  to  its  Height ;  that  m,  w  :  p  :  :  bc  :  ab. 

For,  draw  ab  perp.  to 
the  plaDe   bc,   or  to  dw. 
Then  we  are  to  consider 
that  the  body  w  is  sustained 
bj  three  forces,  viz.  Ist,  its 
own  weight  or  the  force  of 
gravity,  acting  perp.  to  ac,  or  parallel   to  ba  ;    2d,  by  the 
power  p,  acting. in  the  direction  wd,  parallel  to  bc,  or  be  ; 
and  ddly,  by  the  re-action  of  the  plane,  perp.  to  its  face,  or 
parallel  to  the  line  ea.     But  when  a  body  is  kept  in  equili- 
hrio  by  the  action  of  three  forces,  it  has<  been  proved,  that 
the  intensities  of  these  forces  'are  proportional  to  the  sides 
of  the  -  triangle  abe  made   by  lines  drawn  in  the  directions 
of  their  actions  ;  therefore  those  forces  are  to  one  another  as 
the  three  lines         -        -        -        •        ab,  be,  ae  ;  that  19, 
the  weight  of  the  body  w  is  as  the  line     ab, 
the  power  p  iir  as  the  line         -   ,     -      .  be, 
and  the  pressmre  on  the  plane  as  the  line  ae. 
But  the  two  triangles  abe,  abc  are  equiangular,   and  have 
therefore  their  like  sides  proportional ;  that  is, 
the  three  lines        ....        ab,  be,  ae, 
are  to  each  other  respectively  as  the  three  bc,  ab,  ac, 
or  also  as  the  three         -        -        -        bc,  ae,  ce, 
which  therefore  are  as  the  three  forces    w,  p,   />, 
where  p  denotes  the  pressure  on  the  plane.     That  is,  w  :  p  :  ^ 
Bc  :  AB,  or  the  weight  is  to  the  power,  as  the  length  of  the 
plane  is  to  its  height. 

See  more  on  the  Inclined  Plane,  at  p.  144,  &c. 

195.  Scholium.  The  Inclined  plane  comes  into  use  in  some 
situations  in  which  the  other  mechanical  powers  cannot  be 
conveniently  applied,  or  in  combination  with  them.  As,  in 
sliding  heavy  weights  either  op  or  down  a  plank  or  other  plane 
laid  sloping  :  or  letting  lai^e  casks  dovra  into  a  cellar,  or 
drawing  them  out  of  it.  Also,  in  removing  earth  from  a  lower 
situation  to  a  higher  by  means  of  wheel-barrow^,  or  otherwise, 
as  in  making  fortifications,  &c.  ;  inclined  planes,  made  of. 
boards,  laid  aslope,  serve  for  the  barrows  to  run  upon. 

Of 
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Of  all  the  yarioas  directions  of  drawing  bodies  up  an  in- 
clined plane,  or  sustaining  them  on  it,  the  most  favourable 
is  where  it  is  parallel  to  the  plane  bc,  and  passing  through 
the  centre  of  the  weight ;  a  direction  which  is  easily  given 
to  it,  by  fixing  a  pulley  at  d,  so  that  a  cord  passing  over  it, 
and  fixed  to  the  weight,  may  act  or  draw  parallel  to  the  plane. 
In  every  other  position,  it  would  require  a  greater  power  to 
jupport  the  body  on  the  plane,  or  to  draw  it  up.  For  if  one 
end  of  the  line  be  fixed  at  w-,  and  the  other  end  inclined  down 
towards  n,  below  the  direction  wd,  the  b6dy  would  be  drawn 
down  against  the  plane,  and  the  power  must  be  increased  in 
proportion  to  thf  greater  difficnlty  of  the  traction.  And,  on 
the  other  hand,  if  the  line  wef e  carried  above  the  direction 
of  the  plane,  the. power  must  be  also  increased  ;  but  here  only 
in  proportion  as  it  endeavours  to  lift  the  body  off  the  plane. 

If  the  length  bc  of  the  plane  be  equal  to  any  number  oC 
times  its  perp.  height  ab,  as  suppose  3  times  ;  then  a  power 
V  of  1  pound  hanging  freely,  will  balance  a  weight  w  of  3 
pounds,  laid  on  the  plane  :  and  a  power  p  of  2  pounds,  will 
balance  a  weight  w  of  6  pounds  ;  and  so  on,  always  3  times 
as  mnch.  But  then  if  they  be  seta-moving,  the  perp.  descent 
'  of  the  power  r,  will  be  equal  to  3  times  as  much  as  the  perpi 
ascen.t  of  the  weight  w.  For,  though  the  weight  w  ascends 
up  the  direction  of  the  oblique  plane,  bc,  just  as  fast  as  the 
power  p  descends  perpendicularly,  yet  the  weight  rises 
only  the  perp.  height  ab,  while  it  ascends  up  the  whole 
length  of  the  plane  bc,  which  is  3  times  as  much  ;  that  is, 
for  every  foot  of  the  perp.  rise,  of  the  .weight,  it  ascends  3  feet 
up  in  the.direction  of  the  plane ^  and  the  power  p  descends  as 
much,  or  3  feet. 


OF  THE  WEDGE. 


196.  THE  Wedge  is  a  piece  of 
wood  or  metal,  in  form  of  half  a  rec- 
tangular prism.  AF  or  bg  is  the 
breadth  of  its  back  ;  ce  its  height ; 
Gc,  BC  its  sides  :  and  its  end  gbc  is 
composed,  of  two  equal  inclined 
planes  gcb,  bce. 


C 
PROPOSITION 


t 
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197.  mat  a  Wedgt  ti  m  Ei^ibrw  ;  the  Powtr  acling  agaitut 
Ike  Back,  if  Id  lAe  force  aclit^  rerpendieiitarly  t^aiaU  tilher 
Side,  at  tht  Brtadlh  of  the  Badi  ab,  m  to  (Ae  Ctng&  of  ikt 
SidtACor^c, 

For,  any  three  farces,  which  tuatuD  one  a  P  B 
another  in  eqailibrio,  are  as  tb«  csrreBpond-  "■^^^■" 
i>g  Rides  of  a  triaogle  drawn  perpendictilBr 
to  the  directions  in  which  they  act.  But 
jiB  is  perp.  to  the  force  acting  on  the  back, 
to  nrge  the  wedge  forward  ;  and  the  sides 
AC,  Bc  are  perp.  to  the  forces  acting  on 
them  ;  therefore  the  three  forces  are  as  t», 
tc,  BC. 

198.  Corol.  The  force  on  the  back,  r  ab. 
Its  effect  in  direct,  perp.  (o  ac,  1  ac. 
And  its  effect  parallel  to  ab  ;       1  dc, 

are  as  the  three  lines  '  which  are  per.  to  them. 

And  therefere  the  thinner  a  wedge  is,  the  greater'  is  ila 
effect  in  splitting  aoj  body,  or  in  overcoming  any  retistance 
against  the  sides  of  toe  wedge. 

SCHOLIDH. 

199.  But  itmnstbe  obserred,  that  the  resistance,  or  the 
£)tC6s  abore-mentioned,  respect  one  side  of  the  wedge  only. 

.  Tor  if  those  against  both  sides  be  taken  in,  then,  in  t£e  fore- 
going proportions,  we  mnst  take  only  half  the  back  ad^  or  else 
we  mast  take  double  the  Une  ac  or  dc. 

In  the  wedge,  the  friction  against  the  sides  is  very  great,  at 
least  eqaal  to  the  force  to  be  overcooie,  because  the  wedge 
retains  any  posilion  to  which  it  is  driTCn  ;  and  therefore  the 
resistance  is  double  by  the  friction.  But  then  the  we^e 
has  a  great  advantage  over  all  the  other  powers,  arisi^  from 
the  force  of  percosaion  or  blow  with  wbicb  0ie  Inck  is  strnck, 
which  is  a  force  incompanMy  greater  than  any  dead  weight 
orpressnre,  such  as  is  employedin  other  machines.  And  ac- 
conlingly  we  find  it  produces  effects  vastly  superior  to  those 
of  any  olher  power ;  such  as  the  splitting  and  raising  the 
largest  and  hardest  rocks,  the  raising  and  Kfting  the  largest 
ship,  by  driving  a  wedge  below  it,  which  a  man  can  do  by  the 
blow  of  a  mallet .-  and  thu  it  appean  that  the  smalt  blow  of  a 
hammer,  on  the  back  of  a  wedge,  is  incon^parably  greater  than 
any  mere  pressure,  and  will  overcome  it. 

OF 
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^  OP  THE  SCREW. 

800.  THE  ScRBw  is  one  of  six  mechanicai  powen,cliiefly 
used  in  presting  or  sqaeezing  bodies  close,  though  some* 
times  also  in  raising  weights. 

The  screw  is  a  spiral  thread  or  gjroore  cut  round  a  cylin* 
der,  and  every  where  making  the  sam|B  angle  with  the  lengUi 
of  it  So  that  if  the  surface  of  the  cylinder,  with  this  spiral 
thread  on  it,  were  unfolded  and  stretched  into  a  plane,  the 
spiral  thread  would  form  a  straight  inclined  plane,  whose 
length  would  be  to  its*  height,  as  the  circumference  of  the 
cylinder,  is  to  the  distance  between  two  threads  of  the 
screw :  as .  is  evident  by  considering  that,  in  making  one 
round,  the  spiral  rises  along  the  cylinder  the  distance  between 
the  two  threads. 

PBOPOSmON  XXXVII. 

201.  Thi  Fofte  ofaPaanr  applied  to  turn  a  Screw  rounds  is  i6 
the  Force  wiA  »/U0&  it  preues  upward  or  downward^  eetting 
aside  the  Friction,  as  tne  Oktastce  between  two  Tkreadsy  ts 
to  the  Circumference  Twhere  the  Power  is  applied. 

The  screw  being  an  inclined  plane,  or  half  walge,  whose 
height  is  the  distance  between  two  threads,  and  its  base  the 
circumference  of  the  screw  ;  and  the  force  in  the  horizontal 
direction,  being  to  that  in  the  vertical  one,  as  the  lines  per- 
pendicubr  to  them,  namely,  as  the  height  of  the  plane,  or* 
distance  Of  the  two  threads,  is  to  the  ImisIb  of  the  plane,  or 
circumference  of  the  screw  ;  therefore  the  power  is  to  the 
pressure,  as  the  distance  of  two  threads  is  to  that  circumfer- 
ence. But,  by  means  of  a  handle,  or  lever,  the  gain  in  power 
is  increased  in  the  proportion  of  the  radius  of  the  screw  to 
the  radius  of  the  power,  or  length  of  the  handle,  or  as  their 
circumferepces.  Therefore,  finally,  the  power  is  to  the  pres- 
sure, as  the  distance  of  the  threads,  is  to  the  circumference 
described  by  the  power. 

202.  CoroL  When  the  screw  is  put  in  motion ;  then  the 
power  is  to  the  weight  idiich  would  keep  it  in  equilibrio,  as 
the  velocity  of  the  latter  is  to  that  of  the  former ;  and  hence 
their  two  momenta  are  equal,  which  are  produced  bynnul- 
tiplying  each  weight  or  power  by  its  own  velocity,  do  that 
this  is  a  general  property  in  all  the  mechanical  powers, 
namely,  that  the  momentum  of  a  power  is  equal  to  that  of, 
the  weight  which  would  balance  it  in  equiUbrio ;  or  that 
each  of  them  is  reciprocally  proportional  to  its  velocity. 

SCHOUUM. 


203.  Hence  we  cao  eauly 
compute  the  force  of  my  ma- 
cbine  tamed  by  a  scretr.  Let 
the  annexed  figure  repreieni  a 
press  driven  bj^  a  screw,  whose 
threads  are  each  a  quarter  of 
an  inch  asunder  ;  and  let  the 
screw  be  turned  bjr  a  handle 
of  4  feet  long,  from  a  lo  5  ; 
theu,  if  the  natural  force  of 
a  man,  bj  which  he  can  liR, 
pull,  or  draw,  be  150  pounds  ;  and  it  be  required  to  deter- 
mine with  what  ftrce  the  screw  will  press  on  the  boar^  at  d, 
wheo  the  man  turns  the  handle  at  a  and  b,  with  bis  whole 
force.  Then  the  diameter  ab  of  the  power  being  4  feet,  or 
48  inches,  its  circumfereoce  is  48  X  3-1416  or  IfiOf  nearly; 
and  the  distance  of  the  threads  being  {  of  an  inch  ;  there- 
fore the  power  is  to  the  pressure  as  I  lo  603}  :  but  the 
power  is  equal  to  16(>lb  ;  Iheref.  as  I  :  603}  :  :  tfiO  :  90460 ; 
and  conseqnently  the  pressure  at  d  is  equal  to  a  weight  of 
904S0  pounds,  independent  of  friction. 

B  A 

204.  Again,  if  the  end- 
less screw  AB  t>e  turned  by 
a  handle  ac  of  30  inches, 
the  threads  of  the  screw 
being  distant  half  an  inch 
each  ;  and  the  screw  turns 
a  toothed  wheel  e,  whose 
pinion  l  turns  another 
wheel  F,  and  the  pinion  m 
of  this  another  wheel  o,  to 
the  pinion  or  barrel  of 
which  is  bung  a  weight  w  ; 
it  is  required  to  determine 
what  weight  the  man  will 
be  able  to  raise,  worlung  at 
the  handle  c;  supposing  the 
diameters  of  the  wheels  to 
1je  18  inches,  and  those  of 
the  pinions  aod  barrel  2 
inches  ;  the  teeth  and  pin- 
ions being  all  of  a  size. 
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Here  SO  X  3- 1416  X  2  =  ]2fi-6fi4,  is  the  circnniference  of 
tbe  power. 

Aod  126-664  to  I,  or  251 -328  to  I,  u  the  force  of  thescreir 
alone. 

Also,  18  to  2,  or  9  to  1.  being  the  proportion  of  the 
wheels  to  the  pinioofl  ;  and  as  there  are  three  of  them, 
therefore  9'  to  l>,  or  729  to  1,  ia  the  power  gained  h;  th« 
wheels. 

CoDBequently  261-328  X  '^29,  to  1.  or  183218^  to  1  nearly, 
is  the  ratio  of  (he  power  to  the  weight,  artsii^  from  tbe  advan* 
tage  both  nf  the  Rcren  and  the  wheels. 

BdI  the  power  is  laoib  ;  therefore  150  X  183218^,  or 
274827 16  pouods,  is  the  weight  the  Ukn  cao  sustain,  which  ia 
e(|ua]  to  12269  loos  weight. 

But  the  power  h>s  to  overcome,  not  only  the  weight,  but 
also  tbe  friction  of  tbe  screw,  which  is  very  great,  in  some 
CBseH  equal  to  the  weight  itself,  since  it  is  sometimes  sufficient 
to  sustain  the  weight,  when  the  power  is  taken  off. 


ON  THE  CENTRE  OF  GRAVITY. 

805.  THE  Cekthc  of  Gbatitt  of  a  body,  is  a  certain 
point  within  it,  on  which  the  body  bein^  freely  su!ipended,  it 
will  rest  in  auy  position  ;  aod  it  will  always  descend  to  tbe 
lowest  place  to  which  it  can  get,  in  other  positions. 

PR0P03T  ION  XXXVln. 


Gravity  of  any  body,  fall  within  Ike  Battof  the  Body,  it  v>iJt 
reU  ia  that  Poiititm  ;  but  if  the  PtrptJidievlar  fall  vilhotU 
Iht  Bate,  the  Body  will  not  rest  in  that  Poiition,  but  will 
tumble  down. 

For,  if  CB,  be  the  perp.  — 

from  the  centre  of  grarity  c,  IjT" — "  _     ^~^V 

within  the  base  :    then  the  j''  .'      ^L    \ 

body  cannot  fall  over  towards  lir  '•-(■_  '■  jtl^  » 

A  i  because,  in  turning  on  the  f       i     ^       ^'^L    \ 

point  A.  the  centre  of  gravity  ''    -;  ..|  ^^J-k 

c    would    describe    an    arc         -^i      ^^-'■'^         J't^SI^'' 
which  would  rise  from  c  to  E  ; 

contrary  to  the  oatare  of  that  centre,  which  only  rests  wfaeu 

in  tbe  lowest  place.     For  the  some  reason,  the  body  will  not 

&I1  towards  n.     And  therefore  it  will  stand  in  that  position. 

Voi.  I>.  2.t  J«t 
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But  if  the  perpendicular  fall  without  the  base,  as  ci  ;  thea 
the  bod^  will  tumble  over  on  that  {tide  :  because  in  turning  am 
the  point  a,  the  centre  c  descends  by  describing  the  descend* 
iqg  arc  ce. 

207  CoroL  1.  If  a  perpendicular,  drawn  from  the  centre 
of  gravity,  fall  just  on  the  eiktremity  of  the  base  i  the  body 
may  stand  ;  but  any  the  least  forre  will  cause  it  to  fall  that 
way.  And  the  nearer  the  perpendicular  is  to  aqy  side,  or 
the  narrower  the  base  is,  the  ^easier  it  will  be  made  to  fall  or 
be  pushed  over  that  way  ;  because  the  centre  of  gravity  hat 
the  less  height  to  rise  :  which  is  the  reason  that  a  globe  if 
is  made  to  roll  on  a  smooth  plane  by  any  the  least  force* 
But  the  nearer  the  perpendicular  is  to  the  middle  of' the 
base  or  the  broader  the  base  is,  the  firmer  the  body  stands. 

SOB.  Carol  2.  Hence  if  the  centre  of  gravity  of  a  body 
be  supported,  the  whole  body  is  supported.  And  the  place 
of  the  centre  of  gravity  must  be  accounted  the  place  of  the 
body :  for  into  that  point  the  whole  matter  oi  the  body  may 
be  supposed  to  be  collected,  and  therefore  all  the  force  alae 
with  which  it  endeavours  to  descend. 

209.  CoroL  3.  From  the  property  which 
the  centre  of  gravity  has,  of  always  des- 
cending to  the  lowest  point,  is  derived  an 
easy  mecbanical  method  of  finding  that 
centre. 

Thus,  if  the  body  be  hung  up  by  any 
point  A,  and  a  plumb  line  ab  be  hung  by 
the  same  point,  it  will  pass  through  the  cen- 
tre of  gravity  ;  because  that  centre  is  npt  in 
the  lowest  point  till  it  fall  in  t^e  plumb 
line.  Mark  the  line  ab  on  it  Then  hang 
the  body  up  by  any  other  point  d,  with  a 
plumb  line  de,  which  will  also  pass  through 
the  centre  of  gravity,  for  the  same  reason  ™ 
as  before  ;  and  therefore  that  centre  must 
be  at  c  where  the  two  plumb  lines  crow 
each  other. 


210.  Or,  if  the  body  be  suspended  by 
two  or  more  cords  of,  gh,  kc.  then  a 
plumb  line  fi*om  the  point  o  will  cut  the 
body  in  its  centre  of  gravity  e. 
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til.  .Likewise,  becaase  a  body  rests  when  its  centre  6f 
gravitj  is  supported,  bat  not  else  ;  we  hence  derive  another 
easy  method  of  findina;  that  centre  mechanically.  For,  it 
the  body  be  laid  on  the  edge  of  a  prism,  or  over  one  side  of 
a  table,  and  moved  backwaiid  and  forward  till  it  rest,  or  ba- 
hnce  itself;  then  is  the  centre  of  jgravity  juot  over  the  line  of 
the  edge  •  And  if  the  body  be  then  shifted  into  another  pp- 
sitioo,  and  balanced  on  the  edge  again,  this  line  will  als# 
pa«i«  by  the  centre  of  gravity  .  and  consequently  the  inter*- 
section  of  the  two  will  give  the  centre  itself. 

PROPOSITION  XXXQL 

212.  7%€  common  Centre  of  Gravity  c  of  any  two  Bodies  a,  b, 
divides  the  Line  joining  their  CerUres^  into  two  Parts ^  which 
are  ReciprociUly  as  the  Bodies. 

That  is,  AC  :  Bc  :  :  B  :  A. 

For,  if  the  centre  of  gravity  c  be   supported,   the  two 
bodies  a  and  b  Will  be  supported. 


and   will  rest  in  equilibrio       But       ^         0  5 

by  the  nature  of  the  lever,  when       ^  ■** 

two  bodies  are  in  equilibrio  about  a  6xed  point  c,  they  are 
reciprocally  as  their  distances  from  that  point ;  therefore 
4  :  B  : :  CB  :  CA. 

213.  CoroL  1.  Hence  ab  :  ag  :  :  a  +  b  :  b  ;  or,  the  whole 
distance  between  the  two  bodies,  is  to  the  distance  of  either 
of  them  from  the  commoD  centre,  as  the  sum  of  the  bodies  is 
to  the  other  body. 

214  Corol,  2.  Hence  also,  ca  .  a  =  cb  .  b  ;  or  the  two 
products  are  equal,  which  aipe  made  by  multiplying  each  body 
by  its  distance  fi^m  the  centre  of  gravity. 

215.  CoroL  3.  As  the  centre  c  is  pressed  with  a  force  equal 
to  both  the  weights  a  and  b,  while  the  points  a  and  b  are 
each  pressed  with  the  respective  weights  a  and  b.  There- 
fore, if  the  two  bodies  be  both  united  in  their  common 
centre  c,  and  only  the  ends  a  and  b  of  ihe  line  ab  be  sup« 
ported,  each  will  still  bear,  or  he  pressed  by  the  same  weights 
A  and  B  as  before.  So  that,  if  a  weight  of  lOOlb.  be  laid  on 
a  bar  at  c,  supported  by  two  men  at  a  and  b,  distant  from  c, 
the  one  4  fe.et«  and  the  other  6  feet ;  then  the  nearer  will 
bear  the  weight  of  601bj,  and  the  farther  only  40lb.  weight. 

'216.  CoroL 
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216.  Corol.  4.  Since  the 
effect  of  tLuy  body  to  turn 

a   lever   about    the    fixed     a         g       ~         3)      E    '  ^ 
point  c,  is  as  that  body  and 

as  its  distance  from  that  point  ;  therefore,  if  c  be  the  com- 
Bion  centre  of  gravity  of  all  the  bodies  ▲,  b,  d,  e,  f,  placed  ior 
the  straight  line  af  ;  then  is  ca  .  ▲  +  cb  .  b  =  cd  •  d  + 
CE  .  E  -f-  GF  .  F ;  or,  the  sum  of  the  products  on  one  side 
equal  to  the  sum  of  the  products  on  the  other,  made  by  mul- 
tiplying each  body  by  its  distance  from  that  centre.  And 
if  several  bodies  be  in  equilibrium  on  any  straight  lever,  then 
the  prop  is  in  the  centre  of  gravity. 

217.  Carol.  5.  And  though 
the  bodies  be  not  situated  in 
a  straight  ^i^^t  ^^^  scattered 
about  io  any  promiscuous  man* 
ner,  the  same  property  as  in  the 
last  corollary  still  boldfl  true, 
if  perpendiculars  to  any  line 
whatever,  af  be  drawn  through 

the  several  bodies,  and  their  common  centre  of  gravity,  pame* 
ly.  that  cci  :  A  +  c6  =  erf  .  D  +  ce  .  e  +  c/*.  f.  For  the 
bodies  have  the  same  effect  on  the  line  a/*,  to  turn  it  about  the 
point  c,  whether  they  are  placed  at  the  points  a,  6,  d,  e,/,  or 
in  any  part  of  the  perpendiculars  Aa,  b&,  srf,  Ee,  f/*. 


PROPOSITION 

SI 8.    y  there  be  three  or-  more  Bodies ^  and  if  a  line  be  drawn 
from  any  one  Body  d  to  the  Centre  of  Gravity  of  the  rest  c  ; 
then  the  Common  Centre  of  Gravity  k  of  all  the  Bodies y  dividet 
the  line  gd  into  two  Parts  in  e,  which  are  Reciprocally  Pro- 
portioned as  the  Body  d  to  lAe  sum  of-  all  the  other  Bodies. 

s 

That  is,  CE  :  ED  :  :  D  :  A  4*  B  &c. 

For,  suppose  the  bodies  a  and  b 
to    be     collected    into   the    common 


centre  of  gravity  c,  and  let  their  sum  "^       gV  ^ 

be  called  s.     Then,  by  the  last  prop.  \ 

CB  :  ED  :  :  D  :  8  or  A  -h  6  &c,  3)^ 

217.  Corol.  Hence  we  have  a  method  of  finding  the  com- 
iDpn  centre  of  gravity  of  any  number  of  bodies  ;  namely,  by 
first  finding  the  centre  of  any  two  of  them,  then  the  centre 
of  that  centre  and  a  third,  and  so  on  for  a  fourth,  or  fifth, 

^*  PROPOSITION 
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220  If  Hurt  he  takm  any  Point  p,  in  the  Ldne  paaing  through 
the  Centres  of  two  Bodies ;  then  the  sum  of  the  two  Products, 
of  each  Body  multiplied  by  its  Distance  from  that  Point,  is 
equal  to  the  Product  of  the  Sum  oj  the  Bodies  multiplied  by 
the  Distance  of  their  Common  Centre  qf  Gravity  c  from  the 
same  Point  p. 


That  is,  PA  .  A  +  PB  .  B  =  PC  .  a  -f  b. 
For,  by  the  38th,  ca  .  a=cb  .  b, 

that  is,  PA — PC  .  A  =  PC — PB  .  b  ;      ®        c      P     S      P 
therefore  by  adding,  -^ 

FA  .  A  4-  PB  .  B  =  PC  .  A  -^  B. 

221.  CoroL  1.  Hence,  the  two  bodies  a  and  b  have  the 
0ame  force  to  turn  the  lever  about  the  point  p,  as  if  they 
were  both  placed  in  c  their  common  centre  of  gravity. 

Or,  if  the  line,  with  the  bodies,  move  about  the  point  p  ; 
the  sum  of  the  momenta  of  a  and  b,  is  equal  to  the  mo- 
mentum of.  the  sums,  or  a  +  b  placed  at  the  centre  c. 

222.  CoroL  2.  The  same  is  also  true  of  any  number  of 
bodies  whatever,  as  will  appear  by  cor.  4,  prop.  39,  namely* 

FA  .  A    +    PB  .  B   4-  FD  .  D  &C.  =  PC  .  A  +  B  +  D  AcC.    whePC 

3  is  in  any  point  whatever  in  the  line  ac. 

And,  by  cor.  5,  prop.  39,  the  same  thing  is  true  when  the 
bodies  are  not  placed  in  that  line,  but  any  where  in  the  per- 
pendiculars passing  through  the  points  a,  b,  d,  &c.  ;  namely^ 

Fa  .  A  +  Pb  .  B  +  P<J  •  »  &C.  =  PC  .  A  +  B  +  i>  &c. 

223.  CoroL  3.  And  if  a  plane  pass  through  the  point  p  per- 
pendicular to  the  line  cp  ;  then  the  distance  of  the  common 
centre  of  gravity  from  that  plane,  is 

'    PA  .  A  -f  FB  .  b  +  pd  .  D  &c.    .,    .   .  ,   .     ^, 

.Fc  = L_ _!-_. that  18,  equal  to  the  sum 

•f  all  the  forces  divided  by  the  sum  of  all  the  bodies.  Or, 
if  A,  B,  D,  4ic,  be  the  several  particles  of  one  mass  or  com- 
pound body  ;  then  the  distance  of  the  centre  of  gravity  of  the 
body,  below  any  given  point  p,  is  equal  to  the  forces  of  all 
the  particles  divided  by  the  whole  mass  or  body,  that  is,  equal 
to  all  the  PA  A,  pb  .  b,  pd  .  n,  &c.  divided  by  the  body  or  sum 
ef  particles  a,  b,  n,  Uc. 
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294.  Tofifid  the  Centre  of  Gravity  of  any  Body,  or  of  any  Sye^ 

tern  of  Bodiee, 


Through  aDy^  point  p  draw 
a  plane,  and  let  pa,  pb,  pdr  &c. 
be  the  distance  of  the  bodies 
A,  B,  o,  &c  from  the  plane  ; 
then,  bj  the  last  cor.  the  dis- 
tance  of  the  common  centre  of 
gravity  from  the  plane,  will  be 

^__  Fa  .  A  +  pb  .  B  4-  Pd    D  &c- 


FC  = 


A  -f  a  +>  »  ^^' 


S25.  Or,  if  6  be  anj  body,  and  qpR  any  plane  ;  draw  vab 
Ilc.  perpendicular  to  hr,  and  tfaroogb  a,  b,  k,c,  draw  innu- 
merable sections  of  the  body  b  parallel 
to. the  plane  aa.  Let  t  denote  any  of  . 
these  sections,  and  <l  =  pa,  or  pb,  &c. 
its  distance  from  the  plane  ^r.  Then 
will  the  distance  of  the  centre  of  gra- 
Tity  of  the  body  from  the   plane  be 

sum  of  all  the  tP^         a    a    ^^    ^l 

^  -5 .     And    if   the 

o 

distance  be  thus  found  for  two  inter-* 

secting  planes,  they  will  give  the  point 

in  which  the  centre  is  placed. 

226.  But  the  distance  from  one  plane  is  sufficient  for  any 
regular  body,  because  it  is  evident  that  in  such  a  figure,  the 
centre  of  gravity  is  in  the  axis,  or  line  passing  through  the 
centres  of  all  the  parallel  sections.  ' 

Thus,  if  the  figure  be  a  parallelogram,  or  a 
cylinder,  or  any  prism  whatever  ;  then  the  axis 
or  line,  or  plane  ps,  which  bisects  all  the  sec- 
tions parallel  to  q,Ky  will  pass  through  thi 
centre  of  gravity  of  all  those  sections,  and 
consequently  through  that  of  the  whole  figure 
e.  Then,  all  the  sections  s  being  equal,  and 
the  body  6  =  ps  •  «,'the  distance  of  the  centre 
will  be  PC  »  • 


WA-t  +  PB  .ff  &C. PA  +  PB  4.  PD  fcC.  ^       __     PA  4  P»  -I-  &a 

— i i         ^' ;;; 

Bat 


•  i  ^ 
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But  PA  4"  'B  +  kc  IS  the  sum  of  an  arithmetiea]  pro. 
gre^sioD,  bei^inning  at  0«  and  iocreasing  to  the  greatest  term 
F8,  the  number  of  the  terms  being  ako  equal  to  ps  ;  there- 
fore the  snm  pa  +  pb  +  ^.  ===  -^  ps  .  P6  ;  and  consequently 

PC  ==  ' — *  -    ass  I  P8  ;  that  18,   the  centre  of  gravity  is  in 

the  middle  of  the  axis  of  anj  figure  who9e  parallel  sections 
are  equal. 

SS7.  In  other  figures,  whose  parallel  sections  are  not 
^nal,  but  Tarying  according  to  some  general  law,  it  will  not 
be  easy  to  find  the  sum  of  all  the  pa  .  t,  pb  .  s',  po .  i'\  &c. 
except  by  the  general  inethod  of  Fluxions  ;  which  case 
therefore  will  be  best  reserved,  till  we  come  to  treat  of  that 
doctrine.  It  will  be  proper  however  to  add  here  some  ex- 
amples of  another  method  of  finding  the  centre  of  gravity  of  a 
triangle,  or  any  other  right-lined  plane  figure. 
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228.     To  find  iht  Ctnirt  of  Graviiff  of  a  Triangle. 

From  any  two  of  the  angles  draw 
lines  An,  cb,  t**  bisect  the  opposite 
•ides,  !*o  will  their  intersection  a  be 
the  centre  of  gravity  of  the  triacgle. 

For.  because  ab  bisects  bc,  it  bi- 
sects also  all  its  parallels,  namely,  all 
the  parallel  section.^  of  the  figure; 
therefore  ao  parses  through  the  cen- 
tres of  gravity  of  all  the  parallel  sections  or  component  parti 
of  the  figure  ;  and  conseqoeHtly  the  centre  of  gravity  of  the 
whole  figure  lies  in  the  line  ad.  For  the-same  reason,  it  also 
lies  in  the  line  ce.  Consequently  it  is  in  their  common  point 
•f  intersection  a. 

r 

229  Corol.  The  distance  of  the  point  o,  is  ag  =■  |  ad,  and 
€0  =  I  c£  :  or  ao  3=  2gd,  and  cu  =  2oe. 

For,  draw  bf  parallel  to  ad,  and  produce  ce  to  meet  it 
in  F.  Then  the  triangles  aeo,  bef  are  similar,  and  also 
equal,  because  ae  =  bk  ;  consequently  ao  =  bp.  But 
the  triangles  coo,  cbf  are  also  equiangular,  and  cb  being 
^  2cD,  therefore  bf  =  2od.  But  bf  is  also  ^s  ao  ; 
consequently  ao  =9  2oo,  or  |ap.  In  like  manner,  co  ='  2gs 
•r  fcE. 

PBOPOSmON 
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230.  1\t  ^find  tht  Ctntrt  of  Gravity  of  a  Traptzitim. 

Divide  (he  trappzinm  abcd  into 
two  Iriangjea,  by  the  diagonal  bd,  and 
fiod  E,  F,  the  centres  of  graTitj'  of 
tbeee  two  triangles  ;  then  shall  (he 
centre  of  grarity  of  the  trapezium  lie 
in  the  lioe  ef  coflDecting  ihem.  And 
therefore  if  ef  be  divided,  in  o,  in  the 
alternate  ratio  of  the  two  triangles,  O 

Dam«lj,  Eo  :  OE  : :  triangle  bcd  :  triangle  abb,  then  o  will  be 
the  centre  of  gravity  of  th*  trapezium. 

231.  Or,  having  found  the  two  poinlB  e,  f,  if  the  trape- 
zinm  be  divided  intdtwo  other  triangles  bac,  dac,  by  the  other 
diagonal  ac,  and  the  centres  of  gravity  h  and  i  of  these  two 
triangles  be  also  fonnd  ;  then  the  centre  of  gravity  of  the  tra- 
pezium will  also  lie  in  the  line  bi. 

So  that,  lying  in  both  the  lines,  ef,  hi,  it  must  necenari^ 
lie  in  their  intenecllon  a.    . 

S32.  And  thus  we  are  to  proceed  for  a  6gnre  of  any 
greater  number  of  sides,  finding  the  centres  of  their  compo- 
nent triangles  and  trapeziums,  and  then  finding  the  com- 
mon centre  of  eveiy  two  of  these,  till  they  be  all  reduced 
into  one  only. 

Of  the  use  of  the  place  of  the  centre  of  gravity,  and  the 
uatnre  of  forces,  the  tbilowtng  practical  problems  are  added  ; 
viz.  to  find  the  force  of  a  bank  of  the  earth  pressing  against  • 
wall  and  the  force  of  the  wall  to  support  it ;  also  the  push  of 
an  arch,  with  the  thickneas  of  the  piera  necessary  to  support 
it ;  also  the  strength  and  stress  of  beams  and  bars  of  timber 
and  metal,  be. 

.     PHOPOSmON  XLV. 

■233.     To  dtUrmine  tkt  Force  with  which  a  Bank  of  Earth,  or 
meh  like,  preues  againit  a  ffall,  and  At  IHtntn*ioi»  of  th* 
Wall  neceaary  to  Svppnrt  it. 
Let  acde  be  a  vertical  section  ^f  a 

bank  of  earth  ;  and  suppose,  that  if  it 

were  not  supported,  atriangular  part  of 

it,  as  ABF,  would   slide  down,  leaving 

it  at  what  is  called  the  natural  slope  BE  ; 

but  that,  by  mcaos  of  a  wall  aefo,  it 

is  supported,  and  kept  in  its  place- — It 

is  required  to   find  the  force  of  abe, 

to  sliile  down,  and  the  dimensiona  of  the 

the  wall  AEFo,  to  support  it.  lo 

Let 
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Let  H  be  the  centre  of  gravity  of  the  triangle  abe,  through 
which  draw  khi  parallel  to  the  slope  face  of  the  earth  be. 
Now  the  centre  of  gravity  h  may  be  accounted  the  place  of 
the  triangle  abx,  or  the  point  into  which  it  is  all  collected. 
Draw  HL  parallel,  and  kp  perpendicular  to  ae,  also  el  prep, 
to  IE  or  BE.  Then  if  hl  represent  the  force  of  the  triangle 
ABE  in  its  natural  direction  hl,  he  will  denote  its  force  in 
its  direction  he,  and  pe  the  same  force  in  the  direction  pe 
perpendicular  to  'the  lever  ee,  on  which  it  acts.  Now  the 
three  triangles  eab,  hel,  hep  are  all  similar  ;  therefore 
EB  :  SA  :  :  (hl  :  HK  :  :)  w  the  weight  of  the  triangle  eab  - 

•  —  w,  which  will  be  the  force  of  the  triangle  in  the  direc- 

tion  HE.     Then,  to  find  the  effect  of  this  force  in  the  direc* 

tion  PE,  it  will  be,  as  he  :  pk  :  :  eb  :  ab    :  :   — *w :     „ '; — w> 
.  •        '  KB  EBa 

the  force  at  k,  in  direction  pe,  perpendicularly  on  the  lever 

EE,  which  is  equal  to  j^ae.     But  ^  ag  .  ab  is  the  area  of  the 

triangle  abe  ;  and  if  m  be  the  specific  gravity  of  the  earth, 

then  I  ae  .  AB  .  ffi  is  as  its  weight.     Therefore 

J—.  4ae  .  AB  =  ^^ m  IS  the  force  acting  at  e  in 

direction  pe.     And  the  effect  of  this    pressure  to  overturn 
the  wall,  is  also  as  the  length  of  the  lever  ke  or  ^ae*  :  con- 


•  The  principle  now  employed  in  the  solution  of  this  45th  p»x)p, 
is  A  little  different  fr>m  that  formerly  used  ;  viz.  by  considering  the 
triangle  of  f-arth  abe  as  actings  by  lines  ik«  he*  pur^Allel  to  the  face 
of  the  slope  bb,  in^it-ad  of  acting  in  directions  parallel  to  the  horizon 
AB  ;  jLn  alteration  which  gives  the  length  of  <he  lever  kk,.  only  the 
half  of  what  it  was  n  the  fuimer  way,  viz.  bk=:  Jab  instead otfAE: 
but  every  thinfif  eUe  remamini;^  the  same  a.s  betV>r<».  .ndeed  this  prob- 
lem has  formerly  been  treated  on  a  variety  of  different  hypotheses,  by 
Mr.  Muller,  be.  in  this  country,  and  by  many  French  and  other  au- 
thors in  other  countries*  And  this  has  been  chiefly  owing'  to  the  un- 
certain way  in  which  loose  earth  may  be  sufiposed  to  act  in  such  a 
case  ;  which  on  acrnunt  of  its  various  circumstances  of  tenacity,  fric- 
tion, &c.  will  not  perhaps  idmit  of  i\  strict  mechanical  certainty  On 
these  accounts  it  seems  probable  that  it  is  to  good  experiments  only» 
made  on  different  kind.-*  of  earth  and  waHs.  that  we  may  probably 
hope  for  a  just  and  s^itisfactory  solution  of  the  problem. 

rhe  above  solution  is  fpven  only  in  the  most  simpl''  case  of  the 
problem-  But  the  same  principle  may  easily  be  extended  to  any 
other  case  that  may  be  required,  either  in  theory  or  practicet  either 
with  walls  or  banks  of  earth  of  different  figures,  and  in  difRsrent 
situations. 

Vol.  IK  .24  seqnently 
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•equentlj  iti  effect  is  *\  '  t'  ^*  ^^^  ^^®  perpen^olar  force 

against  K,  to  qvenet  the  wall  akfo.  Which  mu^t  be  balanced 
by  the  counter  resistance  of  the  wall,  in  order  that  it  may  at 
least  be  supported. 

Now,  if  Iff  be  the  centre  of  gravity  of  the  wall,  into  which 
its  whole  matter  may  be  supposed  to  be  collected,  and  acting 
in  the  direction  mnw,  its  effect  will  be  the  same  as  if  a  weight 
w  were  suspended  from  the  point  »  of  the  lever  fn.  Henre^ 
if  A  be  put  for  the  area  of  the  wall  aefo,  and  n  its  specific 
gravity  ;  then  a  .  n  will  be  equal  to  the  weight  w«  and  a  .. 
n  .  FN  its  effect  on  the  lever  to  prevent  it  from  turning  about 
the  point  f.  And  as  this  effort  must  be  equal  to  that  of  th^ 
triangle  of  earth,  that  it  may  just  support  it,  which  was 

before  found  equal  to  — —'  ^  m ;  therefore  a  .  n  .  fk  s=- 
— g-'-^ — m,in  case  of  an  equilibrium. 

234.  But  now,  bpth  the  breadth  of  the  wall  fe,  and  tb^ 
lever  fn,  or  place  of  the  centre  of  gravity  m,  will  depend  on 
the  figure  ot  the  wall  If  the  wall  be  rectangular,  or  at 
broad  at  top  as  bottom  ;  then  fn  =  4  re,  and  the  area  a  sb 
AE  .  FB  ;  consequently  the  effort  of  the  wall  a  .  n^ .  fn  is  ass 

4fe*  ;  ae  .  ft ;  which  must  be  «s=  — -  -- —  m,  the  effort  of 

the  earth     And  the  resolution  of  this  -equation  gives  the 

breadth  of  the  wall  fe  =  — - —  y^_    =aq^— ,  drawing  a% 

perp  to  FB.  So  that  the  breadth  of  the  wall  is  always  pro- 
portional to  the  prep  depth  aq  of  the  triangle  abe  But  the 
breadth  must  be  made  a  little  more  than  the  above  value 
of  it,  that  it  may  be  more  than  a  bare  balance  to  the  earth.-* 
If  the  angle  of  the  slope  e  be  46®,  as  it  is  nearly  in  most  cases ; 

then  FB  «=B  — ^^^  =s  AE  4/  ^  »«  |ae*/-^  very  nearly, 

236.  If  the  wall  be  of  brick,  its  specific  gravity  is  about 
2000,  and  that  of  the  earth  about  1984  ;  namely ,  m  to  n  as  1984 

to  ?000  ;  or  they  may  be  taken  as  equal  ;  then  ^  -  a^  1  very 

nearly  ;  and  hence  fe  b=  ^J^9  or  |ae  neatly.  That  is» 
whenever  a  brick  rectangular  wall  is  made  to  support  earth, 
its  thickness  must  be  at  least  f  or  /^  of  its  height.    But  if 

tke 
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Ibe  mil  be  of  atone,  <vh(Me  specific  gravity  u  >boiit  2SS0  ; 

then  -=j,  ■Dd^/'*  =  ^/^=  895  ;  hence  fb  =  -868  ii 

s  ^  AB  ■  Ih&t  is,  wh«D  Ifae  receiD^nlar  wall  ii  of  itooe,  the 

breadtli  mwt  be  at  least  fy  of  its  beijtht 
236.     Bat  if  the  figure  of  the  maOr 

be  a  trianf^e,  the  outer  side  laperiog 

to  a  point  at  top       Then  the  lerer 
.  tR=}»-E.  and  the  area  a  ^  ^fb  .  *B  ; 

coDHqoentl;  its  effrnl  i  .  n  .  fh  is  xe 

}»*       AX      n  ;    which  being  put  ^ 

— T— J — ffl,  the  equation  gives  fe  = 

— ^ —  ^  __  =  i^  ^  -—  for  the  breadth 

•f  the  wall  at  the  bottom,  for  an  equitihriam  in  this  case  alio. 

— If  Ibe  angle  of  die  slope  x  be  46*  ;  Iheo   will  fe  be  — 
— }  ^  ^  ^^  i'^'V' —     A'x'  when  thia  wall  is  of  brick,  thin 

FB  s=  |ac  nearij      But  whea   it  is  of  slnne  ;  then  ^^-^= 

■447   ^  I  nearly  ;  that  ia,  the   triangular  stone  wall   most 

bave  its  tfaickueM  at   bottooi  equal  to  }  of  its  height     And 

in  tike  manner,  for  other  figures  of  the  wall  and  also  for 

Mher  figures  of  the  earth. 
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7b  deltrndfu  the  Tlidbwtt  of  a  Pitr,  nteutarj/  to  mtf 
port  a  eixwi*  Arch. 


Let  ABCD  be  half 
the  arch,  and  ocfq  the 
pier.  From  the  certre 
of  gnnty  a  of  the  half 
arch  draw  kl  perp.  o*  ; 
aliio  oiR,  and  tb4f 
|»erp.  to  it  :  also  draw 
£«  and  01  perp  to  tp, 
or  paratiel  to  6rr. 
Then  if  kl  represent 
the  weiglit  of  the  arch  ' 
■rnA,  in  the  direction  of  gnTitj,  this  will  resolve  into  b«, 
the  force  acting  agaiutt  the  pier  perp  to  the  joint  an,  and 
cq  the  part  of  the  ibrce  parallel  to  the  same.     New  k«  de< 

notes 


notea  the  oalj  force 
actiDfc  perp.  on  (he  arm 
OP,  of  the  crooked  lerer 
rcF.  to  tarn  the  pier 
shout  the  point  a  cod 
•eq  K«  X  OF  will  de 
note  the  efficacious  force 
of  the  arch  to  overtum 
the  pier. 

Again,  th£  weight  of 
tde  pier  is  b*  the  area 
SF  X  Fo  ;  therefore  dp. 

ra  .  ^FB,  or  Jor  ,  fo',  ii  ita  effect  od  the  leyer  ^fo,  to  pre- 
vent the  pier  from  being  overset  ;  Buppoaing  the  length  of 
the  jiier,  from  point  to  point,  to  he  no  more  than  the  thick- 
ness of  the  arch. 

Bat  that  the  pier  and  the  arch  may  he  in  eqnilihrio,  these 
two  efforts  ipust  be  equal      Therefore  we  have  ^df..  fo'  = 

— '■ ,  an  equation,  bjr  which  will   be  determined  the 

thickness  of  the  pier  fo  ;  a  denotii^  the  area  of  the  half 
arch  BCD**. 

ExampU  1,  Suppose  the  arc  abm  to  he  a  semicircle  ;  and 
that  CD  or  oa  or  ob  =  46,  bc  ^  7  feel,  if  =  20.  Hence  id  ^, 
Gi,  Dt  K=  GB  =  72.  Also  by  measuremeDt  are  fband  ok  = 
60-3,  KL  =  JO-6.  1.0  =  «9-7,  TD  =  30  87,  Kft  =  24,  the 
area  bcda  =  7dO  ==  x  ;  and  putting  po  ^=  x  the  breadth 
of  the  pier. 

Then  tk  =  td  +  de  =  3087  +  x,  and  kl  ;  to  :  :  te  : 

tv  =  2«  68+0-73X, 
then  OE— ET  =  OT  =  49'4«— ■78j, 
lastly  OB  :  Bi.  . :  GV  :  OP  =  39-8fl-69r. 

These  values  being  now  substituted  in  the  theorem  |df. 
FO'  =  t2C^t~,  give  36i»  =  17665  —  WVbx,  or  i»    + 


■  tfttf-  Ai  it  is  commonl)'  a  troubleMtne  tbii^loctlcoUte  tiie 
pUce  of  the  centre  of  graTity  k  of  the  bilf  ircli  adcb,  it  ifiay  be 
easily,  and  sufficiently  ntsr,  found  mcchanicsUy  in  the  muiner  de«- 
cribed  in  art.  211,  thu«  :  Conttrucl  that  ipace  ADCB  iccurateli  by  a 
■c*1e  to  the  ^ven  dimentioni,  <in  >  plate  of  any  unifonn  Bat  lub- 
■tance,  or  even  card  paper  ;  then  cut  it  nicely  out  by  the  extreme 
Unea,  and  balance  it  over  any  ed^  or  the  aides  of  a  table  in  two  poii- 
tions,  and  the  interiection  of  the  two  places  will  give  the  situalion  of 
the  point  K  :  then  the  distances  or  lines  may  be  measured  by  the  scale, 

Sxcept  those  depending  on  the  breadth  of  the  pier  FC,  vii.  the  lines 
I  mentioned  in  tbe  examples. 
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7*S€x  =  4907 ;  the  root  of  whicfa  qnailratic  equatioo  giTO 
X  =  18-8  feet  =  de  or  fo,  the  thickness  of  the  pier  sought. 
Example  2.  Suppose  the  span  to  be  100  feet,  the'height 
40  feet,  the  thickness  at  the  top  6  feet,  and  the  height  of  the 
pier  to  the  springer  SO  feet,  as  before. 

Here     the    6g.  ^^-^ — 

maj  be  considered 
aa  a  circular  seg- 
ment, having  the 
versed  sloe  ob  = 
40.   and  the  right 

fiO  ;  also  »D  "  6, 
«p  =  20,  and  ep  = 
«6.  Now,  by  the 
nature  of  the  cir- 
cle, nhoie  centre  is  w,  the  radios  irs  := 
os-+oc*'_-lOS4.50' 


51J  ;  hence  ow  =  6IJ  —  40=  MJ; 

is  found  to  be  1491  ; 

X60  = 


and  the  area  of  the  Be  mi  ■segment  i 
which  is  taken  from  the  rectangle  odi 

2300,  there  remains  809  =  i,  the  ^rea  of  the  space  anen. 
Hence,  by  the  method  of  balancing  this  space,  and  measur- 
ing the  lioes,  there  will  be  foand,  bc  =  J8,  »  =  34-6,  ix  = 
42,  n  =  24,  ox  =  8.  i«  =  19-4.  n  =  35  6,  and  th  = 
35'fi  -|-  X,  putting  X  ^  eh,  the  breadth  of  the  pier.  Then 
»  :  KX  :  :  TH  '.  Hv  =  24-7  +  '  0'7z  ;  heoce  OR  —  uv  =: 
41-3-0-7  =  QV,  and  IX  :  IK  :  1  ov  :  OP  =  34-02  —  0.*8x. 
These  ralnes  being  now  substituted  in  the  theorem  Jef. 
ggi  =  '"■•  °^    *,  gjres  33ar»  =  15431-47  —  863r,  or  x'  + 

8x  ^  467-62,  the  root  of  which  quadratic  equation  gives 
X  B  18  =  EH  or  Fo,  the  breadth  of  the  pier,  and  which  is 
pruhality  very  near  the  truth. 


ON  THE  STRENGTH  AND  STRESS  OF  BEAMS  OR 
BARS  OF  TIMBER  AND  HETAL,  be. 

238.  Another  use  of  the  centre  of  gravity,  which  may  be 
^ere  considered,  is  in  determining  the  strength  and  the 
Mreis  of  beams  and  bars  of  timber  and  metal,  tic-  in  differ- 
ent positions  ;  that  is,  the  force  or  resistance  which  a  beam 
or  bar  makes,  to  oppose  any  exertion  or  endeavour  made  to 
break  it :  aiid  the  frrce  or  exertion  teodinc  to  break  it ; 

both 
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both  of  which  will  be  different,  according  to  the  place  jmi 
ppsitioD  of  the  centres  of  gravity. 

PBOPoernoN  xLva 

239.  Tka  MwolvU  Strength  of  any  Bar  in  the  Direction  of  iit 
Lengthy'  is  Directly  Proportional  to  the  Area  of  its  Trant' 
veree  Section, 

SvpposE  the  bar  to  be  suspended  by  one  end,  and  hanging 
freely  in  the  manner  of  a  penduiam  ;  and  suppose  it  to  be 
strained  in  direction  of  its  length,  by  any  force,  or  weight 
acting  at  the  lower  part,  in  the  direction  of  that  length,  suf- 
ficient to  break  the  bar,  or  to  separate  all  its  particles.  Now, 
as  the  straining  force  acts  in  the  direction  of  the  length  all 
Che  particles  in  the  transverse  section  of  the  body,  where  it 
br^fi^,  are  equally  strained  at  the  same  time ;  and  they  muit 
all  separate  or  break  together,  as  the  bar  is  supposed  to  be  of 
uniform  teiture  Thus  then,  the  particles  all  adhering  and 
resisting  with  equal  force,  the  united  strength  of  the  whole, 
will  be  proportional  to  the  number  of  them,  or  as  the  trans- 
yerse  aectiou  at  the  fracture. 

S4§.  Corol.  1.  Hence  the  various  shapes  of  ban  make  no 
difference  in  their  absolute  strength ;  this  depending  only 
on  the  area  of  the  section,  and  must  be  the  same  in  all  equal 
areas,  whether  round,  or  square,  or  oblong,  or  solid,  or  hol- 
low, &c. 

241.  CoroL  2.  Hence  also,  the  absolute  strengths  of  dif- 
ferent bi^rs,  of  the  same  materials,  are  to  each  other  as  their 
transverse  sections,  whatever  their  shape  or  form  may  be^ 

242.  Corol.  3.  The  bar  is  of  equarstrengtb  in  every  part 
of  it,  when  of  any  uniform  thickness,  or  prismatic  shape, 
and  is  equally  liable  to  be  drawn  asunder  at  any  part  of  iti 
length,  whatever  that  length  may  be,  by  a  weight  actiog  at 
the  bottom,  independent  of  the  weight  of  the  bar  itself ;  but 
when  considered  with  its  own  weight,  it  is  the  more  disposed 
to  break,  and  with  the  less  additional  appended  weight,  the 
longer  the  bar  is  on  account  of  its  own  weight  increasing 
with  its  length  And,  for  ^he  same  reason,  it  will  be  more 
and  more  liable  to  be  broken  at  eVery  point  of  its  length,  all 
the  way  in  ascending  or  counting  from  the  bottom  to  the 
top,  where  it  may  always  be  eipected  to  part  asunder.  And 
bence  we  see  the  reason  why  longer  bars  are,  in  this  way 
more  liable  to  break  than  shorter  ones,  or  with  less  ap- 
pended weights.  Hence  also  we  perceive  that,  by  gradually 
juicreasiog  those  weights,  till  the  bar  separates  and  breaks, 

ttien 
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then  the  last  or  greatest  weight,  is  the  proper  measure  of  the; 
ahSDlate  strength  of  the  bar.     And  the  same  is  the  case  with 
a  rope,  or  cord,  &c. — So  mnch  then  for  the   longitudinal' 
strength  and  stress  of  bodies.     Proceed  we  now  to  consider 
those  of  their  transverse  actions. 


FBOPOSmON  XLTIIL 

243.  Tfie  Strength  of  a  Beam  or  Bar,  of  Wood  or  Metal,  ^e.  ««i 
a  Lateral  or  TVanverse  Direction,  to  reeiat  a  Force  acting  La^ 
terally,  ie  Proportional  to  the  Area  or  Section  of  the  Beam  in  thai 
Place,  Drawn  into  the  Distance  of  its  Centre  of  Gravity  from 
the  Place  where  the  Force  acts,  or  where  the  Fracture  w%U  end. 

Let  AB  represent  the  beam 
•r  bar,  sapported  at  its  two 
endst  and  on  which  is  laid  a 
weight  w,  to  caase  a  trans- 
rerse  fncture  abee.  The  force 
w  acting  downwards  there,  the 
fractore  will  commence  or  open 
across  the,  fibres,  in  the  oppo- 
site or  lowest  line  ab  ;  from 
thence^  as  the  weight  presses  down  the  upper  line  ee,  the 
fractore  will  open  more  and  more  below,  and  eitend  gradoally 
upwards,  successively  to  the  parallel  lines  of  fibres  cc,  dd,  &c. 
till  it  arrive  at,  and  finally  open  in  the  last  line  of  fibres  <e, 
where  it  ends  ;  when  the  whole  fractore  is  id  the  form  of  a 
wedge  widest  at  the  bottomf  and  ending  in  an  edge  or  line  «# 
at  top.  Now  the  area  oe  contains  and  denotes  the  sum  of  all  the 
fibres  to  be  broken  or  torn  asunder  ;  and  as  they  are  suppos- 
ed to  be  all  equal  to  one  another,  in  absolute  strength,  that 
area  will  denote  the  aggregate  or  whole  strength  of  all  the  fi- 
bres in  the  longitudinal  direction,  as  in  the  foregoing  proposi- 
tion. But,  with  regard  to  lateral  strength,  each  fibre  must  be 
considered  as  acting  at  the  extremity  of  a  lever  whose  centre 
of  motion  is  in  the  line  ee  :  thus,  each  fibre  in  the  line  ab,  will 
resist  the  fracture,  by  a  force  proportional  to  the  product  of 
its  individual  strength  into  its  distance  ae  from  the  centre  of 
motion  consequently  the  resistance  of  all  the  fibres  in  ab,  will 
be  expre«(sed  bj  ab  X  ae.  In  like  manner,  the  agn^regate  re- 
sistance of  another  course  of  fibres,  parallel  to  a6,  as  cc,  will 
be  denoted  by  cc  X  ce  ;  and  a  third,  as  dd,  by  dd  X  de  ;  and 
so  on  throughout  the  whole  fracture.  So  that  th<j  sum  of 
all  these  products  will  espress  the  total  strength  or  resistance 

at 
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of  all  the  fibres  or  of  the  beam  io  that  part*  Bat,  by  art. 
2S2,  the  sum  of  all  these  products  is  equal  to  the  product 
of  the  area  aeeb^  into  the  distance  of  its  centre  of  gravity  from 
ee.    Hence  the  proposition  is  manifest. 

244.  Corol  1.  Hence  it  is  evident  that  the  lateral  strength 
of  a  bar,  must  be  considerably  less  than  the  absolute  longi- 
tudinal strength  considered  in  the  former  proposition,  and  will 
be  broken  by  a  much  less  force,  than  was  there  necessary  to 
draw  the  bar  asunder  lengthways.  Because,  in  the  one  case 
the  fibres  must  be  all  separated  at  once,  in  an  instant ;  but  ia 
the  other,  they  are  overcome  and  broken  succeysively,  one 
after  another,  and  in  some  portion  of  time.  For  instance, 
take  a  walking  stick,  and  stretching  it  lengthways,  it  will  bear  a 
▼ery  great  force  before  it  can  be  drawn  asunder  ;  but  again 
taking  such  a  stick,  apply  the  middle  of  it  to  tbe  bended  knee, 
and  with  the  two  hands  drawing  the  end  towards  y6u,  the  stick 
is  broken  across  by  a  small  force.  / 

246.  CoroL  2.  In  square  beams,  the  lateral  strengths  are 
as  the  cubes  of  the  breadths  or  depths. 

246.  Corol.  3.  And  in  general,  the  lateral  strengths  of  any 
bars,  whose  sections  are  similar  figures,  are  as  the  cubes  of 
the  similar  sides  of  the  sections. 

247.  CoroL  4.  In  cylindrical  beams,  the  lateral  strengths 
are  as  the  cubes  of  the  diameters. 

248.  CoroL  5.  In  rectangular  beams,  tbe  lateral  strengths 
ar^  to  each  other,  as  the  breadths  and  square  of  the  depths. 

249.  CoroL  6.  Therefore  a  joist  laid  on  its  narrow  edge,  is 
stronger  than  when  laid  on  its  fiat  side  horizontal,  in  propor- 
tion as  the  breadth  exceeds  the  thickness.  Thus  if  a  joist  be 
10  inches  broad,  by  2|  thick,  then  it  will  bear  4  times  more 
when  laid  on  edge,  than  when  laid  flat.  Which  shows  the  pro- 
priety of  the  modem  method  of  flooring  with  very  thin,  but 
deep  joists. 

260.  CoroL  7.  If  a  beam  be  fixed  firmly  by  one  end  into  a 
wall,  in  a  horizontal  position,  and  the  fracture  be  caused  by  a 
weight  suspended  at  the  other  end,  the  process  would  be  the 
same,  only  that  the  fracture  would  commence  above,  and  ter- 
minate at  the  lower  side  ;  and  the  prop,  and  all  the  corollaries 
would  still  hold  good. 

261.  CoroL  8.  When  a  cylinder  or  prism  is  made  hollow,  it 
is  stronger  than  when  solid,  with  an  equal  quantity  of  mate- 
rials 
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rials  and  length,  in  the  same  proportion  arits  outer  diameter 
is  greater.  Wl^ich  shows  the  wisdom  of  Providence  in  mak- 
ing the  stalks  of  com,  and  the  feathers  and  bones  of  anidials, 
&c.  to  be  hollow.  Also,  if  the  hollow  beam  have  the  hollow 
or  pipe  not  in  the  middle,  but  nearest  to  that  side  where  the 
fracture  is  to  end,  it  will  be  so  much  the  stronger. 

252.  Corol.  9.  If  the  beam  be  a  triangular  prism,  it  will  be 
strongest  f^hen  laid  with  the  edge  upwards,  if  the  fracture 
commence  or  open  first  on  the  under  side  ;  otherwise  with 
the  flat  side  upwards  ;  because  in  either  case  the  centre  of 
gravity  is  the  farther  from  the  ending  of  the  fracture  And 
the  same  thing  is  true,  and  for  the  same  reason,  for  any  other 
shape  of  the  prism.  On  the  same  account  also,  a  square  beam 
js  stronger  when  laid,  or  when  acting  angle-wise,  than  when 
en  a  flat  side. 

PROPOSmON  xux. 

253.  Tke  Lateral  Strengiht  cf  Prismatic  Beam$^  of  the  tamt 
waterialt^  are  Directly  as  the  Areas  <^  the  Sections  and  ike 
Distances  of  their  Centres  ef  Qraoity ;  and  Inversely  as 
their  Lengths  and  Weights, 

Let  ab  and  cd  represent  the 
two  beains  fixed  horizontally, 
by  their  ends,  into  an  upright 
wall  AC  Now,  by  the  last 
prop,  the  strength  of  either 
beam,  considered,  as  without  or  C  B 

independept  of  weight  is  as  its  section  drawn  into  the  distance 
of  its  centre  of  gravity  from  the  fixed  point,  viz.  as  sc^  where 
J  denotes  the  transverse  section  at  a  or  c,  and  c  the  distance 
of  its  centre  of  gravity  above  the  lowest  point  a  or  c.  But 
the  effert  of  their  weight,  w  or  w,  tending  to  separate  the  fi- 
bres and  break  the  beam,  are,  by  the  principle  of  the  lever, 
as  the  weight  drawn  into  the  distance  of  the  place  where  it 
may  be  supposed  to  be  collected  and  applied,  which  is  in  the 
middle  of  the  length  of  the  beam  ;  that  is,  the  eflbrt  of  the 
weight  upon  the  beam  is  aswX^AB.  Hence  the  prop,  is 
manifest.  ^  ^ 

264.  Corol.  1.  Any  extraneous  weight  or  force  also,  any- 
where applied  to  the  beam,  will  have  a  similar  effect  to  break 
the  beam  as  its  own  weight ;  that  is,  its' effect  will  be  as  v  X 
d,  as  the  weight  drawn  into  the.  length  of  lever  or  distance 
from  A  where  it  is  applied.  • 

2W.  Corol 
Voti.  If.  23 
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SdS.  Corol.  2.  When  the  beam  is  fixed  at  both,  ends,  the 
same  property  will  held  good,  with  this  difference  only,  that 
in  this  Case  the  beam  is  of  the  same  strengitb,  as  another  of  an 
equal  section,  and  only  half  the  length,  when  fixed  only  at  one 
end  For,  if  the  longer  beam  were  bisected,  or  cut  in  halves, 
each  half  would  be  in  the  same  circumstances  with  respect  to 
its  fixed  end,  as  the  shorter  beam  of  equal  length. 

256.  CoroL  3*  Square  prisms  and  cylinders  have  their  lat- 
eral strengths  proportional  to  the  cubes  of  the'depths,  or  di- 
ameters, directly,  and  to  their  lengths  and  weights  inversely. 

CoroL  4.  Similar  prisms  and  cylinders  have  their  strengths 
inversely  proportional  to  their  like  linear  dimensions,  the 
smaller  being  comparatively  larger  in  that  proportion.  For 
their  strength  increases  as  the  cube  of  the  diameter  or  of  their 
length  ;  but  their  stress,  from  their  weight  and  length  of  le- 
ver, as  the  4th  power  of  the  length. 

267.  Scholium.  From  the  foregoing  deductions  it  follows 
that,  in  similar  bodies  of  the  same  texture,  the  force  which 
tends  to  break  them,  or  to  make  them  liable  to  injury  by  ac- 
cidents, in  the  larger  bodies,  increases  in  a  higher  proportion 
than  the  force  which  tends  to  preserve  them  entii^,  or  to  se- 
cure them  against  such  accidents  ;  their  disadvantage,  or  ten- 
dency to  break  by  their  own  weight,  increasing  in  the  same 
proportion  as  their  length  increases  :  so  that,  though  a  smaller 
beam  niay  be  firm  and  secure,  yet  a  krge  and  similar  one  may 
be  so  long  as  to  break  by  its  own  weight.  Hence,  it  is  justly 
concluded,  that  what  may  appear  very  firm  and  sacceesfiail  in 
a  model  or  small  machine,  may  be  weak  and  infirm,  or  even 
fall  in  pieces  by  its  own  weight,  when  it  is  executed  on  large 
dimensions  according  to  the  model. 

For,  in  similar  bodies,  or  engines,  or  in  animals,  the  greater 
must  be  always  more  liable  to  accidents  than  the*  smaller,  and 
have  a  less  relative  strength,  that  is,  the  greater  have  not  a 
strength  in  so'great  a  proportion  as  their  magnitude.  A  great- 
er column,  for  instance,  is  in  much  more  £nger  of  breaking 
'  by  a  fall,  than  a  similar  smaller  one.  A  man  is  in  DM>re  danger 
from  accidents  of  this  kind  than  a  child.  An  insect  can  bear 
and  carry  a  load  many  times  heavier  than  itself;  whereas  a 
larger  animal,  as  a  horse,  for  instance,  can  hardly  support  a 
a  burden  equal  to  his  own  weight. 

From  the  same  principle  it  is  also  justly  inferred,  that 
there  are  nec^sarily  limits  in  all  the  works  of  nature  and 

art, 
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art,  #hicfa  they  ctsoot  surpate  in  magnitude.  Thus,  for  in- 
staDce,  were  trees  to  be  of  a  very  eEiormooe  size,  their  branch- 
es #oakl  break  and  fall  off  by  their  own  weight  Large  an- 
imek  hare  not  strength  in  proportion  to  their  size :  and  if 
there  were  any  land  animals  much  larger  than  those  we  know, 
they  would  hardly  be  able  to  mo?e,  and  would  be  perpetually 
sulMected  to  oiost  dangerous  accidents. 

As  to  the  sea  abimals  indeed,  the  case  is  different,  as  the 
pressure  of  the  water  in  a  great  tneasure  sustaibs  them ;  and 
accordingly  we  find  they  ate  vastly  larger  than  land  animala. 

From  what  has  been  said  it  dearly  follows  that  to, make 
bodies  or  engines,  or  animals,  of  equal  relative  strength,  the 
larger  ones  must  have  grosser  proportions,  or  a  higher  de- 
gree of  thickness,  than  they  have  ot  length.  And  this  senti- 
ment being  suggested  to  us  by  contioual  experience,  we  natu- 
rally join  the  idea  of  greater  strength  and  force  with  the  gross- 
er proportions,  and  of  agility  with  the  more  delicate  one^.  In 
architecture,  where  the  appearance  of  solidity  is  no  less  re- 
garded than  real  firmness  and  strength,  in  order  to  satisfy  a 
judicious  eye  and  taste,  the  various  orders  of  the  columns 
serve  to  suggest  different  ideas  of  strength.  But,  by  the 
same  principle,  if  we  should  suppose  animals  vastly  large, 
from  the  gross  proportions  a  heaviness  and  unwieldiness 
Would  arise,  which  would  make  them  useless  to  themselves, 
and  disagreeable  to  the  eye.  In  this,  as  in  all  other  cases, 
whatever  generally  pleases  taste,  not  vitiated  by  prejudice 
of  education,  or  by  fabulous  and  marvellous  relations,  may 
be  traced  till  it  appears  to  have  a  just  foundation  in  nature. 

« 

PROPOSITION  Lu 

25S.  If  a  Weight  be  placed,  or  a  Force  act,  on  any  part  of  a 
HorizofUal  beam,  supported  at  both  ends,  the  Stress  upon  that 
part  will  be  as  the  Rectangle  or  Product  of  its  two  Distances 
from  the  supported  ends,  " 

« 

That  is,  the  stress  upon  the  A 
beam  ab,  at  c,  by  the  weight  w, 
is  as  AC  X  Bc.  For,  by  the  na- 
ture of  the  lever,  the  effect  of 
the  weight  w,  on  the  lever  ac, 
is  AC  .  w  ;  and  the  effect  of  this 
force  acting  at  c,  on  the  lever 

BC,  is  AC  .  W  .  BC  =  AC  .  BG  .  W.  • 

And,  the  weight  w  being  given,  the  effect  or  stress  is  as  ac  . 

BC. 

269,  CoroL 
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269.  Corol,  1.  The  greatest  strest  is  when  the  weight  w 
is  at  the  middle  :  for  then  the  rectangle  of  the  two  halves, 
AC  .  AC  =  |ab  ^ab  =  ^ab',  is  the  greatest.  And  from  the 
middle  point,  the  stress  is  less  and  less  all  the  wayjo  the  ex- 
tremities A  and  B,  where  it  is  nothing. 

• 

260.  Cdrol.  2.  The  same  thing  will  obtain  from  the  weight 
of  the  beam  itself,  or  from  aoy  other  weight  diffused  equally 
all  ov^r  it ;  the  stress  in  this  case  beiog  the  half  of  the 
former.  So  that,  in  ail  structures,  we  should  avoid  as  much 
as  possible,  placing  weights  or  strains  in  the  middle  of 
beams. 

261.  Corol  S.  If  TV  be  the  greatest  weight  that  a  beam  can 
sustain. at  its  middle  point  ;  and  it  be  required  to  find  the 
place  where  it  will  support  any  greater  weight  w  ;  that  point 
will  be  found  by  making,  as  w  :  tv  :  :  ^ab  .  ^ab,  or  ^ab'  : 

AC  .  BC  or  AC  X  (aB  —  Ac)  =  AB  .  AC  —  AC*. 

PROPOSITION  U. 

262.  When  a  Beam  it  placed  aslope,  its  Strength  in  that  position, 
is  to  its  Strength  when  Horizontal,  to  resist  a  Vertical  Force, 
as  the  Square  of  Radius  is  to  the  Square  of  the  Cosine  of  the 
Elevation. 

Let  ab  be  the  beam  standing  aslope, 
CF  prep  to  the  horizon  apg  ;  then  cd 
is  the  vertical  section  of  the  beam,  and 
€E,  prep,  to  AB,  is  the  transverse  sec- 
tion, and  is  the  same  as  when  in  the 
horizontal  position     Now,  the  strength, 
in  both  positions,  is  as  the  section  drawn 
into  the  distance  of  its  centre  of  gravity 
from  the  point  c.     But  the  sections,  be- 
ing of  the  same  breadth,  are  as  their 
^  depths,  CD,  CE  ;  and  the  distances  of  the  centres  of  gravity 
are  as  the  same  depths  ;  therefore  the  strengths  are  as  cd  . 
en  to  CE     CB,  or  cd'  to  ce'«     But,  by  the  similar  triangles. 
CDE,  AFD,  it  is  CD  :  CE  :  :  AD  :  AF,  as.  radius  to  the  cosine  of 
the  elevation.     Therefore  the  oblique  strength  is  to  the  trans- 
verse strength,  as  ad'  to  af'  ,  the  square  of  radius  to  the 
square  of  the  cosine  of  elevation. 

263  CoM.  1.  The  strength  of  a  beam  increases  from  the 
horizontal  position,  where  it  is  least,  all  the  way  as  it  revolves 
to  th^  vertical  position,  where  it  is  (he  greatest. 

PRO. 
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PROPOSITION  LH. 


264.  When  Bedms  stand  Aslope  y  or  Obliquihff  and  suitatning 
Weis;htSy  either  at  the  M%d)Ae  Points y  or  in  any  other  Similar 
Situatians,  or  Equally  Diffused  over  their  Lengths ;  the  Strains 
upon  them  are  Directly  a^  the  Weights^  and  Sie  Lengths^  and 
the  Cosines  of.  Klevaiion, 

For,  by  the  inclined  plane,  the  weight  in  to  the  pressure 
on  the  plane,  as  ac  to  af,  as  radius  to  the  cosine  of  elevation  : 
therefore  the  pressure  is  as  the  weight  drawn  into  the  cosine 
of  the  elevation .  Hence  the  stress  will  be  as  the  length  of 
the  beam  and  this  force  ;  that  is,  as  the  weight  X  length  X 
cosine  of  elevation. 

.265.  Corol.  1.  When  the  lengths  and  weights  of  beams 
are  the  same,  the  stress  is  as  the  cosine  of  elevation  ;  and  it 
is  therefore  the  greatest  when  it  lies  horizontal* 

""    ^ 

266.  Corol.  2.  In  all  similar  positions,  and  the  weights  vary- 
ing as  the  lengths,  or,  the  beams  uniform  ;  then  the  stress  varies 
as  the  squares  of  the  lengths. 

.  267.  Corol.  3.  When  the  weights 
are  equal,  on  the  oblique  beam  ab, 
and  the  horizontal  one  ac,  and  bc 
is  vertical  :  the  stress  on  both  beams 
is  equal.  For,  the  length  into  the 
eoside  of  elevation  is  the  same  in 
both  ;  or  AB  X  cos.  a  =  ac  X  ra- 
dius. 

268.  Corol.  4.  But  if  the  weights  on  the  beams  vary  as 
their  lengths  ^  then  the  stress  will  also  vary  in  the  same 
ratio. 

269.  Corol:  5.  And  universally,  the  stress  upon  any  point 
of  an  oblique  beam,  is  as  the  rectangle  of  the  segments  of  the 
beam,  and  the  weight,  and  cosine  of  inclination,  directly  ;  and 
the  length  inversely. 
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PROPOSITION  UlL ' 

V  270.  When  a  Beam  it  to  sustain  any  Weighty  or  Pressure,  or 
Force,  acting  Laterally ;  then  the  Strength  ought  to  he  as 
the  Stress  upon  it  ;  that  is,  Ike  Breadth  multiplied  hy  the 
Square  of  the  Depth,  or  in  similar  sectiont,  the  Cube  of  the 
Diameter,  in  every  place,  ought  to  he  proportional  to  the 
Length  drawn  into  the  Weight  or  Force  acting  on  it.  And  the 
same  is  true  of  several  D^erent  Pieces  of  timber  compared 
together. 

For  every  several  piece  of  timber  or  metal,  as  well  as 
every  part  of  the  same,  ought  to  have  its  strength  propor- 
.tioned  to  the  weight,  force,  or  pressure  it  is  to  support.  And 
therefore  the  strength  ought  to  be  universally,  or  in  every 
part  as  the  stress  upon  it  But  the  strength  is  as  the  breadth 
into  the  square  of  the  depth  ;  and  the  stress  is  as  the  weight 
or  force  into  the  distance  it  acts  at.  Therefore  these  must  be 
in  constanti  ratio.  This  general  property  will  give  rise  to  the 
effect  of  different  shapes  in  beams,  accoivding  to  particular  cir- 
cumstances ;  as  in  the  following  corollaries. 

271.  Carol.  1.  If  abc  be  a  hori- 
zontal beam,  fixed  at  the  end  ac, 
and  sustaining  a  weight  at  the  other 
end  B.    And  if  the  sections  at  all 

^places  be  similar  figures  ;  and  de  be 
the  diameter  at  any  place  d  ;  then 
BD  will  be  every  where  as  de^.  So  that  if  abb  be  a  right  line, 
then  BEc  will  be  a  cubic  parabola.  In  which  casef  of  such  a 
beam  may  be  cut  away,  without  any  diminution  of  the 
strength.— But  if  the  beam  be  bounded  by  two  parallel  planes, 
perpendicular  to  the  horizon  ;  then  bd  will  be  as  de'  ;  and 
then  BEC  will  be  the  common  parabola  in  which  case  a  3d  part 
of  the  beam  may  be  thus  cut  away. 

272.  Carol.  2.  But  if  a  weight  press  uniformly  on  every  part 
of  AB  ;  and  the  sections  in  all  points,  as  d,  be  similar ;  then  bd> 
will  be  every  where  as  de'  :  and  iken  bec  is  the  semicubical 
parabola. 

But.  in  this  disposition  of  the 
weight,  if  the  beam  be  bounded  by 
parallel  planes,perpendicu]ar  to  the 
horizon  ;  then  bd  will  be  always  as 
DE  ;  and  bec  a  right  line,  or  abc  a 
wedge.  So  that  then  half  the  beam 
may  be  cut  away,  without  diminution  of  strength. 

273.    Carol 


STRENGTH  AND  STRESS  OF  BEAMS,  &c.      191 

273.  CoroL  3.  If  the  beam  ^^  a  j) 
be  supported  at  both  ends  ;  and  j^hh^h 
if  it  sustain  a  weight  at  any  ra-  __ 
riable  point  d,  or  uniformly  on  £ 
all  parts  of  its  length  ;  and  if  all  the  sections  be  similar 
figures  ;  then  will  the  diameter  de'  be  every  where  as  the 
rectangle  ad  .  db, 

But  if  it  be  bounded  by  two  parallel  planes^  perpendicular 
to  the  horizon  ;  then  will  de'  be  erery  where  as  the  rect- 
angle AD  .  DB,  and  the  curve  aeb  an  ellipsis. 

274.  Ck>rol.  4.  But  if  a  weight 
be  placed  at  any  given  point  f, 
and  all  the  sections  be  similar  fig- 
ures ;  then  will  ad  be  as  de^, 
and  AG,  BG  be  two  cubic  parabo- 
las. 

B6t  if  the  beam  be  bounded  by  two  parallel  planes,  per- 
pendicular to  the  horizon  ;  then  ad  is  as  de',  and  ag  and 
Bo  are  two  common  parabolas. 

275.  Scholium.  The  relative  strengths  '  of  several  sorts  of 
wood,  and  of  other  bodies,  as  determined  by  Mr.  Emerson, 
are  as  follow  : 

Iron 107 

Brass       ' 50 

Bone  -        -        4        -        -         -        -  22 

'    Box',  Yew,  Plnmbtree,  Oak  -        •        •  11 

Ekn,  Ash 84 

Walnut,  Them 7| 

Red  fir.  Holly,  Elder,  Plane,  Crabtree,  Appletree  7 

Beech,  Cherrytree,  Hazle    ....  6| 

l.ead 6| 

Alder,  Asp,  Birch,  White  fir,  WiUow  -  6 

Fine  fireestone    -.-.--  1 

A  eylindric  rod  of  good  clean  fir,  of  1  inch  circumference, 
drawn  lengthways,  will  bear  at  extremity  400  lbs  ;  and  a 
spear  of  fir,  2  inches  diameter,  will  bear  about  7  tons  in  that 
dtirection. 

A  rod  of  good  iron,  of  an  inch  circdmference,  will  bear 
a  stretch  of  near  3  tons  weight. 

A  good  hempen  rope,  of  an  inch  circumference,  will  bear 
1000  lbs  at  the  most. 

Hence  Mr.  Emerson  concludes,  that  if  a  rod  of  fir,  or  of 

iron, 
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iron,  or  a  rope  of  d  inches  diameter,  were  to  lift  ^  of  the  ex- 
treme  weight  ;  then 

The  fir  would  bear  8^  d*  hundred  weights. 
The  rope     -     -       22  d»  ditto. 
The  iron     -     -      6}  d*  tons. 

Mr.  Banks,  an  ingenious  lecturer  on  mechanics,  made 
many  experiments  on  the  strength  of  wood  and  metal  ; 
whence  he  concludes,  that  cast  iron  is  from  3^  to  4^  times 
stronger  than  oak  of  equal  dimensions  ;  and  from  5  to  6^ 
times  stronger  than  deal.  And  that  bars  oi  cast  iron,  an 
inch  square,  weighing  9  lbs  to  the  yard  in  length,  supported 
at  the  extremities,  bear  on  an  average,  a  load  of  970  lbs. 
laterally.    And  they  bend  about  an  inch  before  they  break. 

Many  other  experiments  on  the  strength  of  different  ma- 
terials, and  curious  results  deduced  from  them,  may  be  seen 
in  Dr.  Gregory's  and  Mr  Emerson's  Treatises  on  Mechanics, 
as  well  as  some  more  propositions  on  the  strength  and  stress 
of  different  bars. 


ON  THE  CENTRES  OF  PERCUSSION,  OSCILLATION, 

AND  GYRATION. 

•     » 

276.  THE  Ceittrb  of  Percussion  of  a  body,  or  a  system 
of  bodies,  revolving  about  a  point,  or  axis,  is  that  point,  which 
striking  an  immoveable  object,  the  whole  mass  shall  not  incline 
to  either  side,  but  rest  as  it  were  in  equiUbrio,  without  acting 
on  the  centre  of  suspension. 

277.  The  Centre  of  Oscillation  is  that  point,  in  a  body 
vibrating  by  its  gravity,  in  which  if  any  body  be  {jaced,  or  u 
the  whole  mass  be  collected,  it  will  perform  its  vibrations  in 
the  same  time,  and  with  the  same  angular  velocity,  as  the 
whole  body,  about  the  same  point  or  axis  of  suspension 

278.  The  Centre  of  Gyration,  is  that  point,  in  which  if 
the  whole  mass  he  collected,  the  same  angular  velocity  will 
be  generated  in  the  same  time,  by  a  given  force  acting  at  any 
place,  as  in  the  body  or  system  itself.  i 

273.  The  angular  motion  of  a  body,  or  system  of  bodies, 
is  the  motion  of  a.  line  connecting  any  point  and  the  centre 
or  axis  of  motion  ;  and  is  the  same  in  sdl  parts  of  the  same 
revolving  .body.  And  in  different  unconnected  bodies,  each 
revolving  about  a  centre,  the  angular  velocity  is  as  the  abso- 
lute velocity  directly,  and  as  the  distance  from  the  centre 
inversely  ;  .so  that,  if  their  absolute  velocities  be  as  their 

radii  or  distances,  the  angular  velocities  will  be  equal. 

PROP. 
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tBO.     To  find  ^  Centre  of  Percussion  of  a  Body,  or  System 

of  Bodies* 


Let  the  body  revolve  about  An  aiis 
passing  through  any  point  s  in  the  line 
aoo,  passing  through  the  centres  of  gra- 
vity and  percussion,  o  and  o.  Let  un 
be  the  section  of  the  body,  or  the  plane 
in  which  the  axis  soo  moves.  And 
conceive  all  the  particles  of  the  body  to 
be  reduced  to  this  plane,  by  perpendi- 
culars let  fall  from  them  to  the  plane  :  a 
supposition  which  will  not  affect  the 
centres  OrO^  nor  the  angular  motion  of 
the  body. 


Let  A  be  the  place  of  one  of  the  particles,  so  reduced ; 
join  9A,  and  draw  ap  perpendicular  to  as,  and  Aa  perpendi- 
cular to  SCO  :  then  ap  will  be  the  direction  of  a's  motion  as 
it  revolves  about  s  ;  and  the  whole  mass  being  stopped  at  o, 
the  body  a  will  urge  the  point  p,  forward,  with  a  force  pro- 
portional to  its  quantity  of  matter  and'  velocity,  or  to  its 
matter  and  distance  from  the  point  of  suspension  s  ;  that  is» 
as  A  .  SA  ;  and  the  efficacy  of  this  force  in  a  direction  per- 
pendicular to  so,  at  the  point  p,  is  as  a  .  sa,  by  similar  tri- 
angles ;  also,  the  effect  of  this  -force  on  the  lever,  to  turn  it 
about  o,  being  as  the  length  of  the  lever,  is  as  a  .  sa  .  po  = 
A  .  SA  .  (so  —  sp)  =  A  .  sa  .  so  —  A  .  sa  .  sp  =  A  .  sa  .  so  — 
A  .  SA^.  In  like  manner,  the  forces  of  b  and  c,  to* turn  the 
system  about  o,  afe  as 

B  .  sb  .  so — B  .  SB^,  and 

c  .  sc  .  so— c  •  sc',  &c. 

•  ■ 

But,  since  the  forces  on  the  contrary  sides  of  o  destroy 
•D0  another,  by  the  definition  of  this  force,  the  sum  of  the 
positive  part^  of  these  quantities  must  be  equal  to  the  sum  of 
the  negative  parts, 

that  is,  A  .  sa  .  so  -|-  B  .  sb  .  so+c  .  sc  .  so  &c.  =s 
A  .  SA^  +  B  .  SB*  +  c  .  sc'  &c.  ;  and 

A  .  SA*    +  B  .  SB*  +  C  .  sc*  &C. 

hence  so  =  —  ■■, 

A  •  sa  -(-  B  .  sb  -t-  0  .  sc  kc. 
Vol.  II.  26  whick 
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whicii  18  the  distance  of  the  centre  of  percassion  below  the 
axis  of  motion. 

And  here  it  may  be  observed  that,  if  any  of  the  points 
a,  b,  &c.  fall  on  the  contrary  side  of  s,  the  corresponding 
product  A  .  sa,  or  B  •  sb,  &c^  mast  be  made  neg;atiTe. 

281.  CoroL  1.  Since,  by  cor.  S,  pr.  40,  a  +  b  +  c&c. 
or  the  body  b  X  the  distance  of  the  centre  of  gravity,  so, 
is=  A  .  sa  +  B  .  sb  -|-  c  •  sc  &c.  which  is  the  denommator 
of  the  valae  of  so  ;  therefore  the  distance  of  the  centre  of 

▲     *A»  +   B  .  -^B*    +  C  .  8C»  6tC 

percussion,  is  so  = ' r-r—. • 

*^  '  fto  X  body  ^ 

282.  CoroL  2.     Since,  bj  Geometry,  theor.  36»  S7» 
it  is  sa'cs  so'  4"  ga'  -—  28G  .  oa, 

and  8B*1=  so*  +  ob*  +  28g  .  ob, 
and  80=1=  so*  +  gc*  +  28o  .  oc,  &c. ; 
and,  by  cor.  6,1pr.  40,  the  sum  of  the  last  terms  is  nothing, 
namely,  —  2sg'  .  oa  +    28g  .  ob  +  28o  .  gc  &c.  =  0 ; 
therefore  the  sum  of  the  others,  or  a  .  sa'  -4-  b  .  sb*  &c.  - 

18  =s  (a    +    B  &C.J  .  «G*   +  A  .  GA*   +    B    .  GB*  +  C  .  GC*  &€• 
or  =  6  .  so*   +  A  .  GA*    +   B  .  GB*   +  C  .  GC*  &c. ; 

which  being  substituted'  in  the  namerator  of  the  foregoing 
value  of  so,  gives 

^  .  SC      +   A.  GA*    -f   B  .  CB>   -f    Sec* 


so  = 


or  so  =  so  + 


^.  SG  ' 

A  .  GA>    -f    B  .  OB>    +  C  .  GCS  &e. 

, -. , 

0.  sc 


283    CoroL  3,    Hence  the  distance  of  the  centre  of  per- 
cussion always  exceeds  the  distance  of  the  centre  of  gravity, 

J    ,,  .        ,  A  .  OA«    +•  B  .  GB«  &c 

and  the  excess  is  always  go  = r . 

•^  ^.  SG 

at*A  A      lU  1  A  .  GAa  +   B  .  OB«  &C. 

284.     And  hence,  also,  so  .  go  =  .    ,    .    . : 

'  '  the  bi)dy  b  * 

that  is  8G,  GO  is  always  the  /same  constant  quantity,  where- 

ever  the  point  of  suspension  s  is  placed  ;  since  the  point  o 

and  the  bodies  a,  b,  &c.  are  constant.      Or    go   is  always 

reciprocally  as  so,  that  is  go  is  less,  as  so  is  greater ;  and 

consequently  the  point  o  rises  upwards  and  approaches  to* 

wards  the  point  o,  as  the  point  s  is  removed  to  the  greater 

distance  ;  and  they  coincide  when  sg  is  infinite.     But  when 

s  coincides  with  g,  then  go  is  infinite,  or  o  is  at  an  iofiuite 

distance. 

PROPOSITION 
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PROPOSITION  LV. 

285.  If  a  Body  a,  at  the  Distance  sa  from  an  axis  passing 
through  8,  be  made  to  revolve  about  that  axis  by  any  Force 
acting  at  p  in  the  Line  sp,  Perpendicular  to  the  Axis  of  Motion: 
h  is  required  to  determine  the  Quantity  or  Matter  of  another 
Body  q,  which  being  placed  at  p,  ^  Point  where  the  Force  actt^ 
it  shcUl  be  accelerated  in  the  Same  Manner^  as  Tvhen  a  revolved 
at  the  Distance  sa;  and  conseq%tendyy  that  the  Angular  Velocity ^ 
of  A  and  q  about  «,  snay  be  the  Same  in  Both  Cases. 

By  the  nature  of  the  leyer,  8a  :  sp  :  :  / :  c 


IP 

— ./,  the  effect  of  the  force  /,  acting  at  p, 

on  the  body  at  a  ;  that  is,  the  force/ acting  at 
p,  will  have  the  same  effect  on  the  body  a,  at 

the  force  — /,  acting  directly  at  the  point  a. 

But  as  ASP  reroWes  altbi;ether  about  the  axis  at  s,  the  abso* 
lute  velocities  of  the  points  a  and  s,  or  of  the  bodies  a  and 
^,  will  be  as  the  radii  sa,  sp,  of  the  circle  described  by  them. 
Here  then  we  have  two  bodies  a  and  ^  which  being  urged 

•  SP 

directly  by  the  forces /and  — /,  acquire  velocities  which  are 

S  A 

as  SP  and  sa.  And  since  the  motive  forces  of  bodies  are  as 
their  mass  and  velocity  :  therefore        -        • 

— / :/  :  :  A  .  SA  :  q  .  SP,  and  sp^  :  sa'  :  :  a  :  <i  = a, 

which  therefore  cspre89es  the  mass  of  matter  which,  being 
placed  at  p,  would  receive  the  same  angular  motion  from  the 
action  of  any  force  at  p,  as  the  body  a  receives.  So  that  the 
resistance  of  any  body  a,  to  a  force  acting  at  any  point  p,  is 
directly  as  the  square  of  its  distance  sa  from  the  axis  of  mo- 
tion, and  reciprocally  as  the  square  of  the  distance  sp  of  the 
point  where  the  force  acts. 

286.  CoroL  1.  Hence  the  force  which  accelerates  the  point 

-/*  •  SP' 

F,  is  to  the  force  of  gravity,  as     *      -  to    1,   or  as  /  .  sp* 

<A  ■    S A* 
to  A  .  SA*. 

287,  Corol,  2.  If  any  number  of  bodies 
A,  B,  c,  be  put  in  motion,  about  a  fixed 
axis  passing  through  s,  by  a  force  act- 
ing at  p  ;  the  point  p  will  be  accele- 
rated in  the  same  manner,  and  conse- 
quently the  whole  system  will  hare  the 
same  angular  velocity,  if  instead  of  the 

bodies 
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bodies  a,  b,  c,  placed  at  the  distancea  8a,  8b,  se,  there  be 
substituted  the  bodies a, b, c  :    these    being    col- 

SP*        SM        SP*  ° 

lected  into  the  point  p.     And  hence,  the  moving  force  be- 

A  ■  SA«  +  B  .  SB*  tC  .  SC«  , 
SF«  * 


ing/,  and  the  matter  moved  being 
theref.  ''"' 


.- is  the  accelerating  force  : 

A      SA-+B  .  SB^-f  C.  SC* 

which   therefore  is  t9  the  accelerating  force  of  gravity,  ai 

/.  SP*  to  A  •  SA*  +  B  .  SB*  +  C  .  SC*. 

288.  Corol.  3.  The  angular  velocity  of  the  whole  system 

/■ .  SP 

of  bodies,  is  as ^^ : .     For  the   absolute 

A.  SA'-f  B  .  SB2«-t  c  .  sc* 

velocity  of  the  point  p,  is  as  the  accelerating  force,  or  di- 
rectly   as  the  motive  force  /,  and  inversely  as  the  mass 

-^-^ -:  but  the  angular  velocity  is  as  the  absolute  velo- 
city directly,  and  the  radios  sp  inversely  ;  therefore  the  an- 
gular velocity  of  p,  or  of  the  whole  system^  which  is  the  same 
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289.     To  determine  the  Centre  of  Oscillation  of  any  Compounit 
Mast  or  Body  mn,  or  of  any  System  of  Bodies  a,  b,  c,  ^c. 

Let  mn  be  the  plane  of  vibration,  to  which  .let  all  the 
matter  be  reduced,  by  letting  fall  perpendiculars  from  every 
|)anicle,  to  this  plane  Let 
•  be  the  centre  of  gravity, 
and  o  the  centre  of  oscilla- 
tion ;  through  the  axis  s 
draw  SCO,  and  the  horizon- 
tal line  sq ;  then  from  every 
particle  a,  b,  c,  kc.  let  fall 
perpendiculars  Aa,  Ap.  b6,  b^, 
cc,cr,to  these  two  lines;  and 
join  SA,  SB,,  sc  ;  also,  draw 
Gin,  on,  perpendicular  to  s^. 
Now  the  forces  of  the  weights 
A,  B,  c,  to  turn  the  body 
about  the  axis,  are  a  ,  sp,  b. 
gq^  —  c  .  sr  ;  therefore,  by 
oor.  3|  prop.  55,  the  angular 

motioi 
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BotioB  generated  by  all  these  forces  is  ^  -  V  y  »  « »y  ■-■  c  .  sr 
Also;  the  angular  veloc.  any  particle  p,  placed  in  o,  generates 
in  the  system,  by  its  weight,  is  '*  "  *"  or  ^,  or ,  be- 

caase  of  the  similar  triangles  sorn,  son.  Bnt,  by  the  prob- 
lem, the  vibrations  are  performed  alike  in  both  cases,  and 
therefore,  these  two  expressions  must  be  equal  »to  each  other, 

that  is,  — ^  =  — — ^  ^^^:J1^    .  and  hence 

so  •  «0        A  •  SA  -   f   B  .  aB     -f>  C  •  SC* 
»fn  ^.  A  .  iA*    +    B  .    B*   -f   C      .  C* 

10  =  —  X r- 

S«       A     S/»  -f-   B  .  s<p  —   C  •  sr 

But,  by  cor.  2,  pr  41,  the  sum  a  .  sp  +  b  .  89  —  c  .  sr== 
(a  +  B  +  c)  .  sm  ;  therefore  the  distance  «o  =     -     -     -     - 

a.  j«A«    -f  B  .     B*   i'  C  .  ^C'       A    .   8A«   -fa        i-B*   +    c  .  «c* 
SG      (a  +  B    ^    C)  A  .  brt    -I-   B  .   s/r    -f-    C.    SC 

by  prop.  42,  which  is  the  distance  of  the  centre  of  oscillation 
o,  below  the  axis  of  suspension  ;  where  any  of  the  products 
A  .  sa,  B  .  s6,  must  be  negative,  when  a,  6,  kc  lie  on  the 
other  side  of  s.  So  that  this  is  the  same  expression  as  that 
for  the  distance  of  the  centre  of  percussion,  found  in  prop.  54. 

Hence  it  appears,  that  the  centres  of  percussion  and  of  os- 
eillation,  are  in  the  very  same  point.  Add  therefore  the  prop- 
erties in  all  the  corollaries  there  found  for  the  former,  are  to 
be  here  understood  of  the  latter. 

290.  CoroL  1 .  If  p  be  any  particle  of  a  body  6,  and  d  its 
distance  from  the  axis  of  motion  s  ;  also  o,  o  the  centres  of 
gravity  and  oscillation.  Then  the  distance  of  the  centre  of 
oscillation  of  the  body,  from  the  axis  of  motion,  is    -      -      - 

9\'m  of  aH  the  pa* 

SG  X  the  body  0 


291.  Corol.  2.  If  h  denote  tlie  matter  in  any  compound 
1>ody,  whose  centres  of  gravity  and  oscillation  are  g  and  o  ; 
the  body  p,  which  being  placed  at  -r,  where  the  force  atcts  as 
in  the  last  proposition,  and  which  receives  the  same  motion 

from  that  force  as  the  compound  body  6,  is  p  =s  -  '  —  .  h. 

For;  by  corol.  2,  prop   54,  this  body  p  is  =     -      -      - 

A  .  SA»  ^-  B  .  SB«  -f  c  .  sea       ^  .    ,  ,    ^     •         -« 

-    ■  ■  ;     ' — "  .     Mat,  by  corol.  1,  prop.  53, 


ss 
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so  .  so  .  '6  e=s  A  •  8A>  +  B  .  SB*  -I"  c  .  8c*  •  therefor  e 

SG  .    so 


SP 


.b. 


SCHOLIUM. 


292.  By  the  method  of  Fluxions  ;  the  centre  of  oscillation, 
for  a  regular  body,  will  be  found  from  cor.  1.  But  for  an 
irregular  one  ;  suspend  it  at  the  given  poi^t  ;  and  hang  up 
also  a  simple  pendulum  of  such  a  length,  that  making  them 
both  vibrate,  they  may  keep  time  together.  Then  the 
length  of  the  simple  pendulum,  is  equal  to  the  distance  of 
the  centre  of  oscillation  of  the  body,  beldw  the  point  of  sus* 
pension 

29S.  Or  it  will  be  still  better  found  thus  :  Suspend  the 
botly  very  freely  by  the  given  point,  and  make  it  vibrate  in 
small  arcs,  counting  the  number  of  vibrations  it  makes  in 
any  time,  as  a  minute,  by  a  good  stop  watch  ;  and  let  that 
number  of  vibrations  made  in  a  minute  be   called  n :  Then 

140850 

shall  the  distance  of  the  centre  of  oscillation,  be  so  = 

fin 

inches.  For  the  length  of  the  pendulum  vibrating  seconds, 
or  GO  times  in  a  minute,  being  39|  inches  ;  and  the  lengths 
of  pendulums  being  reciprocally  as  the  square  of  the  number 
of  vibrations  made  in  the  same  time  ;  therefore    -    -    -    - 

n«  :  60*   :  :  394  :  -^-^^ — 1= :    the   length    of   the 

•  n  n  II  -I 

pendulum  which  vibrates  n  times  in  a  minute,  or  the  distance 
of  the  centre  of  oscillation  below  the  axis  ol  motion 

294.  The  foregoing  determination  of  the  point,  into  which 
all  the  matter  of  a  body  being  collected,  it  shall  oscillate  in 
the  same  manner  as  before,  only  respects  the  case  in  which 
the  body  is  put  in  motion  by  the  gravity  of  its  own  particles, 
'  and  the  point  is  the  centre  of  oscillation  :  but  when  the  body 
is  put  in  motion  by  some  other  extraneous  force,  instead  of 
its  gravity,  then  the  point  is  different  from  the  former,  and 
is  called  the  Centre  ot  Gyration  :  which  is  determined  in  the 
following  manner  : 


PRO- 


CENTRE  OF  GYRATION, 

PROPOSITION  LVn. 
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296.  To  detertnine  the  Centre  of  Gyration  of  a  Compound  Body 

or  of  a  System  of  Bodies. 

L&T  R  be  the  centre  of  gj ration,  or 
the  point  into  which  all  the  particles  a, 
B,  c,  &c.  being  collected,  it  shall '  eceive 
the  same  angular  motion  from  a  force/ 
acting  at  p,  as  the  whole  system  re- 
ceifes. 

Now,  by  cor.  3.  pr.  54,  the  angular 
velocity  generated  in  the  system  by  the 


/•  sp 


and 


force/  is  as ; ^  ,  ^  » 

by  the  same,  the  angular  velocity  of  the  system  placed  in  e» 

--  :  then,  by  faiakiDg  these  two  expres- 


/.ip 


18  

(A   -f    B  +  C  «cr.)  .  ta^ 

sions  equal  to  each  other,  the  equation  gives         ... 

SA  =  */ — — : -9  for  the  distance  of  the 

^  A  +  B  4  c 

centre  of  gyration  below  the  axis  of  motion. 

296.  Carol  1.  Because  a  .  sa'  -(-  b  .  sb*  &c.  =:  so  .  so  .  6, 
where  c  is  the  centre  of  gravity,  o  the  centre  of  oscillation^ 
and  6  the  body  a  4-  b  +  c  &c. ;  therefore  sr    =  so  .  so  ;  that  ^ 
is,  the  distance  of  the  centre  of  gyration,  is  a  mean  propor- 
tional between  those  of  gravity  and  oscillation. 

297.  CoroL  2.  Ifp  denote  any  particle  of  a  body  6,  at  d  dili- 
-         ^,  .       /.        ..  .,  _        sum  of  all  the  pd^ 

lance  from  the  axis  of  motion :  then  sr*  = r-^-r^-^ — • 

body  b 

PROPOSITION  LVm. 

298.  To  determine  the  velocity  with  which  a  Ball  moves^  which 
being  shot  against  a  Ballistic  Pendulum,  causes  it  to  vibrttU 
through  a  given  Angle, 
The  Ballistic  Pendulum  is  a  heavy  block 
of  wood  MN.  suspended  vertically  by  a  strong 
horizontal  iron  axis  at  s,  to  which  it  is  con- 
nected by  a  firm  iron  stem.     This  problem 
is  the  application  of  the  last  proposition,  or 
of  prop.  54,  and  was  invented  by  the  very 
ingenious  Mr.  Robins,  to  determine  the  ini- 
tial velocities  of  military  projectiles  ;  a  cir- 
cumstance very  useful  in  that  science  ;  and 
it  is  the  best  method  yet  known  (or  deter* 
mining  them  with  any  degree  of  accuracy. 

Let 


«o# 
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Let  o,  R,  o  be  the  centres  of  gravity,  gyration,  And  oscii- 
latioQ,  as  determined  by  the  fore^oiniec  propositions  ;  and  let  r 
be  the  point  where  the  ball  strikes  the  face  of  the  pendulam  ; 
the  momentum  of  which,  or  the  product  of  its  weight  and 
Telocity,  is  expressed  by  the  force/,  acting 
at  p,  in  the  foregoins^  propositions.  Now, 
Pat  p  =:  the  whole  weight  of  the  pendul. 

b  =  the  weight  of  the  ball, 

g  =  SG  the  dist.  of  the  cen.  of  grav, 

o  =  so  the  dist.  of  the  cen.  of  oscilla. 

r  =  SR  ^  y/go  the  dist.  of  cen.  of  gyr. 

t  =  sp  the  dist.  of  the  point  •f  impact, 

9  =  the  velocity  of  the  ball, 

•u  =  that  of  the  point  of  impact  p, 

€  =  chord  of  the  arc  described  by  o. 


By  prop.  56,  if  the  iflass  p  be  placed  all  at  r,  the  pen- 
dulam will  receive  the  same  motion  from  the  blow  in  the 

point  p  :  and  as  sp*  :  sr*  :  :  p  :  -  — .  p  or— p  or  4^,(prop.64)> 

the  mass  which  beiig  placed  at  p,  the  pendulam  will  still 
receive  the  same  motion   as  before.     Here   then   are  two 

quantities  of  matter,  namely,  b  and^p,  the  former  moving 

with  the  velocity  v,  and  striking  the  latter  at  rest  ;  to  deter- 
mine their  common  velocity  u,  with  which  they  will  jointly 
proceed  forward  together  after  the  stroke.  In  which  case, 
by  the  law  of  the    impact  of  non-elastic  bodies  we  have 

ttP  +  6  :  6  : :  v  :  ti,  and  therefore  v  —  "  .         «*  the  velo- 


II 


bi* 


dty  of  the  ball  in  terms  of  ti,  the  velocity  of  the  point  p,  and 
the  known  dimensions  and  weights  of  the  bodies. 

But  now  to  determine  the  value  of  v ,  we  must  have  re* 
.course  to  the  angle  through  which  the  pendulum  vibrates  ; 
for  when  the  pendulum  descends  down  again  to  the  vertical 
position,  it  will  have  acquired  the  same  velocity  with  which 
it  began  to  ascend,  and,  by  the  laws  of  falling  bodies,  the 
velocity  of  the  centre  of  oscillation  is  such,  as  a  heavy  body 
would  acquire  by  freely  falling  through  the  versed  sine  of 
the  arc  described  by  the  same  centre  o>  But  the  chord  of 
that  arc  is  c,  and  its  radius  is  o  ;  and,  by  the  nature  of  the 
circle,  the  chord  is  a  mean  proportional  between  the  versed 

mm 

sine  and  diameter,  therefore  ^o  :  e  : :  e: — ,  the  versed  sine 
of  the  arc  described  by  o.    Then,  by  the  laws  of  falling  bodies 
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-y/  16^.  •  y/%  '  '  ^^  *  c  y/  ^,  the  Telocity  acquired  by  the 

poiot  o  in  desceqdiog  throagh  the  arc  whose  chord  is  c* 

where  a  s=  16A  feet :  and  therefore  o  :  i  : :  c^— :  -a/--> 

which  18  the  velocity  u ,  of  the  point  p. 
Then,  by  Rubetitvting  this  value  for  ii,  the  velocity  of  the 

ball  before  fotind,  becomes  v  =  *ll±122.x  c  v^  — ;     So  that 

oh  ^     • 

the  velocity  of  the  ball  is  directly  as  the  chord  of  the  arc  de- 
scribed by  the  pendulam  in  its  vibration. . 

SCHOUUM. 
* 

299.  In  the  foregoing  solation,  the  change  in  the  centre 
of  oscillation  is  omitted,  which  is  caused  by  the  ball  lodging 
in  the  point  P.  Bat  the  allowance  for  that  small  change,  and 
that  of  some  other  small  quantities,  may  be  9een  in  my  Tracts, 
where  all  the  circnmstances  of  this  method  are  treated  at  full 
length. 

300.  For  an  eiample  in  numbers  of  this  method,  suppose 
the  weights  and  dimensions  to  be  as  follow :  namely, 

=  6701b,         Then 

^'»+jr<>Pv^^M31X94«8>+78^X84j^x570 

bio  ^  TISl  X  94tVX84| 


b  =  i8oz.  l|dr 
=  MSllb, 

g  z=z  78  J  inc. 

o  =  84}  inc. 
=  7065  feet 

t  =  94^  inc. 

c  =  18*73  inc. 


X  *±I5  =  65666, 
^     12 


And  v^!!^=^J?t  =^J!L  =  2-1337. 
I         ^  o      ^7066     ^42-39 

Therefore  656*56  X  2*1337  or  1401  feet,  is  the  velocity,  per 
second,  with*  which  the  ball  moved  when  it  stmck  the  pendu- 
lum. 


OF  HYDROSTATICS. 

301.  HvDRosTATics  is  the  science  which  treats  of  the  pres- 
sure, or  weight,  and  equilibrium  of  water  and  other  fluids,  es- 
peciaUy  those  that  are  non-elastic. 

302.  A  fluid  is  elastic,  when  it  can  be  reduced  into  a  less 
volume  by  compression,  and  which  restores  itself  to  its  former 
bulk  again  when  the  pressure  is  removed  ;  as  air.  And  it  is 
non-elastic,  when  it  is  not  compressible  by  such  force  ;  at 
tvater,  iic. 

Vot.  II.  27-  PBO. 
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PROPOSITION  UX. 

sod.  if  any  fdH  nf  a  Fknd  he  rtrntd  Ugker  than  die  teti,  hy 
any  Force^  and  thm  l^  to  itulff  the  MgAer  ParU  will  descend 
to  the  /Dtver  Places,  and  the  Fluid  -will  not  reit,  till  its  Surface 
be  quite  even  and  leveL 

FoR»  the  parts  of  a  fluid  being  easily  tnoveable  everj  waj, 
the  higher  parts  will  descend  by.  their  superior  gravity*  and 
raise  the  bi^er  parts,  tilt  the  whole  cfoole  t&  rest  in  a  letel  bt 
horizontal  plane.  ^ 

d04.  Corol.  1.  Hence,  Watet  thait  coin- 
tnunicates  with  other  water,  by  means  of 
a  close  canal  or  pipe,  will  stand  attbe  s^nie 
height  in  both  places.  Like  as  watet  in 
the  two  legs  of  a  syphon. 

> 

305.  CoroL  2.  For  the  same  reason,  if 
a  flnid  gravitate  towards  a  centre  ;  it  will 
dispose  itself  into  a  spherical  figure,  the 
centre  of  which  is  the  centre  of  force. 
Like  the  sea  in  tespect  of  the  eartlK 


PROPo^ritnr  lx. 

306.  H^&en  a  Fluldisai  Rest  in  a  Feseal^  ike  Ban  of  wkiek  is 
Parallel  to  ike  Horizon  ;  Equal  Parts  of  tke  Baee  are  Equally 
Pr&ssedhytke  Fluid. 

For,  on  every  equal  part  of  this  base  tlfere  is  aii  equal 
column  of  the  fluid  supported  by  it.  And  as  all  the  columol 
are  of  equal  height,  by  the  last  proposition  they  are  of  equal 
freight,  and  therefore  they  press  the  base  equally  ;  that  is« 
equal  parts  of  the  base  sustain  an  equal  pressure. 

307.  CoroL  1.  Alt  parts  of  the  fluid  press  equally  at  the 
same  depth.  For,  if  a  plane  parallel  to  the  horizon  be  con- 
ceived to  be  drawn  at  that  depth  :  then  the  pressure  being 
the  same  in  any  part  of  that  plane,  by  the  proposition,  there- 
fore the  parts  of  the  fluid,  instead  of  the  plane,  sustain  the 
same;  pressure  at  the  same  depth. 

308.  Carol.  2.  The  pressure  of  the  ftuij  at  any  depth,  is 
as  the  depth  of  the  fluid.  For  the  pressure  i^as  the  weight, 
and  the  weight  is  as  the  height  of  the  fluid. 

309.  Corol 


309.  C0r9l.  5.  Thf^  presiure  of  the  fluid  oq  apy  ^i^Qfrvsoptiil 
furiface  or  plane,  is  e<iual  to  the  weight  of  a  colMmD  of  the 
fluid,  wheie  bi^e  18  equal  to  that  piaue,  and  altitude  ii  its 
depth  belpif  th^  upper  sur&ce  of  the  fluid. 

PROPOSITION  LXL 

310.  fFhen  a  Fluid  it  Prested  by  its  own  Weighty  or  bv  any 
other  Forct ;  at  cmy  Point  it  Presses  £giia//y,  in  all  Direc' 
tions  what&oer. 

This  arises  from  the  nature  of  fluidity,  bj  which  it  yieldi 
to  any  force  in  any  directioD.  tf  it  cannot  recede  -from  any 
force  applied,  it  will  press  against  other  parts  of  the  fluid  in 
the  direction  of  that  force.  Acid  the  pressure  in  all  direc- 
tions will  be  the  same  :  for  if  it  were  less  in  any  part,  the 
fluid  would  move  that  way,  till  the  pressure  he  equal  every 
way. 

311.  Cord.  1.  In  a  vessel  containing  a  fluid  ;  the  pressure 
is  the  same  agaimt  the  bottom,  as  against  the  sides,  or  even 
upwards  at  the  same  depth. 

Sit.  CoroL  2.  Hence,  and  from 
the   last  proposition,  if  abcd   be  a 
vessel  of  water,  and  there  be  taken, 
in  the  hase  produced,  de,  to  repre- 
sent the  pressure   at   the  bottom  ; 
joining    ae,   and   drawing    any    pa*- 
rallels  to  the  base,  as  po,  hi  ;  then 
shall  Fo  represent  the  pressure  at 
the  depth  ao,  and  hi  the  pressure  at  the  depth  ai,  and  so 
pn  ;  because  the  parallels        -        fg,  hi,  eo, 
hy  sim.  triangles  are  as  the  depths  ao,  ai,  ad  : 
which  are  as  the  pressures,  by  the  proposition. 

And  hence  the  i|um  of  all  the  fo,  hi,  &c.  or  area  of  the 
triangle  ade,  is  as  the  pressure  against  all  the  points  u,  i^ 
kc.  that  IS,  against  the  line  ad.  But  as  every  poi^t  in  the 
line  CD  is  pressed  with  a  force  as  de,  and  that  thence  the 
pressure  on  the  whole  line  cd  is  as  the  rectangle  ed  .  nc, 
while  that  against  the  side  is  as  the  triangle  ade  or  ^ad  .  de  ; 
therefore  the  pressure  on  the  horizontal  line  do,  is  to  thq 
pressure  against  the  vertical  line  da,  as  dc  to  |da.  And 
hence,  if  the  vessel  be  an  upright  rectangular  one,  the  presr 
sure  on  the  bottom,  or.  whole  weight  of  the  fluid,  is  to  the 
pressure  against  one  side,  as  the  base  is  to  half  that  side* 
Therefore  the  weight  of  the  fluid  is  to  the  pressure  against 

all 
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all  the  four  vpright  sides,  as  the  base  if  to  half  the  upright 
surface.  And  the  same  holds  true  also  in  any  upright  vessel, 
whaterer  the  sides  be,  or  in  a  cylindrical  vessel.  Or  id  the 
cyliDder,  the  weight  of  the  fluid,  i^  to  the  pressure  against 
the  upright  surface,  as  the  radius  of  the  base  is  to  double  the 
altitude. 

Also,  when  the* rectangular  prism  becomes  a  cube,  it  appears 
that  the  weight  of  the  fluid  on  the  base,  is  <loubIe  the  pres- 
sure against  one  of  the  upright  sides,  or  half  the  pressure 
against  the  whole  upright  surface. 

313.  Cord.  3.  The  pressure  of  a  fluid  against  any  upright 
surface,  as  the  gate  of  a  sluice  or  canal,  is  e<|ual  to  haJf  the 
weight  of  a  column  of  the  |1uid  whose  base  is  equal  to  the 
surSce  pressed,  and  its  ajtitade  the  same  as  the  altitude  of 
that  surface.  For  the  pressure  on  a  horizontal  base  equal 
to  the  upright  surface,  is  equal  to  tliat  column  ;  and  the  pres- 
sure on  the  upright  surface,  is  but  half  that  on  the  base,  of  the 
Same  area. 

So  that,  if  h  denote  tl;e  breadth,  and  d  the  depth  of  sqch 
a  gate  or  upright  surface  ;  then  the  pressure  against  it,  is 
equal  to  the  weight  of  the  fluid  whose  magnitude  is  \hdfl  == 
|ab  •  AD^.  Hence,  if  the  iQuid  be  water,  a  cubic  foot  of 
which  weighs  1000  ounces,'  or  ^t^  pounds  ;  and  if  the  depth 
AD  be  12  feet,  the  breadth  ab  20  feet ;  then  the  content,  or 
j^AB  .  AD^,  is  1440  feet ;  and  the  pressure  is  1440000  ounces, 
or  90000  pounds,  or  40j^  tons. 

PROPOSITIOX  UOL 

314.  l^efTMiurt  of  a  Fluid  on  a  Surface  any  how  immtrsed 
■  in  t<,  etther  Perpehdicular^  or  Horizontal,  or  Oblique  ;  is 
Equal  to  the  Weight  of  a  Cdlumn  of  the  Fluid,  whose  Base  is 
eqtuU  to  the  Surface  pressed,  and  its  Attitude  equal  to  the 
Depth  bflhe  Centre  of  Grainty  of  the  Surf  ace  pressed  below 
the  Top  or  Surface  of  the  Fluid,   . 

For,  conceive  the  surface  pressed  to  be  divided  into  innu- 
merable sections  parallel  to  the  horizon  ;  and  let  «  denote 
any  one  of  those  horizontal  sections,  also  d  its  distance  or 
depth  below  the  top  surface  of  the  'fluid.  Then,  by  art.  309, 
the  pressure  of  the  fluid  on  the  section  is  equal  to  the  weight 
of  ds  ;  consequently  the  total  pressure  on  the  whole  surface 
is  equal  to  all  the  weights  ds»  But,  if  b  denote  the  whole 
surface  pressed,  and  g  the  depth  of  its  centre  of  gravity  be- 
low the  top  of  the  fluid  ,  then,  by  art  256  or  259,  bg  is  equal 
'•  •     •         .     to 
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to  the  >am  of  all  the  di.  Conseqaently  the  whole  preuare 
of  the  fluid  on  the  body  or  sor&ce  b  u  equal  to  the  weight 
of  the  balk  bg  of  the  floid,  that  is,  of  the  coluam  whose  base 
ii  the  gireo  lorface  b,  and  its  height  is  g  the  depth  of  the 
centre  of  gravity  in  the  flald. 

PROPOSITION  Lxni. 

315.  The  Pre*ture  of  a  Fluid,  on  At  Bate  of  the  Feiiel  in  Tifhich 
it  it  contained,  it  at  the  Bate  and  Perpendicular  Attitude  ; 
whatever  be  the  Figure  of  the  Venel  that  a    '  ' 

If  the  sides  of  the  base  be  upright,  so  that 
it  be  a  prism  of  a  aoifonu  width  throughout  ; 
then  U)e  case  is  evideot ;  for  then  the  base 
supports  the  whole  fluid,  and  the  pressure  is 
just  equal  to  the  weight  of  the  floid. 

But  if  the  vessel  t>e  wider  at  top  than  bot- 
tom ;  then  the  bottom  sustains  or  is  pressed 
by,  only  the  part  contained  within  the  up- 
right hoes  ac,  bo  ;  because  the  parts  Aca, 
Bob  are  supported  by  the  sides  Ac,  bd  ; 
and  those  parts  have  no  other  effect  on  the 
part  abac  than  keeping  it  in  its  position,  by 
the  lateral  pressure  against  ac  and  bn,  which 
does  not  alter  its  perpendicular  pressure  downwards.  And 
thus  the  pressure  on  the  bottom  is  less  than  the  weight  of 
the  contained  fluid. 

And  if  the  vessel  be  widest  at  bottom  ;  then  a  ATI  1 

the  bottom  is  still  pressed  with  a  weight  which  I     M 

is  equal  to  that  of  the  whole  upright  column  I 

abm:.'    For,  as  the  parts  of  the  fluid  are  in  MKk 

equilibrio,  all  the  parts  have  an  equal  pressure  '  i^^B^ 
at  the  same  depth  ;  so  that  the  pans  within  cc  C  c  d  D 
and  do  press  equally  as  those  in  cd,  and  there- 
fore equally  Ibe  same  as  if  the  sides  of  the  vessel  had  gone 
upright  to  a  and  b,  the  defect  of  fluid  in  the  parts  ica 
and  bd6  being  exactly  compensated  by  the  downward  pres- 
sure or  resistance  of  the  sides  ac  and  bd  against  the  con- 
tiguous fluid-  And  thus  the  pressure  on  the  base  may  be 
made  to  exceed  the  weight  of  the  contained  fluid,  in  any  pro- 
portion whatever- 

So  that,  in  general,  be  the  vessels  of  any  figure  whatever, 
regular  or  irregular,  upright  or  sloping,  or  variously  wide 
and  narrow-  ia  different  parts,  if  the  bases  and  perpendicular 
altitudes  be  but  equal,  the  bases  always  sustain  the  same 
pressure.      And  as   that  pressure,    in    the    regular  upright 
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Teuel,  is  the  whole  column  of  tb^  floid,  nhiph  is  aa  the  hue 
and  altitude  ;  therefore  (he  pressure  in  all  fi^rea  is  in  that 
'  same  catio. 

316.  Carol.  1.  Heace,  when  the  heights  are  eq^iial,  the 
preHures  are  as  the  bases.  And  whea  the  bases  are  etjual, 
the  pressure  is  as  the  height.  But  vrben  both  the  heights 
and  bases  are  equal,  the  pressures  are  equal  in  all,  though 
their  contents  he  ever  so  different 

317.  Carol.  Z.  The  pressure  oo  the  base  of  an;  vessel,  ii 
the  same  as  on  that  of  a  cylinder,  of  an  equal  base  and  height. 

318.  Carol.  3,  If  there  he  an  inverted  sy- 
phon, or  bent  tnbe,  abc,  contaioing  two  dif- 
ferent fluids  CD,  iBD,  that  balance  each  other 
or  rest  in  equilibrio  ;  then  their  heights  in 
the  too  legs,  ae,  cd,  above  the  point  of  meet- 
iog  will  he  reciprocally  as  their  densities. 

For,  if  they  do  not  meet  at  the  bottom, 
the  part  BD  balances  the  part  be,  and  there- 
^re  the  part  co  balances  the  part  ae  ;  that 
is,  the  weight  of  cd  is  equal  to  the  weight 
of  jtE-  And  as  the  surface  at  u  is  the  same 
where  they  act  against  each  other,  therefore 
AE  :  CD  :  :  degsity  of  cd  :  density  of  ab. 

So,  if  CD  be  water,  and  ae  quicksiker,  which  is  near  14 
times  heavier ;  then  cd  will  he  =  I4ae  ;  that  is,  if  ae  be 
1  inch,  CD  will  he  14  inches ;  if  ae  be  2  inches,  cd  will  be  S8 
inches  ;  and  so  on. 

PBOPOsmoN  i:xiv. 

319.  If  a  Body  be  hnturitd  in.  a  Fluid  of  A*  mat  JOtmiily 

or  Seteijic  Grttntif ;  it  wiU  Rett  in  any  Ptaee  nhert  it  u  put. 

Body  of  Greater  Dentily  will  Sink  ;  tind  one  of  a  Leu 


c  Grawftf 

dy  of  Greu...  , — 

Detuily  mi'i^  Mm  to  Ihe  Top,  and  /Tool. 


The  body,  being  of  the  same  den- 
sity, or  of  the  same  weight  with  the 
like  bulk  of  the  fluid,  will  press  the 
fluid  under  it,  just  as  much  as  if  its 
space  was  filled  witb  the  fluid  itself. 
The  pressure  then  all  around  it  will 
be  the  same  as  if  Ike  fluid  were  in 
its  place  ;  consequently  (here  is  no 
force,  neither  upward  nor  down- 
ward, to  put  the  body  out  of  its 
place.  And  therefore  it  will  remain 
wherever  it  is  put. 
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But  if  the  body  be  lighter  ;  its  pressure  downward  will  be 
less  than  before,  and  less  than  the  water  upward  at  the  same 
depth  ;  therefore  the  great  force  will  overcome  the  less,  and 
push  the  body  upward  to  a. 

And  if  the  body  be  heavier  than  the  fluid,  the  pressure 
downward  will  be  greater  than  the  fluid  at  the  same  depth  ; 
therefore  the  greater  force  will  prevail,  and  carry  the  body 
down  to  the  bottom  at  c. 

320.  Carol,  I.  A  body  immersed  in  a  fluid,  loses  as  much 
weight,  as  an  equal  bulk  of  the  fluid  weighs.  And  the  fluid 
gains  the  same  weight.  Thus,  if  the  body  be  of  equal  densi- 
tv  with  the  fluid,  it  loses  all  its  weight,  and  so  requires  no 
force  Imt  the  flaid  to  sustain  it.  If  it  be  heavier,  its  weight 
in  the  water  will  be  only  the  difference  between  its  own  weight 
and  tke  wet^t  of  the  sdime  bulk  of  water  ;  and  it  re^jpires  a 
force  to  sustain  it  just  equal  to  that  diiference.  &ut  if  it  be 
ligfaleri  it  requires  a  force  equal  to  the  same  difference  of 
weights  to  keep  it  from  risidg  up  in  the  fluid.  -v 

in.  Carol.  2.  Yhe  wdghts  lost,  by  immerging  the  same 
body  in  diff'erent  fluids,  aire  as  the  specific  gravities  of  the 
fluidi.  And  bodies  of  equal  weight,  but  different  bulks,  lose, 
in  the  same  fluid,  weights  which  are  reciprocally  as  the  spe- 
cific gravities  of  the  bodies,  or  directly  as  their  bulks. 

322.  Cbro/.  3.  The  whole  weight  of  a  body  which  will  float 
in  a  fluid,  is  equal  to  as  much  of  the  fluid,  as  the  immersed 
pkrt  of  the  body  takes  up,  when  it  floats.  For  the  pressure 
under  the  floating  body,  is  just  the  same  as  so  mucn  of  the 
fluid  as  is  equal  to  the  immersed  part ;  and  therefore  the 

^%veight8  are  the  same. 

323.  Coroi.  4.  .  Hence  the  magnitude  of  the  whole  body,  is 
ta  the  miptgnitode  of  Che  j^itti  iumersed,  as  the  specific  gravity 
of  the  fluid,  is  to  th«t  of  the  body.  For,  in  bodies  of  equal 
weight,  the  densities,  or  specilk:  gravities,  are  reciprocally  as 
their  ma^itwles. 

324.  Corol.  5.  And  because  when  the  weight  of  a  body 
taken  in  a  fluid,  is  subtracted  from  its  weight  out  of  the  fluid, 
the  difference  is  the  Weight  of  an  equal  bulk  of  tiie  fluid  ;  this 
therefore  is  to  its  weight  in  the  air,  as  the  specific  gravity  of 
the  fluid,  is  to  that  of  body. 

Therefore,  if  w  be  the  weight  of  a  body  in  air, 
w  its  weight  in  water,  or  any  fluid, 
8  the  specific  gravity  of  the  body,  and 
s  the  specific  gravity  of  the  fluid  ; 
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then  w — w  :  w  : :  s  :  s,  which  proportion  wUl  gire  either  of 
those  specific  gravities,  the  one  from  the  other. 

Thus  s  =  »,  the  specific  gravity  of  the  body  ; 

and  s  = 8,  the  specific  gravity  of  the  flaid. 

So  that  the  specific  gravities  of  bodies,  are  as  their  weights 
in  the  air  directly,  and  their  loss  in  the  same  fluid  inversely. 

325.  Cord.  6.  And  hence,  for  two  bodies  connected  togeth- 
er, or  mixed  together  into  one  compound,  of  different  speci- 
fic gravities,  we  have  the  following  equations,  denoting  their 
weights  and  specific  gravities,  as  below,  viz. 

H  =  weight  of  the  heavier  body  in  air,      l^  j.  cravitv  • 

h  a  weight  of  the  same  in  water,  \  r^'©        J  » 

L  =  weight  of  the  lighter  body  in  air,      \  . ..  .,^^  .—,*«:»•  . 
1        — .^-  1.*    r  iu  •        I  >  f  Its  spec,  gravity ; 

I  =  weight  of  the  same  in  water,  )  r      a        j  y 

c  =  weight  of  the  compound  in  air.  K j^  ^ 

c  =  weight  of  the  same  m  water,  4''        *^     ®        -^  ' 

w  a  the  specific  gravity  of  water.     Then, 
let,  (h— ^i  s  3=  Hw,        From  which  equations  ma^  be  found 
,  (l  —  /)  9  =  Lw,     any  of  the  above  quantities,  in  terms  of 

the  rest. 

Thus,  from  one  of  the  first  three 
equations,  is  found  the  specific  gra- 
vity of  any  body,  a/i  t  = -,    by 

dividing  the  absolute  weight  of  the 
body  by  its  loss  in  water,  and  multiplying  by  the  specific  gra- 
vity of  water. 


2d,  (l  —  /)  «  =  Lw 
3d,  (c  — c)/=cw, 
4th,    H  +'  L  =  c, 
5th,   h  +    I  ^  c, 

H   ■         L  C 

6th,  — +  — =^ 

s  ,  / 


But  if  the  body  l  be  lighter  than  water  ;  then  I  will  be 
negative,  and  we  roust  divide  by  l  -H  /  instead  of  l<— /,  and 
to  find  /  we  must  have  recourse  to  the  compound  mass  c  ;  and 

because,  from  the  4th  and  5th  equations,  l—  j  =  g-c  — 
H— A,  therefore  s  = --^; -r ;     that    is,    divide     the 

(C-C)-(H-A)' 

absolute  weight  of  the  light  body,  by  the  difference  be- 
tween the  losses  in  water,  of  the  compound  and  heavier  body, 
and  multiply  by  the  specific    gravity  of  water.      Or  thus, 

%  f  It 
9  = -^  as  found  from  the  last  equation. 

CS  —  H/ 

Also,  if  it  were  required  to  find  the  quantities  of  two  ingre- 
dients mixed  in  a  compound,  the  4th  and  6th  equations  would 
give  their  values  as  follows,  viz. 

H  = 
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the  quailtitiea  df  the  two  ingredients  b  and  l,  in  the  com- 
poond  c.     And  so  for  anj  other  demand. 

PBOPOSmON  LXV. 
Tofimi  <ft<  Specific  Gramty  of  a  Body* 

326.  Case  I. — When  the  body  i$  heavier  than  water  :  weigh 
it  hoth  in  water  and  out  of  water,  and  take  the  difference, 
which  will  he  the  weight  lost  in  water.     Then,  by  corol.  6, 

prop.  64,  ff  =  — -T>  where  b  is  the  weight  of  the  body  out 

of  water,  b  its  weight  in  water,  t  its  specific  gravity,  and  w 

the  specific  gravity  of  water.     That  is. 

As  the  weight  loM  in  water,  , 

Is  to  the  whole  or  absolute  weight, 
So  is  the  specific  gravity  of  water. 
To  the  specific  gravity  of  the  body. 

ExiiiFLE.  if  a  piece  of  stone  weigh  10  lb,  hot  in  wetter 
only  6^  lb,  required  its  specific  gravity,  that  of  w^ter  being 

1000?  Arts.  son. 

327.  Case  ii. — IVhen  the  body  is  lighter  than  'maters  io  that 
it  will  not  sink  :  annex  to  it  a  piece  of  another  body,  heavier 
than  water,  so  that  the  mass  com|[k>ahded  of  the  two  may 
sink  together.  Weigh  the  denser  body  and  the  compound 
mass,  separately,  both  in  water  and  out  of  it  ;  then  find  how 
Much  each  loses  in  water,  by  subtracting  its  weight  in  water 
from  its  weight  in  air  ;  and  subtract  the  less  of  these  re- 
mainders from  the  greater.     Then  say,  by  proportidii. 

As  the  last  remainder, 
Is  to  the  weight  of  the  light  body  in  air. 
So  is  the  specific  gravity  of  water. 
To  the  specific  gravity  of  the  body. 

That  is,  the  specific  gravity  is  t  =         ■    ■     r^, 

by  cor.  6,  prop.  64. 

Example.  Suppose  a  piece  of  elm  weighs  15  lb  in  air  ; 
and  that  a  piece  of  copper,  which  weighs  18  lb  in  air  and 
16  lb  in  water,  is  affixed  to  it,  and  that  the  compound  weighs 
6  lb  in  water  ;  required  the  specific  gravity  of  the  elm  ? 

Ans.  600. 

Vol.  TI.  28  328.  Case 
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328.  Case  hi. — For  a  fluid  of  any  tort, — TaJce  a  piece  of 
a  bodj  of  koowD  specific  gravity  ;  weigh  it  both  in  and  oat 
of  the  fluid,  fmdiog  tlfe  loss  of  weight  bj  tikiiig  the  differ-* 
ence  of  the  two  ;  then  say, 

As  the  whole  or  absolute  weight. 
Is  to  the  loss  of  weight. 
So  is  tBe  specific  gravity  of  ^ the  solid, 
To  the  specific  gravity  of  the  fluid. 

That  is,  the  spec.  grar.  w  =  -^^^t,  by  cor.  6,  pr.  64. 

Example.  A  piece  of  cast  iron  weighed  36^^  ounces 
in  a  fluid,  and  40  ounces  out  of  it ;  of  what  specific  gravity  is 
that  fluid  ?  Ans.  1000. 

PROPUBrnoN  ixvL 

329.     To  flnd  the  Quantitiet  of  Two  Ingrwdienti  in  a  Oivm 

Compounds 

Take  the  three  differences  of,  every  pair  of  the  three,  spe- 
cific gravities,  namely,  the  specific  gravities  of  the  compound 
and  each  ingredient ;  and  multiply  each  specific  gravity  by 
the  difference  of  the  other  two.     Then  say,  by  proportion, 

As  the  greatest  product. 
Is  to  the  whole  weight  of  the  compound. 
So  is  each  of  the  other  two  products. 
To  the  weights  of  the  two  ingredients. 

That  is,  H  =  ^^^=^c  :==  the  one.  and  l  =:^=%c,  the 

other,  by  cor.  6,  prop.  64. 

Example.  A  composition  of  112  lb  being  made  of  tin 
and  copper,  whose  specific  gravity  is  found  to  be  8784  ;  re- 
quired the  quantity  of  each  ingredient,  the  specific  gravity 
of  tin  being  7320,  and  that  of  copper  9000  2 

Answer,  there  is  100  lb  of  copper,  >  .     ...  ^^^w^^i^u^ 
and  consequently  12  lb  of  tin,   '  }  »«  *«  composiUon. 

SCHOUUM. 

33Q.  The  specific  gravities  of  several  sorts  of  matter,  as 
found  from  experiments,  are  expressed  by  the  numbers  an- 
nexed to  their  names  in  the  following  Table  : 

A  Table 
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A  Table  of  Specific  Gravitiet  ofBddieu 

Platina  (pure)    -     -     -  23000  Clay     --.-,--  2<60 

Fioegold      ....  19400  Brick 20QP 

Standard  gold     -     -     -  17724|Common  earth     -     -     -  1984 

Quicksilver  (pure)  -     -  14000  Nitre    - 1900 


Quickailver  (common)  -  13600 

Lead 11326 

Fine  silver  -  -  -  -  11091 
Standard  silver  -  •  -  10535 
Copper  -  -  -  -  -  9000 
Copper  halfpence  -  -  8916 
Gun  metal  -  -  -  -  8784 
Cast  brass     .     -     -     -     8000 

Steel 7860 

Iron 7646 

Cast  Iron      -     -     -     -     7426 

Tin 7320 

Clear  crystal  glass  -    *    3150 


Ivory  --....  1826 
Brimstone  -.-'--  1810 
Solid  gunpowder  -    -    -  1746 

Sand 1620 

Coal 1250 

Box-wood  .....  1030 

Sea-water 1030 

Common-water  -  -  -  1000 
Oak  ^  .....  925 
Gunpowder,  close  shaken  937 
Ditto,  in  a  loose  he^p     -     836 

Ash 800 

Maple  ---.-.     765 


Granite 3000|£lm       ......  600 

Marble  and  hard  stone  2700{Fir  ...  ^     ...  560 

Common  green  glass    r  2600 [Charcoal    .    .    ^    ..   . 

Flint 2670  Cork     -•-.-,.  240 

Common  stone   .    -    -  2520|  Air  at  a  mean  state    -    -  1} 

331.  Note.  The  several  sorts  of  wood  are  supposed  to  be 
dry.  Also,  as  a  cubic  foot  of  water  weighs  just  1000  ounces 
avoirdupois,  the  numbers  in  this  table  express  not  only  the 
specific  gravities  of  the  several  bodies,  but  also  the  weight  of 
a  cubic  foot  of  each,  in  avoirdupois  ounces  ;  and  therefore, 
by  proportion,  the  weight  of  any  other  quantity,  or  the 
quantity  of  any  other  weight,  may  be  known,  as  in  the  next 
two  propositions. 

PROPOSITION  Lrra. 

332.  To  find  the  Magnitude  of  any  Body^  from  its  Weighs, 

As  the  tabular  specific  gravity  of  the  body, 
-    Is  to  its  weight  in  avoirdupois  ounces, 
.  So  is  one  cubic  foot,  or  1728  cubic  inches, 
To  its  content  in  feet,  or  inches,  respectively. 

Example  1.  Required  the  content  of  an  irregular  block  of 
common  stone,  which  weighs  1  cwt.  or  1 12  lb  ? 

Ans.  1228|{^  cubic  inches. 

Example  2.  How  many  cubic  inches  of  gunpowder  are 
there  in  1  lb  weight  ?  Ans;  29^  cubic  inches  nearly. 

Example  3. 
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Example  3.   How  manj  cubic  feet  are  th«re  in  a  ton  weight 
of  dry  oak?  Ans.  SBfff  cubic  feel. 


PROPOSITION  LXVIII. 

335.  Tojind  the  Weight  of  a  Body  from  tft  Magmimdt. 

As  one  cubic  foot,  or  1728  cubic  inchei, 
Is  to  the  content  of  the  body. 
So  is  the  tabular  specific  gravity, 
To  the  weight  of  the  body. 
EoMunpU  1.    Required  the  weight  of  a  block  of  marble, 
whose  length  is   63  feet,  and  breadtii  and  thickness  each 
12  feet ;  being  the  dimension^  of  one  of  the  stones  in  the 
walls  of  Balbeck  ? 

Ans.  683tV  ton,  which  is  nearly  eqijal  to  the  burden  of 

an  East- India  ship. 

Example  S.  What  is  the  weight  of  1  pint,  ale  measure,  of 

gunpowder  ?  Ans.  19  oz.  nearly. 

Example  3.    What  is  the  weight  of  a  block  of  dry  oak, 

which  measures  10  feet  in  length,  3  feet  broad,  and  i\  feet 

4eep  or  thick?  Ans.  4335ff lb. 


OF  HYDRAULICS. 

« 

334*  Htdravlics  is  the  science  which  treats  of  the  mo* 
tion  of  fluidsi  and  the  forces  with  which  they  act  upon 
bodies. 

PROP06ITIOK  LXCL 

335.  \f  a  Flpid  Run  through  a  Canal  or  Rher^  or  Pipe  ofva^ 
rious  Widilu^  alwayt  filling  it ;  the  Velocity  of  the  Fluid  in 
d^erent  Parts  of  it  a«,  co,  will  be  reciprocally  as  the  Trans- 
verse Sections  in  thou  Paris. 
That  is,  vcloc.  at. a  :  vcloc. 

at  c  :  :  CD  :  AB  ;  where  ab  and 

CD  denote,  not  the  diameters 

at  A  and  b,  but  the  areas  or 

sections  there. 

For,  as  the  channel  is  always  equally  fell,  the  quantity  of 

water  running  through  ab  is  equal  to  the  quantity  running 

^rough  CD,  in  the  same  time ;  that  is  the  colamn  through 

AB 
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AB  k  eqittl  to  the  colamn  throng^  co,  in  the  same  time  ; 
or  AB  X  length  of  its  col«mn  =  cd  X  length  of  its  column  ; 
therefore  ab  :  cd  :  :  length  of  column  through  cd  :  length  of 
column  through  ab.  But  the  uniform  velocity  of  the  water,  is 
as  the  space  run  oyer,  or  length  of  the  columns  ;  therefore 
AB  :  CD  : :  velocity  through  cd  :  velocity  through  ab. 

336.  Cord.  Hence,  by  observing  the  veloci^  at  any  place 
AB,  the  quantity  of  water  discharged  in  a  second,  or  any  other 
time^  will  be  found,  namely,  by  multiplying  the  section  ab  by 
the  velocity  there. 

But  if  the  channel  be  not  a  close  pipe  or  tunnel,  kept 
always  full,  but  an  open  canal  or  river  ;  then  the  velocity  in 
all  parts  of  the  section  will  not  be  the  same,  because  the 
velocity  towards  the  bottom  and  sides  will  be  diminished  by 
the  friction  against  the  bed  or  channel,  and  therefore  a  me- 
dium among  Sie  three  ought  to  be  taken.  So  if  the  velo- 
city at  the  top  be  •  100  feet  per  minute, 
that  at  the  bottom        -  60 

and  that  at  the  sides     *  50 


3)  210 sum: 
dividing  their  sum  by  3  gives  70  for  the  mean  velocity,  which 
is  to  be  multiplied  by  the  section,  to  give  the  quantity  dis- 
chaiged  in  a  minute. 


PBOPosrrioN  lzx. 


337.  The  Feloeity  with  which  a  Fluid  Ruru  out  by  a  Hale, in  the 
Bottom  or  Side  of  a  Vessel^  is  Equal  to  that  which  ii  Gene^ 
rated  by  Gravity  through  the  Height  of  the  Water  above  the 
Hole  ;  Aat  it,  the  Feloeity  of  a  Heavy  body  acquired  by  Fall- 
ing freely  through  the  Height  ab. 


--^^cn.'^':: 


Divide  the  altitude  ab  into  a  great  A ; 

number  of  very  small  parts,  each  being  I , 
their  nupiber  a,  or  a  =:  the  altitude  ab. 

Now,  by  prop.  61,  the  pressure  of  the  ^  , 

fluid  against  the  whole  b,  by  which  the  .^-'^T^  ^W^i^ 

motion    is  generated,  is    equal  to  the  _  ^.    .C  .j-.mi^ 

weight  of  the  column  of  fluid  above  it, 
that  is,  the  column  whose  height  is  ab 
or  a,  and  base  the  area  of  the  hole  b.    Therefore  the  pres- 
sure on  the  hole,  or  small  part  of  the  fluid  1,  is  to  its  weight, 
or  the  natural  force  of  gravity,  as  a  to  1.     But,  by  art.  28, 
the  velocities  generated  in  the  same  body  in  any  time,  are  a» 

those 
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those  forces  ;  and  because  gravity  generates  the  Telocity  S  in 
descending  through  the  small  space  1,  therefore  1  :  a  : :  2  :  2a, 
the  velocity  generated  by  the  pressure  of  the  column  of  fluid 
in  the  same  time.  But  2a  is  also,  by  corol.  1,  prop-  6,  the 
velocity  generated  by  gravity  in  descending  through  a  or  ab. 
That  is,  the  velocity  of  the  issuing  water,  is  equal  to  that  which 
is  acquired  by  a  body  in  failing  through  the  height  ab. 

The  same  otherwise. 

Because  the  momenta,  or  quantities  of  motion  generated 
in  two  given  bodies,  by  the  same  force,  acting  during  the 
same  or  an  equal  time,  are  equal.  And  as  the  force  in  this 
case,  is  the  weight  of  the  superincumbent  column  of  the 
fluid  over  the  hole.  Let  the  one  body  to  be  moved,  be  that 
column  itself,  expressed  by  ah,  where  a  denotes  the  altitude 
AB,  and  h  the  area  of  the  hole  ;  and  the  other  body  is  the 
column  of  the  fluid  that  ruhs  Out  uniformly  in  one  second 
suppose,  with  the  middle  or  medium  velocity  of  that  interval 
of  time,  which  is  |Av,  if  v  be  the  whole  velocity  required. 
Then  the  mass  |Av,  with  the  velocity  v,  gives  the  quantitgr 
of  motion  j^hv  X  v  or  fAv',  generated  in  one  second,  in  the 
spouting  water  ;  also  2^,  or  3^j^«feet,  is  the  Velocity  generated 
in  the  mass  ah  during  the  same  interval  pf  one  second  ;  conse- 
quently ah  X  2g,  or  2aAg,  is  the  motion  generated  in  the 
column  ah  in  the  same  time  of  one  second.  But  as  these 
two  momenta  must  be  equal,  this  gives  |Av'  =  9ahg  :  hence 
then  V*  =  4ag,  and  v  =  2y/ag,for  the  value  of  the  velocity 
sought :  which  therefore  is  exactly  the  same  as  the  velocity 
generated  by  the  gravity  in  falling  throqgh  tl^e  space  a,  or  the 
whole  height  of  the  fluid. 

For  example,  if  the  fluid  were  air,  of  the  whole  height  of., 
the  atmosphere,  supposed  uniform,  Which  is  about  5^  miles, 
or  27720  feet  =  a.     Then  ^y/a^  =  2  ^  27720  X  16^  = 
1335  feet  =  v  the  velocity,  that  is,  the  velocity  with  which 
common  air  would  rush  into  a  vacuum. 

338.  CoroL  1.  The  velocity,  and  quantity  run  out,  atdi^ 
ferent  depths,  are  as  the  square  roots  of  the  depths.  For  the 
velocity  acquired  in  falling  through  ab,  is  as  ^  ab. 

339.  Corol.  2.  The  fluid  spouts  out  with  the  same  velocity, 
whether  it  be  downward  or  upward,  or  sideways  ;  because 
the  pressure  of  fluids  is  the  same  in  all  directions,  at  the 
same  depth.  And  therefore,  if  an  adjutage  be  turned  up- 
ward, the  jet  will  ascend,  to  the  height  of  the  surface  of  the 
water  in  the  vessel.  And  this  is  confirmed  by  experience, 
by  which  it  is  found  that  jets  really  ascend  nearly  to  the 

height 
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height  of  the  reseiroir,  abating  a  small  .qaantity  only»  for  the 
friction  against  the  sides,  and  some  resistance  from  the  air  and 
from  the  oblique  motion  of  the  fluid  in  the  hole. 

340.  CoroL  3.  The  quantity  run  out  in  any  time,  is  equal 
to  a  column  or  prism,  whose  base  is  the  area  of  the  hole,  and 
its  length  the  space  described  in  that  time  by  the  velocity  ac- 
quired by  falling  through  the  altitude  of  the  fluid.  And  the 
qnahtity  is  the  same,  whatever  be  the  figure  of  the  orifice,  if 
it  is  of  t^e  same  area. 

Therefore,  if  6  denote  the  altitude  of  the  fluid, 
and  A  the  area  of  the  orifice, 
also  g  =  16^/eet,  or  193  inches  ; 
then  9h  j^y  ag  will  be  the  quantity  of  water  discharged  in  a 
second  of  time  ;  or  nearly  ^^hy/a  cubic  feet,  when  a  and  h 
are  taken  in  feet. 

So,  for  example,  if  the  hejght  a  be  25  inches,  and  the  on- 
fice  /i  =  1  square  inch  ;  then  ^h^/ag  =  2v^26  X'193  =  159 
cubic  inches,  which  is  the  quantity  that  would  be  discharged 
per  second. 

SCUOUUM. 

341.  When  the  orifice  is  in  the  side  of  the  vessel,  then  the 
velocity  is  diflerent  in  the  different  parts  of  the  hole,  beingless 
in  the  upper  parts  of  it  than  in  the  lower.  However,  i^ben 
the.  hole  is  but  small,  the.diffei;enQe  is  inconsiderable,  and  the 
altitude  may  be  estimated  firom  the  centre  o(  the  hole  to  ob- 
tain the, mean  velocity.  But  when  the  orifice  is  pretty  lai|^, 
then  the  mean  velocity  is  to  be  more  accurately  computed  by 
other  principles,  given  in  the  next,  proposition, 

342.  I^  is  not  to  be  expected  that  experiments,  as  to  the 
quantity  of  water  run  out,  will  exactly  agree  with  ^his  theory, 
both  on  account  of  the  resistance,  of  the  air,  the  resistance  of 
the  water  against  the  sides  of  the  orifice,  and  the  oblique  nio- 
tion  of  t^e  particles  of  the  water  in  entering  it.  For^  it  is  not 
meifely,  the  particles  situated  immediately  in  the  column  over 
the  hole,  which  enter  it  and  issue  forth,  as  if  that  column  only 
were  in  motion  ;  but  also  particles  from  al(  the  surrounding 
parts  of  the  fluid,  which  is  in  a  commotion  quite  around  ;  and 
the  particles  thus  entering  the  hole  in  all  directions,  strike 
against  each  othei*,  and  impede  one  another's  motion  :  from 
which  it  happens,  that  it  is  the  particles  in  the  centre  of  the 
hole  only  that  issue  out  with  the  whole  velocity  due  to  the  en- 
tire height  of  the  fluid,  while  the  other  particles  towards  the 
sides  of  the  orifices  pass  out  with  decreased  velocities  ;  and 
hence  the  medium  velocity  through  the  orifice,  is  somewhat 
less  than  that  of  a  single  body  only,  urged  with  the  same  pres- 
sure of  the  superincumbent  column  of  the  fluid.    And  experi« 

ment9 
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0WdU  on  the  quantitj  of  water  diicharged  tlirough  apertures, 
ahoiv  that  the  qaantitr  most  be  dimioiabed,  bj  thoae  cauaes, 
rather  more  than  the  foarth  part  fVhea  the  orifice  ii  small,  or 
Mch  at  to  make  the  mean  Telocity  nearly  equal  to  that  in  n 
body  falling  through  i  the  height  of  the  flnid  aboTC  the  ori- 
fice. 

343.  Experiments  have  also  been  mado  on  the  extent  to 
which  the  spout  of  water  ranges  on  a  horizontal  plane,  and 
compared  with  the  theory,  by  calculating  it  as  a  projectile 
discharged  with  the  reloci^  acquired  by  descending  throng 
the  height  of  the  fluid.  For,  when  the  aperture  ii  in  the 
side  of  the  vessel,  the  fluid  spouts  ont  borizontaUy  with  a 
uniform  velocity,  which  combined  with  the  perpendicular 
velocity  from  the  action  of  gravity,  causes  the  jet  to  form 
the  curve  of  a  parabola.  Then 
the  distances  to  which  the  jet  will  ,- 

spout  on  the  horizontal  plane  bo,  '~~ - 

will  be  as  the  roots  of  the  reel-  l . .    _ 

angles  of  the  segments  ac  .  cs,  ^ 

in  .  oB,  AE  .  EB.    Forthespaces  /'K.,,-' 

BK,  BO,  are  as  the  tiroes  and  hori-  /'  j-'"'--  , 

zontal  velocities  ;  but  the  velocity  C    F 

is  as  y'  AC  ;  and  the  time  of  the 
fall,  which  is  the  same  as  the  time 
of  moving,  is  as  V  <='  i   therefore  the  distance  bf  is  u 

^/ic  .  CB  ;  and  the  distance  bc  as  ^  ad  .  db.  And  hence, 
if  two  holes  are  made  equidistant  from  the  top  and  bottom, 
they  will  project  the  water  to  the  same  distance  ;  for  if  ac  s^ 
£B,  then  the  rectangle  ac  .  cb  is  eqnal  the  rectangla  ae  .  eb  : 
which  makes  ef  the  same  for  both.  Or,  if  on  the  diameter 
AB  a  semicircle  be  described  ;  then,  because  the  squares  of 
the  ordioates  ch,  ui,  ek  are  equal  to  the  rectangles  ac  .  *», 
tic.  ;  therefore  the  distances  bf,  bo  are  as  the  ordinatei 
cu,  Di-  And  hence  also  it  follows,  that  the  projection  from 
the  middle  point  o  will  be  farthest,  for  ni  it  the  greatest  ordi- 
nate. 

These  are  the  proportions  of  the  distances  :  but  for  the 
absolute  distances,  it  will  be  thus.  The  velocity  through 
any  bole  c,  is  such  as  will  carry  the  water  horizontally 
through  a  space  etjnat  to  Sac  in  the  time  of  fallii^  through 
AC  :  but,  aAer  quitting  the  hols,  it  describes  a  parabola,  and 
comes  to  r  in  the  time  a  body  will  &I1  through  cb  ;  and 
to  find   this  distance,   since  the  times   are   at  the  roots  of 

the  spacet,  therefore  v^ac  :  ^cb  :  :  Sac  ;  Zy^so  .  cb  as 
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•loH  A  IP,  Ibe  ipacfl  m^ed  od  the  harizoDtal  plane.     And 
the  (restett  range  bq  b  Sdi,  or  Sad,  or  ffqual  to  ai. 

Aod  u  tbeie  nocei  aoswer  very  exactly  to  the  ezperi- 
DMBti,  thia  oot^ma  ue  theoiy,  h  to  the  velocity  asdgoed. 

raoposmoNxxxL 

344.  V  a  JVaIcA  or  5li(  eh  in  form  of  a  Pamtletogram,  bt  etU 
m  Ae  Side  of  a  Peiief,  FtdJ  a/*  HWr,  ad  ;  At  (^<in%  ^ 
WMtrJUming  Arva^h  it,  wilt  be  ^  of  fhe  Qvanlityfiowing 
tkro^k  an  tqniU  Ortfiee,plaMd  a<  i^  Whole  Depth  to,  or 
at  Ae  Bate  as,  m  Ae  &me  Time ;  it  being  tuppottd  Aai 
the  Vend  M  (flwoy)  kept  full. 

Fob  the  velocity  at  oh  ii  to  the  velo- 
city at  iL,  u  y'  Eo  to  y/  EI  ;  that  ii,  ai 
OH  «r  iL  to  IE,  the  onUnale  of  a  para- 
bola KKH,  whole  axia  is  ee.  Therefore 
the  iDin  of  the  velocities  at  all  the  points 
I,  ia  to  aa  manv  timea  the  velocity  at  o, 
aa  the  luai  of  all  Ote  ordinatea  ie,  to  the 
■am  of  all  the  il's  ;  namely,  ae  the  area 
of  the  parabola  iok,  is  to  the  area  EOHr  ;  that  if,  the 
qoaotity  ronning  ttirongh  the  notah  bb,  is  to  the  quantity 
nDiMBg  through  an  equal  horizontal  area  placed  at  en,  aa 
KOHCE,  to  EDBv,  er  as  X  to  3  ;  the  area  of  a  parabola  being 
f  of  iU  circwnacribiog  paFallelogram. 

346.  <^rol.  1.  The  mean  veloci^  of  the  water  in  the 
notch,  ia  equal  to  \  of  that  at  oh. 

346.  Cerol.  t.  The  quantity  Sowing  through  the  hole 
loHL,  is  to  that  which  woald  Son  through  an  equal  otiSae 
placed  as  low  aa  as,  as  the  parabolic  area  iohk,  ia  to  the  r«ct> 
angle  ioul.    Aa  appears  from  the  demoaatntioQ. 


OF  PNEUMATICS. 

347.     FiKDHATics  is  the  acieoce  which  treata  of  the  pro- 
pertiet  of  air,  or  elastic  floids. 

PBoposmoH  Lxai. 

348.  JUr  it  a  Heant/  Fluid  Body  ;  4tnd  it  Sumuitdt  the  EarA, 
m»d  GravilaUi  on  ail  Parti  of  it*  Surface. 

These  properties  of  air  are    proved   by  expeci«nc«. — 
That  it  ia  a  fluid,  is  evideot  from  iU  eaun  Vw'WiaMtXja  m.-^ 
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Ihe  least  force  impressed  on  it,  without  makii^  a  sensibk 
resistance. 

But  when  it  is  moved  briskly,  by  any  means,  as  by  a  fan 
or  a  pair  of  bellows  ;  or  when  any  body  is  moTed  very  briskly 
through  it ;  in  these  cases  we  become  sensible  of  it  as  a  body, 
by  the  resistance  it  makes  in  such  motions,  and  also  by  its 
impelling  or  blowing  ^away  any  light  substances.  So  that, 
being  capable  of  resisting,  or  moving  other  bodies,  by  ifes 
impulse,  it  must  itself  be  a  body,  and  be  heavy,  like  all  other 
bodies  in  proportion  to  the  matter  it  contains  ;  and  therefore 
it  will  press  on  all  bodies  that  are  placed  under  iU 

Abo,  as  it  is  a  fluid,  it  spreads  itself  all  over  on  the  earth  ; 
and,  like  other  fluids,  it  gravitates  and  presses  everywhere  on 
the  earth's  surface. 

349.  The  gravity  and  pressure  of  the  air 
is  also  evident  from  many  experiments* 
Thus,  for  instance,  if  water,  or  quicksilver, 
be  poured  into  the  tube  ace,  and  the  air  be 
Bufiered  to  press  on  it,  in  both  ends  of  the 
tube,  the  fluid  will  rest  at  the  same  height 
in  both  legs  :  but  if  the  air  be  drawn  out  of 
one  end  as  e,  by  any  means ;  then  the  air 
pressing  on  the  other  end  a,  will  press 
down  the  fluid  in  this  leg  at  b,  and  raise  it  up  in  the  other  ta 
D,  as  much  higher  than  at  b,  as  the  pressure  of  the  air  is  equal 
to.  From  which  it  appears,  not  only  that  the  air  does 
really  press,  but  also  how  much  the  intensity  of  that 
pressure  is  equal  to.  And  this  is  the  principle  of  the 
barometer. 

PROPOSmOK  LXXnL 

360.  The  Air'  is  alio  an  Eloitic  Fluid,  being  Omdetmhle  and 
Expamible,  And  the  LotW  it  observes  is  this,  that  its  Densi^ 
ty  and  EUasticiiy  are  proportional  to  the  Force  or  Weigh$ 
which  Congresses  it* 

This  property  of  the  air  is  proved  by  many  experiments. 
Thus,  if  the  handle  of  a  syringe.be  pushed  inward,  it  will 
cpndense  the  inclosed  air  into  less  space,  thereby  showing  its 
condensibility.  But  the  included  air,"  thus  condensed  is 
felt  to  act  strongly  against  the  hand,  resisting  the  force  com- 
pressing it  more  and  more  ;  and,  on  withdrawing  the  hand, 
the  handle  is  pushed  back  again  to  where  it  was  at  first. 
"Which  shows  that  the  air  is  elastic. 

351.  Again^ 
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3&1.  Again,  fill  a  strong  bottle  balffaU  of 
water ;  dien  iiuert  a  small  glass  tabe  into 
it,  patting  its  lower  end  down  near  to  the 
bottom,,  and  cementing  it  very  dose  round 
the  moath  or  tbe  bottle.  Tben.  if  air  be 
fltrODgly  injected  throngh  the  pipe,  as  by 
blowing  with  the  mooth  or  otherwise,  it 
will  pass  through  the  water  from  tbe  tower 
end,  ascending  into  tbe  parts  before  occu- 
pied with  air  at  b,  and  the  whole  mats  of 
air  become  there  condensed,  because  the 
water  is  not  compresHble  into  a  less  space.  Bat,  on  remov- 
ing (be-  force  which  injected  the  air  a,  tbe  water  will  beg^n 
to  rise  from  thence  in  a  jet,  being  poshed  op  the  pipe  by  the 
increased  elasticity  of  the  air  b,  by  which  it  pren^cs  on  the 
■nrface  of  tbe  water,  and  forces  it  through  tbe  pipe,  till  as 
mnch  be  expelled  as  there  was  air  forced  in  ;  when  the  air  at 
B  will  be  redaced  to  tbe  same  density  as  at  first,  and  tbe  bal- 
siDce  being  restored,  the  jet  will  cease. 

352.  Likewise,  if  into  a  jar  of  water  J\J 
ia,  be  inverted  an  empty  glass  tumbler           \    ^J-     'j- 
CD,  or  snch-like,  the  month  downward  ;           v  <    '     ~  ? 
tbe  water  will  enter  it,  and  partly  fill  it,                     ~  , 

,  bat  not  near  so  high  as  the  water  in  the 
jar,  compressing  ^nd  condensing  the  air 
into  a  less  space  in  the  upper  parts  c,  and 
cansing  tbe  0nt  to  make  a  sensible  resis- 
tance to  tbe  hand  in  pushing  it  down. 
Tben,  on  remoring  the  hand,  the  elasticity  of  the  internal 
condensed  air  throws  the  glass  up  again.  All  these  showing 
that  the  air  is  condensible  and  elastic. 

353.  Again,  to  show  the  rate  or  proportion 
of  the  elasticity  to,  the  cond'ensatioa  :  take  a 
long  crooked  glass  tiibe,  equally  wide  through-  . 
out,  or  at  least  in  the  part  bd,  and  open  at  x, 
but  dote  at  the  other  end  b.  Pour  in  a  liitte 
qaicksilTer  at  a,  just  to  cover  the  .bottom  to 
the  bend  at  cd,  and  to  stop  the  commaaica- 
tioD  between  the  external  air  and  the  air  in 
■D.  Then  poor  in  more  quicksilver,  and 
mark  the  corresponding  heignts  at  which  it 
stands  in  tbe  two  legs  ;  so,  when  it  rises  to 
H  in  the  open  leg  ac,  let  it  rise  to  e  in  the 
dose  one,  redacii^  its  incladed  air  from  tbe 
nalaial  bulk  bd  to  the  contracted  Bpace  be,  ' 
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by  the  preuare  of  the  colamn  ae ;  and  when  the  qaick- 
■ilrer  itutds  at  i  and  i,  in  the  open  leg,  let  it  rise  to  f  sod  o 
ia  the  other,  reduciiq  the  air  to  the  reipectire  ipacea  sr, 
BO,  by  the  weightj  (»*  the  coluinas  if,  xg.  Then  it  ia  al- 
ways found,  that  the  condensations,  and  aluticitiei  are  ai 
the  compreMiog  weights  or  colamni  of  the  quiduilvert 
and  Ihe  atmosphere  together.  So.  if  the  natunl  bulk  of 
the  air  bp  be  compressed  into  the  spacei  be,  bf,  bh,  which 
-  are  J,  },  I  of  BD,  or  u  the  numbers  3,  i,  I  :  then  the  aU 
moaphere,  together  ^ith  the  corresponding  colomni  h«,  if, 
Kf,  are  also  found  to  be  in  the  same  proportion'  reciprocally, 
vtz.  as  ^,  ^,  |,  or  as  the  numbers  2,  3,  6.  And  then  h<  :=i 
}a,  )/  =  A,  and  Kg  =  3t  i  where  4  is  the  weight  of  atmos- 
phere. Which  show,  that  the  cooJensatiopfl  are  directly 
as  the  compressing  forces  Add  the  elasticities  are  in  th« 
same  ratio,  since  the  calnmos  in  ac  are  sustained  by  titt  elasti- 
cities in  Bu. 

From  the  foregoing  principles  may  be  deduced  many  nieful 
remarks,  as  in  the  following  corollaries,  viz. 

364.  Carol  I.  The  space  which 
aoT  (quantity  of  air  is  con&icd  in, 
is  "ipciprocally  as  the  force  that 
coicprevsen  it.  So,  (he  forces  which 
co'.fliic  a  quantity  of  air  iu  the  cy- 
lindrical B]iaces  *a,  bu,  cc,  are 
reciprocally  as  the  same,  or  reci- 
procally as  tiic,  heights  *d,  bo,  cd. 
And  therefore  if  to  the  two  per- 

pc-udiciilar  lines  da,  dii,  as  asymptotes,  the  hyperbola  is;, 
be  ik'scribed,  and  the  ordinates  ai,  bi,  cl  be  drawn  ;  then 
the  farces  which  confine  the  air  in  the  spaces  ao,  bo,  co, 
witl  be  iiirectly  as  the  curre9|>onding  ordinates  ai,  bi,  «,, 
since  thp-e  are  reci pre; ally  as  the  abscisses  ad,  bd,  en, 

hy  the  nature  of  Ihi'  hyperbola 

3&&.  ( onj.  3.  All  the  air  near  the  earth.  Is  in  a  state  of 
compression,  by  the  weight  of  the  iucnmbent  atmosphere. 

3.'i6.  Carol.  3.  The  air  is  denser  near  the  earth,  than  in 
high  plarcs ;  or  denser  at  the  foot  of  a  mountain,  than  at 
the  top  of  it.  And  the  higher  above  the  earth,  the  less  dense 
it  is 

357.  Corol.  4.  The  spring  or  elaslici^  of  Ibe  air,  is  equal 
to  the  weight  of  the  atmosphere  above  it ;  and  they  will  pro- 
duce tlie  same  effects  :  since  they  always  sustain  and  balance 
each  other. 

358.  Corol.  fi. 
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358.  Corol,  6.  V  the  density  of  the  air  be  increased,  pre- 
serringthe  same  heat  or  temperatore  its  spring  or  elastkttj  is 
also  increased,  and  in  the  same  proportion. 

359i  Corol  6.  Bj  the  pressure  and  gravity  of  the  atmos- 
phere, on  the  surface  of  the  fluids>  the  fluids  are  made  to  rise  in 
any  pipes  or  vessels,  when  the  spring  or  pvssure  within  is 
decreased  or  taken  off. 

PROPOSITION  LXXIV. 

360.  Heat  hereoies  tht  EUuticity  of  the  jStr,  and  Cold  IHmin- 
u4m  ii.    Or^  Ihai  Expandt^  and  Cold  Condenses  ihe  Air. 

This  property  is  also  proved  by  experience.  . 

361.  Thus,  tie  a  bladder  very  close  with  some  air  in  it  ; 
and  lay  it  before  the  fire  :  then  as  it  warms,  it  will  more  and 
more  distend  the  bladder,  and  at  last  bvrst  it,  if  the  heat  be 
continued  and  increased  high  enough.  But  if  the  bladder 
-be  removed  from  the  flre,  as  it  cook  it  will  contract  again, 
as  before.  And  it  was  on  this  principle  that  the  fiivt  air- 
balloons  were  made  by  Montgolfier  :  for,  by  heating  the  air 
within  them,  by  a  fire  beneath,  the  hot  air  distends  them  to  a 
size  which  occupies  a  space  in  the  atmosphere,  whose  weight  of 
common  air  exceeds  that  of  the  balloon. 

36S.  Alf  o,  if  a  cup  or  glass,  with  a  little  air  in  it,  be  invert- 
ed into  a  vessel  of  water  ;  and  the  whole  be  heated  over 
thje  fire  or  otherwise  ;  the  air  in  the  top  will  expand  till  it  fill 
thi^  glass,  and  expel  the  water  out  of  it ;  and  part  of  the  air 
itself  will  follow,  by  continuing  or  increasing  the  heat. 

Many  other  experiments,  to  the  same  effect,  might  be 
adduced,  all  proving  the  properties  mentioned  in  the  propo- 
sition. 

SCHOUUlf. 

363.  So  that,  when  the  force  of  the  elasticity  of  air  is  con- 
sidered, regard  mast  be  had  to  its  heat  or  temperature  ;  the 
same  quantity  of  air  being  more  or  less  elastic,  as  its  heat  is 
more  or  less.  And  it  has  been  found,  by  experiment,  tliat  the 
elasticity  is  increased  by  the  435th  part,  for  each  degree  of 
heat,  of  which  there  are  180  between  the  freezing  and  boiling 
heat,  of  water. 

364.  A".  B.  Water  expands  about  the  jji^^  part,  with  each 
degree  of  heat.  -  (Sir  Geo.  Shuckbaigh,  Phiios.  Trans.  1777, 
p.  560,  Ac.)  '  Also, 
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Also^  the 
Spec.  grav.  of  air  1*201  or  H  ^  when  the  barom.  is  29*5^ 

water     1000   \  and  the  therm,  ifi       65*' 
mercury  13692  )  which  are  their  mean  hei|^tB 

in  this  country. 
Or  thai,  air  1*222  or  If)     v      *u    u  •    oa 

water      1000*  t^^/"  ^«  ^^^T' "  ^' 
mercury  13600  )  ^"^^  thermometer     65. 
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365.  The  WeiglU  or  Pretsure  of  the  Atmosphere^  on  any  Beue  at 
(he  Earth*$  Surface^  is  Equal  to  the  Weight  of  a  Column  of 
Quicksilver f  of  the  Same  Base^  and  the  Height  of  which  is  be- 
tween  28  and  31  inches. 

This  is  proved  by  the  barometer,  an  instrument  which 
measures  the  pressure  of  the  air,  and  which  is  described 
below.  For,  at  some  seasons,  ^nd  in  some  places,  the  air 
sustains  and  balances  a  column  of  mercury,  of  about  28 
inches  :  but  at  other  times  it  balances  a  column  of  29,  or  30, 
or  near  31  inches  high  ;  seldom  in  the  extremes  28  or  31, 
but  commonly  about  &e  means  29  or  30.  A  variation  which 
depends  partly  on  the  different  degrees  of  heat  in  the  air  near 
the  surface  ef  the  earth,  and  partly  on  the  commotions  and 
chances  in  the  atmosphere,  from  winds  and  other  causes,  by 
which  it  is  accumulated  in  some  places,  and  depressed  in 
others,  being  thereby  rendered  denser  and  heavier,  or  rarer 
and  lighter  ;  which  changes  in  its  state  are  almost  continually 
happening  in  any  one  place.  But  the  medium  state  is  com- 
monly about  29^  or  30  inches. 

366.  Corol.  1 .  Hence  the  pressure  of  the  atmosphere  on 
every  square  inch  at  the  earth's  surface,  at  a  medium,  is  very 
near  15  pounds  avoirdupois,  or  rather  14}  pounds.  For,  a 
cubic  foot  of  mercury  weighing  13600  ounces  nearly,  an 
inch  of  it  will  weigh  7*866  or  almost  8  ounces,  or  nearly 
hfAf  a  pound,  which  is  the  weight  of  the  atmosphere  for 
every  inch  of  the  barometer  on  a  base  of  a  square  inch  ;  and 
therefore  30  inches,  or  the  medium  height,  weighs  very  near 
14}  pounds. 

367.  CoroL  2.  Hence  also  the  weight  or  pressure  of  the 
atmosphere,  is  equal  to  that  of  a  column  of  water  from  32 
to  36  feet  high,  or  on  a  medium  33  or  34  feet  high.  For, 
water  and  quicksilver  are  in  weight  nearly  as  1  to  13*6  ; 

so 
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lo  that  the  atmosphere  will  balance  a  coIuidd  of  water  13*6 
timet  aa  high  as  one  of  quickailyer ;  consequently 

13*6  times  28  inches  =  381  inches,  or  31}  feet, 
]3'6  times  29  inches  =  394  inches,  or  32|  feet, 
13*6  times  36  inches  =  408  inches,  or  34  feet, 
13*6  times  31  inches  =  422  inches,  or  35^  feet. 

And  hence  a  common  sucking  pump  will  not  raise  water 
higher  than  about  33  or  34  feet.  And  a  siphon  will  not  run, 
if  the  perpendicular  height  of  the  top  of  it  be  more  than 
about  33  or  34  feet. 

368.  (JoroL  3.  If  the  air  were  of  the  same  uniform  den- 
sity at  eyery  height  up  to  the  top  of  atmosphere,  as  at 
the  surface  of  the  eaHh  ;  its  height  would  be  about  S^ 
miles  at  a  medium.  For,  the  weights  of  the  same  bulk  of 
air  and  water,  are  nearly  as  1*222  to  1000  ;  therefore  as 
1*222  :  1000  :  :  3S|  feet  :  27600  feet,  or  6j  miles  nearly. 
And  so  hig^  the  atmosphere  would  be,  if  it  were  all  of 
uniform  density,  like  water.  But,  instead  of  that,  from 
its  expansive  and  elastic  quality,  it  becomes  continually 
more  and  more  rare,  the  fiirther  above  the  earth,  in  a  cer- 
tain proportion,  which  will  be  treated  of  below,  as  also  the 
method  of  measuring  heights  by  the  barometer,  which  de- 
pends on  it 

369.  CoroL  4.  From  this  proposition  and  the  last  it  fol- 
lows, thft  the  height  is  always  the  same,  of  an  uniform 
atmosphere  above  any  place,  which  shall  be  all  of  the  uni- 
%rm  density  with  the  air  there,  and  of  equal  weight  or 
P>e8sure  with  the  real  hei^t  of  the  atmosphere  above  that 
pl^^e,  whether  it  be  at  th^  same  place,  at  different  times, 
^r  ^  any  different  places  or  heights  above  the  earth  ;  and 
that  ieight  is  always  about  b^  miles,  or  27600  feet,  as 
above  ^und.  For,  as  the  density  varies  in  exact  propor- 
tion to  lie  weight  of  the  columb,  therefore  it  requires  a 
cohimn  ol  (he  same  height  in  all  cases,  to  make  the  re- 
spective weights  or  pressures.  Thus,  if  ^  and  w  be  the 
weights  of  atmosphere  above  any  places,  d  and  d  their 
densities,  and  h  and  h  the  heights  of  the  uniform  columns^ 
of  the  same  a»Dgities  and  weights  ;  Th6n  a  X  d  =  w,  and 

A  X  d  =  »  ;  tiKrefore  —  or  h  i&  eq^ial  to  ^  or  h.    The  tem- 

D  ^  d 

peratare  being  the  same. 

PROPOSITION 
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PROPOSITION  LXXVI. 


370.  The  Deraity  of  the  Aimoiphtre^  at  Diff^erttU  HeigfUi  above 
the  Ear^t  Decreates  in  9uch  Sort^  that  when  the  Htighis  In- 
crease in  AriihmHical  Progression^  the  Demsitiei  Decrease  in 
Geoinetrical  Progression, 


Let  the  iQde6Qite  peqiendicular  Uoe  ap,  ^ 

erected  on  the  earth,  be  conceived  to  be  divided 
into  a  great  number  of  very  small  equal  parts, 
A,  B,  c,  D,  &c.  forming  so  many  thin  strata  of 
air  in  the  atmosphere,  all  of  different  density,  ^  ^ 

gradually  decreasing  from  the  greatest  at  a  : 
then  the  deosity  of  the  several  strata,  a,  b,  c, 
D,  &c.  will  be  in  geometrical  progression  de- 
creasing. 

For,  as  the  strata  a,  a,  c,  kc.  are  all  of  equal 
thickness,  the  quantity  of  matter  in  each  of  them,  is  as  the 
density  there  ;  but  the  density  in  any  one,  b^ing  as  the  com- 
pressing force,  is  as  the  weight  or  quantity  of  M  the  matter 
from  that  place  upward  to  the  top  of  the  atmosf^ere  ;  there- 
fore the  quantity  of  matter  in  eachr  stratum,  is  abo  as  the 
whole  quantity  from  that  place  upward.  Now,  if  from  the 
whele  weight  at  any  place  as  b,  the  weight  or  quantity  in  the 
stratum  b  be  subtracted,  the  remainder  is  the  weight  at  the 
next  stratum  c  ;  that  is,  from  each  weight  subtracting  a  part 
which  b  proportional  to  itself,  leaves  the  next  weight ;  or, 
which  is  the  same  thing,  from  each  density  subtracting  a 
part  which  is  proportional  to  itself,  leaves  the  next  den- 
sity. But  when  any  quantities  are  continually  diminished  hf 
parts  which  are  proportional  to  themselves,  the  remaindfA 
totm  a  series  of  continued  proportionals  :  conseqoenfly  tMe 
densities  are  in  geometrical  progression. 

Thus,  if  the  drst  density  be  n,  and  from  each  betaken 

its  nth  part ;  there  will  then  remain  its  — -  part,  (f  the  - 
part  putting  m  for  »-^l ;  and  therefore  the  serial  of  den- 
sities will  be  D,  -  D,  ^  D.  ^  D,  — o,  &c.  the  common  ratio 

n     '  n«         a»        n* 

of  the  series  being  that  of  a  to  m. 

9CHOUUM. 

37 1 .  Because  the  terms  of  an  arithmet<:al  series,  are  pro- 
porttonal  to  the  logarithms  of  the  terns  of  a  geometrical 
series :  therefore  dSoferent  altitudes  above  the  earth's  sur- 
face, 
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face,  are  as  the  logarithms  of  the  densities,  or  of  the  weights 
of  air,  at  those  altitudes. 

So  that,  if  D  denote  the  density  at  the  altitude  a, 
and  d     -     the  density  at  the  altitude  a  ; 
then  A  being  as  the  log.  of  d,  and  a  as  the  log.  of  d, 

the  dif.  of  alt.  A — a  will  be  as  the  log.  d — ^log.  d,  or  log.  -. 

And  if  A  =  0,  or  D  the  density  at  (he  surface  of  the  earth  ; 

then  any  altitude  above  the  surface  a,  is  as  the  log.  of-. 

Or,  in  general,  the  log.  of  -  is  as  the  altitude  of  the  one 

place  above  the  other,  whether  the  lower  place  be  at  the 
surface  of  the  earth,  or  any  where  else. 

And  from  this  property  is  derived  the  method  of  deter- 
mining the  heights  of  mountains  and  other  eminences,  by 
the  barometer,  which  is  an  instrument  that  measures  the 
pressure  or  density  of  the  air  at  any  place.  For,  by  taking, 
with  this  instrument,  the  pressure  or  density,  at  the  foot  of 
a  hill  for  instance,  and  again  at  the  top  of  it,  the  differ^ 
ence  of  the  logarithms  of  these  two  pressures,  or  the  loga- 
rithm of  their  quotient,  will  be  as  the  difference  of  altitude, 
or  as  the  height  of  the  hill  ;  supposing  the  temperatures  of 
the  air  to  be  Uie  same  at  both  places,  and  the  gravity  of  air 
not  altered  by  the  different  distances  from  the  earth's 
centre. 

372.  But  as  this  formula  expresses  only  the  relations  be- 
tween different  altitudes  with  respect  tcrtheir  densities,  re-i 
course  must  be  had  to  some  experiment,  to  ^obtain  the  real 
altitude  which  corresponds  to  any  given  density,  or  the  den- 
sity which  corresponds  to  a  given  altitude.  And  there  are 
various  experiments  by  which  this  may  be  done.  The  first, 
and  most  natural,  is  that  which  results  from  the  known  st>e- 
cific  gravity  of  air,  with  respect  to  the  whole  prefesure  of  the 
atmosphere  on  the  surface  of  the  earth.  Now,  as  the  alti- 
tude a  is  always  as  log.  -  ;  assume  h  so  that  a  =  A  X  log.  -, 

where  h  will  be  of  one  constant  value  for  all  altitudes  ;  and  to 
determine  that  value,  let  a  case  be  taken  in  which  we  know 
the  altitude  a  corresponding  to  a  known  density  d  ;  as  for 
instance,  take  a  =  1  foot,  or  1  inch,  or  some  such  small  al- 
titude ;  then,  because  the  density  d  may  be  measured  by  the 
pressure  of  the  atmosphere,  or  the  unubrm  column  of  27600 
feet,  when  the  temperature  is  65<*  ;  therefore  27600  feet  wiU 
Vol.  H.  30  denote 
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denote  tke  density  d  at  the  lower  place,  and  276f  9  tiie  W^ 

37600 

density  d  at  1  foot  above  it ;  censequently  1  =  ^  ^X  log.  ^ — ; 

which,  by  the  nature  of  logarithms,  is  nearly  =  h  X    ^^^ 

==  rrrrr  nearly ;  and  hence  h  ^  63651  feet ;'  whkb  gives, 
for  any  altitude  in  general,  this  A^orem,  viz.  a  =  63661  X 
log.  J,  or  SE   63661    X    log.  ^  leet,  or  106911  X  log.  ^ 

a  III  fn 

fathoms  ;  where  m  is  the  column  of  mercury  which  is  equal 
to  the  pressure  or  weight  of  the  atmosphere  at  the  bottom, 
and  m  that  at  the  top  of  the  altitude  a ;  and  where  m  and  m 
Inay  be  taken  in  any  measure,  either  feet  or  inches,  &c. 

3731  Note,  that  this  formula  is  adapted  to,  the  mean  tem- 
perature of  the  air  66^.  But,  for  every  d^^ee  of  tempe- 
rature different  from  this,  in  the  medium  between  the  tern*- 
peratures  at  the  top  and  bottom  of  the  altitude  a,  that  alti- 
tude will  vary  by  its  436th  part ;  which  most  be  added,  when 
that  medium  exceeds  66^,  otherwise  subtracted* 

374.  Note,  also,  that  a  column  of  30  inches  of  mercury 
varies  its  length  by  about  the  ^iv  V^^  ^f  ^  ^^^^  ^  every 
di^ee  of  heat,  or  rather  ^^^  of  the  whole  vokutne. 

376.  But  the  formula  may  be  rendered  much  more  con- 
venient for  use,  by  reducing  the  factor  10692  to  10000,  by 
chaOpqg  the  temperature  proportionally  from  66*  ;  thus, 
as  the  diff.  692  is  the  Idth  part  of  the  whole  factor  10692  ; 
and  as  18  is  the  24th  part  of  436  ;  therefore  the  correspond^ 
ing  change  of  temperature  is  24P,  which  reduces  the  66*  to 

31*.    So  that  the  formula  is,  a  =  10000  X  log.-  fathoms, 

when  the  temperature  is  31  degrees ;  and  for  every  degree 
above  that,  the  result  is  to  be  increased  by  so  many  times  its 
436th  part. 

376.  Exam.  1.  To  find  the  height  of  a  httl  when  the 
pressure  of  the  atmosphere  is  equal  to  29-68  inches  of  mer- 
cury at  the  bottom,  and  26*28  at  the  top  ;  the  mean  tem- 
perature being  60*  ?  Ans.  4378  feet,  or  730  fathoms. 

377.  Exam.  2.  To  find  the  height  of  a  hill  when  the 
atmosphere  weighs  29*46  inches  of  mercury  at  the  bottom, 
and  26*82  at  the  top,  the  mean  temperature  being  33*  ? 

Ans^  2386  feet,  or  397|  fathoms. 

378.  Exam.  3. 
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378.  Exam.  3.  At  wbat  altitude  is  the  deaiit;  of  the  at- 
mosphere only  the  4tfa  part  of  what  it  is  at  the  earth's  snr- 
ftce  T  Aos.  6020  Athoni. 

Bj  the  weight  and  pressare  of  the  atmoapbet-e,  the  effect 
and  opentioDt  of  pneumatic  engines  iubt  be  acconnted  for, 
and  explained  ;  sach  as  siphons,  pnmps,  barometers,  fcc.  ;  of 
trhich  It  ma;  not  be  imitfoper  here  to  give  a  brief  description. 
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OF  THE  SIPHON. 

379.  The  Siphon,  or  Sjphon,  is  any 
bent  tabe,  having  its  two  l^a  either 
of  e<]iial  or  of  uneqaal  length. 

If  it  be  filled  with  water,  and  then 
inverted,  with  the  two  open  ende 
downward,  and  held  level  in  that  pou- 
tioD  ;  the  water  will  remain  soMended 
in  it,  if  the  two  legs  be  eqaal  For  the 
atBinphere  will  press  eqb ally  on  the 
sor&ce  of  the  water  in  each  ew),  t&d 
mppert  them,  if  they  are  not  more  thin  34  feet  high  :  md  thfe 
1^  being  equal,  the  water  in  them  it  an  exftct  connterpoiM 
by  their  eqnal  weights  ;  bo  that  the  one  has  dow  power  to 
move  more  than  the  otlicr  ;  and  they  are  both  supported  by 
.    the  atmosphere. 

'  But  if  now  the  siphon  be  a  little  inclined  to  one  side,  m> 
that  the  orifice  of  one  end  be  lower  than  Uiat  of  the  other  ; 
or  if  the  legs  be  of  unequal  length,  which  is  the  tame  thing ; 
then  tbc  equilibrium  is  destroyed,  and  the  water  will  all  de- 
scend out  by  the  lower  end,  and  rite  op  in  the  higher. 
For,  the  air  pressing  equally,  but  the  two  ends  weighing 
unequally,  a  motioo  mast  commence  where  the  power  is 
greatest,  and  so  continne  till  all  the  water  has  ran  out  by  the 
lower  end.  And  if  the  shorter  teg  be  imraened  into  a  vessel 
of  water,  and  the  siphon  be  set  a  running  as  above,  it  will 
continue  to  ran  till  all  the  water  be  exhausted  out  of  the 
vessel,  or  at  leaat  as  low  as  (bat  end  of  the  siphon.  Or,  it 
may  be  set  a  running  without  filling  the  siphon  as  above,  by 
only  inverting  it,  with  its  shorter  leg  into  the  vessel  of  water  ; 
theo,  with  the  mouth  applied  to  the  lower  orifice  a,  rack 
the  air  oet ;  and  the  water  will  preeeutly  folknr,  being  forced 
up  in  the  si|AoD  by  the  pressure  of  the  air  on  the  water 
io  the  vessel. 

Of 
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OF  THE  PUMP. 

360.  Thbke  are  three  sorti 
of  pamps :  the  Siickiog,  the 
LiftiEig,  and  the  ForciDg  Pump. 
By  the  first,  water  can  be  raised 
oolj  to  about  34  feet,  viz.  by 
tbe  [iressure  of  the  atmosphere  ; 
butbvtbeothers,  to  any  height ; 
but  then  thej  require  more  ap- 
parstUH  and  power. 
.  The  annexed  figure  repreieDts 
a  cooitnoQ  suc^og  pump.  iB 
is  the  barrel  of  the  pump,  being 
a  hollow  cylinder,  made  of  me- 
tal, and  amooth  within,  or  of 
wood  for  very  common  pur- 
poaes.  CD  ia  the  handle,  more- 
able  about  the  pin  e,  by  movii^ 
the  end  c  up  and  down,  aw 
an  iron  rod  turning  about  a  pin 
D,  irhich  connects  it  to  the 
end  of  the  handle.  This  rod  ia  fised  to  tbe  piston,  bocket, 
or  sucker,  fg,  by  which  this  is  moved  up  and  down  within 
the  barrel,  which  it  must  fit  very  tight  and  close,  that  no  air 
or  water  may  pass  between  the  piston  and  the  aides  of  the 
barrel ;  and  for  (his  purpose  it  is  commpnly  armed  with  , 
leather.  The  piston  is  made  hdlow,  or  it  has  a  perforation 
through  it,  the  orifice  of  which  is  covered  by  a  valve  h 
opening  upwards,  i  ii  a  plug  firmly  Azed  id  the  lower  part 
of  the  barrel,  also  perforated,  and  covered  by  a  valve  k  open- 
ing upwards. 

381.  When  tbe  pump  is  first  to  be  worked,  and  tbe  water 
is  below  tbe  plug  t ;  raise  tbe  end  c  of  the  handle,  then  tbe 
piston  descending,  compresses  the  air  in  hi,  which  by  its 
spring  abuts  fast  the  valve  k,  and  pushes  up  the  Tslve  h, 
and  so  enters  into  tbe  barrel  above  the  piston.  Then  put- 
ting the  end  c  of  the  handle  down  again,  raises  tbe  piston 
or  sucker,  which  Ufts  op  with  it  the  column  of  air  above  it, 
the  external  atmosphere  by  its  pressure  keeping  tbe  valve  b 
■hut :  the  air  in  ihe  barrel  being  thus  exhausted,  or  rarefied, 
is  no  longer  a  counterpoise  to  that  which  presses  on  the  sur- 
face of  (be  water  in  tbe  well  ;  this  ia  forced  op  the  pipe,  and 
through  (be  valse  a,  into  the  barrel  of  the  pump.  Then 
poshing  the  piston  down  again  into  this  water,  now  in  the 
;  barrel. 
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barrel  its  weight  shuts  the  lower  ralve  k,  and  itto  resistance 
forces  up  the  valve  of  the  piston,  and  enters  the  upper  part 
.of  the  barrel,  above  the  piston.  Then,  the  bucket  being 
raised,  lifts  up  with  it  the  water  which  had  passed  above  its 
valve,  and  it  runs  out  by  the  cock  l  ;  and  taking  off  the 
weight  below  it,  the  pressure  of  the  external  atmosphere  on 
the  water  in  the  well  again  forces  it  up  through  the  pipe  and 
lower  valve  close  to  the  piston,  all  the  way  as  it  ascends,  thus 
keeping  the  barrel  always  full  of  water.  And  thus  by  re- 
peating the  strokes  of  the  piston,  a  continued  discharge  is 
made  at  the  cock  l. 


OF  THE  AIR-PUMP. 

382.  Nearly  on  the  same  principles  as  the  water  pump, 
is  the  invention  of  the  Air-pump,  by  which  the  air  is  drawn 
out  of  any  vessel,  like  as  water  is  drawn  out  by  the  former. 
A  brass  barrel  is  bored  and  polished  truly  cylindrical,  and  ex- 
actly fitted  with  a  turned  piston,  so  that  no  air  can  pass  by 
the  sides  of  it,  and  furnished  with  a  proper  valve  opening 
upward.  Then  by  lifting  up  the  piston,  the  air  in  the  close 
vessel  below  it  follows  the  piston,  and  fills  the  barrel  ;  and 
being  thus  diffused  through  a  larger  space  than  before,  when 
it  occupied  the  vessel  or  receiver  only,  but  not  the  barrel, 
it  is  made  rarer  than  it  was  before,  in  proportion  as  the  ca- 
pacity of  the  barrel  and  receiver  together  exceeds  the  re* 
ceiver  alone.  Another  stroke  of  the  piston  exhausts  another 
barrel  of  this  now  rarer  air,  which,  again  rarefies  it  in  the 
same  proportion  as  before.  And  so  on,  for  any  number  of 
strokes  of  the  piston,  still  exhausting  in  the  same  geometri- 
cal progression^  of  which  the  ratio  is  that  which  the  capacity 
of  the  receiver  and  barrel  together  exceeds  the  receiver,  till 
this  is  exhausted  to  any  proposed  degree,  or  as  far  as  the  na- 
ture of  the  machine  is  capable  of  performing;  which  happens 
when  the  elasticity  of  the  included  air  is  so  far.  diminished,  by 
rarefying,  that  it  is  too  feeble  to  push  up  the  valve  of  the  pis- 
ton and  escape. 

383.  From  the  nature  of  this  exhausting,  in  geometrical 
progression,  we  may  easily  find  how  much  the  air  in  the  re- 
ceiver is  rarefied  by  any  number  of  strokes  of  the  piston ;  or 
what  number  of  such  strokes  is  necessary,  to  exhaust  the  re- 
ceiver to  any  given  degree.  Thus,  if  the  capacity  of  the  re- 
ceiver and  barrel  together,  be  to  that  of  the  receiver  alone, 

as 
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as  c  to  r,  and  1  denote  the  natnnl  densitjof  the  air  at  fint : 
thea 

c  :  r  :  :  1  :  — ,  tlie  deoaity  after  one  stroke  of  the  piston, 

c  :  r  :  :  -  :  — =,  the  density  after  2 strokes, 
c        c 

^  •  ^  •  •  "i  •  73'  *^^  density  after  three  strokes, 

&c.  and  '  tne  density  after  n  strokes. 
So,  if  the  barrel  be  equal  to  }  of  the  receiFer  ;  then  c  z  r  :  : 

6:4;  and  --  =  0*8°  is  =  d  the  density  after  n  tarns.     And 

•J" 

if  n  be  SO,  then  O-S'*'  =  -0115  is  the  density  of  the  included 
air  after  20  strokes  of  the  piston  ;  which  being  the  86j\  part 
of  1,  or  the  first  density,  it  follows  that  the  air  is  86/^  times 
rarefied  by  the  20  strokes. 

384.    Or,  if  it  were  required  to  find  the  number  of  strokes 
necessary  to  rarefy  the  air  any  number  of  times ;  because 

—  is  =  the  proposed  density  d  ;  therefore,  taking  the  loga- 

rithms,  n  X  log.  —  =  log.  d,  and  n  =  J??".^—,  the  num- 
ber of  strokes  required.  So  if  r  be  |  of  c,  and  it  be  re- 
quired to  rarify  the  air  100  times  :  then  d  =  riir  or  0-1  ; 

and  hence  n  =  /^^.  =  20|  nearly.  So  that  in  20f 
strokes  the  air  will  be  rarefied  100  times. 
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ft 

386.  On  the  same  principles  too  depend  the  operations 
and  effect  of  the  Condensing  Engine,  by  which  air  may  be 
condensed  to  any  degree  instead  of  rarefied  as  in  the  air* 
pump.  And,  like  as  the  air-pump  rarefies  the  air,  by  ex- 
tracting always  one  barrel  of  air  after  another ;  so,  by  this 
other  machine,  the  air  is  condensed,  by  throwing  in  or  add- 
ing always  one  barrel  of  air  after  another ;  which  it  is 
evident  may  be  done  by  only  turning  the  Talves  of  the 
piston  and  barrel,  that  is,  maJsing  them  to  open  the  con- 
trary way,  and  working  the  piston  in  the  same  manner  ; 

so 
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fO  Otat,  as  they  both  opeo  apward  or  ontward  in  the  ai^pump 
or  rarefier,  thej  will  bolb  open  downward  or  inward  in  the 
condense  r. 


386.  And  on  the  same  principles,  oamely,  of  tbe  com- 
iressioD  aod  eluticitv  of  tbe  air,  depends  tbe  use  of  the  Div- 
ing Bell,  wbicb  ij  a  large  tcbscI,  in  wbicb  a  person  descends 


pression  and  ela»ticitv  of  tbe  air,  depends  tbe  use  of  the  Div- 
ing Bell,  wbicb  ij  a  large  vessel,  in  wbicb  a  person  descends 
to  the  bottom  of  the  sea,  tbe  open  end  of  tbe  vessel  being 


downward  ;  onlj  in  this  case  tbe  air  is  not  condeosed  by  forc- 
ii^  more  of  it  into  tbe  sama  space,  as  in  tbe  eondeofiag  en- 
gine ;  but  by  compressiDg  die  same  quantity  of  air  into  a  less 
space  in  the  bell,  by  increasing  always  dte  force  which  com- 
presses it 

387.  If  a  vessel  of  any  sort  be  inverted  into  water,  and 
pushed  or  let  down  to  any  depth  in  it ;  then  by  the  pressure 
of  the  water  some  of  it  will  ascend  into  the  vessel,  but  not  so 
high  as  tbe  water  without,  and  will  compress  the  air  into  less 
space,,  according  to  the  difference  between  the  heights  of  the 
internal  and  external  water  ;  and  the  density  and  elastic  force 
of  the  air  will  be  increased  in  the  same  proportion,  as  its  space 
in  Ibe  vessel  is  dinunished. 

So,  if  tbe  tabe  ck  be  inverted,  and  pushed  down  into 
water,  till  tbe  external  water  exceed  thp  internal,  by  tbe 
beigbt  AB,  and  the  air  of  tbe  tabe  be  reduced  to  the  space 
CD  ;  then  that  air  is  pressed  both  by  a  co- 
lumn of  water  of  the  height  ab,  and  by  the 
whole  atmosphere,  which  presses  on  the 
upper  svrftce  of  the  water  ;  conseqnenlly 
the  space  cd  is  to  Uie  whole  space  ce,  as 
tbe  weight  of  tbe  atmosphere,  is  to  the 
weights  both  of  the  atnospbere  and  tfaft 
column  of  water  *b.  So  that  if  as  be 
about  34  feet,  which  is  equal  to  the  farce 
of  the  atmosphere,  then  cd  will  be  equal 
to  |ct:  ;  bat  if  la  be  doable  of  that,  or  68 
feet,  then  cd  will  be  Jcb  ;  and  so  on.  And  hence,  by  know- 
ing the  depth  ir,  to  which  the  vessel  is  sunk,  it«  can  easily 
find  the  point  d,  to  wbicb  the  water  will  rise  within  it  at  any 
time.  For  let  tbe  weight  of  the  atmosphere  at  that  time  be 
equal  to  that  of  34  feet  of  water ;  also,  let  the  depth  af  be  SO 
feet,  and  the  length  of  the  tube  oe  4  feet :  then  putting  tbe 
height  of  the  iotemal  water  at  =  x, 

it  is      34  -t-  AB  :  34  : :  CE  :  en, 

that  is  34  +  AF— DE  :  34  :  :  CE  :cE— dk, 

or        64  —  a: :  34  : :  4  ;4  -*  ; 
hence,  multiplying  extremes  and  means,  SJ6— 58x+x'  = 
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ISC,  uid  the  root  ux  =  ^  i  very  nearly  =  1-4U  of  k  foot, 
or  n  inches  aeariy  ;  being  the  height  de  to  wliich  the  natvr 
will  riie  within  the  tube. 

388.  But  if  the  Teesel  be  not  eqaally 
wide   throughout,    but  of   aoy    other 
shape,  Bi  of  a  bell-bke  form,  aach  as 
is  used  in  diviog  ;  then  the  altitades 
will  Dot  obaerve  the  proportion  abore, 
but  the  spacM  or  bulks  only  will  re-  G 
apect  that  proportion,  namely,  34  -f*  gl 
«B    J   34    ;   :    capacity   ckl    :   capacity      I 
CHI,  if  it  be  common  or  fresh  water  ;   vm 
and  33  -f-  *B  :  33  :  :  capacity  ckl  :      " 
capacity  chi,  if  it  be  sea-water.     From 
which  proportion,  the  heijiht  de  may 
be  found,  when  the  nature  or  shape  of  the  veittl  or  bell  ckl 
ia  known. 
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389.  THE  Bjt&oMBTEK  is  an  instrument  for  measnring  the 
pretsare  of  the  atmosphere,  and  elastici^  of  the  air,  at  any 
time.  It  is  commonly  made  of  a  glass  tabe,  of  near  3  feet 
long,  close  at  one  end,  and  filled  with  mercnry.  When  the 
tnbe  is  full,  by  stopping  the  open  end  with  the  finger,  then 
inverting  the  tnbe.  and  immersing  that  end  with  the  finger  into 
a  bason  of  qaickiilver,  ou  removing  the  finger  from  the  ori- 
fice, the  fluid  in  the  tube  will  desceo^  into  the  bason,  till  what 
remains  in  the  lube  be  of  the  same  weight  with  a  column  of 
the  atmosphere,  which  is  commonly  between  88  and  31  inches 
of  quicksilver  ;  and  leaving  an  entire  vacuum  in  the  upper 
end  of  the  tnbe  above  the  mercury.  For,  as  the  npper  end 
of  the  tnbe  ia  quite  void  of  air,  there  is  no  pressure  down- 
wards but  from  the  column  of  quicksilver,  and  therefore  that 
will  be  an  exact  balance  to  the  counter  pressure  of  the  whole 
column  of  atmosphere,  acting  on  the  ori£ce  of  the  tube  by  the 
quicksilver  in  the  bason.  The  upper  3  inches  of  the  tube, 
namely,  from  28  to  31  inches,  have  a  scale  attached  to  them, 
divided  into  inches,  tenths,  aod  hundredths,  for  meaaurii^  the 
length  of  the  column  at  all  times,  by  observing  which  division 
of  the  scale  the  top  of  the  quicksilver  is  opposite  to  ;  as  it  as- 
cends and  descends  within  ^ese  limits  according  to  the  stale 
oftheatmosphere. 
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So  (hat  Uie  weight  of  die  quick- 
silver in  the  tube,  above  that  in 
the  basoD,  ia  at  all  times  equal  t<t 
th^  weight  or  pressar^'  of  the  co- 
lumn of  atmoapbere  aboVe  it,  and 
of  the  same  baie  with  the  tube  ; 
and  hence  the  weight  of  it  may 
at  all  timet  be  compoied ;  beinj^ 
nearly  at  the  rate  of  half  a  poand 
aroirdupoii  for  every  inch  of  quick- 
silver in  the  (abe,  on  every  square 
inch  of  base  ;  or  more  exactly  it 
ia  -Afi  of  a  ponod  on  the  square 
inch,  for  every  inch  in  the  altitude 
of  the  onicksilver  weighs  jaet  ^^Ib, 
or  nearly  \  a  pound,  in  the  mean 
temperature  of  Sb'  of  heat.  And 
consequently,  when  the  barometer 
stands  at  30  inches,  or2|  feet  high, 
which  is  nearly  th6  medium  ot 
staadard  height,  Uie  whole  pressure 
of  the  atmosphere  ia  equal  to  I4j 
pounds  on  every  sqnare  inclt  of  the  baft ;  and  H 
tton  Sat  other  hel^. 


«i 
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390.  TH£  TuEHKOKETEn  is  an  iastmment  for  measuring 
the  temperature  of  the  air,  aa  to  beat  and  cold. 

It  is  found  by  experience,  that  all  bodies  expand  by  heat, 
and  contract  by  cold  ;  and  hence  the  degree!  of  expansion 
become  the  misasore  of  the  degrees  of  beat  Fluids  are 
more  convenient  for  this  purpose  than  solids  ;  and  quick- 
silver is  now  most  commonly  ased  for  it.  A  very  fine  glass 
tube,  havii«  a  pretty  large  hollow  ball  at  the  bottom,  is 
iSBed  about  half  way  up  with  quicksilver  :  the  whole  being 
dwD  faeattd  very  hot  till  (he  qaickrilver  rise  quite  to 
the  top,  the  top  IS  then  hermetically  sealed,  so  as  perfectly 
to  exclude  all  communicatioa  with  the  outward  air  Then, 
in  cooling,  the  quickBitret  contracts,  and  consequently  its 
surface  descends  in  ttie  tube,  till  it  come  to  a  certain  point, 
correspondent  to  the  temperature  or  heat  of  the  air.  And 
when  the  weather  becomes  wanner,  the  quicksilver  expands. 

Vol.  II.  31  and 
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and  its  surface  rises  in  the  tube ;  and 
agaiii  contracts  and  descends  "when  the 
weather  becomes  cooler.  So  that,  by 
placing  a  scale  of  any  divisions  agaifist 
the  side  of  the  tube,  it  will  show  the 
degrees  of  hea^t  by  the  expansion  and 
contraction  of  the  quicksilver  in  the 
tube  ;  observing  at  what  division  of  the 
scale  the  top  of  the  quicksilver  stands. 
And  the  method  of  preparing  the  scale* 
as  used  in  England,  is  thus  : — Bring  the 
thermometer  into  the  temperature  of 
freezing,  by  immersing  the  ball  in  water 
just  freezing;  or  in  ice  just  thawing,  and 
mark  the  scale  where  the  mercury  then 
stands,  for  the  point  of  freezing.  Next, 
immerge  it  in  boiling  water  ;  and  the 
quicksilver  will  rise  to  a  certain  hei§bt 
in  the  tube  ;  which  mark  also  on  the 
scale  for  the  boiling  point,,  or  the  heat 
of  boiling  water.  Then  the  distance  be- 
tween these  two  points,  is  divided  into 
1 80  equal  division,  or  degrees  ;  and  the  _ 

like  equal  degrees  are  also  continued  to  any  extent  below  the 
freezing  point,  and  above  the  boiling  point.  The  divisions 
are  then  numbered  as  follows  ;  namely  at  the  freezing  point 
is  set  the  number  32,  and  consequently  S12  at  the  boiling 
point ;  and  all  the  other  numbers  in  their  order. 

This  division  ef  the  scale  is  commonly  called  Fahrenheit's. 
According  to  this  division,  55  is  at  the  mean  temperature  of 
the  air  in  this  country  ;  and  it  is  in  this  temperature,  and  in 
lin  atmosphere  which  sustains  a  column  of  30  inches  of 
quicksilver  in  the  barometer  that  all  measures  and  specific 
gravities  are  taken,  unless  when  otherwise  mentioned ;  and 
in  this  temperature  and  pressure  the  relative  weights,  or 
specific  gravities  of  air,  water,  and  quicksilver,  are  as    . 

1}  for  air,  C  and  these  also  are  the  weights  of  a  cu- 

1000  for  water,  7  bic  foot  of  each,  in  avoirdupois  ounces, 

13600  for  mercury  ;  (in    that    state   of  the   barometer  and 

thermometer.  For  other  states  of  the  thermometer,  each 
of  these  bodies  expands  or  contracts  according  to  the  foUow-* 
ing  rate,  with  each  degree  of  heat,  viz. 

Air  about    -     ^^j  part  of  its  bulk, 

Water  about    ^fVyP^**^  ®^  '^s  bulk. 

Mercury  about  ^^V^P^^^  o^  ^^  b^^l^. 

ON 
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•N  THE  MEASUREMENT   OF    ALTITUDES  BY  THE 
BAROMETER  AND  THERMOMETER. 

391.  FROM  the  principles  laid  down  in  the  scholiam  to- 
prop.  76,  concerning  the  measuring  of  altitudes  bj  the  baro- 
meter, and  the  foregoing  descriptions  of  the  baroofieter  and 
thermometer,  we  may  now  collect  together  the  precepts  for 
the  practice  of  such  measurements,  which  are  as  follow  : 

First.  Observe  the  "height  of  the  barometer  at  the  bottom 
of  any  height,  or  depth,  intended  to  be  measured  ;  with  the 
temperature  of  the  quicksilver,  by  means  of  a  thermometer 
attached  to  the  barometer,  and  also  the  temperature  of  the 
air  in  the  shade  by  a  detached  thermometer. 

Secondly,  Let  the  same  thing  be  done  also  at  the  top  of  the 
said  height  or  depth,  and  at  the  same  time,  or  as  near  the 
same  time  as  may  be.  And  let  those  altitudes  of  barometer 
be  reduced  to  the  same  temperature,  if  it  be  thought  neces- 
sary, by  correcting  either  the  one  or  the  other,  that  is,  aug- 
ment the  height  of  the  mercury  in  the  colder  temperature, 
or  diminish  that  in  the  warmer,  by  its  ^^^^  part  for  every  de- 
gree of  difference  of  the  two. 

Thirdly,  Take  the  difference  of  the  common  logarithms 
of  the  two  heights  of  the  barometer,  corrected  as  above  if 
necessary,  cutting  off  3  6gures  next  the  right  hand  for* 
decimals,  when  the  l^^tables  go  to  7  figures,  or  cut  off  only 
2  figures  when  the '  tables  go  to  6  places,  and  so  on  ;  or  in 
general  remove  the  decimal  point  4  places  more  towards  the 
right  hand,  those  on  the  leA  hand  being  fathoms  in  whole 
numbers. 

Fourthly,  Correct  the  number  last  found  for  the  difference 
of  temperature  of  the  air,  as  follows  ;  Take  half  the  sum  of 
the  two  temperatures,  for  the  mean  one  :  and  ior  every  de- 
gree which  this  differs  from  the  temperature  31^,  take  so 
many  times  the  ^|^  part  of  the  fathoms  above  found,  and 
add  them  if  the  mean  temperature  be  above  31^,  but  subtract 
them  if  the  mean  temperature  be  below  31^  ;  and  the  sum  or 
difference  will  be  the  true  altitude  in  fathoms  :  or,  being, 
multiplied  by  6,  it  will  be  the  altitude  in  feet. 

392.  Example    1.    ^Let  the  state  of  the  barometers  and 
thermometers  be  as  follows  ;  to  find  the  altitude,  viz. 
Barom.  Thermom. 

attach,     detach.         Ans.  the  alt.  is 
Lower29-68        67  67  7 J 9i  fathoms. 

Upper26-J?8        43  42 

393.  Exam, 
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393.  Exam.  2.    To  find  Che  altitude,  when  tbie  Btote  of  tb^ 
barometers  and  thermometers  is  as  follows,  yiz. 
Barom.      f      Thermom. 


I  attach. 
Lower2d-46  |      38 
Djpper26*8^  [     41 


detach. 
31 
35 


Ana.  th^  alt  is 
409^%  fathoms, 
or  1^458  feet. 


ON   THE  RESISTANCE   OF    FLUIDS,    WITH   THEIR 
FORCES  AND  ACTIONS  ON  BODIES. 

PROPOSITION  Lxxvn. 

394.  If  any  Body  Move  through  a  Fluid  at  Rest^  or  the  Fluid 
Move  against  the  Body  at  Rest  ;  tht  Force  or  Resistance  of 
the  Fluid  against  the  Body^  will  be  as  the  Square  of  the  Velo- 
city and  the  Density  of  the  Fluid,     Thai  u,  B  a  dv^. 

For,  the  force  or  resistance  is  as  the  qnantitj  of  matter 
or  particles  struck,  and  the  velocity  with  which  they  are 
Struck.  But  the  quantity  or  number  of  particle^  struck  in 
any  time,  are  as  the  velocity  and  the  density  of  the  fluid. 
Therefore  the  resistance,  or  force  of  the  fluid,  is  as  the  dep- 
flity  and  square  of  the  velocity, 

395.  Carol.  1.  The  resistance  to  any  plane,  is  also  more 
or  less,  as  the  plane  is  greater  or  less  ;  and  therefore  the 
tesistaiice  on  any  plane,  is  as  the  area  of  the  plane  a,  the 
density  of  the  medium,  and  the  square  of  the  velocity.  That 
is,  A  ec  adv^. 

396.  CoroL  2.  If  the  motion  be  not  perpendicular,  but 
oblique  to  the  plane,  or  to  the  face  of  the  body  ;  then  the 
Resistance,  in  the  direction  of  motion,  will  be  diminished  in 
the  triplicate  ratio  of  radius  to  the  sine  of  the  angle  of  in- 
clination of  the  plane  to  the  direction  of  the  motion,  or  as 
the  cube  pf  radius  to  the  cube  of  the  sine  of  that  angle.  So 
that  R  a  adv^s^,  putting  1  =  radius,  and  s  «=  sine  of  the 
angle  of  inclination  cab. 

For,  if  AB  be  the  plane,  ac  the 
direction  of  motion,  and  bg  perpen- 
dicular to  AC  ;  then  no  more  particles 
meet  the  plane  than  what  meet  the 
perpendicular  bc,  and  therefore  their 
number  is  diminished  as  ab  to  bc  or 
as  1  to  s.    But  the  force  of  each  par- 


ticle^ 
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tide,  rtrikiog  the  plane  obliqaelj  in  the  direction  ca»  is 
aJbo  diminiihed  as  ab  to  ec,  or  as  1  to  s  ;  therefore  the 
resistance,  which  is  perpenchciilar  to  the  face  of  the  plane 
by  art  52,  is  as  l^  to  s*.-  Bat  again,  this  resistance  in  the 
direction  perpendicular  to  the  face  of  the  plane,  is  to  that 
in  the  direction  ac,  by  art.  51.  as  ab  to  bc,  or  as  1  to  s. 
Consequently,  on  all  these  acconnts,  the  resistance  to  the 
plane  when  moving  perpendicular  to  its  face,  is  to  that 
when  mipving  obliquely,  as  1*  tot*,  or  1  to  t^.  That  is, 
the  resistance  in  the  direction  of  the  motion,  is  diminished 
as  1  to  <3,  or  iQ  the  triplicate  ratio  of  radios  to  the  sine  of 
inclination. 

PROPOSITION  UPCVm. 

397.  Tke  Real  Remtanee  to  a  Plane^  by  a  Fluid  acting  in  a 
Direction  perpendicular  to  its  Face,  is  equal  to  the  n eight 
of  a  Column  of  the  Fluids  iphote  Base  is  the  Plane,  and  Al- 
titude equal  to  that  which  is  due  to  the  Velocity  of  the  Mo- 
/ton,  or  through  which  a  Hecny  Body  must  fall  to  acquire 
thai  Velocity. 

The  resistance  to  the  plane  moving  through  a  fluid,  is 
the  same  as  the  force  of  the  fluid  in  motion  with  the  same 
velocity,  en  the  plane  at  rest.  But  the  force  of  the  fluid  in 
motion,  is  equal  to  the  weight  or  pressure  which  generates 
that  motion  ;  and  this  is  equal  to  the  weight  or  pressure  of  a 
column  of  the  fluid,  whose  base  is  the*  area  of  the  plane,  and 
its  altitude  that  which  is  due  to  the  velocity. 

398.  CoroL  1.  If  a  denote  the  area  of  die  plane,  v  the 
velocity,  n  the  density  or  specific  gravity  of  the  fluid,  and 
g  =   16tV  f^B^ty  or  193  inches.     Then  the  altitude  due  to 

the  velocity  v  being  — ,  therefore  <»  X  n  X  —  =— — will 

be  the  whole  resistance,  or  motive  force  r. 

399.  Goto/.  8.  If  the  direction  of  motion  be  not  perpen- 
dicular to  the  £u:e  of  the  plane,  but  oblique  to  it,  in  any 
angle,  whose  sine  is  s.     Then  the  resistance  to  the  plane  will 

be  -— ; — -. 

400.  Corel,  3.  Aho,  if  w  denote  the  weight  of  the  body, 
whose  plane  face  a  is  resisted  by  the  absolute  force  a  ;  then 

the  retarding  force/,  or  -  will  be  -t . 

401.  CoroL  4.    And  if  the  body  be  a  cylinder,  whose  face 

or 
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or  end  is  a,  and  rskdius  r,  moving  in  the  direction  of  its  axis  ; 
because  then  i  =  1,  and  a  =  pr«,  where  p  =  3-1416  ;  then 

^-- —  will  be  the  resisting  force  b,  and         ^  •    the   retarding 

force/ 

402  Corol.  5.  This  is  the  value  of  the  resistance  when 
Ihe  end  of  the  cylinder  is  a  plage  perpendicular  to  its  axis, 
or  to  the  4irection,  of  motion.  But  were  '\\s  fare  an  elliptic 
section,  or  a  conical  surface,  or  any  other  figure  every  where 
equally  inclined  to  the  axis,  or  direction  of  motion,  the  pine 
or  inclination  beiug  s :  then,  the  number  of  particles  of  tlie 
fluid  striking  the  face  being  still  the  same,  but  the  force  of 
each  opposed  to  the  direction  of  motion,  diminished  in  the 
duplicate  ratio  of  radius  to  the  sine  of  inclination,  the  resist- 
ing force  R  would  be  - — . 

PROPOSITION  LXXIX. 

403.  The  Resistance  to  a  Sphere  moving  through  a  Fluids  is 
but  Half  the  Resistance  to  its  Great  Circle^  or  to  the  End 
of  a  Cylinder  of  the  same  Diameter^  moving  mth  an  Equal 
Velocity. 

Let  afeb  be  half'the  sphere,  moving 
in  the  direction  ceg.  Describe  the  para- 
boloid AiEKB  on  the  same  base.  Let  any 
particle  of  the  medium  meet  the  semicir- 
cle in  F,  to  which  draw  the  tangent  fg, 
the  radius  fc,  and  the  ordinate  fih.  Then 
the  force  of  any  particle  on  the  surface  at 
F,  is  to  its  force  on  the  base  at  h,  as  the 
square  of  the  sine  of  the  angle  g,  or  its 
equal  the  angle  fch,  to^  the  square  of  radius,  that  is,  as 
HF^  to  cF*.  Therefore  the  force  of  all  the  pigrticles,  or  the 
whole  fluid,  on  the  whole  surface,  id  to  its,  force  on  the 
circle  of  the  base,  as  all  the  hf'  to  as  many  times  cf'. 
But  cr^  is  =  ca'  =  ac  .  cb,  and  hf^  =  ah  .  hb  by  the 
nature  of  the  circle  :  also,  ah  .  hb  :  ac  .  cb  :  :  hi  :  cb  by 
the  nature  of  the  parabola.:  consequently  the  force  on  the 
spherical  surface,  is  to  the  force  on  its  circular  base,  as 
all  the  Hi's  to  as  many  ce's,  that  is,  as  the  content  of  the 
paraboloid  to  the  content  of  its  circumscribed  cylinder,  namely, 
as  1  to  2. 

404.  Corol.    Hence,  the  resistance  to  the  sphere  is  r  = 

^^^^,  being  the  half  of  that  of  a  cylinder  of  the  same 

diameter* 
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diameter.  For  example,  a  91b  iron  ball,  whose  diameter  is 
4  inches,  when  moving  through  th«  air  with  a  velocity  of 
1600  feet  per  second,  would  meet  a  resistance  which  is  equal 
to  a  weight  of  132^1b,  over  and  above  the  pressure  of  the  at- 
mosphere, for  want  of  the  counterpoise  behind  the  wall. 


PRACTICAL  EXERCISES  CONCERNING  SPECIFIC 

GRAVITY. 

The  Specific  Gravities  of  Bodies  are  their  relative  weights 
contained  under  the  same  given  magnitude  ;  as  a  cubic  foot, 
or  a  cubic  inch,  &c. 

The  specific  gravities  of  several  sorts  of  matter,  are  ex- 
pressed by  the  numbers  annexed  to  their  names  in  the  Table 
of  Specific  Gravities,  at  page  211  ;  from  which  the  numbers 
are  to  be  taken,  when  wanted. 

^ote.  The  several  sorts  of  wood  are  supposed  to  be  dry. 
Also,  as  a  cubic  foot  of  water  weighs  just  1000  ounces  avoir- 
dupois, the  numbers  in  the  table  express,  not  only  the  specific 
gravities  of  |he  several  bodies,  but  also  the  weight  of  a  cubic 
foot  of  each  in  avoirdupois  ounces  ;  and  hence,  by  proportion, 
the  weight  qf  any  other  quantity,  or  the  quantity  of  any  other 
weight,  may  be  known,  as'in  the  following  problems. 

FROBIJSM  I. 
To  find  ihe  Magnitude  of  any  Body^from  itn  Weight, 

As  the  tabular  specific  gravity  of  the  body, 
Is  to  its  weight  in  avoirdupois  ounces, 
So  is  one  cubic  foot,  or  1728  cubic  inches. 
To  its  content  in  feet,  or  inches,  respectively. 

EXAMPLES. 

Exam.  1.  Required  the  content  of  an  irregular  block  of 
common  stone,  which  weights  >  cwt  or  1 1 21b. 

Ans.  1228|  cubic  inches. 

Exam.  2.  How  many  cubic  inches  of  gunpowder  are  there 

in  lib  weight  ?  Ans.  29|  cubic  inches  nearly. 

Exam.  3.  How  many  cubic  feet  are  there  in  a  ton  weight  of 

dry  oak  ?  Ans.  38}f|  cubic  f^et 

PROBLEM 
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PROBUM  IL 

Tojnd  the  Weight  of  «  Bodyfrtm  it$  Magniiuie. 

As  one  cobic  foot,  or  1728  cuUc  inches, 
Is  to  the  conteot  of  the  body,  i 

So  is  its  tabular  specific  grayitj. 
To  the  weight  of  the  body. 

fiXABfPUBS. 

ExjM.  1.  Required  the  wei^^t  6f  a  block  of  mt^rble,  whose 
length  is  63  feet,  and  breadth  and  thickness  eftch  12  feet ; 
being  the  dimensions  of  one  of  the  stones  in  the  walb  of  Bai* 
beck? 

Ans.  683-1^  ton,  which  is  nearly  eqnal  to  the  bni^den 

oif  an  East-India  ship. 

Exam.  2.  What  is  the  weight  of  1  pint,  al<  mcHMore,  of 

ganpowder  ?  Abb.  19  oz.  neariy. 

Exam.  3.  What  is  the  weight  of  a  block  of  dry  oak,  which 

measures  10  feet  in  length,  3  feet  broad,  tod  2^  feet  deep ; 

AeIs.  433&ff lb* 

FBOBLBM  m. 

To  find  the  Specific  Gravity  of  a  Body. 

Case  1.  When  the  body  is  heavier  than  water,  weigh  it 
both  in  water  and  out  of  water,  and  take  the  difference,  which 
will  be  the  weight  lost  in  watet.     Then  say. 

As  the  weight  lost  in  water, 

Is  to  the  whole  Weight,  ^ 

So  is  the  specific  gravity  of  water, 

To  the  specific  gravity  of  the  body. 

EXAMFLB. 

A  piece  of  stone  weighed  101b,  but  in  water  only  6^lb,  re* 
quired  its  speciBc  gravity  ?  Ans.  S609. 

Case  2.  When  the  body  is  lighter  than  water,  so  that  it  will 
not  qnite  sink,  afiiz  to  it  a  piece  of  another  body,  heavier  than 
water,  so  that  the  mass  compoanded  of  the  two  may  sink  to- 
gether. Weigh  the  denser  body  and  the  compound  mass  se- 
parately, both  in  water  and  out  of  it ;  then  find  how  much  each 
loses  in  water,  by  subtracting  its  weight  in  water  firom  itt 
weight  in  air ;  and  subtract  the  less  of  these  remaindew  from 
the  greater.    Then  say, 

As 
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As  the  last  remainder. 
Is  to  the  weight  of  the  light  body  in  air, 
So  is  the  specific  gravity  of  water. 
To  the  specific  gravity  of  the  body. 

EXAMPLE. 

Suppose  a  piece  of  elm  weighs  161b  in  air  ;  and  that  a  piece 
of  copper  which  weighs  181b  in  air,  and  ISlb  id  water,  is  affix- 
ed to  it,  and  that  the  compound  weighs  61b  in  water ;  rclquired 
the  specific  gravity  of  the  elm  ?  Ans.  600. 

PROBLEM  IV. 

Tojind  the  Quantities  of  TW  Ingredients^  in  a  Criven  Compound. 

Tase  the  three  differences  of  every  pair  of  the  three 
specific  gravities,  namely,  the  specific  gravities  of  the  com- 
pound and  each  ingredient  ;  and  multiply  the  difference  of 
every  two  specific  gravities  by  the  third.  Then  say,  as  the 
greatest  product,  i$  to  the  whole  weight  of  the  compound, 
so  is  each  of  the  other  products,  to  the  two  weights  of  the  in- 
gredients. 

EXAMPLE. 

A  composition  of  1121b  being  made  of  tin  and  copper, 
whose  specific  gravity  if  found  to  be  8784  ;  required  the 
quantity  of  each  ingredient,  the  specific  gravity  of  tin  being 
7320,  and  of  copper  9000  ? 

Ans.  there  is  lOOlb  of  copper  >   .    ..  ^  ... 

and  consequently  121b  of  tin  I  '"^  ^^  composition. 


OF  THE  WEIGHT  AND  DIMENSIONS  OF  BALLS  AND 

SHELLS. 

The  weight  and  dimensions  of  Balls  and  Shells  might  be 
found  from  the  problems  last  given,  concerning  specific  gra- 
vity. But  they  may  be  found  still  easier  by  means  of  the 
experimented  weight  of  a  ball  of  a  given  size,  from  the 
known  proportion  of  similar  figures^  namely,  as  the  cubes 
of  their  diameters. 

PROBLEM  L 

Tojind  the  Weight  of  an  Iron  Ball,  from  its  Diameter, 

An  iron  ball  of  4  inches  diameter  weighs   91b,   and   the 

weights  being  as  the  cubes  of  the  diameters,  it  will  be,  as  64 
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(which  is  the  cube  of  4)  is  to  9  its  weight,  so  is  the  cube  of 
the  diameter,  of  any  other  ball,  to  its  weight.  Or,  take  /^  of 
the  cube  of  the  diameler,  for  the  weight.  Or,  take  |  of  the 
cabe  of  the  diameter,  and  •{-  of  that  agaiii»  and  add  the  two 
together,  for  the  weight. 

EXAMPLES. 

Exam.  1.  The  diameter  of  an  iron  shot  being  6*7  inches, 
required  its  weight  ?  Ans.  42* 2941b. 

Exam.  2.  What  is  the  weight  of  an  iron  ball,  whose  dia- 
meter is  6*54  inches  ?  Ans.  24lb  nearly. 

PROBLEM  n. 

Tojind  the  Weight  of  a  Leaden  BaU. 

A  leaden  ball  of  one  ineh  diameter  weighs  y\,  of  a  lb ;  there- 
fore as  the  cube  of  1  is  to  j\  or  as  14  is  to  S,  so  is  the  cube 
of  the  diameter  of  a  leaden  ball,  to  its  wei^t.  Or,  take  ^  of 
the  cube  of  the  diameter,  for  the  weight,  nearly. 

EXAMPLES. 

EkAM.  1.  Required  the  weight  of  a  leaden  ball  of  6*6  inches 
diameter  ?  Ans.  61  -6061b. 

Exam.  2.  What  is  the  weight  of  a  leaden  ball  of  5-30  inches 
diameter  ?  Ans.  321b  nearly. 

PROBLEM  HL 
To  find  the  Diameter  of  an  Iron  BalL 

Multiply  the  weight  by  7|,  and  the  cube  root  of  the  pro* 
^uct  will  be  the  diameter. 

EXAMPLES. 

Exam.  1.  Required  ihe  diameter  of  a  421b  iron  ball  ? 

Ans.  6*685  inches. 
Exam.  2.  What  is  the  diameter  of  a  24lb  iron  ball  ? 

Ans.  5*54  inches. 

« 

PROBLEM  IV. 
Tojind  the  Diameter  of  a  Leaden  Ball, 

Multiply  the  weight  by  14,  and  divide  the  product  by 
3  ;  then  the  cube  root  of  the  quotient  will  be  the  diameter. 

EXAMPLES. 


/ 
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EXA2CPI£S. 

Exam.  1.    Required  the  diameter  of  a  641b  leaden  ball  ? 

Ads  6-684  inches. 
Exam.  2.    What  is  the  diameter  of  an  81b  leaden  ball  ? 

Ans.  3*343  inches. 

FROBLEM  V. 

To  find  the  Weight  of  an  Iron  Shell. 

Take  ^  of  the  difference  of  the  cubes  of  the  external  and 
ioter&al  diameter,  for  the  weight  of  the  shell. 

That  18,  from  the  cube  of  the  external  diameter,  take  Uie 
cube  of  the  internal  diameter,  multiply  the  remainder  by  9, 
and  divide  the  product  by  64. 

EXAMPtZS. 
Exam.  1.    The  outside  diameter  of  an  iron  shell  being  12*8, 
and  the  inside  diameter  9*1  inches  ; 'required  its  weight  ? 

Ans.  188  94Ub. 
Exam.  2.    What  is  the  weight  of  an  iron  shell,  whose  ex- 
ternal and  internal  diameters  are  9*8  and  7  inches  ? 

Ans.  84ilb. 

PROBLEM  VI. 

To  find  how  much  Powder  will  fill  a  Shell, 

Divide  the  cube  of  the  internal  diameter,  in  inches,  by 
l|7'3,  for  the  lbs  of  powder. 

EXAMPLESi. 

Exam.  1.  How  much  powder  will  fill  the  shell  whose  in- 
ternal diameter  is  9*1  inches  ?  Ans.  13j^lb  nearly. 

Exam.  2.  How  much  powder  will  fill  a  shell  whose  in- 
ternal diameter  is  7  inches  ?  Ans.  61b. 

PROBLEM  Vn. 

To  find  haw  m^ch  Powder  will  fill  a  Rectangular  Box, 

Find  the  content  of  the  box  in  inches,  by  multiplying  the' 
length,  breadth,  and  depth  all  together.  Then  divide  by  30 
for  the  pounds  of  powder. 

EXAMPLES. 
Exam.  1«     Required  the  quantity  of  powder  that  wiU  fill 
a  box,  the  length  being  15  inches,  the  breadth  12,  and  the 
depth  IQ  inches  ?  Ans.  60ib. 

EXAM.  2. 


•s 
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EzAM.  2.    How  mach  powder  will  fill  a  cubical  box  whose 
Aie  is  12  inches  ?  Ans.  67|lb. 

PBOBLEM  vm. 

Tojind  hom  tnueh  Powder  will  fill  a  Cylinder, 

'    Multiply  th^  square  of  the  diameter  by  the  length,  thei^ 
di?ide  by  38*2  for  the  pounds  of  powder. 

EXAMPLES. 

Exam.  |.  How  much  powder  will  the  cylinder  hold^,  whose 
diameter  is  10  inches,  and  length  20  inches  ?  Ans  52^1b  nearly. 

Exam.  2.  How  much  powder  can  be  contained  in  the 
cylinder  whose  diameter  is  4  inches,  and  length  12  inches  ? 

Ans.  5yf  ylb. 

PBOBLEM  UL 

Tofimd  the  Size  of  a  Shell  to  contain  a  Given  Weight  of  Powder. 

Multiply  the  pounds  of  powder  by  57*3,  and  the  cube 
root  of  the  product  will  be  the  diameter  in  inches.    > 

EXAMPLES. 

Exam.  1.  What  is  the  diameter  of  a  shell  that  will  hold 
13|  of  powder?  Ans.  9*1  inches. 

Exam.  2.  What  is  the  diameter  of  a  shell  to  contain  61b 
of  powder  ?  Ans.  7  inches . 

PBOBLEM  X 

To  find  the  Size  of  a  Cubical  ^Box  to  contain  a  given  Weight  of 

Powder. 

Multiply  the  weight  in  pounds  by  30,  and  the  cube  root 
of  the  product  will  l^  the  side  of  the  box  in  inches. 

EXABfPLES. 

Exam.  1.  Required  the  side  pf  a  cubical  box,  to  hold  601b 
of  jranpowder  ?  Ans.  1 1*44  inches. 

UAM.  2.  'Required  the  side  of  a  cubical  box,  to  hold 
4001b  of  gunpowder  ?  Ans.  22*89  inches. 

PROBLEM  XL 

To  find  what  Length  of  a  Cylinder  wiU  be  filled  by  a  given 

Weight  of  Gunpowder, 

Multiply  the  weight  in  pounds  by  38*2,  and  divide  the 
{ffoduct  by  the  square  of  the  diameter  in  inches,  for  the 
length.  EXAMPLES. 
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EXAMPLES. 

Exam.  1.    Wbat  length  of  a  36-poiiDder  gan,  of  6f  ioches 
diameter,  will  bs  filled  with  121b  of  gunpowder. 

Ans.  10*314  inches 

Exam.  2.    What  length  of  a  cylinder,  of  8  inches  diameter, 
may  be  filled  with  20lb  of  powder  ?  Ans.  1 1||  inches. 


OF  THE  PILING  OF  BALLS  AND  SHELLS. 

Iron  Balls  and  Shells  are  commonly  piled  by  horizontal 

courses,  either  in  a  pyramidical  or  in  a  wedge-like  form  ;  the 

base  being  either  an  equilateral  triangle,  or  a  square,  or  a 

rectangle.     In  the  triangle  and  square,  the  pile  finishes  in  a 

single  ball ;  but  in  the  rectangle  it,  finishes  in  a  single  row  of 

balls,  like  an  edge. 

In  triangular  and  square  piles,  the  number  of  horizontal 
rows,  or  courses,  is  always  equal  to  the  number  of  balls  in 
one  side  of  the  bottom  row.  And  in  rectangular  piles,  the 
number  of  rows  is  equal  to  the  number  of  balls  in  the  breadth 
of  the  bottom  row.  Also,  the  number  in  (he  top  row,  or  edge, 
if  one  more  than  the  difierence  between  the  length  and  breadth 
of  the  bottom  row. 

PROBLEM  I. 

To  find  the  numhtr  of  BaUs  in  a  Trica^ular  Pile. 

Multiply  continually  together  the  number  of  balls  in  one 
side  of  the  bottom  row,  and  &at  number  increased  by  1,  also  the 
same  number  increased  by  2  ;  then  |  of  the  last  product  will 
be  the  answer. 

That  is, "'"-*"        is  the  number  or  sum,  where  n  is 

o 

the  number  in  the  bottom  row. 

EXAMPLES. 

Exam.  1 .  Required  the  number  of  balls  in  a  triangular  pile, 
each  side  of  the  base  containing  30  balls  ?  Ans.  4960. 

Exam.  2.  How  many  balls  are  in  the  triangular  pile,  each 
fide  of  the  base  containing  20  ?  Ans.  1540. 

PROBLEM 
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PROBLEM  IL 

To  find  the  Kumber  of  BalU  in  a  Sqtutre  Pile, 

Multiply  continually  together  the  number  ip  ope  side 
of  the  bottom  course,  that  number  increased  %  1,  and  double 
the  same  number  increased  by  1  ;  then  |  of  the  last  product 
will  be  the  answer. 

That  is,  — ^ ~ is  the  number. 

EXAMPLES. 

ExAJf.  L  How  many  balls  are  in  a  square  pile  of  SO  rows  ? 

Ans.  9455. 
Exam.  2.  How  many  balls  are  in  a  square  pile  of  20  rows  ? 

Ads.  2870. 

PROBLEM  IIL 

To  find  the  Number  of  Balls  in  a  Rectangular  Pile. 

From  3  times  the  ni^mber  in  the  length  of  the  base  row 
subtract  one  less  thap  the  breadth  of  the  same,  multi^y  the 
remainder  by  the  same  breadth,  and  the  product  by  one  more 
than  the  same,  and  diyid.e  by  6  for  the  answer. 

That  is,  — ^ — i — :     ""  .  TL.  is   the   number ;   where  /  is 

the  length,  and  b  the  breadth  of  the  lowest  course. 

"JVb^e.  In  all  the  piles  the  breadth  of  the  bottom  is  equal  to 
the  number  of  courses.  And  in  the  oblong  or  rectangular 
pile,  the  top  row  is  one  more  than  the  difference  between  the 
length  and  breadth  of  the  bottom. 

BXAMPLES. 

Exam.  1.  Required  the  nuniber  of  balls  io  ^  rectangular 
pile,  the  length  and  breadth  of  the  base  row  being  46  and  15  ? 

Ans.  4960. 

Exam.  2.  How  many  shot  are  in  a  rectangular  complete 
pile,  the  length  of  the  bottom  course  being  59,  ai^d  its  breadth 
20  ?  Ans.  1 1060. 

PROBLEM  IV.  * 

To  find  the  Number  of  Balls  in  an  Incomplete  Pile. 

From  the  number  in  the  whole  pile,  considered  as  com- 
plete, subtract  the  number  in  the  upper  pile  which  is  want- 
ing 
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ing  at  the  top,  both  compated  by  the  rule  for  their  proper  form ; 
and  the  remainder  will  be  the  number  in  the  frustum,  or  in- 
toiiiplete  pile. 

EXAMPLES. 

Exam.  1.  To  find  the  number  of  shot  in  the  incomplete 
triangular  pile,  one  side  of  the  bottom  course  l>eing  40,  and 
the  top  coufse  20  ?  Ans.  10160. 

Exam.  2.  How  many  shot  are  in  the  incomplete  triangular 
pile,  the  side  of  the  base  being  24,  and  of  the  top  8  ? 

Ans.  2516. 

Exam.  3.  How  many  balls  are  in  the  incoioplete  -square 
pile,  the  side  of  the  base  being  24,  and  of  the  top  8  ? 

Ans.  4760. 

Exam.  4.  How  many  shot  are  in  the  incomplete  rectangular 
pile,  of  12  courses,  the  length  and  breadth  of  the  base  being 
40  and  20?  Ans.  614G. 


OF  DISTANCES  BY  THE  VELOCITY  OF  SOUND. 

By  various  experiments  it  lias  been  found,  that  sound  flies  : 
through  the  air,  uniformly  at  the  rate  of  about  1142  feet  in' 
1  second  of-  time,  or  a  mile  in  4|  or  y  seconds.  And  there- 
fore, by  proportion,  any  distance  may  be  found  corresponding 
to  any  given  time }  namely,  multiplying  the  given  time,  in 
seconds,  by  1142,  for  the  corresponding  distance  in  feet ; 
or  taking  ^  of  the  given  time  for  the  distance  in  miles.  Or 
dividing  any  given  dutance  by  these  numbers,  to  find  the  cor- 
responding time. 

ffote.  The  time  for  the  passage  of  sound  in  the  interval  be- 
tween seeing  the  flash  of  a  gun,  or  lightning,  and  hearing 
the  report,  may  be  observed  by  a  watch,  or  a  small  pendulum. 
Or,  it  may  be  observed  by  the  beats  of  the  pube  in  the  wrist, 
counting,  on  an  average,  about  7.0  to  a  minute  for  persons  in 
moderate  health,  or  5^  pulsations  to  a  mile  ;  and  more  or  less 
according  to  circumstanceSi^ 

UAMPLBS. 

Exam.  1.  After  observing  a  flash  of  lightning,  it  was  12 
seconds  before  the  thunder  was  heard  ;•  required  the  distance 
of  the  cloud  from  whence  it  came  ?  Ans.  2^  miles. 

Exam.  2.  How   long,  ■  after  firing  the  Tower  guns,  m&y 

the 
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the  report  be  heard  at  Shooter's-HiU,  supposing  the  distance 
to  be  8  miles  in  a  straight  line  ?        ,  Ans.  37|  seconds. 

Exam.  3.  AAer  observing  the  firing  of  a  large  cannon  at  a 
distance,  it  «ras  7  seconds  before  the  report  was  heard  ;  what 
was  its  distance  ?  Ans-  1^  nule. 

Exam.  4.  Perceiving  a  man  at  a  distance  hewing  down  a 
tree  with  an  axe,  I  remarked  that  6  of  my  pulsations  passed 
between  seeing  him  strike  and  hearing  the  report  of  the  blow  i; 
what  was  the  distance  between  us,  allowing  70  pulses  to  a 
minute  ?  .  Ans.  1  mile  and  ]  98  yards. 

Exam.  5.  How  far  off  was  the  cloud  from  which  thunder 
issued,  whose  report  was  5  pulsations  after  the  flash  of  light- 
ning ;  countinff  75  to  a  minute  ?  Ans.  1523  yards* 

Exam.  6.  It  I  see  the  flash  of  a  cannon,  fired  by  a  ship  in 
distress  at  sea,  and  hear  the  report  33  seconds  after,  how  far 
is  she  off?  Ans.  7^  miles. 


PRACTICAL  EXERCISES  IN  MECHANICS,  STATICS, 
HYDROSTATICS,  SOUND,  MOTION,  GRAVITY,  PRO- 
JECTILES,  AND  OTHER  BRANCHES  OF  NATURAL 
PHILOSOPHY. 

Question  1.  Required,  the  weight  of  a  cast  iron  ball  of 
3  inches  diameter,  supposing  the  weight  of  a  cubic  inch  of  the 
metal  to  be  0*i581b  avoirdupois  ?  Ans.  3'647391b. 

QaEST.  2.  To  determine  the  weight  of  a  hollow  spherical 
iron  shell,  5  inches  in  diameter,  the  thickness  of  the  metal  be- 
ing one  inch  ?  Ans.  13*23871b. 

Quest.  3.  Being  one  day  ordered  to  observe  hpw  far  a  bat- 
tery of  cannon  was  from  me,  I  counted,  by  my  watch,  17  sec- 
onds between  the  time  of  seeing  the  flash  and  hearing  the  re- 
port ;  what  then  was  the  distance  ?  Ans  3f  miles. 

QjffEST.  4.  It  is  proposed  to  determine  the  proportional 
quantities  of  matter  in  the  earth  and  moon  ;  the  density  of  the 
former  being  to  that  of  the  latter,  as  10  to  7,  and  their  diame- 
ters as  7930  to  2160.  Ans.  as  71  to  i  nearly. 

Quest.  5.  What  difference  is  there,  in  point  o£  weight, 
between  a  block  of  marble,  containing  1  cubic  foot  and  a  half, 
and  another  of  brass  of  the  same  dimensions  ? 

Ans.  4961b  14oz. 
^  Quest.  6.  In  the  walls  of  Balbeck  in  Turkey,  the  ancient 
Heliopolis,  there  are  three  stones  Jaid  end  to  end,  now  in  sight, 

that 
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that  measare  in  length  61  yards  ;  one  of  which  in  particular 
is  21  yards  or  63  feet  lonff»  12  feet  thick,  and  12  feet  broad  : 
BOW  if  this  block  be  marble,  what  power  would  balance  it,  so 
as  to  prepare  it  for  moring  ? 

Ans.  683^  tons,  the  burden  of  an  East-India  ship. 

Q^BST.  7.  The  battering-ram  of  Vespasian  weighed,  sup- 
pose 10,000  pounds ;  and  was  moved,  let  os  admit,  with 
such  a  Telocity,  by  strength  of  hand,  as  to  pass  through 
20  ket  in  one  second  of  time  ;  and  this  was  found  sufficient 
to  demolish  the  walls  of  Jerusalem.  The  question  is,  with 
what  velocity  a  3!^(b  ball  must  move,  to  do  the  same  execu- 
tion ?  Ans.  61260  feet 

QjOEST.  8.  There  are  tviro  bodies,  of  which  the  one  con- 
tains 26  times  the  matter  of  the  other,  or  is  26  times  heavier  ; 
hut  the  less  moves  with  1000  times  the  velocity  of  the  great- 
er ;  in  what  proportion  then  are  the  momenta,  or  forces,  with 
which  they  moved  ? 

Ans.  the  less  moves  with  a  force  40  times  greater. 

Quest.  9.  A  body,  weighing  201b,  is  impelled  by  such  a 
force,  as  to  sei^d  it  uirough  a  100  feet  in  a  second ;  with  what 
velocity  then  would  a  bodv  of  81b  weight  move,  if  it  were 
impelled  by  the  same  force  f     ,       Ans.  260  feet  per  second* 

Qdcst.  10.  There  are  two  bodies,  the  one  of  which  weighs 
1001b,  the  other  60  ;  but  the  less  body  is  impelled  by  a  force 
8  times  greater  than  the  other  ;  the  proportion  of  the  veloci- 
ties, with  which  these  bodies  move,  is  required  ? 

Ans.  the  velocity  of  the  greater  to  that  of  the  less,  as  3  to  40. 

QjvEST.  11.  There  are  two  bodies,  the  greater  contains  8 
times  the  quantity  of  matter  in  the  less,  and  is  moved  with 
a  force  48  times  greater  ;  the  ratio  of  the  velocities  of  these 
two  bodies  is  require  f 

Ans.  the  greater  is  to  the  less,  as  6  to  I. 

QincsT.  12.  There  are  two  bodies,  one  of  which  moves 
40  times  swifter  than  the  other ;  but  the  swifter  body  has 
moved  only  one  minute,  whereas  the  other  has  been  in  mo- 
tion 2  hours  :  the  ratio  of  the  spaces  described  by  these  two 
bodies  is  required  ? 

Ans  the  swifter  is  to  the  slower,  as  1  to  3. 

QaasT.  13.  Supposing  one  body  to  move  30  times  swifter 
than  another,  as  also  the  swifter  to  move  12  minutes,  the 
other  only  1  :  what  difference  will  there  be  between  the 
spaces  described  by  them,  supposing  the'  last  has  pnoved  6 
feet?  Ans.  1796  feet. 

QnssT.  14.    There  are  two  bodies,  the  one  of  which  has 

passed  over  60  miles,  the  other  only  6 ;  and  the  first  had 

Vol.  II.  33  "  moved 
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mored  with  6  times  the  celerity  of  the  second  ;  #hat  is  the 
ratio  of  the  times  they  hare  heen  iD.descfibinj;  those  spaces  ? 

Ans.  as  2  to  I. 

Quest.  15.  If  a  leTer»  40  effectiye  inches  long,  will,  by 
a  certain  power  thrown  successively  on  it,  in  13  hoars* 
raise  a  weight  104  feet ;  in  what  time  will  two  other  levers, 
each  18  eff^tive  ioch^  long,  raise  an  equal  weight  73  feet  ? 

Ans.  10  hours  8^  minytes. 

QpasT.  16.  What  weight  will  a  man  be  aUe  to  raise,  who 
presses  with  the  force  of  a  hundred  and  a  half,  on  the  end  of 
an  equipoised  handspike,  100  inches  long,  meeting  with  a 
Convenient  prop  exactly  7^  inches  from  the  lower  end  of  the 
machine  ?  Ans.  20721b. 

QjDEST.  n.  A  weight  of  1^  lb,  laid  6n  the  shoulder  of  a 
man,  is  no  greater  burden  to  him  than  its  absolute  weight, 
or  24  ounces  :  what  difference  will  he  feel  between  the  said 
weight  applied  near  his  elbow,  at  12  inches  from  the  shoij^ 
der,  and  in  the  palm  of  his  hand,  28  inches  from  the  same  ; 
and  how  much  more  must  his  muscles  then  draw  to  support 
it  at  right  angles,  that  is,  having  his  arm  stretched  right  out  ? 

Ans.  24lb  avoirdupois. 

QjjEST.  18.  What  weight  hung  on  at  70  inches  from  the 
centre  of  motion  of  a  steel-yard  will  balance  a  small  gun  of 
d|  cwt,  freely  suspended  at  2  inches  distance  from  the  said 
centre  on  the  contrary  side  ?  Ans.  30}lb. 

QjncsT.  19.  ft  is  proposed  to  divide  the  beam  of  a  steel- 
yard, or  to  find  the  points  of  division  where  the  weights  of 
1,  2,  3,  4,  &c  lb,  on  the  one  side,  will  just  balance  a  constant 
weight  of  95lb  at  the  distance  of  2  inches  pn  the  other  side 
of  &e  fulcrum  ;  the  weight  of  the  beam  being  lOlb,  and  its 
whole  length  32  inches  ? 

Ans.  30,  16,  10,  7|,  6,  5,  4^,  3J,  3^,  3,  2t^,  2i,&€. 

Quest.  20.  '  Two  men  carrying  a  burden  of  200ib  weight 
between  them,  hung  on  a  pole,  the  ends  of  which  rest  on  their 
shoulders  ;  how  much  of  this  load  is  borne  by  each  man,  the 
weight  hanging  6  inches  from  the  middle,  and  the  whole 
length  of  the  pole  being  4  feet  ?  Ans.  1251b  and  761b. 

Quest.  21.  If,  in  a  pair  of  scales,  a  body  weigh  90l\>  in 
one  scale,  and  only  401b  in  the  other  ;  required  its  true 
weighty  and  the  proportion  of  the  lengths  of  the  two  arms  of 
the  balance  beam,  on  each  side  of  the  point  of  suspension  ? 

Ads.  the  weight  60lb,  and  the  proportion  3  to  2. 

Quest.  22.  To  find  the  weight  of  a  beam  of  timber,  or 
other  body,  bj^  means  of  man^s  own  weight,  or  any  other 
weight.  For  instance,  a  piece  ot  tapering  timber,  24  feet 
long,  being  l^iid  over  a  prop,  or  tiie  edge  of  another  beam, 
is  found  to  balance  itself  when  the  prop  is  13  feet  from  die 

less 
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less  end  ;  bat  remoTing  the  prop  a  foot  Dfsarer  to  the  said 
end,  it  takes  a  man's  weight  of  SlOlb,  standing  on  the  less 
ead»  to  hold  it  in  equilibrium.  Required  the  weight  of  the 
tree  ?  Ans.  25201b. 

Q]msT.  23.  If  AB  be  a  cane  or  walking-stick,  40  inches 
long,  suspended  by  a  string  sd  fastened  to  the  middle. point 
D  :.  now  a  body  being  hung  on  at  u,  6  inches  distance  from 
By  is  balanced  by  a  weight  of  21b,  hung  on  at  the  larger  end 
A  ;  but  removing  the  body  to  r,  one  inch  nearer  to  d,  the 
21b  weight  on  the  other  side  is  moved  to  e»  within  8  inches 
of  D,  before  the  cane  will  rest  in  equilibriof;  Required  the 
weight  of  the  body  ?  Ans.  241b. 

QJDBST.  24.  If  AB»  BG  be  two  inclined  planes,  of  the 
lengths  of  90  and  40  inches,  and  moveable  about  the  joint 
at  B  :  what  will  be  the  ratio  of  two  weights  p,  ^,  in  equi- 
librio  on  the  planes,  in  idl  positions  of  them  :  and  what  will 
be  the  altitude  bd  of  this  angle  b  above  the  horizontal  plant 
AC,  when  this  is  50  inches  long  ? 

Ans.  BD  =  24  ;  and  p  to  ^  as  ab  to  bc,  or  as  3  to  4. 

QjirssT.  26.  A  lever,  of  6  feet  long,  is  fired  at  right  angles 
in  a  screw,  whose  threads  are  one  inch  asunder,  so  that  the 
lever  turns  just  once  round  in  raising  or  depressing  the  screir 
one  injph.  If  then  this  lever  be  urged  by  a  weight  or  force 
of  dOlby  with  what  force  will  the  screw  press  ? 

Ans.  22619^1b. 

QjiTEST.  26.  If  a  man  can  draw  a  weight  of  1501b.  up  the 
side  of  a  perpendicular  waH,  of  20  feet  high  ;  what  weight 
will  he  be  able  to  raise  along  a  smooth  plank  of  30  feet  long« 
laid  aslope  from  the  top  of  Uie  wall  ?  Ans.  2251b. 

QjffEST.  27.  If  a  Ibrce  of  1501b  be  applied  on  the  head  of 
a  rectangular  wedge,  its  thickness  being  2  inches,  and  the 
length  of  its  side  12  inches  ;  what  weight  will  it  raise  or  ba- 
lance perpendicular  to  its  side  ?  Ans.  9001b. 

QVKBT*  88.  If  a  round  pillar  of  30  feet  diameter  be  raised 
on  a  plane^  inclined  to  the  horizon  in  an  angle  of  769,  or  the 
shaft  inchnifig  15  degrees  out  of  the  perpendicular  :  what 
length  will  it  t>ear  before  it  overset  ? 

Ans.  30  {2+y/B)  or  1 1 1  -96 1 5  feet. 

Q57fiST.  29.     If  the  greatest  angle  at  which  a  bank  of  na- 
tural earth  will  stand  be  45^  ;  it  is  proposed  to  determine  what 
thickness  an  upright  wall  of  stone  must  be  made  throughouK^ 
just  to  support  a  bank  of  12  feet  high  ;  the  specific  gravity  of . 
the  stone  being  to  that  of  earth,  as  5  to  4. 

Ans.  V  v^  it  or ,4-29325  feet. 

QytST.  30.     i£  the  stone  wall  be  made  like  a  wedge,  or 

having  its  upright  section  a  triangle,  tapering  to  a  point  at 

top, 
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top,  but  its  side  neit  the  bank  of  earth 'perpendicular  to  the 
horizon  ;  what  is  its  thickness  at  the  bottom,  so  as^  sup- 
port the  same  bank  ?  Ans.  12y^^  or  6-36656  feet. 

QjVEST.  31.  Bat  if  the  earth  jnll  only  stand  at  an  angle  of 
30  degrees  to  the  horizontal  line  ;  it  is  required  to  deternune 
the  thickness  of  wall  in  both  the  preceding  cases  ? 

Ans.  the  breadth  of  the  rectangle   12^^,  or  5*36656^ 
but  the  base  of  the  triangular  bank  12^i^»  or  6*53667. 

Q|7£8T.  32.  To  find  the  thickness  of  an  upright  rectan* 
gular  wall,  necessary  to  support  a  body  of  water  ;  the  water 
being  10  feet  deep,  and  the  wall  12  feet-  high  ;  also  the  spe* 
cific  gravity  of  the  wall  to  that  of  the  water  as  1 1  to  7. 

Ans.  4-204374  feet 

Quest.  33.  To  determine  the  thickness  of  the  wall  at  the 
bottom,  when  the  section  of  it  U.  triangalar,  and  the  altitudes 
as  before.  Ans.  6*1492866  feet 

Q,UKST.  34.  Supposing  the  distance  of  the  earth  from  the 
sun  to  he  96  miUions  of  miles  ;  T  would  know  at  what  distance 
from  him  another  body  must  be  placed,  so  as  to  receive  light 
and  heat  quadruple  to  that  of  the  earth  ? 

Ans.  at  half  the  distance,  or  47|  milliona. 
•  .  *« 

Quest.  35.  If  the  mean  distance  of  the  sun  from  us  be 
106  of  his  diameters  ;  br.w  much  hotter -is  it  at  the  surface 
of  the  sun,  than  under  our  equator  ? 

Ans.  11236  times  hotter 

Q]trEST.  36.  The  distance  between  the  earth  and  the  sun 
being  accounted  95  millions  of  miles,  and  between  Jupiter  and 
the  suii  495  millions  ;  the  degree  of  light  and  heat  received 
by  Jupiter,  compared  with  that  of  the  earth,  is  required  ? 

Ans.  ^WriOT  nearly  ^  of  the  earth's  light  and  beau 

Q]C7EST.  37.  A  certain  body  on  the  surface  of  the  earth 
weighs  a  ewt.  or  1 121b  ;  the  question  is  whither  this  body 
must  be  carried,  that  it  may  weigh  only  lOlb  ? 

Ans.  either  at  3*3466  semi-diameters,  or  ^  of  a  semi- 

•   diameter,  from  the  centre. 

QjUEST.  38.  If  a  body  weigh  I  pound,  or  16  ounces,  on  the 
itirhce  of  the  earth  ;  what  will  its  weight  be  at  50  miles 
above  it,  taldng  the  earth's  diameter  at  7930  miles  ? 

Ans.  15oz.  9f  dr.  nearly. 

Quest.  39.  fWhereabouts,  in  the  line  between  the  earth 
and  moon,  is  their  common  centre  of  gravity  ;  supposing  the 
earth's  diameter  to  be  7930  miles,  and  the  moon's  2160 ;  also 

i.....  the 
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the  densitj  of  the  former  to  that  of  the  latter,  as  99  to  68,  or 
as  10  to  7  nearlj,  and  their  mean  distance  30  of  the  earth's 
diameters  ? 
Aos.  at  ^jf  parts  of  a  diameter  from  the  earth's  centre, 

or  A^  parts  of  a  diameter,  or  648  miles  below  the 

surface. 

QjUEST*  40.  Whereabouts,  between  the  earth  and  moon, 
are  their  attractions  equal  to  each  other  ?  Or  where  must 
another  body  be  placed,  so  as  to  remain  suspended  in  eqoi- 
librio,  not  being  more  attracted  to  the  one  than  to  the  other  or 
baring  no  tendency  to  fall  either  way  ?  their  dimensions  being 
as  in  the  last  question. 

Ans.  From  the  earth's  centre  26-^^  i  of  the  earth's 
From  the  moon's  centre  3^  \     diameters. 

Q][TK8T.  41.  Suppose  a  stone  dropt  into  an  abyss,  should  be 
stopped  at  the  end  of  the  1 1th  second  after  its  delivery  ;  what 
space  would  it  have  gone  through  ?  Ans.  1946y\|  feet. 

Qjl^ST.  42.  What  is  the  difference  between  the  depths, of 
two  wells,  into  each  of  which  should  a  stone  be  dropped  at 
the  same  instant,  the  one  will  strike  the  bottom  at  6  seconds 
the  other  at  10  ?  Ans.  1029|feet. 

'     QjvEST.  43.  If  a  stone  be  19^  seconds  in  descending  from 
the  top  of  a  precipice  to  the  bottom,  what  is  its  height .? 

Ans.  61  ]&|^  feet. 

QjVEST.  44.  In  what  time  will  a  musket  ball,  dropped  from 
the  top  of  Salisbury  steeple,  said  to  be  400  feet  high,  reach 
the  bottom  ?  Ans.  6  seconds  nearly. 

» 

Qj[7BST.  45.  If  a  heavy  body  be  observed  to  fall  through 
100  feet  in  the  last  second  of  time,  from  what  height  did  it  fall, 
and  how  long  was  it  in  motion  ? 

Ans.  time  3||i  sec.  and  height  209  ^f{|  feet. 

Quest.  46.  A  stone  being  let  fall  into  a  well,  it  was  observ- 
ed that,  after  being  dropped,  it  was  10  seconds  before  the 
sound  of  the  fall  at  the  bottom  reached  the  ear*  What  is  the 
depth  of  the  well  ?  Ans.  1270  feet  nearly. 

QvcsT.  47.  It  is  proposed  to  determine  the  length  of  a 

pendulum    vibrating  seconds,   in    the    latitude  of   London, 

where  a  heavy  body  falls  through  16^  feet  in  the  first  second 

of  time  ?  Ans.  39*11  inches. 

By  experiment  this  length  is  found  to  be  39^  inches. 

'     "  Quest.  48. 
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Quest.  48.  What  is  the  lenglb  of  a  pendulnin  vibratiog  ia 
2  seconds  :  also  in  half  a  secoDd*  and  in  a  quarter  second  ? 

Ads.  the  2  second  pendulum  156^ 
the  ^  second  pendalum     9|f ' 
the  I  second  pendulum     2^1^  inches. 

Quest.  49.  What  difference  will  there  be  in  the  number  of 
vibrations,  made  by  a  pendulum  of  6  inches  long,  and  another 
of  12  inches  long,  in  an  hour's  time  ?  Ans.  £692^. 

Q^EST.  60.  Obsenred  that  while  a  stone  was  descending, 
to  measure  the  depth  of  a  well,  a  string  and  plummet,  that 
from  the  point  of  suspension,  or  the  place  where  it  was  held, 
to  the  centre  of  oscillation,  measured  just  18  inches,  had  made 
8  vibrations,  when  the  sound  from  the  bottom  returned^  What 
was  the  depth  of  the  well  ?  Ans.  412-61  feet. 

Quest.  51.  If  a  hall  vibrate  in  the  arch  of  a  circle,  10  de- 
grees on  each  side  of  the  perpendicular  ;  or  a  ball  roll  down 
the  lowest  1 0  degrees  of  the  arch  ;  required  the  velocity  at 
the  lowest  point  ?  the  radius  of  the  circle,  or  length  of  the 
pendulum,  being  20  feet.  Ans  4  4213  feet  per  second. 

Quest.  62.  If  a  ball  descend  down  a  smooth  inclined 
plane,  whose  length  is  100  feet,  and  altitude  10  feet ;  how 
long  will  it  be  in  descending,  and  what  will  be  the  last  ve- 
locity ? 

Ans.  the  veloc.  26*364  feet  per  sec.  and  time  7*8862  sec. 

Quest.  63.  If  a  cannon  ba)l,  of  lib  weight,  be  fired  against 
a  pendulous  block  of  wood,  and  striking  the  centre  of  oscilla- 
tion, cause  it  to  vibrate  an  arc  whose  chord  is  30  inches  ;  the 
radius  of  that  arc,  or  distance  from  the  avis  to  the  lowest  point 
of  the  pendulum  being  118  inches,  and  the  pendulum  vibrating 
in  small  arcs  40  oscillations  per  minute.  Required  the  velo- 
city of  the  ball,  and  the  velocity  of  the  centre  of  oscillation 
of  the  penddlum,  at  the  lowest  point  of  the  arc  ;  the  whole 
weight  of  the  pendulum  being  6001b  ? 

Ans.  veloc.  ball  1956*6064  feet  per  sec. 
and  veloc.  cent,  oscil.  3*9064  feet  per  sec. 

Quest.  64.  How  deep  will  a  cube  of  oak  sink  ia  common 
water ;  each  side  of  the  cube  being  1  foot  ? 

Ans.  11^  inches. 

« 

Quest.  66.  How  deep  will  a  globe  of  oak  sink  in  water  ; 
the  diameter  being  1  foot  ?  Ans.  9 '9867  inches. 

Quest. 
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Quest.  16.  If  a  cube  of  wood,  floating  in  common  water, 
lia?e  three  inches  of  it  dry  above  the  water,  and  4^1^  inches 
dry  when  in  sea  water ;  it  is  proposed  to  determine  the 
magnitnde  of  the  cube,  and  what  sort  of  wood  it  is  made  of  ?  * 

Ana.  the  wood  is  oak,  and  each  side  40  inches. 

QcTBST  67.  An  irregular  piece  of  lead  ore  weighs,  in  air 
If  ounces,  but  in  water  only  7  ;  and  another  fragment 
weighs  in  air  14^  ounces,  but  in  water  only  d  ;  required  their 
comparative  densities,  or  specific  gravities  ? 

Ans.  as  145  to  132. 

QjVRST.  58.  An  irregular  fragment  of  glass,  in  the  scale, 
weighs  171  grains,  and  another  of  magnet  102  grains;  but 
in  water  the  first  fetches  up  no  more  than  120  grains,  and 
the  other  79  :  what  then  will  their  specific  gravities  turn  out 
to  be  ?  *Ao8.  glass  to  magnet  as  3993  to  6202 

or  nearly  as  10  to  13. 

QirEST.  69.  Hieroy  kiqg  of  Sicily,  ovdered  his  jeweller  to 
make  him  a  crown,  containing  63  ounces  of  gold.  The 
workmen  thought  that  substituting  part  silver  was  only  a 
proper  perquisite;  which  taking  air,  Archimedes  was  ap- 
pointed to  examine  it;  who  on  putting  it  into  a  vessel  of 
water,  found  it  raised  the  fluid  8*2245  cubic  inches  :  and 
hftving  discovered  that  the  inch  of  gcrfd  more  critically 
weighed  10  36  ounces,  and  that  of  silver  but  6*85  ounces,  be 
found  by  calculation  what  part  of  the  king's  gold  had  been 
changed.    And  yen  are  desired  to  repeat  the  process. 

Ans.  28*8  ounces. 

Q]9EST.  60.  Supposing  the  cubic  inch  of  common  glass 
weigh  1*4921  ounces  troy,  the  same  of  sea-water  *59542,  and 
of  brandy  *5368 ;  then  a  seaman  having  a  gallon  of  this 
liqoor  in  a  glass  bottle,  which  weighs  3*841b  out  of  water, 
and,  to  conceal  it  from  the  officers  of  the  customs,  throws 
it  overboard.  It  is  proposed  to  detenmne,  if  it  will  sink,  how 
much  force  will  just  buoy  it  up  ? 

Ans.  14*1496  ounces. 

Q|E7R8T.  61.     Another  person  has  half  an  anker  of  brandy, 
of  the  saaae  ^cific  gravity  as  in  the  last  question  ;  the  wood 
ef  the  cask  suppose  measures  \  of  a  cubic  foot ;  it  is  proposed 
to  assign  what  quantity  of  lead  is  just  requisite  to  keep  the  . 
cask  and  liquor  under  water  ?  Ana.  89  743  ounces. 

Quest.  62.  Suppose,  by  measurement,  it  be  found  that  a 
nan-of<war,  with  its  ordnance,    rigging,  and   appointments, 
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sinks  so  deep  as  to  displace  50000  cabic  feet  of  fresh  water  ; 
what  is  the  whole  weight  of  the  vessel  ? 

Ads*  1396^  tons. 

QjCJEST.  63.  It  is  required  to  determine  what  would  be  the 
height  of  the  atmosphere,  if  it  were  every  where  of  the 
same  density  as  at  the  surface  of  the  earth,  when  the  quick- 
silver in  the  barometer  standa  at  30  inches  ;  and  also,  what 
would  be  the  height  of  a  water  barometer  at  the  same  time  ? 
Ans.  height  of  the  air  29166|  feet,  or  5-5240  miles, 
height  of  water  35  feet. 

QjuEST.  64.  With  what  velocity  would  each  of  those 
three  fluids,  viz.  quicksilver,  water,  and  air,  issue  through 
a  small  orifice  in  the  bottom  of  vessels,  of  the  respective 
heights  of  SO  inches,  35  feet,  and  5*5240  miles,  estmiating 
the  pressure  by  the  whole  altitudes,  and  the  air  rushing  into  a 
vacuum  ? 

Ans.  the  veloc.  of  quicksilver  12*681  feet, 
the  veloc.  of  water    -     47-447 
the  veloc.  of  air    -    -     13698 

QjUBST.  65.  A  very  large  vessel  of  10  feet  high  (no  matter 
what  shape)  being  kept  constantly  full  of  water,  by  a  laq^e 
supplying  cock  at  the  top  ;  if  9  small  circular  holes,  each  |  of 
an  inch  diameter,  be  opened  in  its  perpendicular  side  at  every 
foot  of  the  depth  :  it  is  required  to  determine  the  several  dis- 
tances to  which  they  will  spout  on  the  horizontal  plane  of  the 
base,  and  the  quantity  of  water  discharged  by  all  of  them  in 
10  minutes  ; 

Ans.  the  distances  are 
^36  01^  6-00000 
v^64  -  8-00000 
V^84  .  9-16615 
v/96  -  9-79796 
^  100  -  10-00000 
^  96  -  9-79796 
v/84  -  9-16515 
^64  -  8-80000 
y^  36  -  6-00000  ' 
and  the  quantity  discharged  in  10  min.  123  8849  gallons. 

M'ote.  In  this  solution,  the  velocity  of  the  water  is  supposed 

to  be  equal  to  that  which  is  acquired  by  a  heavy  body  in  railing 

through  the  whole  height  of  tb^  w&ter  above  the  orifice,  and 

that  it  is  the  same  in  every  part  of  the  holes. 

Quest. 
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.Q,UEST.  66.  If  the  inner  axis  of  a  hollow  globe  of  copper, 
exfaamted  of  air,  be  100  feet ;  what  tUdtness  must  it  be  pf, 
that  it  maj  just  float  in  tiie  air  ? 

^  Ans.  '02688  of  an  inch  thick. 

QuKST.  67.  If  a  spherical  balloon  of  copper,  of  j^  of  aa 
inch  thick,  ha^e  its  cavity  of  100  feet  diameter,  and  he  filled 
with  Inflimmable  a^r,  ot  -^  of  the  gravitj  of  common  air,' 
what  weight  will  just  balance  it,  and  prevent  ^it  from  rising  ap 
into  the  atmosphere  ?  Ans.  212731b. 

QjUEST.  68.  If  a  glass  tube,  36  inches  long,  close  at  top  b^ 
sank  perpendicularly  into  water,  till  its  lower  or  open  end  be 
SO  inches  below  the  surface  of  the  water  ;  how  high  wBl  the 
water  rise  within  the  tube,  the  quicksilver  in  the  common  ba- 
rometer at  the  same  time  standing  st  2d|  inches  ? 

^Ans.  2*26646  inches. 

Q^BST.  69.  If  a  diving  bell,  of  the  fonn  of  a  parabolic 
cenoid,  be  let  ^own  into  the  sea  to  the  several  Ae^fim  »of 
)i,  10, 16,  and  SOiafthoms  ;  it  is  required  to  Msign  the  r<«« 
Ipeotive  heights  fto  wihic^  the  water  will  Hse  iviithia  it:  its  aic* 
w  and  the  diameter  of  its  base  being  each  8  feeti  Md  4h« 
qnicksikrer  in  the  barometer  standing  at  30*9  inches  ? 

Aos.  at    6  fiithoms  deep  the  waWMT  im$  ^*03646  iu^ 
at  10      -         »         -         -  3^)6393 

al  16      -  -  *  .  9*7Q267 

atflO      -         -         ...  4U663 
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ON  THE  NATURE  AND  SOLUTION  QF  EQUATIONS 

IN  GENERAL. 

,  1.  In  oFder  to  investigate  the  general  propertiea  of  the 
higher  eqaations,  let  there  be  aasumed  between  an  unknown 
quantity  x,  and  given  quantities  a,  6,  c,  d,  an  equation  con- 
stituted of  the  continued  product  of  uniform  factors  :  thus 

(W-a)  X  (x-6)  X  (of-c)  X  (jc-d)  =  0. 
This,  by  penorming  tne  multiplications,  and  arranging  the 
^al  product  according  to  the  powers  or  dimensions  of  or, 
becometi 

jc4  — o . )  x^  +«^  \  *'  — o^c  ^  X  +  ahcd  s=  0. .  /•  (A) 
-foe  I 


-f6c 
+hd 
+cdJ 


Now  it  is  obvious  that  the  assemblage  of  terms  which  cetapoae 
the  first  side  of  this  equation  may  become  equal  to  nothing  m 
four  different  ways  ;  namely,  by  supposing  ekher  x  eae  a,  or 
ar  s=>6,  or  a?  t=s  c,  or  or  =  a  ;  for  in  eidier  case  one  or  odier 
of  the  faotO|«  j:«-a,  or— &,  x— c,  x-^d,  will  be  equal  to  np* 
Uiing,  and  nothing  multiplied  by  any  quantity  whatever  will 
give  nothing  for  the -product/  If  any  other  value  e  be  put 
tor  Xy  then  none  of  the  factors  «— a,  e-«^,  e—c,  e<-c2,  being 
equah  to  nothing,  their  continued  product  cannot  be  equkl  to 
nothing.  There  are  therefore,  in  the  proposed  equation,  four 
roots  or  values  of  x  ;  and  that  which  characterizes  these  roots 
is,  that  on  substituting  each  of  them  successively  instead  of  x, 
the  aggregate  of  the  terms  of  the  equation  vanishes  by  the 
opposition  of  the  signs  +  and  — • 

The  preceding  equation  is  only  of  the  fourth  power  or  de- 
gree ;  but  it  is  manifest  that  the  above  remaric  applies  to 
equations  of  hi^er  or  lower  dimensions  :  viz.  that  in  general 
an  equation  of  any  degree  whatever  has  as  many  roots  as  there 
are  units  in  the  .exponent  of  the  highest  power  of  the  un- 
known quantity,  and  that  each  root  has  the  property  of  ren- 
dering, by  its  substitution  in  place  of  the  unknown  quantity, 
the  aggregate  of  all  the  terms  of  the  equation  equal  to  no- 
thing. 

It  must  be  observed  that  we  cannot  have  all  at  once  a 


x  =  bfX  sssCf  &c.  for  the  roots  of  the  equation  ;  but  that  the 
particular  equations  x—- a=sO,  x  —  62=0,  x—- cssO,  &c. 
obtain  only  in  a  disjunctive  sense*    They  exist  as  factors  in 

the 


the  tame  eqikatioD,  becauie'alsebjragiTes,  by  one  andthe  8MD6^ 
Ibnnula,  not  only  the  aolatioiL  of  the  particiilar  problem  frooB) 
which  that  formula  may  have  origiB^ted,. but. also  t^e  aolution, 
of  all  problems  which  hare  similar  conditions.  The  ^ffer*. 
ent  roots  of  the  equation  satisfy  the  respective  conditions  : 
and  those  roots  may.  differ  from  one  another,  by  their  qucuUi-f 
tfy,  and  by  their  mode  of  existence. 

It  is  trae,  we  say  frequently  that  the  roots  of  an. equation 
are  X  =  a,  x  =  S,  x  =  c,  &c.  as.  though  those  values  of  x- 
existed  conjunctively  ;  but  this  manner  of  speaking  is  an  ab-^ 
breviation,  which  it  is  necessary  to  understand  in  the  sena^ 
explained  above.  *'     ,   .     r 

"9.  In  the  equation  ▲  all  the  roots  are  positive  ;  hot  if  the 
factors  which  constitute  the  equation  had  been  jr  -|r  ^9  ^  "H  ^». 
3C+  c,x  +  d,  the  roots  would  have  been  negative  or  svXh, 
tractive.    Thus 

x^+a\x^  +ab^  x*  +abc  ^  x  +  abed  =i  0,  .  .  .  (B) 
-f6f       +ac  +abd 

+0 1        +ad  I        4-acd 
+<i)       +bel       +bcd 
+W 
+<idj 
has  negative  roots,  those  roots  being  x  :=  — a,  x  =  •—  by 
jc  =  —  c,  X  =  —  d:  and  here  again  we  are  to  apply  tbeiii\ 
disjunctively.  . 

3.  Some  equations  have  their  roots  in  part  positive,  io  P^rt 
IMgative.     Such  is  the  following  : 

3r»  — a^  x^4-ab "^  x  +  abc  =  0 (C) 


-b\      .-ocj 


Here  are  the  two  positive  roots,  vtz  a:  =  a,  x  =>  6  ;  and  one 
negative  root,  viz.  x  =  —  c  :  the  equation  being  constituted 
of  the  continued  product  of  the  three  factors,  x  —  o  =  0,  x  —  b 
=  O,  X  4-  c  ~  0. 

From  an  inspection  of  the  equations  a,  b,  c,  it  may  be  in- 
ferred, that  a  complete  equation  consists  of  a  number  of  terms 
exceeding  by  unity  the  number  of  its  roots. 

4.  The  preceding  equations  have  been  considered  as  form- 
ed from  equations  of  the  first  degree,  and  then  each  of  them 
contains  so  many  of  those  constituent  equations  iais  there  are 
units  in  the  exponent  of  its  degree.  But  an  equation  whicK 
exceeds  the  second  dimension,  may  be  considered  as  composed 
of  one  or  more  equations  of  the  second  degree,  or  of  tHe 
third,  &c.  combined,  if  it  be  necessary,  with  equations  of  the 
first  degree,  in  such  manner,  that  the  product  of  all  those 
constituent  equations  shall  form  the  proposed  equation.  In- 
deed, 


deed,  Wliefi  Ha  (i^ill^tiatt  h  IbrtDtd  b;f  tli€  lutfetstiT^  dmkiplf'- 
^tioff  of  «ef  eril  ai|ftp|e  eqtialioii»»  diiMlntic  eqoatkns,  cubie 
^qtldtlotis,  kc.  ite  formed  $  which  dfcotme  nay  be  regarded 
9M  Actors  of  the  reciting  equatkm. 

5.    It  soitoetiifies  halppem  thatap  equation  eODtaine  imagt- 

,B4ry  roots  ;  add  then  they  will  be  feond  also  lo  its  conati* 

toent  equations.    This  class  of  roots  alfrayv  enters  ain  eqnatioe 

S^  pairs  ;  because  they  may  be  considered  as  cootaitiitig,  in 
eir  expression  at  least,  one  even  radical  place  before  a  ne- 
ll^tiTe  qnantibr»  ^nd  becaose  an  even  radical  is  neoesaarily 
preceded  by  the  double  sign  ±.  Let,  Ibr  example,  the  eqdl^ 
tion  be  ar*— (2a— ?c)«»+Ca*+^'  — 4ac-fc«  +  d»)«»+(e4»«c4- 
3tt»c— «ac«— «tti*)t-f  (0*4-  &• ) .  (c»  +  <|t)  as  0.  This  may 
be  regarded  iis  6<mstitttted  of  the  two  sntyjotned  quadratic 
eqnfttioos,  j^^  —  «aJF+a«  +A«  «  0,  x»  +2««  +  c<  4  (i»=sO : 
and  each  of  these  quadratic  contains  two  imaginary  roots  ; 
ihe-firfetgiringx  ^  a  ±  h  ^^^l^  and  the  second  ir  «=  -»  c  ± 

In  the  equation  resulting  from  the  product  of  these  two 
quadratics,  the  coefficients  of  the  poweirs  of^the  unknown  , 
quantity,  and  of  the  lasi  term  of  the  equation,  are  real  quan- 
tities, though  the  constituent  equations  contain  imaginary 
qoantities  ;  the  reason  is,  that  diese  latter  disappear  by  meaoa 
m  addition  aiiid  multiplication. 

The  same  will  take  place  in  the  equation  (x— a)  .  («  +  i)  • 
(4P*  -i- 2ex  ^€^  +  d')  ^  0,  whicli  is  formed  of  two  equations 
of  the  first  degree,  and  one  equation  of  the  second  whose 
roots  are  imaginairy. 

These  remarks  being  premised,  the  subsequent  general 
theorems  will  be  easily  established. 

tHfiOIffiM  i;. 

«. 

Whatever  be  the  Species  of  the  Roots  of  an  Equation,  when 

the  Equation  is  arranged  according  to  tb*e  Powers  of  the 

Unknown  Quantity,  if  the   First  Term  be  positive,  and 

have  unity  for  it^  Coefficient,  tbe  following  Properties  may 

.  be  traced:     • 

t.  The  first  tcrin  ot  the  equation  is  the  unknown  quantity 
raised  to  tbe  power  denoted  by  the  number  of  roots. 

II  The  fiecond  term  contains  the  unknown  quantity  raised 
to  a  power  less  than  the  former  by  unity,  with  a  coefficient 
equal  to  the  sum  of  the  roots  taken  with  contrary  signs. 

lit.  The  third  term  contaios  the  unknown  quavitity  raised 
to  a  power  less  by  2  than  that  of  the  first  term,  with  a  coeffi- 
^iept  equal  to  the  sui|i  of  alt  the  products  which'  can  be  form- 
ed by  multiplying  all  the  roots  two  and  two. 

IV. 
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IV.  The  fourth  term  contaiiM  the  tii^noi^D  qoantity 
to  a  povrer  Ie98  bj  3  than  that  of  the  first  term  with  a  coeffi- 
cient ej|ual  to  the  Bam  of  all  the  products  which  can  b^  made 
)>jr  mnltiptying  any  three  of  the  roots  with  contrary  signs. 

V.  And  so  on  to  thcf  last  term,  which  is  the  continued  pro< 
duct  of  all  the  roots  taken  with  contrary  signs* 

All  this  is  evident  from  inspection  of  the  equations  exhibit* 
ed  in  arts    i,  S»  3,  5. 

Cor,  1.  Therefore  an  equation  having  all  its  roots  real, 
but  some  positive,  the  others  negative,  will  want  its  second 
term  when  the  sum  of  the  positive  root^  is  equal  to  the  sum 
of  the  negative  roots.  Thus,  for  -example,  the  equation  c 
will  want  its  second  term,  if  a  +  h  ^  <. 

Cor.  9,  An  equation  whose  roots  are  all  imaginary,  wiU 
want  the  second  term,  if  the  sum  of  the  real  quantities  which 
enter  into  the  expression  of  the  roots,  is  partly  positive,  partly 
negative,  and  has  the  result  reduced  to  nothing,  the  imagina- 
ry parts  mutually  destroying  each  other  by  addition  in  each 
pair  of  roots'.  Thus,  the  first  equation  of  art.  6  will  want 
the  second  term  if  —  2a  +  tc  ^  0,  or  o  =»  c.  The  second 
equation  of  the  same  article,  which  has  its  roots  partly  real, 
partly  imaginary,  will  want  the  second  term  if  ^  —  a  +  2c  =t 
0^  or  a  —  6  =  2c. 

Cor*  3.  An  equation  will  want  its  third  term,  if  Ihe  sum 
pf  the  products  of  the  roots  taken  two  and  two,  is  partly  po:- 
Bitive,  partly  negative,  and  these  mutually  destroy  each  other. 

Remark.  An  ineomplete  equation  may  t>e  thrown  into  the 
fbrm  of  complete  equations,  by  introducing,  with  the  coefficient 
A  cypher^  the  absent  powers  of  the  unknown  quantity  :  thus, 
for  the  equation  x'  +  r  ==  0,  may  be  written  «'  +  0  x«  +  0 
jr  ^^  r  =  0.    This  in  some  cases  will  be  useful. 

Cor,  4^  An  equation  with  positive  roots  ms&y  be  trans- 
formed into  another  which  shall  have  negative  roots  of  the 
same  value,  and  reciprocally.  In  order  to  this,  it  is  only  ne- 
cessary to  change  the  signs  of  the  alternate  terms,  beginning 
with  the  second.  Thus,  for  example*  if  instead  of  the  equa- 
tion x^  —  8x«  +  17ap— 10  =  0,  which  has  three  positive  roots 
1,  2,  and  6,  we  write  x*  +  8x«  +  17a:  -f  10  =i:  0,  this  latter 
equation  will  have  three  negative  roots  a;=-*1,x=:—  2. 
X  =  —  5.  In  like  manner,  if  instead  of  the  equation  x'  -|- 
2x^  —  13x-|- 10=0,  which  has  two  positive  roots  x-  =  1 ,  x  =;  2, 
and  one  negative  root  x  =  —  5,  there  be  taken  x^  —  Sx^  ..^ 
ISx  —  id  =  0,  this  latter  equation  will  have  two  negative 
roots,  X  =  -.  l,x=:  —  2,  and  one  positive  root  x  =s  5. 

In  general,  if  there  be  taken  the  two  eqnritions,  (x  — -  a)  X 
(x-ft)  X  (x^  X  (x  "d)  X  &c  =  0,  and  {x+a)X{x+b) X 
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{x+c)X{x+d)  X  kc.  =  0,  of  ;wbich the Tooto  are  the  same 
in  magnitude,  bat  with  difiereot  signs  :  if , these  eqnatioDS  be 
dereleped  by  actual  multiplication,  and  the  terms  arranged 
according  to  the  powers  of  ;r,  as  in  arts..  1 »  2  ;  it  will  be  seen 
that  tbe  second  terms  of  the  two  equations  will  be  affected 
with  different  signs,  the  third  terms  with  like  signs,  the  fourth 
terms  with  different  signs,  &c. 

When  an  equation  has  not  all  its  terms,  the  deficient  terms 
must  be  supplied  by  cyphers,  before  Uie  preceding  rule  can  be 
applied.  . 

Cor,  5.  The,  sum  of  the  roots  of  an  equation,  the  sum  of 
their  squares,  the  sum  of  their  cubes,  &c.  may  be  found  with-, 
out  knowing  the  roots  themselves.     For,  let  an  equation  of 
any  ilegree  or  dim^^nsion,  m,  be -r"*  +  /c"^*  4"  JCa?*^*  + 
^iii--3  4-  5tc.  =  0,  its  roots  being  a,  6,  c>  d,  &c.     Then  ^we 
shall  haTe» 

1st. .  The  sum  of  the  first  powers  pf  the  roots,  that  is,  of 
the  roots  themselves,  or  a  +  6  +  c  +  &c.  =  —  / ;  since  the 
coefficient  of  the  unknown  quantity  in  the  second  term,  is 
equal  to  the  sum  of  the  roots  taken  with  different  signs. 

N  2dly.  The  sum  of  the  squares  of  the  roots,  is  equal  to 
the  square  of  the  coefficient  of  the  second  term  made  less  by 
twice  the  coefficient  of  the  third  term  :  viz.  a'  4-  &'  +  c*  + 
&c.  ao  /»  =  2gf.  For,  if  the  polynomial  a  +  &  +  c  +  &c.  be 
squared,  it  will  be  found  that  the  square  contains  the  sum  of 
the  squares  of  the  terms,  a,  6,  c,  Sic.  plus  twice  the  sum  of 
the  products  formed  by  multiplying  two  and  two  all  the  roots 
a,  6,  c,  &c.  That  is,  (a+6+c+«rc.)»  ==  o»  +  b'+c^+  &c. 
+2(ab  +  ac  +  bc  -{-  &c.).  But  it  is  obvious,  from  equa.  a,  ?, 
that  {a+b+c  +  kc.y  =  /»,  and  {ab  +  ac  +  be  +  &c.)  =g, 
Thus  we  havejf*  =  (a*  +  6«  4*  c'+  kc.)  +  2g  :  and  conse- 
quently a*  +  b*  4-  c«  4-  &c.  =  y^  —  2g. 

3dly.  The  sum  of  the  cubes  of  the  roots,  is  equal  to  3  times 
the  rectangle  of  the  coefficient  of  the  second  and  third  terms 
made  less  by  tbe  cube  of  the  coe'fficient  of  the  second  term, 
and  3  times  the  coefficient,  of  the  fourth  term :  viz.  a'  4~  ^' 
4-  c»  4-  &c.  =  —  f*  4-  3/g  —  3^.  For  we  shall  by  actual  in- 
volution have  {a  +  b  4-c+&c.)'  =«'  4"  ^'  4-  c»  4-  kc.  + 
3(o+64-c)  X  {ab+bc  +  ac)  -  Sabc,  But(a+ 64-c4-&c)» 
=  —/a,  U  +  b  +  C+  kc.)  X  {ah  +ac+bc  +kc.')  =  —fg, 
abc  =—  rt.  Hence  therefore,—  /*  =  a^+b^+c^  4-  ^.  — 
3^4-3^  ;  and  con9equently,  a^  jj-  6^  +  c^  -|.  &c  =  — P  + 

^fe  —  3/(.    And  so  on,  for  other  powers  of  the  roots. 
-^^  THEOREM 
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THEOREM  n. 

In  £?ery  Equation,  which  contain  only  Real  Roots  i 

I.  If  all  the  roots  are  positive, '  the  terms  of  the  equation 
WiH  be  +  and  —  alternately. 

II.  If  all  the  roots  are  negati?e,  all  the  terms  will  ha?e  the 
sign  -f . 

III.  If  the  roots  are  partly  positive,  partly  negative,  there 
will  be  as^many  positive  roots  as  there  are  variationa  of  signs, 
and  as  many  negative  roots  as  there  are  permanencieB  of  signs  ; 
these  variations  and  permanences  being  observed  from  one 
term  to  the  following  through  the  whole  eitent  of  the  equa- 
tion. 

In  all  these,  either  the  equations  are  complete  in  their  terms, 
or  they  are  made  so. 

The  first*  part  of  this  theorem  is  evident  from  the  eiaimna- 
tion  of  equation  a  ;  and  the  second  from  equation  b. 

To  demonstrate  the  third,  we  revert  to  the  equation  c 
(art.  3),  which  h«us  two  positive  roots,  and  one  negative.  It 
may  happen  that  either  c  >  a-f  ^»  or  c  <  a-^h. 

In  the  first  case,  the  second  term  is  positive,  and  the  third 
is  oegatite  ;  because,  having  c  >  a  +  ^»  we  shall  have  ae  + 
be  >  (a  +  by  >  a6.'  And,  as  the.last  term  is  positive,  we  se^ 
that  from  the  first  to  the  second  there  is  a  permanence  of 
signs  ;  from  the  second  to  the  third  a  variation  of  signs  ;  and 
from  the  thifd  to  the  fourth  another  variation  of  signs.  Thus 
there  are  two  variations  and  one  permanence  of  signs  ;  that 
is,  as  many  variations  as  there  are  positive  roots,  and  as  many 
permanences  as  there  are  negative  roots. 

In'  the .  second  case,  the  second  term  of  the  equation  is  ner 
gative,  and  the  third  may  be  either  positive  or  negative.  If 
that  term  is  positive,  there  will  be  from  the  first  to  the  second 
a  variatiion  of  signs  ;  firom  the  second  to  the  third  another 
variation  ;  from  &e  third  to  the  fourth  a  permanence  ;  making 
in  all  two  variations  and  one  permanence  of  sigps.  If  the 
third  term  be  negative  ;  there  will  be  one  variation  of  signs 
from  the  first  to  the  second  ;  one  permanence  from  the  second 
to  the  third  ;  and  one  variation  from  the  third  to  the  fourth  : 
thus  making  again  two  variations  and  one  permanence.  The 
'  number  of  variations  of  signs  therefore  in  this  case,  as  well  as  * 
in  the  former,  is  the  same  as  that  of  the  positive  roots  ;  and 
the  number  of  permanencies,  the  same  as  that  of  the  n^atiye 
roots. 

Coral,  Whence  it  follows,  that  if  it  be  known,  by  an^ 
means  whatever,  th^t  an  equation  contains  only  real  roots,  it 

IS 
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h  also  kaofirD  how  many  of  them  are  positire,  and  how  matDj 
negative.  Suppose,  for  ci««file,  it  be  known  that,  in  the 
equation  x*  +  3x*  —  23x3  —  27x«  +  166x  —  120  =  0,  all 
the  roots  are  real :  it  «iay  immediately  be  concluded  that  there 
are  tkr^t  jM>sitire  and  two  negative  roots.  In  Jbot  this  equa- 
tion has  the  three  positive  roots  x  ss^  1,  x  ^=  2^  x  =:  3  |  and 
two  n^;ative  roots,  x  »  —  4,  x  =  —  5. 

If  the  equation  were  incomplete,  the  absent  terms  must  be 
•applied  by  adopting  cyphers  for  coefficients^  and  those  terms 
DHiSt  be  marked  with  the  ambiguous  sign  ±.  Thus,  if  Ibt 
equation  were 

X' *.20i:3  4- 30x»  +  19r-80  =  0^ 
aU  the  n>ots  being  real,  and  the  Second  term  waotii^.    It 
must  be  written  thus  : 

X*  ±  Ox^  -  20x3  +30x'  4-  19x-^S0  =  0. 
Then  it  will  be  seen,  that,  whether  the  Second  term  be  posi- 
tive or  n^;ative,  there  will  be  ^  variations  and  2  permaueoGies 
of  signs  :  and  consequently  the  equation  has  3  positive  and  2 
nc^tive  roots.     The  roots  in  fact  are,  1,  t,  3«  —  1«  -—  5. 

This  rule  only  obtains  vrith  segard  to  equations  whose  roots 
are  real.  If,  for  example,  it  were  inferred  thai,  because  the 
'equation  t^  4-  2x  +  ^  =^  0  had  two  permanencies  of  s^gns,  it 
4iad  two  negative  roots*  the  conclusion  would  be  erroneous  : 
for  both  the  ^oots  of  this  equation  are  imaginary. 

THBOBfiM  UL 

Every  £q«alion  may  be   Transformed  into  Another  whose 
Roots  shaU  be  Greater  or  Less  by  a  Given  Quantity. 

In  any  equation  wbailever,  of  whidi  x  is  anhB9W«»  (tbe 
equations  a,  b,  c,  for  ea»mpk)  make  x  ss  ir  4-  tn, « 'being  a 
new  unknown  'quanltily,  m  any  ^ven  quaonti^,  fwsitive  or 
negative  :  then  substitoliiig,  ioetead  of  x  wid  its  f  owers,  tkeir 
values  resulting  from  the  l^pothesifl  Aat  xmm  ^  +  fn;  so  shall 
there  arise  an  ^quattoa,  whose  roots  shall  be  greater  or  leas 
than  the  toots  of  tbe  primitive  equatioui  by  the  assumed 
quantity  m.  .        .  ~ 

CoroL  The  piiuiipsi  use  of  this  traaafonnation,  is,  to  take 
away  any  term  eut  of  an  equatioB«.  Tlinsi  to  traosibaB  a» 
equation  into  one  which  shall  «rant  theMoendteim,  let  m  be 

so  assumed  that  nm— a  =  0«  or  m  =  ->  »  being,  the  index  <tf 

the  highest  power  of  tbe  unknown  quantirt^,  aud  « the  coeffi- 
cient of  the  second  term  of  the  equation,  with  its  sign  chaiiged  ; 
then,  if  the  roots  of  the  transformed  equation  can  be  ibond, 
the  roots  of  the  -original  equation  may  also  be  found,  be« 


CADse  J?  ^=>  r  +  -. 
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THEOBEM  IT. 

Every  Equation  may  be  Transformed  into  Another,  whose 
Roots^shall  be  £(}ual  to  <he  Roots  of  the  First  Hultiplied 
or  Divided  by  a  Given  Quantity. 

• 
1.  Let  the  equation  be  tf^  +  az^  +  6ir  +  c  =  6  :  if  we  put 

y^  =  X,  or  2r  =  ^,  the  transformed  equation  will  be  x'  -|- 

fax'+pbx+f^c  =  0,  of  which  the  roots  are  the  respective 
products  of  the  roots  of  the  primitive  equation  multiplied  into 
the  quantity/. 

By  means  of  this  transformation,  an  equation  with  frac- 
tional  quantities,  may  be  changed  into  another  which  shall 

be  free  from  them.     Suppose  the  equation  were  z^.] —  ^ 

-^  +r=  0  :  multiplying  the  whole  by  the  product  of  the 
denominators,  there  would  arise  ghkz^  +  hkaz*  +  ghbz  + 

*  '  mm  ' 

gkd  =  0 :  then  assuming  ghkz  =  x»  or  ir  =  — ,  the  transform* 

ed  equa.  would  be  x>  +  hkax'+g'k^hbx-^^k^h^d^  0. 

The  same  transformation  minr  be  adopted,  to  exterminate 
the  radical  quantities '  which  affect  certain  terms  of  an  equa- 
•tion.  Thus,  let  there  be  given  the  equation  z'  +  <^'  v^  ^  + 
bz  -{-  c  ^  k  :  make  Zy/k  =  x  ;  then  wiH  the  transformed 
equation  be  x»  +  akx^+bkx  •+-  c^"  ^  0,  in  which  there  are 
no  radical  quantities. 

2.  Take,  for  one  more  example,  the  equation  z^  -^  az'  -^^ 

bz  +  c^O.     Make  ^  =   x  ;   then   will  the  equation    be 

transformed  to  x»  H — T'+TJ+yT  ~  ^»  *"*  which  the  roots 

are  equal  to  the  quotients  of  those  of  the  primitive  equations 
divided  by/. 

It  is  obvious  that,  by  analogous  methods,  an  equation  may 
be  transformed  into  another,  the  roots  of  which  shall  be  to 
those  of  the  proposed  equation,  in  any  required  ratio.  But 
the  subject  need  not  be  enlarged  on  here.  The  preceding 
succinct  view  will  suffice  for  the  usual  purposes,  so  »r  as  re- 
lates to  the  nature  and  chief  properties  of  equations.  Vie  shall 
therefore  conclude  this  chapter  with  a  summary  of  the  most 
useful  rules  for  the  solution  of  equations  of  different  degrees, 
besides  those  already  given  in  the  first  volume. 

Vor.  II.  35  1.  Rule$ 
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I.   Rules  Jor  the  Solution  of  Quadratia  by  Tables  of  Sines  a$id 

Tangents, 

1.  If  the  equation  be  of  the  form  x^  +p3t  ^^  q  : 

2 
Make  tan  a  =  -^  q ;  then  will  the  two  roots  be, 

J?  =  +  tan  ^k^  9  ......  x  =  —  cot  \ky/q, 

2.  For  quadratics  of  the  form  x*  —  px  =  q, 

2 
Make,  as  before,  tan  a  =  -^q  :  then  will 

jf  =  —  tan  \ky/q jr  =  +  cot  \k^q4 

3.  For  quadratics  of  the  form  x*  +  p*  =  —  g. 

2 
Make  sin  a  ==  ^^q  :  then  will 

P 
jc  =  —  tan  \k^q jp  =  —  cot  ^A^g. 

4.  For  quadratics  of  the  form  x*  —  par  =  —  j, 

2 
Make  sin  a  =  -«/a  :  then  will 

J?  =  +  tan  \k^q or  =  +  cot  ^a^^^^ 

2 
In  the  last  two  cases,  if  -^  q  exceed  unity,  sin  a  is  imagi<' 

nary,  and  consequently  the  values  of  x. 

The  loKarithmie  apphcation  of  these  fofmule  is  ?ery  sim* 
pie.     Thus,  in  case  1st.  Find  a  by  making 

10  +  log  2  +  ^  log  q  —  logp  5P  log  tan  a. 

Then  loir  X  =  J  +  ^^  tan  ^a  +  i  log  9- 10. 
1  nen  log  a;  ~  ^  _  ^,^g  ^^^  ^^  ^^  ^^  ^^  j^j 

Note.  This  method  of  solving  quadratics,  is  chiefly  of  use 
when  the  quantities  p  and  q  are  large  integers,  or  complex 
fractions. 


II.    Rules  for  the  Solution  of  Cubic  Equations  by  tahles  of  SineSf 

Tangents,  and  Secants, 

1.  For  cubics  of  the  form  x^  +px  ±  9  cs  0. 
Make  tan  b  =1^.  2^|p Un  a  =  ^  tan  ^b. 

Tkien  .r  ==  ip  cot  2a  .  Sy'lp. 
%  For  cubics  of  the  form  x^  —  px  ±  g  =  0. 

Hake  sin  b  =  t^.  ^^/iP tan  a  ==  ^tan  ^b. 

Then  x  =  qp  cosec  2a  .  2^^. 
Here,  if  the  value  of  sin  b  should  exceed  unity,  b  wonld  be 
imaginary,^  and  the  equation   would   fall  in  what  is  called 

the 
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the  irreducible  case  of  cnbics.     In  that  case  we  most  make 
cosec  Sa  =  —  .  2^    ^p:  and  then  the  three  roots  would  be 

«  =  ±  sin  A  .  2  ^  |p. 

«  =  ±  sin  (60*— a)  .  ^^ip.    ' 

»  =:  ±  sin  (60" +a)  .  ^s/ip* 
If  the  value  of  sid  b  were  1,  we  should  have  b  =  90^,  tan 
A  K  1  ;  therefore  a  =s  4b^^  and  x  =  q:  ^  ^/  iP''  ^^^  ^^ 
would  not  be  the  only  root.     The  second  solution  would  give 

cosec  3a  =s  1  ;  therefore  a  =  --  ;  and  then 

a?  =B  db  sin  30»  .  2  y  ip  =  ±  ^^p. 

X  =  ±  sin  30*  .  2v/1p  =  ±  y/\P' 
X  =a  :+:  sin  90«  .  2  y/  \p  a  q:2^|p. 
Here  it  is  obFious  that  the  first  two  roots  are  equal,  that  their 
sum  is  equal  to  the  third  with  a  contrary  sign,  and  that  thi^ 
third  is  the  one  which  is  produced  from  the  fint  solution*. 

In  these  solutions,  the  double  signs  in  the  value  of  x,  re- 
late to  the  double  signs  in  the  value  of  q, 

N.  B.  Cardan's  rule  for  the  solution  of  Cubics  is  given  in 
die  first  volume  of  this  course. 


*  The  tablet  of  sines,  tangents,  &c  beeides  their  use  in  trigonometiyf 
and  in  the  solution  of  the  equations,  are  also  very  useful  in  finding  the 
value  of  algebraic  expressions  where  eitraetion  of  roots  woukl  be 
otherwise  required.    Thus,  if  a  and  b  be  any  two  quantities,  of  which 

b  b 

m  is  the  greater.  Find  »,  «,  8ic.  so,  that  tan  x  s=s  ^  --,  sin  zav^ — ,fec 

a  a 

a  b  b 

jr  M  — ,tan  tf  ■■  ^  and  sin  f  »— ;  then  will 
b  a  a 

loff  %/(a3— 6')  telog  a  +  log  sin  y  aa  log  6  -f-  log  tan  y. 
loff  •(a«-*«)-JClog(a+2)  +  log  (a— d)]. 
log  ^(as  -^  b*)  alog  a+ log  sec  n  a«  log  6  -^  log  cosec  «, 
log  v^(a+A)=4 loga  +  logsec  *—  ilogfl+4log2+  logoos  J^. 
I®K  \/(«— *  )-"i  log  a  +  log  cos  z  -  ik>g  a  +  ^logS  +  log  sin  Jy, 

loff  («±*)  n  «  —[log  a  +  log  cos  f  4-  log  tan  iS"*  ±  it)'}, 

n 
The  first  three  of  these  formuls  will  often  be  useful,  when  two  sidea 
of  a  right*angled  triangle  are  given,  to  find  the  third 


HI.  Solution 
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I 

III.  Solution  of  Biquadratic  Eqvaiiofu. 
Let  the  proposed  biquadratic  be  x*  +  2px*  =  qx*  +  r«  +  «. 
Now(.T«  +px+ny=^x*+ipx^+  (p»+?n)xa+2p«a:+»»  :if 
therefore  (/•*  +  2n)  x«  +  S/mr  +  «"  he  added  t©  both  sides 
of  the  proposed  hiqnadratic,  the  first  will  become  a  complete 
square  (x*  +  /)x  -+-  n)» ,  and  the  latter  part  (j>*  +  8n  +  o)  «* 
4  (2pn  -f  r)  X  +  n^  -f  «,  is  a  complete  square  ijf  4(p*  +  2n 
+  9)  •  («'  +'»)=='t2/M«  Hh  *•)*  5  ^^  *®»  multiplying  and  arranging 
the  terms  according  to  the  dimensions  of  »,  if  9n^  +  4^1^'  H~ 
(l*t  —  4rp)n  +  ^qs  +  4|>*«  -^  r^  =  0.  From  this  equation 
let  a  Taliie  of  n  be  obtained,  and  substituted  in  the  equation 
(x»  +px  +  n)»  =  (p«  +  2«  +  9)x«  +  (2/m+r  )  x  +  ««+t ; 
then  extracting  the  square  root  on  both  sides. 

And  from  these  two  quadratics,  the  fonr  roots'  of  the  ^ven 
biquadratic  may  be  determined*. 

fiote.  Whenever,  by  taking  away  the  second  term  of  a 
biquadratic,  after  the  manner  described  in  cor.  th.  3,  the 
fourth  term  also  vanishes,  the  roots  may  immediately  be  ob- 
tained by  the^  solution  of  a  quadratic  only 

A  biqaadrbtic  may  also  be  solved  independently  of  cubics, 
in  the  following  cases  : 

1.  "When  the  difference  between  the  coefficient  of  the 
third  t6rm,  and  the  square  of  half  that  of  the  second  term,  is 
equal  to  the  coefficient  of  tlie  fourth  term,  divided  by  half 
that  of  the  second.  Then  if  p  be  the  coefficient  of  the  second 
term,  the  equation  will  be  reduced  to  a  quadratic  by  dividing 
it  by  r2  ±  |px. 

S.  \^  hen  the  last  term  is  negative,  and  equal  to  the  square 
of  the  coefficient  of  the  fourth  term  divided  by  4  times  that 
of  the  third  term,  minus  the  square  of  that  of  the  second  : 
then  to  complete  the  square,  subtract  the  terms  of  the  pro- 
posed biquadratic  from  (x>  ±  i/)x*)>,  arid  add  the  remainder 
to  both  its  slides. 

3.  When  the  coefficient  of  the  fourth  term  divided  by 
that  of  the  second  term,  gives  for  a  quotient  the  square  root 
of  the  last  term  :  then  to  complete  the  square,  add  the  square! 
of  half  the  coefficient  of  the  second  term,  to  twice  the  square 


*  'Ihis  rule,  for  solving  biquadratics,  by  conceiving  eacli  to  be  the 
difiPeienct;  of  two  sqnaics,  m  frequently  ascribed  to  Dr*  Warinjj^.;  but 
ijLA  original  inventor  was  Mr.  jl'homa$  Simpson,  formerly  Professor  of 
Mathematics  in  tlie  Koyal  MilitAry  Academy* 

root 
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root  of  the  Ciflt'term,  multiply  the  gam  hj  x>,  from  the  pro- 
clact  take  the  third  term,  and  add  the  remainder  to  both  sides 
.of  the  biquadratics. 

4.  The  foarth  term  will  be  made  to  go  oat  by  the  nsual  op- 
eration for  taking  away  the  second  term,  when  the  difference 
between  the  cn^  of  half  the  coe£5cient  of  the  second  term 
and  half  the  product  of  the  coefficients  of  the  second  and  third 
term,  is  equal  to  the  coefficient  of  the  fourth  term. 

IV.  Etiler^s  Rule  for  itU  Solution  of  Biquadratics. 

Let  x^  —ox'  '^bx  —  c  =  0,  be  the  given  biquadratic  equa- 
tion wanting  the  second  term.  Take/=  ^^  g  ^^  -^a^  +  |c, 
and  h  =  ^^6' ,  or  ^  fc  =  |6  :  with  which  values  of  f  g,  h, 
form  the  cubic  equation,  z'  —  fz*  4-  g^  —  *  =0.  Find  the 
roots  of  this  cubic  equation,  and  let  them  be  called  p,  9,  r. 
Then  shaU  the  four  roots  of  the  proposed  biquadratic  be  these 
following  :  viz. 


When  |6  is  positive. 
1.  X  =    ^/P+y/9+^/r' 

3.  X  =  —  y/p+y/g  —  v^r. 

4.  jpa=-y7)— y'y+v^r. 


When  }bis  negative  : 
X  ^^^p^^q^^r. 


JiTote  1.  In  any  biquadratic  equation  having  all  its  terms, 
if  }  of  the  square  of  the  coefficient  of  the  2d  term  be  greater 
than  the  product  of  the  coefficients  of  the  1st  and  Sd  terms, 
or  }  of  the  square  of  the  coefficient  of  the  4th  term  be  greater 
than  the  product  of  the  coefficients  of  the  3d  ahd  fiflh  terms, 
or  I  of  the  square  of  the  coefficient  ot  the  3d  term  greater 
than  the  product. of  the  coefficients  of  the  2d  apd  4th  terms  ; 
then  all  the  roots  of  that  equation  will  be  real  and  unequal ; 
but  if  either  of  the  said  parts  of  those  squares  be  less  than 
either  of  those  products,  the  equation  will  have  imaginary 
roots. 

2.  In  a  biquadratic  a:*  +  or'  +  bx^  +  ex  +  J  =  0,  of 
which  two  roots  are  impossible,  and  d  an  affirmative  quantity, 
then  the  two  possible  roots  will  be  both  negative,  or  both  affir- 
mative, according  as  a^  —  4ab  +  8c,  is  an  affirmative  or  a 
negative  quantity,  if  the  signs  of  the  coefficients  0,  b^c;d,  are 
neither  all  affirmative,  nor  alternately  *-  and  +*• 


*  Various  general  rules  for  the  solution  of  equstions  have  been  giv. 
en  by  Demokre^  Bezout  Lagrange,  &c. ;  but  the  most  universal  in 
their  application  are  approximating  rules,  of  which  a  very  simple  and 
tiseful  one  is  given  in  our  first  volume. 

EXAMPLES. 


S70       NUMERAL  SOLUTIONS  OF  EQUATIONS. 

EXAMPLES. 

Ex.  1.  Find'the  roots  of  the  equation  x*  +  — -  ar  =  r--— . 

^  '44  12716 

bj  tables  of  sines  aad  taageats. 

Here  p  = »— ,  9  =  12716'  *°^  *^®  equation  ag;rees  with  the 

w   r  Ai      X  88     ^    1695         .         /     ,  ,    1695 

1st,  form.  Also  tan  a=  yV  J27T6'  ^'^^  «=*««»  i^  =  \/  Jj^Xe' 

Tn  logarithms  thus  : 

Log.     1696  =    3-2291697 
Arith.  com.  log.  12716  =    5-8956495 

8um  +  10  =  191248192 

half  sum  =     9-6624096 
log  88  ==     1  -9444827 
Arith.  com.  log  7  =    9-1549020     , 

sum  —  10  =  log  tan  a  =  10  6617943  =  log  tan  77»42'31''J  i 

log  tan  ^A  =    9-9061 116  =  log  tan  3«*5ri5"^  ; 
log  -v/  9i  a«  above  =    9-5624096 
,um  —  10  =  logx  =  —    1*4685211     =  log  -2941176. 

This  value  of  x^  viz.  '294]  176,is  nearly  equal  to  — .  Tofind 

whether  that  is  the  exact  root,  take  the  arithmetical  compli- 
ment of  the  last  logarithm,  viz.  0*5314379,  and  consider  it  as 
the  logarithm  of  the  denominator  of  a  fraction  whose  nume- 
rator is  unity;  thus  is  the  fraction  found  to  be  ^  exactly, 

and  this  is  manifestly  equal  to  — ,    As  to  the  other  root  of 

the  equation,  it  is  equal  to  —  iSm"^!?"  ~  ""  ?48' 

Ex.  2   Find  the  roots  of  the  cubic  equation* 

,      403       ,46         ^  ,        ^  , ,       2.   . 
a:'  —  -r-T JP  +r^—  =  0,  by  a  table  of  sines. 
441       *  147  ^ 

Here  p  =  — m  Q  ^  ^Tz*  ^^^  second  term  is  negative,  and 

441  147 

4p9  >279>  1 80  that  the  example  falls  under  the  irreducible  case. 

u  .     0  3X46^441  ^  1      _414     1 

Hence,  sin  Sa  =  -j^  X  -  X  -^---  .  ^^. 

"The  three  values  of  x  therefore,  are 

.  1612 

x=    sin  (6O0  -  a)  ^  gg-. 

.V        1612 

^  =  -Sin  (60<'  +  a)  ^  J323-.  The 
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The  logarithmic  computation  issobjoiDed. 

Log  1612  =  3-2073660 
Arith.    com.    log     1323  =  6-87S4402 

lom  —   10 =  0  0858O62 

half  sum  =  00439026  const,  log. 

Arith.  com.   const,  log.  =  9-9570974 

log  414  ...  =  2-6170003 

Arith.  com.  log.  403  .  ==  7-3946950 

log  sin  3a  ...  =  9-9687927  =  log  sin  68*  32*  IS^f 

Log  sin  A  =  9-6891206 
const,  log     =  0-0429026 

1.  sum— 10  s=  log  X  =  —  1^6320232  =  log  •4286714=logf 

Log  sin  (60«-a)  =  9-7810061 
const,  log  ....  =  0-0429026 

2.  sum— 10a>logx  =  —  1-8239087  x=log*6666666=log|. 

Log  sin  (60«+a)  =  9-9966060   - 
const,  log  ....  =  0-0429026    ' 

3.  sum— 10  =:]og  — JT  =s=  0-0396086=logl*096238slogf f. 
So  that  the  three  roots  are  f ,  f ,  and  —  ff  ;  of  which  the  first- 
two  are  together  equal  to  the  third  widi  its  sign  chaqged,  as 
thej  ought  to  be. 

£x.  3.    Find  the  roots  of  the  biquadratic  x*  —  26xs  + 
60x— 36  =  0,  by  Euler's  Rule. 
Here  a  =  26»  6  =  —  60,  and  c  =  36  ;  therefore 

-         25         _  625    ,    ^        769        .  .        225 

/  =  T'«^="l6+^==l6'"*^*  =  T' 
CoBsequentlj  the  cubic  equation  will  be 
,     25   _    ,  rfl9         225  _  ^ 

The  three  roots  of  which  are 

9  25 

;r  =55  -  =  »,  and  z  =  4  =  o,  and  ar  =  -—  =  r  ; 
4  4 

the  square  roots  of  these  are  ^p  =s  |,  y/q  =  2  or  4»  v^  r  =3f . 
Hence,  as  the  value  of  \b  is  negative,  the  four  roots  are 

Ist^p^      l+*-f  =      ^ 
2d.  *=      |-f+|=      2, 

4th.  xs  — 1-1-1  =  —6. 

Ex.  4.    Produce  a  quadratic  equation  whose  rootci  shall  be 
fandf-  Ans.  x«-H«  + J  =  0. 

Ex,  5.  Produce  a  cubic  equation  whose  roots  shall  be,  2,  6t 
and-3.  Ans.x'— 4x3  — Hop +  30^0. 

Ex.6. 


s. 
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Ex,  6.  Produce  a  biquadratic  which  sbaU  hate  for  the  roots 
1,  4,^6,  and  6  respectively. 

Ads.  X*— 6x3-21jp«  +  146jr- 120b:0. 
Ex.  7.     Find  Xy  when  x*  +  347x  =^  22 1 1 0 

Ans.  X  s=  65,  X  =s:-*402. 

SS  325 

Ex.  8.    Find  the  roots  of  the  qiiadratib  ^'  *"*  7t  ^  "=  -f-* 

Ans.  a?  =  10,  *  ==  — — . 
264  695 

JEr.  9.    Solve  the  equation  x«  -  —  jc  =  —  — . 

Ans.  X  5=  6,  X  3=  — - . 

25 

Ex.  10.  Given  x*— 24113x    —  481860,  to  find  x. 

Ans.  X  =  20  X  »E  24093. 

£x.  1 1.  Find  the  roots  of  the  equation  x'  ^3x—  1  =ac  0. 

Ans.  the  roots  are  sin  70^,  —  sin  60^,  and  —  sin  10^,  to  a 
radios  =  2  ;  or  the  roots  are  twice  the  sines  of  those  arcs  as 
given  in  the  tables. 

Ex.  12.   Find  the  real  root  of  x»  -x— 6  =  0. 

Ans.  1^3  X  sec  64»  44'  W. 
Ex.  13.  Find  the  real  root  of  ftbx*  +  76x«46  =  0. 

Ans.  2  cot  74»  27'  48*'. 
Ex.  14.     Given  x« -.8jr»  -  12x«  +  84x -63  =  0,  tofindx 

bj  quadratics.  Ans,  x  ==  2  +  y^7±^ll+^7. 

Ex.  16.  Givenx*4-36x»-40()x«-316Sx  + 7744  =  0,  to 

find  X,  by  quadratics.  Ans.  x  =  1 1  -{-  \/  209. 

Ex.  16.  Given  x*+24x»  — 114x»— 24x  +  1  =  0  to  find  x. 

Ans.  x  =  ±y'  197— 14,x  =  2±y  6. 

jEx.  17.  Find  x,  when  «*  —  12x— 5  s=z  0. 

Ans.x=:l  ±  ^2,x«=—  1  ±  2y-l. 

Ex.  18.  Find  a:,  when  x«  -  12x3  4.  47x« -72x+  36  =  0. 

Ans.  or  =  1,  or  2,  or  3,  or  6. 

fix.  19.  Givcna;»-6ax*-80a«fl?3-.68a«a:«+7a*x+»rtiO, 

to  find  X. 

Ans. X       '^a,x=^6a±,  av^37, x 3=  :t  a ^  10— 3a. 


OX 
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9N  THE  NATURE  AND  PROPERTIBS  OP  CURVES,  AND  THE 

CONSTRUCTION  OF  EQUATIONS. 


SECTION  I. 
Mlaiure  tuid  Fr^triin  •/  Curvti. 

Dkf.  K  a  curve  is  a  lioe  iip)io«e  several  parts  proceed  in 
different  directions,  and  are  successively  posited  towards  dif- 
ferent points  in  space,  which  also  maj  he  cut  hj  one  right 
line  ii^  two  or  more' points. 

If  all  the  points  in  the  carve  may  he  incladed  in  one  plane, 
the  curve  is  called  a  pta$^  carve  ;  hot  if  they  cannot  aU  he 
comprised  in  one  plane,  then  is  the  curve  one  of  itmbU  cur- 

Since  the  word  direction  implies  straight  lines,  and  in  strict- 
ness* no  part  of  a  curve  is  a  right  line,  some  geometers  prefer 
defining  corves  otherwise  :  thus,  in  a  straight  line,  to  he  called 
the  line  of  the  abscissas,  from  a  certain  pointy  let  a  line  arbi- 
trarily taken  be  called  the  abscissa,  and  dei^oted  (commonly) 
by  JP  ;  at  the  several  points  corresponding  to  the  different 
values  of  :r,  let  straight  lines  be  continually  drawn,  Qiaking  a 
eertaao  angle  with  the  line  of  the  abscissas  :  these  straight  linen 
being  regulated  in  length  according  to,  a  certain  law  or  equa- 
tion, are  called  ordinates  ;  and  the  line  or  figure  in  which 
their  extremities  are  continually  found  is,  in  general,  a  curv^ 
line.  This  definition  however  is  not  free  from  objection  ; 
for  a  right  line  may  be  denoted  by  an  equation  between  its 
abscissas  and  ordinates,  such  as  y  =  ax  -}*  ^* 

Curves  are  distinguished  into  algebraical  or  geometrical, 
and  transcendental  or  mechanical. 

Dtf,  %.  Algebraical  or  geometrical  curves,  are  those  in 
whicL  the  re&tions  of  the  abscissas  to  *the  ordinates  can  be 
denoted  by  a  common  algebraical  expression  ;  such,  for  ex- 
ample, as  the  equations  to  the  conic  sections,  given  in  page 
532  lie.  of  vol.  2. 

Def.  3.  TranicendenkU  or  mechanical  curves,  are  such  a» 
cannot  be  so  defined  or  expressed  by  a  pure  algebraical  equa- 
tion ;  or  when  they  are  expressed  by  an  equation,  having  one 

Vol.  II.  36  of 
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of  its  terms  a  variable  quantitj,  or  a  curve  line.  Thai,  y  ^ 
log  JT,  y  =  A  .  sin  :r,  y  =:  A  .  cos  X.  y  =  a',  are  equations  to 
transcendental  curves  ;  and  the  latter  in  particular  is  an  equa- 
tfon  to  an  exponenHai  curve. 

Def.  4.  Curves  tbat  turn  round  a  fixed  point  or  centre, 
graduaHy  receding  from  it,  are  called  spired  or  radial  curves. 

Def,  5.  Family  or  tribe  of  curves,  is  an  assemblage  of 
several  curves  of  different  kinds,  all  defined  bj  the  same 
equation  of  an  indeterminate  degree  ;  but  differently,  accord- 
ing to  the  diversity  of  their  iiudl  For  example,  suppose  an 
equation  of  an  indeterminate  degree,  a"**^  x  =  y«  :  if  m  =  2, 
then  will  ox  =  9*  ;  if  m  s^  3,  then  will  a*x  ac  ys  .  jf  m  -s  4, 
then  is  a'x  =  y*,  kc.  :  all  which  curves  are  said  to  be  of  the 
same  family  or  tribe. 

Def,  6.  The  aan$  of  a  figure  is  a  right  lide  passing  through 
the  centre  of  a  curve,  when  it  has  one  :  if  it  bisects  the  orSi- 
nates,  it  is  called  a  diameter, 

Def  7.  An  asffn^tote  is  a  right  line  which  continually  ap* 
proaches  towards  a  curve,  but  never  can  touch  it,  unless  the 
curve  could  be  extended  to  an  infinite  distance. 

Def  8.  An  abscissa  and  an  ordinate,  whether  right  or 
oblique,  are,  when  spoken  of  together,  frequently  termed  eo- 
ordinates. 

Art.  r.  The  most  convenient  mode  of  classnig  stlgebraical 
curves,  is  according  to  the  orders  or  dimensions  of  the  equa- 
tions which  express  the  relation  between  the  co-ordinates. 
For  then  the  equation  for  the  same  curve,  remaining  always 
of  the  same  order  so  long  as  each  of  the  assumed  systems  of 
co*ordinates  is  supposed  to  retain  constantly  the  same  inclina- 
tion of  ordinate  to  abscissa,  while  referred  to  different  points 
of  the  curve,  however  the  axis  and  the  origin  of  the  abscissas, 
or  even*  the  inclination  of  the  co-ordinates  in  different  systems, 
may  vary  ;  the  same  curve  will  never  be  ranked  under  dif- 
ierisnt  orders,  according  to  this  method.  If  therefore  we 
take,  for  a  distinctive  character,  the  number  of  dimensions 
which  the  co-ordinates,  whether  rectangular  or  oblique,  fonb 
HI  the  equation,  we  sludl  not  disturb  the  order  of  the  classes, 
lif  changing  the  axis  and  the  origin  of  the  abscissas,  or  by  va- 
rying the  inclinatfon  of  the  co-ordinates. 

2.  As  algebraists  calf  orders  of  different  kinds  of  equations, 
those  which  constitute  the  greater  or  less  number  or  dimen-' 
sions,  they  distinguish  by  the  same  name  the  different  kinds 
of  resulting  lines.  Consequently  the .  general  equation  of  the 
first  order  being  0  =  •  -f-  /Sx  -}-  yy  ;  we  may  refer  to  the 
first  order  all  the  line»  which,  by  taking  x  and  y  for  the  co- 
ordinates, whether  rectangular  or  oblique,  give  rise  to  this 

equation. 
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«fl|QatioD.  Bat  this  equation  comprises  the  rig^t  line  alone, 
which  is  the  most  simpfe  of  all  lines  ;  and  since,  for  this  rea- . 
sen,  the  name  of  curve  does  not  properly  apply  to  the  first  or- 
der, we  do  not  usnally  distinguish  the  different  orders  by 
the  name  of  curve  lines,  but  simply  by  the  generic  term  of 
lines  :  .hence  the  first  order  of  lines  does  not  comprehend  any 
carves,  but  solely  the  right  line. 

As  for  the  rest,  it  is  indifferent  whether  the  co-ordinates 
are  perpendicular  or  not ;  for  if  the  ordinates  make  with  the 
axis  an  angle  ^  whose  sine  is  a*  and  cosine  f ,  we  can  refer  the 
equation  to  that  of  the  rec^ngular  co-ordinates,  by  tnaidng 

y  ^=  —4  and  x  ss  —  +    t;  which  will  give  for  an  equation 

between  the  perpendiculars  t  and  u, 

o  =  .  +  ^t  +  (^+^)«. 

Thus  it  follows  evidently,  that  the  signification  of  the 
equation  is  not  limited  by  supposing  the  ordinates  to  be  rightly 
applied  :  and  it  will  be  the  same  with  equations  of  superior 
orders,  which  will  not  be  less  general  though  the  co-ordinates 
are  perpendicular.  Hence,  since  the  determination  of  the  in- 
clination of  the  ordinates  applied  to  the  axis,  takes  nothing 
from  the  generality  of  a  general  equation  of  any  order  what- 
ever, we  put  no  restriction  on  its  signification  by  supposing 
the  co-ordiaatea  rectangular ;  and  the  equation  will  be  of  the 
same  order  whether  the  co-ordinates  be  rectangular  or  oblique. 

S.  All  the  lines  of  the  second  order  will  be  comprised  in 
the  general  equation. 

0=^m  +  ^x  +  yy  +  h^+txy  +  f^y^ 
that  is  to  say,  we  may  class  among  lines  of  the  second  order 
all  the  curve  lines  which  this  equation  expresses,  x  and  y  de- 
noting the  rectangular  co-ordinates  These  curve  lines  are 
ther^ore  the  most  simple  of  all,  since  there  are  no  curves  in 
the  first  order  of  lines  ;  it  is  for  this  reason  that  some  writers 
call  them  curves  of  the  first  order.  But  the  curves  included 
in  this  equation  are  better  known  under  the  name  of  conic 
SECTIONS,  because  they  all  result  from  sections  of  the  cone« 
The  different  kinds  of  these  hoes  are  the  ellipse,  the  circle, 
or  ellipse  with  equal  axes  ,  the  parilfcola,  and  the  hyperbola  ; 
the  properties  of  all  which  may  be  deduced  with  facility  from 
the  preceding  general  equation.  Or  this  equation,  may  be 
transformed  into  the  subjoined  one  : 


nod 
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and  this  agaio  mny  be  reduced  to  tbe  still  more  simple  tarn 

Here»  when  the  first  tenn  /«>  is  cf^rmalive,  the  cerve  eK- 
pressed  by  the  equfttion  is  a  hyperbola  ;  when/x^  is  negative 
the  curve  is  an  ellipse  ^  when  that  term  is  abnetU^  the  curre 
is  a  parabola.  When  x  is  Vaken  upon  a  diameter,  the  equa- 
tions reduce  to  those  already  given  in  sec.  4  ch.  i. 

The  mode  of  effecting  these  transformations  is  omitted  for 
the  sake  of  brevity.  This  section  contains  a  symmary^  not  an 
infoeetigatitm  of  properties:  the  latter  would  require  many 
T<riumes,  instead  of  a  section. 

4.  Under  lines  of  the  third  order,  or  curves  of  the  second, 
are  classed  all  those  which  may  be  expressed  by  the  equation 
0  =  •  4;/»«+yy  +  *ar'  +  «*y+Cy'  4  nxi+ix^y+ixy'+  *y^. 
And  in  like  manper  we  regard  as  lines  of  tbe  fourth  order, 
those  curves  which  are  furnished  by  the  general  equation 

0  =  #  +  ^«  +  yy  +  ix^+  ixy  +  fy«  +  sx»  +  ix'y  +  ixy*  + 

Mjf^  +  Xx^  +  Ma*y  +  9X*y^  +  |xjf3  +  •y^  ; 
taking  always  x  and  y  for  rectangular  co-ordinates.  In  the 
most  general  equation  of  the  third  order,  there  are  10  con- 
stant quantities,  and  in  that  of  the  fourth  order  15,  which 
may  l>e  determined  at  pleasure ;  whence  it  results  that  the 
kinds  of  lines  of  the  thin!  order,  and,  much  more,  those  of  the 
fourth  order,  are  considerably  more  numerous  than  those 
of  the  second. 

5.  It  will  now  be  easy  to  conceive,  from  what  has  gone  be- 
fore«  what  are  the  curve  lines  that  appertain  to  the  fifth,  sixth, 
seventh,  or  any  higher  order  ;  but  as  it  is  necessary  to  add  to 
the  general  equation  of  the  fourth  order,  the  terms 

x» ,  x«y,  jr >y» ,  x»y» ,  xy« ,  y* , 
with  their  respective  constant  co-efficients,  to  have  the  general 
eouatioB  comprising  all  the  4incs  of  the  fifth  order,  this  latter 
will  be  composed  of  21  terms  :  and  the  general  equation  com- 
|>rehending  all  the  lines  of  the  sixth  order,  will  have  28  term's ; 
and  so  oto,  confomaJMy  to  the  law  of  the  triangular  numbers. 
Thus  the  most  general  equation  for  lines  of  the  order  n,  will 

contain  S^'^  T —  i^rms,  and  as  many  constant  letters, 

which  may  be  determined  at  pleasure. 

6.  Since  the  order  of  the  proposed  equation  between  the 
co-ordinates,  makes  kno^rn  that  of  the  curve  Kne  ;  whenever 
wt  have  given  an  algebiaic  equation  between  the  co-ordinates 
Jr  and  y,  or  t  and  u,  we  know  at  once  to  what  order  it  is  ne- 
cessary to  refer  the  curve  represented  by  that  equation.  If 
the  equation  be  irrational,  it  must  be  freed  from  radicals,  and 

■  if 
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if  there  be  frectioDS,  they  must  be  made  to  disappear  ;  this 
doiie,  the  greatest  nuinber  of  dimeDiions  formed  bj  the  va- 
riaMe  qaaotities  x  and  y,  will  indicate  the  order  to  which  the 
line  beloQgB.  Thus  the  curve  which  is  denoted  Inr  this  equa- 
tion y'  — ^nx  Bs  0,  will  be  of  the  second  order  of  lines,  or  of 
the  first  order  of  curves  ;  while  the  curve  riipresented  by  the  , 
equation  y^  «=  x^  (o*  —  jc*  ),  will  be  of  the  third  order  (that 
is,  the  fourth  order  of  fines;,  because  the  equation  is  of  the 
fouith  order  when  firmed  from  radicals  ;  and  the  line  which  is 

indicated  by''  the  equation  y  ==  -'-^^^ ,  will  be  of  the  third 

•'  *  fla   +  «p« 

order,  or  of  the  second  order  of  curves,  because  the  equation 

when  ^e  fraction  is  made  to  disappear,  becomes  a*y  4^  s'y  =» 

as  ..  ax^ ,  where  the  term  J7*y  contains  three  dimensions. 

7.  It  is  possible  that  one  and  the  same  equation  may  give 
di£ferent  curves,  according  as  the  applicates  or  ordinates  fall 
upon  the  axis  perpendicularly  or  under  a  given  obliquity. 
For  instance,  this  equation,  y*  =saj? — x*,  gives  a  circle,  when 
the  co-ordinates  are  supposed  perpendicular ;  but  when  the 
co-ordinates  are  oblique,  the  curve  represented  by  the  same 
equation  will  be  an  ellipse.  Yet  all  these  different  curves  ap- 
pertain to  the  same  order,  because  the  transformation  of  rect- 
angular into  oblique  co-ordinates,  and  the  contrary,  does  not 
affect  the  order  of  the  curve,  or  of  its  equation.  Hence, 
though  the  magnitude  of  the  angles  which  the  ordinates  form 
with  the  axis,  neither  augments  nor  diminishes  the  generality 
of  the  equation,  which  expresses  the  lines  of  each  order  ;  yet, 
^  particular  equation  being  given,  the  curve  which  it  expresses 
can  only  be  determined  wben«the  angle  between  the  co-ordi- 
nates is  determined  also. 

• 

8.  That  a  qurve  line  may  relate  properly  to  the  order  in- 
dicated by  the  equation,  it  is  i:eqoisite  that  this  equation  be 
not  decomposable  into  rational  factors  ;  for  if  it  could  be  com- 
posed of  two  or  of  more  such  foctors,  it  would  then  compre- 
hend as  many  equations,  each  of  which  would  generate  a 
particular  line,  and  the  re-union  of  these  lines  would  be  all 
that  the  equation  proposed  could  represent  Those  equations, 
then,  which  may  be  decomposed  into  such  factors,  do  not 
comprise  one  continued  curve,  but  several  at  once,  each  of 
which  may  be  expressed  by  a  particular  equation  ;  and  such 
combinations  of  separate  curves  are  denoted  by  the  term  com- 
plex cnrves. 

Thus,  the  equation  y*  =  ay  +  xy  —  ax,  which  seems  to 
appertain  to  a  hue  of  the  second  order,  if  it  be  reduced  to 
zero  by  making  y'  —  ay  —  jry  -(-  ax  =3  o,  will  be  composed 
of  the  factors  ^  —  -a?)  (y  —  a)  ==  0  ;  it  therefore  corapriite^ 
'  the 
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the  tvro  eqaations  y  —  x  =s  0,  and  y  -—  a  =  0,  both  of  which 
belong  to  the  right  line  :  the  first  fonns  with  the  axis  at  the 
origin  of  the  abcissas  an  angle  equal  to  half  a  right  angle  ; 
and  the  second  is  parallel  to  the  axis,  and  drawn  at  a  distance 
s=  o.  These  two  lines,  considered  together,  are  comprized 
in  the  proposed  equation  y*  =  ay  +  xy  —  ox.  In  like  man- 
ner we  may  regard  as  complex  this  equation  y^  —  xy^  -— 
o«  x^  —  ay*+ax'y  +o«  ory  =  0  ;  for  its  factors  being  (y— ,«) 
(y  —  ^)  (y'  "^  '^)  ^^  ^>  instead  of  denoting  one  continued  line 
of  the  fourth  order,  it  comprizes  three  distinct  lines,  viz.  two 
rigbf  lines,  and  one  curve  denoted  bjr  the  equa.  y^  — ox  =  0. 

9.  We  may  therefore  form  at  pleasure  any  complex  lines 
whatever,  which  shall  con&in  2  or  more  right  lines  or  curves 
For,  if  the  nature  of  each  line  is  expressed  by  an  equation  re- 
ferred to  the  same  axis,  and  to  the  same 
origin  of  the  abscissas,  and  afler  having 
reduced  each  equation  to  zero,  we  mul- 
tiply them  one  by  another,  there  will  'Be 
result  a  complex  equation  which  at  once 
comprizes  all  the  lines  assumed.  For 
example,  if  from  the  centre  c,  with  a 
radius  ca  =  a,  a  circle  be  described  ;  and  further,  if  a*  right 
line  Lif  be  drawn  through  the  centre  c  ;  then  we  may,  for  any 
assumed  axis,  find  an  equation  which  will  at  once  include  the 
circle  and  the  right  line,  as  though  these  two  lines  formed  on- 
ly one. 

Suppose  there  be  taken  for  an  axis  the  diameter  ab,  that 
forms  with  the  right  line  ln  an  angle  equal  to  half  a  right 
angle  :  having  placed  the  origin  of  die  abscissas  in  a,  make 
the  abscissa  ap  =s  jt,  and  the  applicate  or  ordinate  pm  =  y  ; 
we  shall  have  for  the  right  line,  pm  =  cp  =:.a  —  x  ;  and  since 
the  point  h  of  the  right  line  fiills  on  the  side  of  those  ordi- 
nates  which  are  reckoned  negative,  we  have  y  sc  — .  a  +  jt, 
ory~  X  H~  a  =  0  :  but,  for  the  circle,  we  have  pm'  ==  ap  .  pb, 
and  BP  =  2a  —  ar,  which  gives  y»  =  Zax  —  jr^ ,  or  y*  -f  a:-  — 
2ax  =  0.  Multiplving  these  two  equations  together  we  obtain 
the  complex  equation  of  the  third  order, 
1^3  —  y*ap  +yx^  — x^  +  ay'  —  2axy  +  3ax»  —  2o*jc  =  0, 
which  represents,  at  once,  the  circle  and  the  right  line  Hence, 
we  shall  find  that  to  the  abscissa  ap  =^,  corresponds  three 
ordinates,  namely,  two  for  the  circle,  and  one  for  the  right 
line.  Let,  for  example,  x  =  ^a,  the  equation  will  become 
y'+|oy*  -  'a«y— fa'  =  0  ;  whence  we  first  findy  +  4a=0, 
and  by  dividing  by  this  root  we  obtain  y'  —  }a>-=a  0,  toe  two 
roots  of  which  being  taken  and  ranked  with  the  former,  give 
the  three  following  values  of  y  : 

I.y  = 
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I.  y  :=  i.^  ^a. 
n.  y  =s  +  JOv^S. 

III.  y  =  —  io^3. 
We  see  therefore  that  the  ^ole  is  represented  by  one  equa- 
tion, as  if  the  circle  together  with  the  right  line  formed  only 
one  coiitinned  carve. 

10.  This  difference  between  simple  and  complex  curves 
being  once  established,  it.is  manifest  that  the  lines  of  the  se- 
cond order  are  either  continued  curves,  or  complex  lines  form- 
ed of  two  right  lines  ;  for  if  the  general  equation  have  ra- 
tional factors,  they  must  be  of  the  fipet  order,  and  consequent- 
ly will  denote  right  lines.  Lines  of  the  third  order  will  be 
either  simple,  or  complex,  formed  either  of  a  right  line  and  a 
line  of  the  second  order,  or  of  three  right  liaes.  lu  like 
manner,  lines  of  the  fourth  order  will  be  continued  and  sim- 
ple, or  complex,  comprizing  a  right  line  and  a  line  of  the 
third  order,  or  two  lines  of  the  second  order,  or  lastly,  four 
right  lines.  Complex  lines  of  the  fiAh  and  superior  orders 
will  be  susceptible  of  aii  analogous  combination,  and  of  a 
similar  enumeration.  Hence  if  follows,  that  any  order  what- 
ever of  lines  may  comprize,  at  once,  all  the  lines  of  inferior 
order,  that  is  to  say,  that  they  may  contain  a  complex  line  of 
any  inferior  orders  with  one  or  more  right  lines,  or. with  lines 
of  the  second,  third,  &c.  orders  ;  so  that  if  we  sum  the  num- 
bers of  each  order,  appertaining  to  the  simple  lines,  there  will 
result  the  number  indicating  the  order  of  the  complex  line. 

De/*.-  9.  That  is  called  an  hyperbolic  leg,  or  branch  of  a 
curve,  which  approaches  constantly  to  some  asymptote  ;  and 
that  a  j9ara6o/ic  one  which  has  no  asymptote. 

Art.  11.  All  the  legs  of  curves  of  the  second  and  higher 
kinds,  as  well  as  of  the  first,  infinitely  drawn  out,  will  be  of 
either  the  hyperbolic  or  the  parabolic  kind  :  aAd  these  legs 
are  best  known'  from  the  tangents.  For  if  the  point  of  con- 
tact be  at  an  infinite  distance,  the  tangent  of  a  hyperbolic  leg 
will  coincide  with  the  asymptote,  and  the  tangent  of  a  para- 
bolic leg  will  recede  in  infinitum,  will  vanish  and  be  no  where 
found.  Therefore  the  asymptote  of  any  leg  is  found  by  seek- 
ing the  tangent  to  that  leg  at  a  point  infinitely  distant :  and 
the  course,  or  way  of  an  infinite  leg,  is  found  by  seeking  tbe 
position  of  any  right  line  which  is  parallel  to  the  tangent 
where  the  point  of  contact  goes  off  in  infinitum :  for  this  right 
line  is  directed  the  same  way  with  the  infinite  leg. 

Sir  haac  NemUm's  Reduction  of  all  Lines  of  the  Third  Or- 
der to  four  Cases  of  Equations  ;  rvith  (he  Einume  ration  of  those 
lines.  CASEl. 


s«o 


Lines  op  the  third  order. 

CASEL 


12.  All  the  lines  of  the  first,  third,  fiflh,  and  seventh  order, 
or  of  any  odd  order,  have  at  least  two  legs  or  sides  proceed- 
ing on  ad  ifi/SfMtem,  and  towards  contrary  psrts.  And  all  lines 
of  the  third  order  have  to  sach  legs  or  branches  mnning  out 
contrary  ways,  add  towards  which  no  other  of  their  infinite 
1^  (except  in  the  Cartesian  parabola^  tend.  If  the  legs  are 
of  the  hyperbpUc  kind,  let  qas  be  their  asymptote  ;  and  te  it 


let.  the  parallel  cbc  be  drawn,  terminated  (if  possible)  at  both 
ends  at  the  curve.  Let  this  parallel  be  bisected  in  z,  and 
then  will  the  locus  of  that  point  x  be  the  conical  or  common 
hyperbola  x^,  one  of  whose  asymptotes  is  as.  Let  its  other 
asymptote  be  ab.  Then  the  equation  by  which  the  relation 
between  the  ordinate  bc  =  y,  and '  the  abscissa  ab  =  x,  is» 
determined,  will  always  be  of  this  form  :  viz. 

*y*  +  «y  '=  o**'  +  ^**  +  ex  +  d  .  .  (I.) 
Here  the  coefficients  e,  a,  fr,  c,  d,  denote  given  quantities, 
affected  with  their  signs  +  and  — ,  of  which  terms  any  one 
may  be  wantiqg,  provided  the  figure  through  their  defect  does 
not  become  transformed  into  a  conic  section.  The  conical 
hyperbola  xq  may  coincide  with  its  asymptotes,  that  is,  the 
point  X  may  come  to  be  in  the  line  ab  ;  and  then  the  term  + 
ej^  will  be  wanting.  • 

CAliEIL  ^  , 

IS.  But  if  the  right  line  cbc  cannot  be  terminated  both 
ways  at  the  curve,  but  will  come  to  it  only  in  one  point ;  then 
draw  any  line  in  a  given  position  which  shall  cut  the  asymp- 
tote AS  in  A ;  as  also  any  other  right  line,  as  bc,  parallel  to 
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the  asymptote,  and  meeting  the  carve  in  the  point  c  ;  then  the 
equation,  by  which  the  relation  between  the  ordinate  bc  and 
the  abscissa  ab  is  determined,  will  always  assume  this  /orm  : 
viz.  ry  =  or^  +  bx^  +  ex  +  d  .  .  .  .  (II.) 

CASE  fa 

14.  If  the  opposite  legs  be  of  the  parabolic  kind,  draw  the 
right  line .  cbc,  terminated  at  both  ends  (if  possible)  at  the 
curve,  and  running  according  to  the  course  of  the  legs  ;  which 
line  bisect  in  b  :  then  shall  the  locus  of  b  be  a  right  line.  Let 
that  right  line  be  ib,  terminated  at  any  given  point,  as  a: 
then  the  equation,  by  which  the  relation  between  the  ordinate 
Bc  and  the  abscissa  ab  is  determined,  will  always  be  of  this 
form  :  y«  =  »x^  +hx^  +  ex  +  d  .  .  .  .  (III.) 

CASE  IV. 

1 5.  If  the  right  line  cbc  meet  the  curve  only  in  one  point, 
and  therefore  cannot  be  terminated  at  the  curve  at  both  ends  ; 
let  the  point  where  it  comes  to  the  curve  be  c,  and  let  that 
right  line  at  the  point  b.  Mi  on  any  other  right  line  given  in 
position,  as  Ad,  and  terminated  at  any  given  point,  as  a. 
Then  will  the  equation  expressing  the  relation  between  bc 
and  AB,  assume  this  form  : 

y^s^ax^  +  bx*  +cx  +  d (IV.^ 

16.  In  the  first  case,  or  that  of  equation  i,  ir  the  term  ax^ 
be  affirmative,  the  figure  will  be  a  triple  hyperbola  with  six 
hyperbolic  legs,  which  will  run  on  infinitely  by  the  three 
asymptotes,  of  which  none  are  parallel,  two  legs  towards  each 
asymptote,  and  towards  contrary  parts  ;  and  these  asymptotes, 
if  the  term  bx'  be  not  wanting  in  the  equation,  will  niutually 
intersect  each  other  in  3  points,  forming  thereby  tbe  triangle 
Dd^.  But  if  the  term  bx^  be  wanting,  they  will  all  converge 
to  the  same  point.  This  kind  of  hyperbola  is  called  redund^ 
ant^  because  it  exceeds  the  conic  hyperbola  in  the  number  of 
its  hyperbolic  legs. 

In  ejery  redundant  hyperbola,  if  neither  the  term  ey  be 
wanting,  nor  6>  —  4ac  =  me^a,  the  curve  will  have  no  dia- 
meter ;  but  if  either  of  those  occur  separately,  it  will  have 
only  one  diameter  ;  and  three^  if  they  both  happen.  Such 
diameter  will  always  pass  through  the  intersection  of  two  of 
the  asymptotes,  and  bisect  all  right  lines  which  are  terminated 
each  way  by  those  asymptotes,  and  which  are  parallel  to  the 
third  asymptote. 

17.  If  the  redundant  hyt>erbola  have  no  diameter,  let  the 
four  roots  or  values  of  x  in  the  equation  cue*  +  bx^  +  ex'  + 
dx  +  le»  s=  0,  be  sought ;  and  suppose  them  to  be  ap>  ait. 

Vor..  II.  37  A*-, 


282 


LiN£S  OF  THE  THIRD  ORDER. 


A*",  and  xp  (see  the  preceding  figure).  Let  the  ordinates  pt> 
«T«  9r7,  pt,  he  erected  ;  they  shall  touch  the  curve  in  the  pontt 
T,  r,  7,  ^  and  by  that  contact  shall  give  the  limits  of  the  curve, 
by  which  its  species  will  be  discovered. 

Thas,  if  all  the  roots  ap,  av,  ast,  Ap,  be  real,  and  have  the 
same  sign,  and  are  unequal,  the  curve  will  consist  of  three 
hyperbolas  and  an  oval :  viz.  an  ituerib^d  hyperbola  as  eg  ;  a 
circufMcribed  hyperbola^  as  T^c;  and  ambigen^  hyperbola^  (i«  e. 
lying  within  one  asymptote  and  beyond  another)  as  pt ;  and 
an  oval  rj.  This  is  reckoned  the j$n<  species.  Other  rela- 
tions of  the  roots  of  the  equation,  give  8  more  different  spe- 
cies of  redundant  hyperbolas  without  diameters  ;  12  each  with 
but  one  diameter  ;  2  each  with  three  diameters  ;  and  9  each 
with  three  asymptotes  converging  to  a  common  point.  Some 
of  these  have  ovals,  some  points  of  decussation,  and  in  some 
the  ovals  degenerate  into  nodes  or  knots. 

18.  When  the  term  ax^  in  equa.  i,  is  negative,  the  figure 
expressed  by  that  equation,  will  be  a  deficient  or  defective 
hyperbola  ;  that  is,  it  will  have  fewer  legs  than  the  complete 
conic  hyperbola.  Such  is  the  marginal 
figure,  representing  Newton's  33d  spe- 
cies ;  which  is  constituted  of  an  angui- 
%eal  or  serpentine  hyperbola,  (bothlegs 
approaching  a  common  asymptote  by 
means  of  a  contrary  flexure,  and  a  con- 
jugate oval.  There  are  6  species  of  de- 
fective hyperbolas,  each  having  but  one 
asymptote,  and  only  twahyperbolic  legs, 
running  out  contrary  ways,  ad  infim- 
turn ;  fhe  asymptote  being  the  first  and  principal  ordinate 
When  the  term  ey  is  not  absent,  the  figure  will  have  no 
diameter  ;  when  it  is  absent,  the  figure  will  have  one  diame- 
ter. Of  this  latter  class  there  are  7  different  species,  one  of 
which,  namely  Newton's  40th  species,  is  exhibited  in  the 
margin. 

19.  If,  in  equation  I,  the  term  ox^  be 
wanting,  but  bx^  ngt,  the  figure  ex- 
pressed by  the  equation  remaining,  will 
be  a  parabolic  hyperbola,  having  two 
hyperbolic  legs  to  one  asymptote,  and 
two  parabolic  legs  converging  one  and 
the  same  way.  When  the  term  ey  is 
not  wanting,  the  figure  will  have  no 
diameter ;  if  that  term  be  wanting,  the 
figure  wni  have  one  diameter.  There  are  7  species  apper- 
taining to  the  former  case  ;  and  4  to  the  latter. 

20.  When 
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20*  When,  id  tqnz.  i,  the  teims  ax',  hx^^  are  waoUdg,  or 
when  that  eqoatioii  becfwies  xy*  +  ey=^cx  +  d^it  expresies 
a  fignre  consisting  of  three  hyperbolas  opposite  to  one  an- 
other, one  lying  between  the  parallel  asymptotes,  and  the 
other  two  without  :  each  of  these  corves  having  three  asymp-. 
totes,  one  of  which  is  the  first  and 
principal  ordinate,  the  other  two  pa- 
rallel ^o  the  abscissa,  and  equally 
distant  from  it  ;  as  in  the  annexed 
figure  of  Newton's   €Oth   species. 


S 


Otherwise   the    said   equation    ea-  ^^ 

presses  two  opposite^circumscribed       -^ 

hyperbolas,  and  an  anguineal  hyper- 

bola  between  the  asymptotes.  Under 

this  class  there  are  4  species,  called 

by  Newton  Hyperholismft  of  an  hyperbola.     By  hyperbolismae 

of  a  figqre  he  means  to  signify  when  the  ordinate  comes  out, 

by  dividing  the  rectangle  under  the  ordinate  of  a  given  conic 

section  and  a  given  right  line>  by  the  common  abscissa. 

2 J.  When  the  term  cr'  is  negative,  the  figure  expressed 
by  the  equation  xy*  +  ey  =s^^cx'  +  cf,  is  either  a  serpentine 
hyperbola^  having  only  one  asymptote,  being  the  principal 
ordinate  ;  or  else  it  is  a  conchoidal  figure.  Under  this  class 
there  are  3  species,  called  Hyperbolisma  of  an  ellipte. 

St.  When  the  term  ex^  is  absent,  the  equa.  xy'  -{^  ^  ^^d, 
expresses  two  hyperbolas,  lying,  not  in  the  opposite  angles  of 
the  asymptotes  (as  in  the  conic  hyperbola),  but  in  the  adja- 
cent angles.  Here  there  are  only  2  species,  one  consisting  of 
an  inscribed  and  an  ambigeneal  hyperbola,  the  other  of  two 
inscribed  hyperbolas.  These  two  species  are  called  the  Hy- 
perboliimcs  of  a  parabola, 

23.  In  the  second  case  of  equations,  or  that  of  equation  ii, 
there  is  but  one  figure  ;  which  has  four  infinite  legs.  Of 
thes^,  two  are  hyperbolic  about  one  asymptote,  tending  to- 
wards contrary  parts,  and  two  converging  parabolic  legs, 
making  with  the  former  nearly  the  figure  of  a  trident^  the 
familiar  name  given  to  this  species.-  This  is  the  Cartenan 
parabola,  by  which  equations  of  6  dimensions  are  sometimes 
constructed  :  it  is  the  66th  species  of.  Newton's  enumeration. 

24.  The  third  case  of  equations,  or 
equa  fii,  expresses  a  figure  having  two 
parabolic  legs  running  out  contrary  ways: 
of  these  there  are  6  different  species, 
called  diverging  or  beU-f(jrtn  parabolas  ; 
of  which  2  have  ovals,  1  is  nodate,  1 
punctate,  and  1  cuspidate.  .  The  figure  shows  Newton's  67th 

species  ; 


/ 
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species  ;  in  which  the  oval  must  always  he  so  small  that  no 
right  line  which  cuts  it'  twice  can  cot  the  paraholic  cmre  ct 
more  than  once. 

25.  In  the  case  to  which  equa.  iv 
refers,  there  is  but  one  species.  It  exr 
presses  the  cubical  parabola  with  con- 
trary legs.  This  curve  may  easily  be 
described  mechanically  by  means  of  a 
square  and  an  equilateral  hyperbola.  Its 
most  simple  property  is,  that  rm  (paral- 
lel to  Aq)  always  varies  as  qN' — ^r'. 

26  Thus  according  to  Newton  there  are  72  species  of  lines 
of  the  third  ord^r.  But  Mr.  Stirling  discovered  four  more 
species  of  redundant  hyperbolas;  and  Mr.  Stone  two  more 
species  of  deficient  hyperbolas,  eipressed  by  the  equation 
ijx^  =  bx^  +  ex  +  d  :  I.  e,  in  the  case  when  bx^  4^cx+«'==0, 
has  two  unequal  negative  roots,  and  in'  that  where  the  equa- 
tion has  two  equal  negative  roots.  So  that  there  are  at  leait 
78  different  species  of  lines  of  the  third  order.  Indeed  Euler, 
who  cl^es  all  the  varieties  of  lines  of  the  third  order  under 
16  general  species  affirms  that  they  comprehend  more  than 
80  varieties  ;  of  which  the  preceding  enumeration  necessarily 
comprizes  nearly  the  whole.  * 

27.  Lines  of  the  fourth  order  are  divided  by  Euler  into 
146  classes  ;  and  these  comprize  more  than  5000  varieties  : 
they  all  flow  from  the  different  relations  of  the  quantities  in 
the  10  general  equations  subjoined.  = 

L;r*     +f^y^i'S^^+hx2y+it,i+hxj^fy-\ 

5.JF3    -fyxy>     +i'*«y+Ajr j 

6>y^  -^fi^^     +gxj  -j^hff J 

28.  Lines  of  the  fifth  and  higher  orders,  of  necessity  be- 
come still  more  numerous  ;  and  present  toa  many  varieties  to 
admit  of  any  classification,  at  least  in  moderate  compass. 
Instead,  therefore,  of  dwelling  upon  these  ;  we  shall  give  a 
concise  sketch  of  the  most  curious  and  important  properties 
of  curve  lines  in  general,  as  they  have  been  deduced  from  a 
contemplation  of  the  nature  and  mutual  relation  of  the  roots 
of  the  equations  representing  those  curves.  Thus  a  curve 
being  called  of  n  dimensions,  or  a  line  of  the  nth  order  when 
its  representative  equation  rises  to  n  dimensions  ;  then  since 
i  for 
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for  every  different  Talae  of  x  there  are  n  yalues  of  y^  it  will 
commonly  happen  that  the  ordinate  will  cut  the  curve  in  n  or 
in  n— 2,  »— 4,  &c.  points,  according  as  the  equation  has 
n,  orn  —  2,  n  —  4,  &g.  possible  roots.  It  is  not  however  to 
be  inferred  that  a  right  line  will  cut  a  curve  of  n  dimensions, 
in  n^n  —  2,  n  —  4,  &c.  points  only ;  for  if  this  were  the 
case,  a  line  of  the  2d  order,  a  conic  section  for  instance,  could 
only  be  cut  by  a  right  line  in  two  points  ;— but  thid  is  mani- 
festly incorrect,  for  though  a  conic  parabola  will  be  cut  in  two 
points  by  a  right  line  oblique  to  the  axis.,  yet  a  right  line  pa- 
rallel to  the  axis  can  only  cut  the  curve  in  one  point. 

29.  It  is  true  In  general,  that  lines  of  the  n  order  cannot 
be  cut  by  a  right  tine  in  more  than  n  points  ;  but  it  does  not 
hence  follow,  that  any  right  line  whatever  will  cut  in  n  points 
every  line  of  that  order  ;  it  may  happen  that  the  number  of 

intersections  is  n 1 ,  n  —  2,  n  —  3,  &c.  to  ii  —  n.     The 

number  of  intersections  that  any  right  line  wha;tever  makes 
with  a  given  curve  line  cannot  therefore  determine  the  order 
to  which  a  curve  line  appertains.  For,  as  Euler  remarks,  if 
the  number  of  intersections  be  =  »,  it  does  not  follow  that 
the  curve  belongs  to  the  n  order,  but  it  may  be  referred  to 
some  superior  order ;  indeed  it  may  happen  that  the  curve  is 
not  algebraic,  but  transcendental.  This  case  excepted,  how- 
ever, Euler  contends  that  we  may  always  affirm  positively 
that  a  curve  line  which  is  cut  by  a  right  line  in  n  points,  can- 
not belong  to  an  order  of  lines  inferior  to  n.  Thus,  when  a 
right  line  cuts  a  curve  in  4  points,  it  is  certain  that  the  curve 
does  not  belong  to  either  the  second  or  third  order  of  lines  ; 
but  whether  it  be  referred  to  the  fourth,  or  a  superior  order, 
or  whether  it  be  transcendental,  is  not  to'  be  decided  but  by 
analysis. 

30.  Dr.  Waring  has  carried  this  enquiry  a  step  further  than 
Euler,  and  has  demonstrated  that  there  are  curves  of  any  num- 
ber of  odd  orders,  that  cut  a  right  line  in  2,  4,  G,  &c.  points 
only  ;  and  of  any  number  of  even  orders  that  cut  a  right  line 
in  3,  6,  7,  &c.  points  only  ;  whence  this  author  likewise  in- 
fers, that  the  order  of  the  curve  cannot  be  announced  from 
the  number  of  points  in  which  it  cuts  a  right  line.  See  his 
Proprietates  Algebraicarum  Curvarum. 

31.  Every  geometrical  curve  being  continued,  either  re- 
turns into  itself,  or  goes  on  to  an  infinite  distance.  And  if  any 
plane  curve  has  #two  infinite  branches  or  legs,  they  join  one 
another  either  at  a  finite,  or  at  an  infinite  distance. 

32.  In  any  curve,  if  tangents  be  drawn  to  all  points  of  the 
curve  ;  and  if  they  always  cut  the  abscissa  at  a  finite  distance 
from  its  origin  ;  that  curve  has  an  asymptote,  otherwise,  not 
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33.  A  line  of  any  order  may  hmre  as  many  asymptotes  as  it 
lias  dimeosioQs,  and  no  more. 

34.  An  asymptote  may  intersect  the  carve  in  so  many 
points  abating  two,  as  the  equation  of  the  carve  has  dimen- 
sions. Thus,  id  a  conic  section,  which  is  the  second  order 
of  lines,  the  asymptote  does  not  cat  the  curve  at  all ;  in  the 
ihird  order  it  c^n  only  cat  it  in  one  point ;  in  the  fourth  order 
in  two  points  ;  and  so  on. 

35.  if  a  carve  have  as  many  asymptotes,  as  it  has  dimensions, 
and  a  right  line  be  drawn  to  cut  them  all,  the  parts  of'  that 
measured  from  the  asymptotes  to  the  curve,  will  together  be 
equal  to  the  parts  measured  in  the  same  direction,  from  the 
curve  to  the  asymptotes.  ' 

36.  If  a  curve  of  n  dimensions  have  n  asymptotes,  then  the 
content  of  the  n  abscissas  will  be  to  the  content  of  the  n  or- 
dinates\  in  the  same  ratio  in  the  curve  and  asymptotes  ;  the 
sum  of  their  n  subnormals,  to  ordinates  perpendicular  to  their 
abscissas,  will  be  equal  to  the  curve  and  the  asymptotes  ;  and 
they  will  have  the  same  central  and  diametral  curves. 

37.  If  two  carves  of  n  and  m  dimensions  have  a  common 
asymptote';  or  the  terms  of  the  equatfons  to  the  curves  of  the 
greatest  dimensions  have  a  common  divisor  ;  then  the  curves 
cannot  intersect  each  other  in  n  X  fn  points,  possible  or  im- 
possible.  If  the  two  curves  have  a  common  genera]  centre, 
and  intersect  each  other  in  n  X  m  points,  then  the  sum  of 
tbe  affirmative  abscissas,  &c.  to-those  points,  will  be  equal  to 
the  sum  of  the  negative  ;  and  the  sum  of  the  n  subnormals 
to  a  curve  which  has  a  general  centre,  will  be  proportional 
to  the  distance  from  that  centre. 

38.  Lines  of  the  third,  fifth,  seventh',  &c.  order,  or  any 
odd  number,  have,  as  before  remarked,  at  least  two  infinite 
legs  or  branches,  running  contrary  ways  ;  whil^  in  lines  of  the 
second,  fourth,  siith,  or  any  even  nuipber  of  dimensions,  the 
figure  may  return  into  itself,  and  be  contained  within  certain 
limits. 

39.  If  llie  right  lines  ap,  fm,  forming  a  given  angle,  apm 
cut  a  geometrical  line  of  any  order  in  as  many  points  as  it 
has  dimensions,  the  product  of  the  segment^  of  the  first  ter- 
minated by  p  and  the  curve,  will  always  be  to  the  product  of 
the  segments  of  the  latter,  terminated  by  the  same  point  and 
the  curve,  in  an  invariable  ratio. 

40.  With  respect  to  double,  triple,  quadruple,  and  other 
multiple  points,  or  the  points  of  intersection  of  2,  3,  4,  or 
more  branches  of  a  curve,  their  natute  and  number  may  be 
estimated  by  means  of  the  following  principles.  I .  A  corve  of 
the  n  order  is  determinate  when  it  is  subjected  to  pass  through 

the 
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the  number  ^^^ — -  ^" 1  points.     2.  A  curve  of  the  n 

order  cannot  intersect  a  curve  of  the  m  order  in  more  than 
ifin  point?. 

Hence  it  followA  that  a  carve  of  the  second  order,  for  ex- 
ample, can  always  pass  throtigh  5  given  points  (not  in  the 
same  right  line),  and  cannot  meet  a  curve  of  the  m  order  in 
more  than  mn  points  ;  and  it  is  impossible  that  a  curve  of  the 
m  order  should  have  5  points  whose  decrees  of  multiplicitj 
make  together  more  than  2m  points.  Thus,  a  line  of  the 
fourth  oHer  cannot  have  four  double  points  ;  because  the  line 
'  of  the  second  order  which  would  pass  through  these  four 
double  points,  and  through  a  fifth  simple  point  of  the  curve 
of  the  fourth  dimension,  would  meet  9  times  ;  which  is  im- 
possible^ since  there  can  only  be  an  intersection  2  X  4  or  8 
times. 

For  the  same  reason,  a  curve  line  of  the  fiflb  cannot,  with 
•ne  triple  point,  have  more  than  three  double  points  :  and  in 
a  similar  manner  we  may  reason  for  curves  of  higher  orders. 

Again,  for  the  known  proposition,  that  we  can  always 
make  a  line  of  the  third  order  pass  through  nine  points,  and 
that  a  curve  of  that  order  cannot  meet  a  curve  of  the  m  order 
in  more  that  3m  points,  we  may  conclude  that  a  curve  of  the 
m  order  cannot  have  nine  points,  the  degrees  of  multiplicitj 
of  which  make  together  a  number  greater  than  3m.  Thus, 
a  line  of  the  fifth  order  cannot  have  more  than  6  double 
points  ;  a  tine  of  the  6th  order,  which  cannot  have  more  than 
one  quadruple  point,  cannot  have  with  that  quadruple  point 
more  than  6  double  points  ;  nor  with 'two  triple  points  more 
than  5  douUe  points ;  nor  even  with  one  triple  point  more 
than  7  double  points.  Analogous  conclusions  obtain  with 
respect  to  a  line  of  the  fourth  order,  which  we  may  causae  to 
pass  through  14  points,  and  which  can  only  meet  a  curve  of 
the  m  order  in  4m  points,  and  so  on. 

41.  The  properties  of  carves  of -a  superior  order,  agree, 
mider  certain  modifications,  with  those  of  all  inferior  orders. 
For  though  some  line  or  lines  become  evanescent,  and  others 
become  infinite,  some  coincide,  others  become  equal  ;  some 
points  coincide,  and  others  are  removed  to  an  infinite  dis- 
tance ;  yet,  under  these  circumstances  the  general  propertie^i 
Still  hold  good  with  regard  to* the  remaining  quantities;  so 
that  whatever  is  demonstrated  generally  of  any  order,  hold<i 
true  in  the  inferior  orders  :  and,  on  the  contrary,  there  is 
hardly  any  property  of  the  inferior  orders,  but  there  is  some 
similar  to  it,  in  the  superior  ones. 

For,  as  in  the  conic  sections,  if  two  parallel  lines  are  drawn 
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to  terminate  at  the  sectioD,  the  right  line  that  hisects  these 
will  bisect  all  other  lines  parallel  to  them  ;  and,  is  therefore 
called  a  diameter  of  the  figure,  and  the  bisected  lines  orcttr 
naieSf  and  the  intersections  of  the  diameter  with  the  curve 
verticU ;  the  common  intersection  of  all  the  diameters  the 
^centre  ;  and  that  diameter  which  is  perpendicular  to  the  or- 
dinates,  the  vertex.  So  likewise  in  higher  curves,  if  two 
parallel  lines  be  drawn,  each  to  cut  the  curve  in  the  number 
of  points  that  indicate  the  order  of  the  curve  ;  the  right  line 
that  cuts  these  parallels  so,  that  the  sum  of  the  parts  on  one 
side  of  the  line,  estimated  to  the  curve,  is  equal  to  the  sum 
of  the  parts  on  the  other  side,  it  will  cut  in  the  same  man- 
ner all  other  lines  parallel  to  them  that  meet  the  curve  in  the 
same  number  of  points  ;  in  this  case  also  the  divided  lines  are 
called  ordinatet^  the  line  so  dividing  them  a  diameter^  the 
/  intersection  of  the  diameter  and  the  curve  verticet ;  the  com-> 
mon  intersection  of  two  or  more  diameters  the  centre ;  the 
diameter  perpendicular  to  the  ordinates,  if  there  be  any  such, 
the  atis ;  and  when  all  the  diameters  concur,  in  one  point,  that 
is  the  general  centre,  * 

Again,  the  conic  hyperbola,  being  a  line  of  the  second 
order,  has  two  asymptotes  ;  so  likewise,  that  of  the  third 
order,  may  .have  three  ;  that  of  the  fourth,  four  ;  and  so  on  ; 
and  they  cafn  have  no  more  And  as  the  parts  of  any  right  line 
between  the  hyperbola  and  its  asymptotes  are  equal  ;  so  like- 
wise in  the  third  order  of  lines,  if  any  line  be  drawn  cutting 
the  curve  and  its  asymptotes  in  three  points  ;  the  sum  of  two 
parts  of  It  fallibg  the  same  way  from  the  asymptotes  to  the 
curve,  will  be  equal  to  the  part  falling  the  contrary  way  from 
the  third  asymptote  to  the  curve  ;  and  so  of  higher  curves. 

Also,  in  the  conic  sections  which  are  not  parabolic  :  as  the 
square  of  the  ordinate,  or  the  rectangle  of  the  parts  of  it  tti 
each  side  of  the  diameter,  is  to  the*  rectangle  of  the  parts  of 
the  diameter,  terminating  at  the  vertices,  in  a  constant  ratio, 
viz.  that  of  tBe  latus  rectum,*  to  the  transverse  diameter.  So 
in  non-pafabolic  curves '  of  the  next  superior  order,  the  solid 
under  the  three  ordinates,  i»  to  the  solid  under  the  three  ab- 
scissas, or  the  distances  to  the  three  vertices ;  in  a  certain  given 
ratio.  In  which  ratio  if  there  be  taken  three  lines  propor- 
tional to  the  three  diameters,  each  to  each  ;  then  each  of  these 
three  lines  may  be  called  a  latus  rectum^  and  each  of  the  cor- 
responding diameters  a  trannerse  diameter.  And,  in  the 
common,  or  Apollonian  parabola,  which  has  but  one  vertex 
for  one  diameter  the  rectangle  of  the  ordinates  is  equal  to 
the  rectangle  of  the  abscissa  and  latus  rectum  ;  so,  in  those 
curves  of  the  second  kind,  or  lines  of  the  third  kind  which 

have 
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hare  obly  tipo  Terticeii  to  the  same  diaiiietery  the  ^olid  onder 
the  three  ordiaatei,  is  equal  to  the  solid  under  the  two  ah* 
scissas,  and  a  giTen  line,  which  maj  be  reckoned  the  latus 
rectum. 

Lastly,  since  in  the  conic  sections  where  two  parallel  lines 
terminating  at  the  cunr«  both  ways,  are  cut  by  two  other  pa- 
rallels likewise  terminated  by  the  curve  ;  we  have  the  rect« 
angle  of  the  parts  of  one  of  the  first,  to  the  rectangle  of  the 
parts  of  one  of  the  second  lines,  as  the  rectangle  of  the  parts 
of  the  second  of  the  former,  to  the  rectangle  of  the  parts  of 
the  second  of  the  latter  pair  passing  also  tbroi^^h  the  com- 
mon point  of  their  division*  So,  when  four  such  lines  are 
drawn  in  a  curve  of  the  second  kind,  and  each  meeting  it  in 
three  points  ;  the  solid  under  the  parts  of  the  first  line,  will 
be  to  that  under  the  parts  of  the  third,  as  the  solid  under  the 
parts  of  the  second,  to  that  under  the  parts  of  the  fourth* 
And  the  analogy  between  curves  of  different  orders  may  be 
carried  much  further  :  but  as  enough  is  given  for  the  objects 
of  this  work ;  we  shall  now  present  a  few  of  the  most  useful 
problems. 

PBOBLSML 

Knowing  ttie  Characteristic  Property,  or  the  Manner  of  De^^ 
sciiptioii  of  a  Curve,  to  find  its  Equation. 

This  in  most  cases  will  be  a  matter  of  great  simplicity  ;  be- 
cause the  manner  of  description  suggests  the  relation  between 
the  ordinates  and  their  corresponiliiig  abscissas  ;  and  this  re- 
lation when  expressed  algebraically,  is  no  other  than  the  equa- 
>iion  to  the  curve,  £xaa^les  of  this  problem  have  already  oc- 
curred in  sec.  4  of  vol.  1 :  to  which  the  following  are  now 
added  to  exercise  the  student. 

Ex.  1.    Find  the  equation  to  the  cissoid  of  Diodes  ;  whose 
manner  of  description  is  as  below. 

From  any  two  points  p,  s,  at  equal 
distances  from  the  extremities  a,  b,  of 
the  diameter  of  a  semicircle,  draw  st, 
PM,  perpendicular  to  ab.  From  the 
point  T  where  st  cuts  the  semicirclo, 
draw  a  right  line  at,  it  will  cut  pm  in 
M ,  a  point  of  the  curve  required.       • 

Now,  by  tbeor.  87  Qeom.  as  .  sb  =  8t»  ;  and  by  the  con- 
struction, AS  •  SB  =  AP  .  PB.    Also  the  similar  triangles  apm» 

AST,  give  AP  :  PM  :  :  AS  :  ST  :  :  PB  :  sTa=^^^^.     Conse- 

,»  ■      AP 
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PM> 


—  =  AP.FB  and  lastly- 


9%* 


=AP.AP*, 


a\ienUy  st*  = 

^  ^  AP«  "         FB 

or  pa'  =  PB  .  pm'.     Hence  if  the  diameter  ab  =  c2,  ap  as  x, 
PM  ==  y  ;  the  equation  is  x'  =zy3  (^d^x). 

The  complete  cissoid  will  have  another  branch  eqaal  and 
similar  to  Xiiq,  but  turned  contrary  tvayft  ;  beihg  drawn  by 
means  of  points  t'  falling  in  the  other  half  of  the  circle.  But 
the  same  equation  will  comprehend  both  brancbcis  of  the 
cilrve  ;  because  the  square  of^y,  as  well  as  that  of  -f*  ^9  is 
fkMitive. 

Cor.  All  cissoids  are  similar  figures  ;  because  the  abscissc 
and  ordinates  of  several  cissoids  will  be  in  the  same  ratio, 
when  either  of  them  is  in  a  given  ratio  to  the  diameter  of  its 
generating  circle- 
Ex.  2.  Find  the  equation  to  the  logsirithmic  curte  whose 
fiindamental  property  b,  that  when  the  abscissas  increase  or 
decrease  in  arithmetical  progression,  the  corresponding  ordi- 
nates increase  or  decrease  in  geometrical  progression.  . 

Ans.  y  ^  a*^a  being  the  number  whose  logarithm  is  1,  in 
the  system  of  logarithms  represented  by  the  curve. 

Ex.  3.  Find  the  equation  td  the  curve  called  the  Witch, 
whose  construction  is  thid  :  a  semicircle  whose  diameter  is  ab 
being  given  ;  draw,  from  any  point  p  in  the  diameter,  a  per- 
penchcular  ordinate,  cutting  the  semicircle  in  d,  and  terminat*^ 
ing  in  h.  so  that  ap  :  fd  :  :  ab  :  hm  ;  then  is  h  always  a  point 
inthecorre.  .     An8.v  =  dv'''— 


K 
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Giten  the  Equation  to  a  Curve,  to  Describe  i{,  and  trace  its 

Chief  Properties. 

The  method  of  effecting  this  is  t  obvious  :.  for  any  abscissas 
being  assumed,  the  corresponding  values  of  the  ordinates  be- 
come known  from  the  equation ;  and  thus  the  curve  may  be 
traced,  and  its  limits  and  properties  developed. 

Ex.  i.  Let  the  equation  y^  =s  a'x,  or  y  =  i/A'^»  to  a  line 
of  the  third  order  be  proposed. 

First,  drawing  the  two  indefinite  lines  £ 

Bii«  oc,  to  make  an  an^e  bag  equal  to 
the  assumed  angle  of  the  co-ordinates  ; 
let  the  values  of  x-  be  taken  upon  Ac, 
and  those  of  y  upon  ab,  or  upon  lines  ^ 
parallel  to  ab*  Then,  let  it  he  enquired 
whether  the  curve  passes  through  the 
point  A,  or  not.  in  orde^  to  this,  we  ^^-^  h 
must  ascertain  what  y  will  be   when     ^ 

«=^0 
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s  33  0  :  and  in  that  case  y  =  i/(^'  XO),that  is,  y  =  0  Therci 
fore  the  cuire  passes  through  a.  Let  it  next  be  ascertained 
whether  the  curve  cuts  the  axis  ac  in  any  other  point ;  in  or- 
der to  which,  find  the  value  of  x  when  y  =  0  :  this  will  be 
T/flS  jr  =  0,  or  X  =  0.  Consequently  the  curve  does  not  cut 
the  axis  in  any  other  point  than  a.  Make  x  =  ap  =^a, 
and  the  given  equa  will  become  y  ==  ^  ^a'  s=;  ^^k-  There- 
fore draw  PM  parallel  to  ab  and  equal  to  a^^,  so  will  m  be 
a  point  in  the  curve.  Again,  make  jt  =  ac  =  a ;  then  the 
equation  will  give  y  =  ^a^=^  a.  Hence,  drawing  cn  parallel 
to  AB,  and  equal  to  ac  or  a,  n  will  be  another  point  in  the 
eurve.  And  by  assuming  other  values  of  y,  other  ordinates, 
and  consequently  other  points  qf  the  curve,  may  be  obtained. 
Once  more,  makins  x  infinite,  or  x  =  co,  we  shall  have  y  = 
l/(a*  X  oo)  ;  that  is,  y  is  infinite  when  x  is  so  ;  and  therefore 
the  curve  passes  on  to  infinity.  And  further,  since  when  x 
is  taken  =  0,  it  is  also  y  =  0,  and  when  x  =  oo,  it  is  also 
y  =  00  ;  the  curve  will  have  no  asymptotes  that  are  parallel 
to  the  co-ordinates. 

Let  the  right  line  an  be  drawn  to  cut  pm  ^produced  if  ne-i 
cessary)  in  s.  Then  because  cn  =  ac,  it  will  be  ps=AP=^a. 
But  PM  =  a^^  :=  ia^4,  which  is  manifestly  greater  than  ^a  ; 
•o  that  PH  is  greater  than  ps,  and  consequently  the  curve  is 
concave  to  the  axis  ac 

Now,  because  in  the  given  equation  y'  ==  a'x  the  exponent 
•f  X  is  odd,  when  x  is  taken  negatively  or  on  the  other  side 
of  A,  iti  sign  should  be  changed,  and  tHe  reduced  equation 
will  then  be  y  =  l/^a*x.  Here  it  is  evident  that,  when  the 
values  of  x  are  taken  in  the  negative  way  from  a  toward&  d, 
but  equal  to  those  already  ta)cen  the  positive  way,  there  will 
result  as  many  negative  values  of  y,  to  fall  below  ad,  and  each 
equal  to  the  corresponding  values  of  y,  taken  above  ag. 
Hence  it  follows  that  the  branch  am'n  will  be  similar  and 
equal  to  the  branch  amn  ;  but  contrarily  posited. 

Ex.  2.  Let  the  lemniBcaie  be  proposed,  which  is  a  line  of 
the  fourth  order,  denoted  by  the  equation  o*y«  =  a^x»  — x*. 

In  this  equation  we  have  y  =» ±- .^(a^  —x» ^  .    .»    j3 

where,  when  x  =:  0,  y  =  0,  therefore  the  curve 
passes  through  a,  the  point  from  which  the  va- 
lues of  X  are  measured.  When  x  =  ±  a,  then 
y  =  0  ;  therefore  the  curve  passes  through  b 
and  c,  supposing  ab  and  ac  each  ==  ±  a.  If  x 
were  assumed  greater  than  a,  the  value  of  y 
would  become  imaginary  ;  therefore  no  part  of 
the  curve  lies  beyond  b  or  c.    When  x  =\a, 

then 
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tiien  y  »  }^o'  —  ^a*  =  i^^^  ;  which  is  the  vahie  of  &e 
semi'Ordinate  ph  when  ap  «=  ^  ▲».  And  thus,  by  aMvming 
other  values  of  x^  other  values  of  y  may  be  ascertaiDed,  and 
the  cnrre  described.  It  has  obyiously  two  equal  and  silnilar 
parts,  and  a  double  poiut  at  a«  A  right  line  may  cut  this 
curve  in  either  2  points,  or  in  4  :  even  the  ri^t  Kne  bag  w 
conceived  to  cut  it  in  4  points  ;  because  the  double  point  a  is 
that  in  which  two  branches  '^t  the  curve,  viz.  HAp,  and  9ca^, 
are  intersected. 

.Ex   3.  Let  there  be  proposed  the  Conchoid  of  the  ancients, 
which  is  a  line  of  the  fourth  order  defined  by  the  equation 

(aa  -^a  •  («  -  by  =a  «>y«, or  y  =  ±  ^^v^(i»  — ap«). 

Here,  if  ^  =  0,  then  y  becomes  in- 
finite ;  and  therefore  the  ordinate  at 
it  (the  origin  of  the  abscissas)  is  an  y^j 
asymptote  to  the  curve. '  If  ab  ==  h^ 
and  p  be  taken  between  a  anda,  then 
shall  Pii  and  pm  be  equal,  and  lie  on. 
difierent  sides  of  the  abscissa  ap.  If^ 
X  as  6,  then  the  two  values  of  y  vanish, 
because  a;  —  6  =  0,  and  consequently 
the  curv6  passes  through  b,^  having, 
there  a  double  point  If  ap  be  taken 
greater  .than  ab,  then  will  there  be 
two  values  of  y,  as  before  having  contrary  signs  ;  that  value 
which  was  positive  before  being  now  negative,  and  vice  versa. 
But  if  AD  be  taken  =»  a,  and  p  comes  to  n,  then  the  two  va- 
lues of  y  vanish,  because  in  that  case  ^  (a*  ^x')  =r  0.  If  ap 
be  taken  greater  than  ad  or  a,  then  a'  —  x*  becomes  negative, 
and  the  value  of  y  impossible  :  so  that  the  curve  does  not  go 
beyond  D. 

Now  let  X  be  considered  as  negative,  or  as  lying  on  the 

side  of  A  towards  c.    Theny  =  ±  ^ —  ^  (as^gpt).    Here 

if  X  vanish,  both  these  values  of  y  become  infinite  ;  and  con- 
sequently the  curve  has  two  indefinite  arcs  on  each  side  the 
asymptote  or  directrix  AY.  Ifx  increase,  y  manifestly  dimi- 
nishes ;  and  when  x  ss  a,  then  y  vanishes  :  that  is,  if  ac«=ad» 
then  one  branch  of  the  curve  passes  through  c,  while  the 
other  passes  through  d.  Here  also,  if  x  be  taken  greater 
than  a,  y  becomes  imaginary  ;  so  that  no  part  of  the  curve 
can  be  found  beyond  c. 

Jf  ct  ss=  6,  the  curve  will  have  a  cusp  in  b,  the  node  between 
B  and  D  vanishing  in  that  case.  If  a  be  less  than  6,  then  b 
will  become  a  conjugate  point. 

In 
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In  the  figure,  ucth'  repreaeDti  what  is  termed  the  iuperior 
con^undf  and  osmDMBm  the  tn/erter  concAoict.  The  point 
8  18  called  the  pde  of  the  concooid  ;  and  the  cur? e  maj  be 
readily  conetmcted  hj  radial  lines  from  this  point,  bj  means 

of  the  polar  equation  z  =s ±  a.  It  will  merely  be  re- 
quisite to  set  off  from  any  assumed  point  ▲,  the  distance 
AB  =3  6  ;  then  to  draw  through  b  a  right  hne  fiiLH'  making 
any  angle  ^  with  cb,  and  from  Lthe  point,  where  this  line 
cuts  the  directrix  at  (drawn  perpendicular  to  cb)  set  off  up- 
on it  lm'  =  Lfit  s:  a  ;  so  shall  m'  and  m  be  points  in  the  supe* 
rior  and  inferior  conchoids  respectively. 

Ex,  4.  Let  the  principal  properties  of  the  curve  whose 
equation  is  ys^  =  a"  +  S  he  sought  ;  when  n  is  an  odd  num- 
ber, and  when  n  is  an  even  number. 

Ex.  6.  '  Describe  the  line  which  is  defined  by  the  equation 
jcy  -|-  ay  -|-  cy  =a  6c  -}-  6ac. 

£x.  6.  Let  the  Cardioide,  whose  equation  is  y* — 6ay*  + 
(%x^  +  12o«)y«  —  (6fljj«  +  8o»)  y  +  (jr«  +  3a«)  «»  =  0,  be 
proposed. 

Ex,  7.  Let  the  Trident,  whose  equation  is  xy  =  ax^  + 
bx*  +  ex  +  djhe  proposed. 

Ex.  8.  Ascertain  whether  the  dssoid  and  the  Witch 
whose  equationsr  are  found  in  the  preceding  problem,  have 
asymptotes. 
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To  determine  the  Equation  to  any  proposed  Curve  surface. 

Here  the  required  equation  must  be  deduced  from  the  law 
or  manner  of  constructions  of  the  proposed  surface,  the  refer<« 
ence  being  to  three  co-ordinates,  commonly  rectangular  ones, 
the  variable  quantities  bemg  x,  y,  and  z.  Of  these,  two, 
namely,  x  and  y,  will  be  found  in  one  plane,  and  the  third  z 
will  always  mark  the  distance  from  that  plane. 

Ex.  1.  liet  the  proposed  surface  be  that  of  ^  sphere,  fng. 

The  position  of  the  fixed  point  a, 
whkh  is  the  origin  of  the  co-ordinates 
AP,  PM,  MH,  being  arbitrary ;  let  it  be 
supposed,  for  the  greater  convenience, 
that  it  is  at  the  centre  of  the  sphere, 
Let  MA,  iTA,  be  drawn,  of  which  the 
latter  is  manifestly  equal  to  the  radius 
of  the  sphere,  and  may  be  denoted  by  r.  Then,  if,  ap  =^  x 
FM  ss  y,  UN  :s  z ;  the  right-angled  triangle  apm  will  give 

AM* 
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AM*  =  AP*   +  PM*  =  x>  +  y>.     In  like  manDer,  the  rights 
angled  triangle  amn,  posited  in  a  plane  perpendicular  to  the 
former,  will  give  ah*  =  am*  4*  mn*  ,  that  is,  r*  =  ap*  4*  y*  +z« 
or,  2^  =  r*— X*  —  y*,  the  equation  to  the  spherical  surfiice, 
as  required. 

Scholium.  Cunre  surfaces,  as  well  as  plane  curves,  are 
arranged  in  orders  according  to  the  dimensions  of  the  equa* 
tions,  by  which  they  are  represented.  And  in  order  to  de* 
tennine  the  properties  of  curve  surfaces,  processes  must  be 
employed,  similar  to  those  adopted  when  investigating  the 
properties  of  plane  curves.  Thus,  in  like  manner  as  in  the 
theory  of  curve  lines,  the  supposition  that  the  ordinate  y  is 
equal  to  0,  gives  the  point  or  points  where  the  curve  cuts  its 
axis ;  so,  with  regard  to  curve  surfaces,  the  supposition  of 
2r  =  0,  will  give  the  equation  of  the  curve  made  by  the  in- 
tersection of  the  surface  and  its  base,  or  the  plane  of  the  co- 
ordinates X,  y.  Hence,  in  the  equation  to  the  spherical  sur- 
fiice,  when  z  =^  0,  we  have  x*  +  ^'  =  r* ,  which  is  that  of  a 
circle  whose  radius  19  equal  to  that  of  the  sphere.  See  p.  534 
Tol.  1. 

Ex.  2.  Let  the  curve  surface  proposed  be  that  produced 
by  a  parabola  turning  about  its  axis. 

Here  the  abscissas  x  being  reckoned  from  the  vertex  or 
summit  of  the  axis  and  on  a  plane  passing  through  that  axis  ; 
the  two  other  co-ordinates  being,  as  before,  y  and  z  ;  and 
the  parameter  of  the  generating  parabola  being  p  the  equa- 
tion of  the  parabolic  surface  will  be  found  to  be  i?*  +  y"  — 
px  =  0, 

Novi,  in  this  equation,  if  z  be  supposed  =  0,  we  shall  have 
y>  s=px,  which(pa.  534  vol.  1)  is  the  equation  to  the  generating 
parabola,  as  it  ought  to  be.  If  we  wished  to  know  what 
would  be  the  curve  resulting  from  a  section  parallel  to  that 
which  coincides  with  the  axis,  and  at  the  distance  a  from  it, 
we  must  put  r  =  a  ;  this  would  give  y*  =  px  —  rt*,  which  is 
still  an  equation  to  a  parabola,  but  in  whicn  the  origin  of  the 
abscissa^  is  distant  from  the  vertex  before  assumed  by  the 

quantity  — . 

Ex.  3.  Suppose  the  curve  surface  of  a  right  cone  were 
proposed  • 

Here  we  may  most  conveniently  refer  the  equation  of  the 
surface  to  the  plane  of  the  circular  base  of  the  cone.  In  this 
case,  the  perpendicular  distance  of  any  point  in  the  surface 
from  the  base,  will  be  to  the  axis  of  the  cone,  as  the  distance 
of  the    foot  of  that  perpendicular  from  the    circumference 

(measure^ 
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(measared  on  a  radiua),  to  the  radius  of  the  base  :  that  is,  if 
the  valaes  of  x  be  estimated  from  the  centre  of  the  base,  aod 
r  be  the  radius,  z  will  vary  as  r  —  \/ (^'4-^*)«  Cense- 
queutly,  the  simplest  equation  of  the  conic  surface,  will  be 
z  .r^=^  —  ^  (a:*+y*),  or  r«  —  2rz  +  2*  =5  jpa^-^s. 

Now  from  this  the  nature  of  curves  formed  by  planes  cutting 
the  coue  in  different  directions,  may  readily  be  inferred.  Let 
it  be  supposed,  first,  that  the  cutting  plane  is  inclined  to  the 
base  of  a  right-angled  cone  in  the  angle  of  45^,  and  passes 
through  its  centre  :  then  will  r  =  x,  and  this  value  of  z  sub- 
stituted for  it  in  the  equation  of  the  surface,  will  give  H  — 
2rx  =  %f^ ,  which  is  the  equation  of  the  projection  of  the  curve 
on  the  plane  of  the  cone's  base  :  and  this  (art.  3  of  this  chap.) 
is  manifestly  an  equation  to  a  parabola. 

Or,  taking  the  thing  more  generally,  let  it  be  supposed  that 
the  cutting  plane  is  so  situated,  that  the  ratio  of  x  to  2  shall 
be  that  of  1  to  m  :  then  will  mx  =  z^  and  m'  x*  =2'.  These 
substituted  for  z  and  z'  in  the  equation  of  the  surface,  will 
give,  for  the  equation  of  the  projection  of  the  section  on  the 
plane  of  the  base,  r*  —  2fiMr+(iii*  —  1)  x'=y^.  Now  this 
equation,  if  m  be  greater  than  unity,  or  if  the  cutting  plane 
pass  between  the  vertex  of  the  cone  and  the  parabolic  sec- 
tion, will  be  that  of  an  hyperbola :  and  if,  on  the  contrary, 
the  cutting  plane  pass  between  the  parabola  and  the  base,  i.  e. 
if  m  be  less  than  unity,  the  term  (m>  —  \)x'  will  be  negative, 
when  the  equation,  will  obviously  designate  any  elHp$e. 

SehoL  It  might  here  be  demonstrated,  in  a  nearly  simi- 
lar manner,  that  every  surface  formed  by  the  rotation  of  any 
conic  section  on  one  of  its  axes,  being  cut  by  any  plane  what- 
ever, will  always  give  a  conic  section.  For  the  equation  of 
such  surface  will  not  contain  any  power  of  «,  y,  or  z,  greater 
than  the  second  ;  and  therefore  the  substitution  of  any  values 
of  z  in  terms  of  «  or  of  y,  will  never  produce  any  powers  of 
X  or  of  y  exceeding  the  square.  The  section  therefore  must 
be  a  line  of  the  second  order.  See,  on  this  subject,  Button's 
Meiisuration,  part  iii,  sect  4. 

Epc,  3.     Let  the  equation  to  the  curve  surface  be  xyz  =e  a'. 

Then  will  the  curve  surface  bear  the  same  relation  to  the 
solid  right  angle,  which  the  curve  line  whose  equation  is 
xy  =  a^  beats  to  the  plane  right  angle.  That  is,  the  curve 
surface  will  be  posited  between  the  three  rectangular  faces 
bounding  such  solid  right  angle,  in  the  same  manner  as  the 
equilateral  hyperbola  is  posited  between  its  rectangular  asymp- 
totes. And  in  like  manner  as  there  may  be  4  equal  equila- 
teral 
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teral  hyperbolas  comprehended  between  the  tame  rectangiilar 
asymptotes,  when  produced  both  ways  from  th^  anfpilar  point ; 
so  there  m^y  be  6  equal  hyperboloids  posited  within  the  6 
solid  right  angles  which  meet  at  the  same  summit,  and  all 
placed  between  the  same  three  asymptotic  planes. 


SECTION  II. 

On  the  Construction  of  Eqvaiioni, 
FROBLEM  I. 
To  Construct  Simple  Equations,  Geometrically. 

Hbrb  the  sole  art  censists  in  resolving  the  fradions,  te 
which  the  unknown  quantity  is  equal,  into  preportional  tenns  ; 
and  then  eenstructing  the  respective  proportions,  by  means  o( 
probs.  8,  9^  10,  and  27  Geepietry.  A  few  simple  examfto 
will  render  the  method  obvious. 

1.  Letx  =  —  ;  thenc  :  a  :  :  6  :  x.  Whence xmay be 
found  by  constructing  according  to  prob.  9  Geometry. 

2.  Let  X  9=  —  •  First  construct  the  proportion  d  :a  ::k: 

^,  which  4th  term  call  g  ;  then  x  =  —;  or  e:  c  :  :  g  :  x, 

3.  Let  X  s=  — — — .  Then,  since  a*  — 6*=(o+*)X(a— d)  ; 

it  will  merely  be  necessary   to    construct   the  proportion 
c  :  a'^'  b  i  I  a  —  k  :  x. 

4.  Let  X  =  ' — ^ — •    Find,  as  in  the  first  case,  g  =  — -ss 

ad  '        a 

— T>  and  A  =  -1.  so  that  — rniay  =  — .    Then  find  by    the 
aif  d  *  od     ^        a  ' 

first  case  =  t  — •    So  shall  x  =  g-— »,  the  diiSerence  of  those 

lines,  found  by  construction. 

6.  Let  X  =       "7 /^  .  Fint  find^,  the  fourth  proportional 

to  6,  a  and  /,   which  make   =  h.      Then  x  =  "t^     » 
or,  by  construction  it  will  be^  +  ^:^  —  d  :  i  a  :  x. 
2.  Letx  =  -.  Make  the  right-angled  triangle  abc  such 

that 
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t&at  the  leg  AB  =  a,  Bc  =  6  ;  thea  ac  =  ^  (ab« 
+  BC«)  =  y/  (a«+6^),  by  th.  34  Geom.     Hence 

X  =  -— .      CoDStract  therefore    the  proportion 

c  :  AC  :  :  ac  :  ^^  and  the  unknown  qaantity  will 
lie  foand,  as  required.  ^ 

7.  Let  X  =  ^TT---'     First,  find  cd  a 

mean  proportional  between  ac  =  c,  and 

CB  =  d,  that  is,  find  cd  =  ^  cd.     Then 

make  ce  =  a,  and  join  dc,  which  will 

evidently  be  =  y^  (a*  +  cd).     Next  on 

anj  line  eg  set  off  cf  =  h  +  <^>  eg  =  ed  ;  and  draw  oh. 

parallel  to  fd,  to   meet  de  (produced  if  need  be)  in  h.     So 

shall  EH  be    ^=    ar,  the  third  proportional  to  ^   +    c,   and 

-i/  («•  +  c«0»  *^^  required.  \ 

JVbte.  Other  methods  suitable  to  different  cases  which 
may  arise  are  left  to  the  student's  invention.  And  in  all 
constructions  the  accuracy  of  the  results,  will  increase  with 
the  size  of  the  diagrams  ;  within  conrenient  limits  for 
operation. 

PROBLEM  It 

To  Find  the  Roots  of  Quadratic  Equations  by  Construction^ 

In   most  of  the    methods  commonly  £      O 

given  for  the  constructioA  of  quadratics, 
it  is  required  to  set  off  the  square  root 
ef  the  last  term  ;  an  operation  which 
Mn  only  be  performed  accurately  when 
that  term  is  a  rational  square.  We  shall 
here  describe  a  method  which,  at  the 
same  time  that  it  is  very  simple  in  prac-  * 
tice,  has  the  advantage  of  showing  clearly 
the  relations  of  the  roots,  and  of  dividing  the  third  term  into 
two  factors,  one  of  which  as  least  may  be  a  whole  number 

In  order  to  this  construction,  all  quadratics  may  be  classed 
under  4  forms  :  viz. 

1.  Jt'+At  —  &c  =  0. 

2.  or'  —  ax  — 6c=:0. 

3.  x«  +  ax  +  6c.=  0. 

4.  x«-^-ax  4-6c=0. 

1.  One  general  mode  of  construction  will  include  the  first 
two  of  these  forms.  Let  or'-^  as  —  6c  =  0,  and  6  greater 
than  c.  Describe  any  circle  abd  having  its  diameter  not  less 
than  the  given  quantities  a  and  6  — •  c^  and  withm  this  circle 

V^fy.  II.'  39  inichbe 
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iDBcribe  two  chords  ab  =»  a,  ao  =£  6  —  e,  both  from  any 
common  assamed  point  ▲.  Then  produce  ad  to  f  eo  that 
DF  =  c,  and  about  the  centre  c  of  the  former  circle,  with  the 
radius  cf,  describe  another  circle,  cutting  the  chords  ao,  ab, 
produced  in  f,  e,  o,  h  :  so  shall  ao  be  the  afimuUive  and 
AH  the  negative  root  of  the  equ^^ion  x^  -^ax  —  6e  sk  0  ;  and 
contrariwise  ao  will  be-  the  negative  and  ah  the  affirmaUvc 
root  of  the  equation  x*  —  ax  —-'6c  =  0. 

For,  AF  or  ad  -j-  df  =^  ^»  aod  df  or  ab  ^  c  ;  and,  making 
AG  or  BH  s=  X,  we  shall  have  ah  =  a  +  '  :  &ud  by  the  pro- 
perty of  the  circle  egfb  (theor.  61  Geom)  the  rectangle 
kA  .  AF  =  OA  .  AH,  or  6c  ss  (a  +  3:)  x,  or  again  by  transpo- 
sition x^-^-ax  —  6c  =  0.  Also  if  ah  be  ==  «—  x,  we  shaH  have 
AO  or  BH  or  AH  —  AB  =  — x  — o  *.  Bud  conseq.  oa  .  ah  = 
x*  -|-  ox,  as  before.  So  Ihat,  whether  ag  be  =:=  x,  or  ah  s: 
—  X,  we  shall  alWays  have  x*  4*  ax  —  6c  s=  0.  And  by  an 
exactly  similar  process  it  may  be  proved  that  ao  is  Ihe  nega- 
tive, and  AH  the  positive  root  of  x*-— fM[>-6cssO. 

Cor,  In  quadratics  of  the  form  x'  +  ax  ^—  6c  =  0,  the 
pfksitive  root  is  always  lest  than  the  negative  root ;  and  in  those 
of  the  form  x'  —  ax  —  6c  =  0,  die  positive  root  is  always 
greater  than  the  negative  one* 

2.  The  third  and  fourth  cases  abo  are 
comprehended  under  one  method  of  con* 
struction,  with  two  concentric  eircles.  Let 
X*  zp  ox  -f-  6c  =  0.  Here  describe  any 
circle  abd,  whose  diameter  is  not  less  than 
either  of  the  given  quantities  a  and  ^  4*  ^  ;  ^^ 
and  within  that  circle  inscribe  two  chords  ^ 
AB  =  Oy  AD  =  6  +  «» both  from  the  same 
point  A.  Then  in  ad  assume  df  s=  c,  and  aboat  c  the  centre 
of  the  circle  abd,  with  the  radios  cf  describe  a  circle,  cutting 
ihe  chords  ad,  ab,  in  the  points  f,  c,  e,  a  :  so  ahaH  a«,  ab»  % 
be  the  two  fositive  roots  of  the  equation  x*  ^-  ox  -|-  ^  '^  0, 
and  the  two  negative  roots  of  the  equation  x'  rf-  ax  -|-  &<  ==^  0. 
The  demonstration  of  this  also  is  similar  to  that  of  the  fint 
case. 

Got.  1.  If  the  circle  whose  radius  is  cf  just  touches  the 
chord  ab,  the  quadratic  will  have  two  equal  roots  which  cao 
only  happen  wlMcn  {a^  =  6c 

Cor.  2.  If  that  circle  neidier  cut  nor  touch  Ihe  chord  ab, 
the  roots  of  the  equation  will  be  imaginary  ;  tmd  this  wil 
always  happen,  ia  these  two  Anns,  whea  6c  ii  greater 

mmjm 
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ROBUMin. 

To  Elid  tke  Root!  of  Cahic  kiid  Biqnidrattc  Eiiiatioiu,  b; 
Coutniction. 

I.  In*  finding  the  roote  of  any  equation,  containing  only 
one  nnknowo  quantity,  by  conitraction,  the  coDtrivance  cod-, 
mata  chiefiy  in  bringing  a  nevr  nnkneim  quantily  into  that 
equation  ;  eo  that  vanom  equations  may  bt  had,  each  con- 
taining  the  two  unknown  quanttttea  ;  and  further,  luch  that 
any  Wo  of  them  contain  tog*thtr  all  the  known  qnantitiea 
of  the  proposed  equation.  Then  from  among  these  equaliona 
two  of  the  most  simple  are  selected,  and  their  coireiponding 
loci  constracted  ;  the  interseabon  of  those  loci  will  gire  the 
roots  sought. 

Thus  i:  will  be  found  that  cubic*  may  be  constracled  by 
two  parabolas,  or  by  a  circle  and  a  parabola,  or  by  a  circle 
and  aa  equilateral  hyperbola,  or  by  a  circle  and  an  ellipse, 
be.  :  and  Uiquadratiea  by  a  circle  and  a  paralwla,  or  by  a  circle 
and  BD  ellipse,  or  by  a  circle  and  an  hyperbola,  be.  Now, 
since  a  parabola  of  giren  parameter  may  be  easily  cooatmcted 
by  the  rale  in  cor.  2  th  4  Parabola,  we  select  tbe  circle  and 
the  parabola,  for  the  conetructien  of  both  biquadratic  and  cu- 
bic equations.  The  general  method  applicable  to  both,  will 
be  evident  from  the  following  description. 

i.  Let  m"  amm  he  a  paAbola  whose 
axis  is  AP,  M*  tfcm  a  circle  whose  ceo* 
tre  is  c  and  radius  ch,  autting  the  pa- 
.  rabola  in  the  points  m,  h',  m",  n"': 
from  these  poiaU  draw  the  ordinates 
to  tbe  alia  ur,  mt,  m'p",  it"T"  -.  and 
trvm  c  let  fall  cs  perpendicularly  to 
the  axis :  also  draw  ca  parallel  to  the 
axis  ;  meeting  m  io  m.  Let  id  =  a, 
BC  ^  &,  CIS  s  M)  the  parameter  of  tbe 
parabola  _  ^,  ap  ac  x,  ru  =  y.  Then  (pa.  634  toI.  1  )px  =  y* : 
also  CM*  "  CH*  +  KM' ,  or  n*  =  (■  4:  a)*  +  (yV  *r  i  ">** 
is,  X*  ±  iaa  -(-  a*  +  3f*  ±  Sty  -f- 1«  =  n* .     Substitating  in 

Ais  equatioti  for  x,' its  Talae~,  and  arranging  the  tenoi  ac* 
cording  to  the  dimensioD*  of  y,  there  will  arise 

y*  ±  («/«+p»)y»  ±24p*y+(o«-f.6»— n»>»=0, 
a  biquadratic  equation  whose  roots  will  be  expressed  by  the 
ordinates  fm,  p  it,  p"if^,  p''m"',  at  the  points  of  intersectioB 
•f  the  giren  parabola  and  circle.  . 

3  To  make  this  coincide  with  any  proposed  biqoadralie 
wkoH  mcomI  tela  is  takes  away  (by  cer.  taeor.  3)  ;  assume 
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y*  —  9^^  +  ^  —  8=0.  Assume  also  p  =  1  ;  then  cov- 
paring  the  terms  of  the  two  equations,  it  will  be,  2a  —  1  =  ^t 

or  o  =  ^-^*  —  26  =  r,  or  6  =^ ;  a«  +  6^  — n*  =  — «,  or 

n9  =  a^  +  ^^  +  *»  and  consequently  n=^  ^  {a^  +  b^  +  t). 
Therefore  describe  a  parabola  whose  parameter  is  1,  and  in 

the  axis  take  ad  =  ^-—  :  at  right  angles  to  it  draw  dc  and 

=  —  ^r ;  from  the  centre  c,  with  the  radius  -y/  (a^+b^  +  «), 
describe  the  circle  m"m  cm,  cutting  the  parabola  m  the  points 
M,  M',  m'',  m**'  ;  then  the  ordinates  fm,  p'm',  f"m",  p'"m'", 
will  be  the  roots  required. 

Note.  This  method,  of  making  jo  =  ],  has  the  obvious 
advantage  of  requiring  only  one  parabola  for  any  number  Ojf 
l^iquadratic^,  the  necessary  variation  being  made  in  the  radius 
of  the  circle. 

Cor.  1.  When  no  represents  a  negative  quantity,  the  ordi- 
nates on  the  same  side  of  the  axis  with  c  represent  the  nega- 
tive roots  of  the  equation  ;  and  the  contrary. 

Cor,  2.  If  the  circle  touch  the  parabola,  two  roots  of  the 
equation  are  equal ;  if  it  cut  it  only  in  two  points,  or  touch  it 
in  one,  two  roots  are  impossible  ;  and  if  the  circle  fall^wholly 
within  the  parabola,  all  thie  roots  are  impossible* 

Cor,  3.  If  o>  4-  ft'*  =n',  or  the  circle  pass  through  the 
point  A,  the  last  term  of  the  equation,  i.  e.  a«  +  6«  —  n*)/)^  =o  ; 
and  therefore  y*  ±  {2pa  +p')y^  ±  2bp*y  =  0,  or 
y^  ±  (Spo  +  JO*  )jf  ±  2bp^  =  0.  This  cubic  equation  may 
be  made  to  coincide  with  any  proposed  cubic,  wanting  its 
second  term,  and  thd  ordinates  pm,  p^'m",  p^'m'^',  are  its  roots. 

Thus,  if  the  cubic  be  expressed  generally  by  y^  ±.qydts=^0. 
By  comparing  the  terms  of  this  and  the  preceding  equation, 
we  shall  hav^  ±  2pa  +  p"  =  ±  j,  and  ±  ibp^  ==  ±  *,  or 

zfz  a  •=  Ip  zz  4-9  a^nd  b  =  zf^  ,    So  that,   to    construct  a 

cubic  equation,  with  any  given  parabola,  whose  half  parameter 
is  AQ  (see  the  preceding  figure) ;  from  Ae  point  b  take  is 
the  axis,  (forward  if  the  equation  have  —  9,  but  backward  if 

q  be  positive)  the  line  bd  =r^  ;  then  raise  ihe  perpendicular 

90  =  7;-  I  and  from  c  describe  a  circle  passing  through  the 
*p^ 

vertex  a  of  the  parabola  ;  the  ordinates  pm,  &c.  drawn  from' 

the  points  of  intersection  of  the  circle  and  parabola,  will  be 

the  roots  required. 

PBOQUSIM 


CONSTRUCTION  OF  CUBICS. 


sot 


PROBLEM  ly. 

■ 

To  CoDstnict  an  Equation  of  any  Order  by  means  of  a  Locns 
of  the  same  Degree  as  the  Equation  proposed,  and  a  Right 
Line. 
As  the  general  method  is 

the  same  in  all  equations,  let 

it  be  one  of  the  5th  degree,  as 

x*  -  6x« +flcx3  — a*  dora -f  a  '  ejF 

.-a4/=0.     Letthe  last  term 

a*/ be  transposed  ;  and,  tak« 

ing  one  of  the  linear  diyuors^ 

fy  of  the  Ifl^t  term,  make  it 

equal  to  z,  for  example,  and  divide  the  equation  by  a^  ;  then 

...  jps— d«*  +ac«3  ^a^dx*  -j-a^eK 

will  z  =  * ■  • 

a* 


On  the  indefinite  line  bq  describe  the  curve  of  this  equa- 
tion, bmdrlfc,  by  the  method  taught  in  prob.  2,  sect.  1,  of 
this  chapter,  taking  the  values  of  x  from  the  fixed  point  b. 
The  ordinates  pm,  sr,  &c.  will  be  equal  to  2  ;  and  therefore, 
ft'om  the  point  b  draw  the  right  line  ba  =  /,  parallel  to  the 
ordinates  pm,  sr,  and  through  the  point  a  draw  the  inde- 
finite right  line  xc  both  ways,  and  parallel  to  bq.  From  the 
points  in  which  it  cuts  the  curve,  let  fall  the  perpendicularsi 
»p,  Rs,  cft  :  they  will  determine  'the  abscissas  bp,  bs,  bq, 
which  are  the  roots  of  the  equation  proposed.  Those  from 
A  towards  ^  are  positive,  and  those  lying  the  contrary  way  are 
negatiire. 

If  the  right  line  ac  touch  the  curve  in  any  point,  the  cor- 
responding abscissa  x  will  denote  two  equal  roots  ;  and  if  it 
do  not  meet  the  curve  at  all,  all  the  roots  will  be  imaginary. 

If  the  sign  of  the  last  term,  a*f,  had  been  positive,  then 
we  must  have  made  r  =  —  /,  and  therefore  must  have  taken 
BA  =  —  /,  that  is,  below  the  point  p,  or  on  the  negative  side. 

EXERCISES. 

Ex.  1.  Let  it  be  proposed  to  divide  a  given  arc  of  a  circle 
into  three  equal  parts. 

Suppose  the  radius  of  the  circle  to  be  represented  by  r, 
the  sine  of  the  given  arc  by  a,  the  unknown  sine  of  its  third 
part  by  jt,  and  let  the  known  arc,  be  3tf,  and  of  <:ourse,  the 
required  arc  be  v.  Then,  by  equa.  viii,  ix,  chap.  iii>  we 
ijiiall  have 


sin  3u  =  sin  (Su  4*  v) 
sin  2tf  =:  sin  (  u  +  u) 


tin  2u  .  CO!  trf  cos  2ii  •  sin  « 


COS  2i»  ■»  cos  (  tt  +  u)  = 


2  sin  V  .  cos  n 


COS'  tf^fi^ns  u 


30e  TRISECTION  OP  AN  ARCH. 

Putting,  in  the  first  of  these  eqtiatioDS,  for  sin  Su  its  giTeo 
value  a,  and  for  sin  2«,  cos  2ii,  their  valaes  giyeo  in  the  two 
other  equations,  there  will  arise 

a=    ■■■      ■  ' 

r 

Then  substituting  for  sin  «  its  yalue  s,  and  tot  c^*  u  its 
Talue  r'  *-  x'  and  arraoging  all  the  terms  according  to  the 
powers  of  or,  we  shall  have 

a  cubic  equation  ef  the  form  x'—  px+  q  ^msO^  with  the 
condition  that  ^p^  >  iq^  ;  that  is  to  sax»  it  is  a  cubic  equa* 
tion  filing  under  the  irreducible  case,  and  its  three  roots  are 
represented  by  the  sines  of  the  three  arcs  «,  «  +  120^,  and 
II  +  240*. 

Now,  this  cubic  maj  evidently  be  constructed  by  the  role 
in  prob.  3  cor.  5  But  the  trisection  of  an  arc  may  abo  be 
effected  by  means  of  an  equilateral  hyperboU>  in  the  following 
isAnner. 

Let  the  arc  to  be  trisected  be  ab. 
In  the  circle  abc  draw  the  semi- 
diameter  Ao,  and  to  AD  as  a  diame-  H" 
ten  and  to  the  vertex  a,  draw  the 
equilateral  hyperbola  ak  to  which  ^  ^ 
the  right  line  ab  (the  chord  of  the  ^ 
arc  to  be  trisected)  shall  be  a  tangent  in  the  point  a  ;  then 
the  arc  af,  included  within  this  hyperbola,  is  one  third  of  the 
arc  AB. 

For,  draw  the  chord  of  the  arc  ae,  bisect  ad  at  g,  so  that 
Q  will  be  the  centre  of  the  hyperbola,  jein  df,  and  draw  gh 
parallel  to  it,  cutting  the  chords  ab,  af,  in  i  and  x  Then* 
the  hyperbola  being  equilateral,  or  having  its  transverse  and 
conjugate 'iequal  to  one  another,  it  follows  irom  De£,  16  Conic 
Sections,  that  every  diameter  is  equal  to  its  parameter,  and 
from  cer.  theor.  2  Hyperbola,  that  ok  ki  =  as',  or  that 
OK  :  AK  :  :  AK  :  fl:i ;  therefore  ibe  triangles  gka,  aki  are 
similar,  and  the  angle  kai  =  agk,  which  is  manifestly  =  adf. 
Now  the  angle  adf  at  the  centre  of  the  circle  being  equal  to 
KAI  or  FAB  ;  and  the  former  angle  at  the  centre  being  mea* 
sured  by  the  arc  af,  while  the  latter  at  the  circumference  is 
measured  by  half  fb  ;  it  follows  that  af  ==  |fb«  or  ss  |  ab,  as 
it  ought  to  be. 

Ex,  2.  Given  the  side  of  a  cube,  to  find  the  side  of  another 
of  doable  capacity. 

Let  the  side  of  th^  given  cube  be  a,  and  that  of  a  double 
one  y,  then  2a'==y3 ,  or  by  putting  2a  ^  i,  it  will  be  «*  «s^'  i 
there  are  therefore  to  be  found  two  mean  proportionals  be- 

tween 
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tir6«ii  the  tide  of  the  cnhe  and  twice  that  tide,  and  the  first 
ef  those  mean  proportionals  will  be  the  side  of  the  double 
•ube.  Now  these  may  be  readily  foand  by  means  of  two  pa* 
n^bolas;  thus: 

Let  the  right  lines  ar,  as,  be  joined    A  Q>  J5? 

at  right  angles  ;  and  a  parabola  amr  be 
described  about  the  axis  ar,  with  the 
parameter  a  ;  and  another  parabola  ami 
about  the  axis  as,  with  the  parameter  6  :  F  L 
cutting  the  former  in  m.     Then  ap  :»  x,  jA 
ni  sas  y,  are  the  two  noean  proportionate      • 
of  which  y  is  the  side  of  the  double  cube  re(][uired. 

For,  in  the  parabola  amb  the  equation  is  y*  ^  (ur,  and  in 
the  parabola  ami  it  is  x>  =»  by.  Consequently  a  :  y  : :  y  :  jp, 
and  y  '  ^  '  i  «* :  &•  Whence  yx  s=ab  ;  or,  by  siriMtitutiofi, 
y  ^by  SB  ah,  or  hy  squaring  y^b  =  «^6«  ;  or  lastly,  jf*  «*=  •^b 
ss  So' » as  it  ought  to  be. 
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THE  DOCTRINE  OF  FLUXIONS. 


DEnmnoNs  and  ntmciFLBs. 


* 

Art,  1.  In  the  Doctrine  of  Fluxions,  magnitudes  or  quan- 
tities of  all  kinds  are  considered,  not  as  made  up  of  a  number 
of  small  parts,  but  as  generated  by  continued  motion^  by 
means  of  which  they  increase  or  decrease.  As,  a  line  by 
the  motion  of  a  point ;  a  surface  by  the  motion  of  a  line  ; 
and  a  solid  by  the  motion  of  a  sur^ce.  So  likewise,  time 
n^ay  be  considered  as  represented  by  a  line,  increasing  uni* 
formly  by  the  motion  of  a  point.  And  quantities  of  all  kinds 
whatever,  which  are  capable  of  increase  and  decrease,  may  in 
like  manner  be  represented  by  geometrical  magnitudes,  con- 
ceived to  be  generated  by  motion. 

2.  Any  quantity  thus  generated,  and  variable,  is  called  a 
Fluent,  or  a  Flowing  Quantity.  And  the  rate  or  proportion 
according  to  which  any  flowing  quantity  increases,  at  any 
position  or  instant,  is  the  Fluxion  of  the  said  quantity,  at  that 
position  or  instant :  and  it  is  proportional  to  the  magnitude 
by  which  the  ^flowing  quantity  would  be  uniformly  increased 
in  a  given  time,  with  the  generating  celerity  uniformly  coa* 
tinned  dnijng  that  time* 

3.  The  small  quantities  that  are  actually  generated,  pro* 
duced,  or  described,  in  any  small  given  time,  and  by  any 
continued  motion  either  uniform  or  variable,  are  called  in- 
crements. 

4.  Hence,  if  the  motion  of  increase  be  uniform,  by  which 
increments  are  generated,  the  ifacrements  will  in  that  case  be 
proportional,  or  equal,  to  the  measures  of  the  fluxions  :  but 
if  the  motion  of  increase  be  accelerated,  the  increment  so. 
generated,  in  a  given  finite  time,  will  exceed  the  fluxion  : 
and  if  it  be  a  decreasing  motion,  the  increment,  so  generated, 
will  be  less  than  the  fluxion.  But  if  the  time  be  indefinitely 
small,  so  that  the  motion  be  considered  as  uniform  for  that 
instant  ;  then  th^se  nascent  increments  will  always  be  pro- 
portional, or  equal,  to  the  fluxions,  and  may  be  substituted  in- 
itead  of  them,  in  any  calculation. 

5.  Te 
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5.  To  itlastrate  these  defioitioo^  :  Sap- 
pose  a  point  ffi  be  conceived  to  move  from 

the  position  a,  and  to  generate  a  hue  ap» 

by  a   motion  any   how    regulated  ;   and      "  *" 

suppose  the  celerity  of  the  point  m,  at 
any  position  p,  to  be  such,  as  woald,  if  from  thence  it  shoaki 
become  or  continue  uniform,  be  sufficient  to  cause  the  point ' 
to  describe,  or  pass  uniformly  over,  the  distance  p/7,  in  the 
given  time  allowed  for  the  fluxioa  :  then  will  the  said  line  rp 
represent  the  fluxion  of  the  fluent,  or  flowing  line,  ap,  at  that 
position. 


B 


-n 


m 


*  >   "3> 


6.  Again,  suppose  the  right 
line  mn  to  move,  from  the  posi- 
tion AB,  continually  parallel  to 
itself,  with  any  contiuued.motioo, 
go  as  to  generate  the  fluent  or 
flowing  rectangle  AB^p,  while  the 
point  m  describes  the  line  ap':  also,  let  (he  distance  vp  be 
taken,  as  before,  to  express  the  fluxion  of  the  line  or  base 
AP  ;  aqd  complete  the  rectangle  v^gp.  Then,  like  as  rp 
is  the  fluxion  of  the  line  ap,  so  is,pf ,  the  fluxion  oi^,the  flowins 
parallelogram  a^  :  both  these  fluxions,  or  increments,  beiij 
uniformly  described  in  the  same  time. 

7.  In  like  manner,  if  the  solid 
AERP  be  conceived  to  be  gene- 
rated by  the  plane  f^k^  moving 
from  the  position  abe,  always 
parallel  to  itself,  along  the  line 
AD  ;  and  if  pp  denote  the  fluxion 
of  the  line  ap  :  Then,  likcT^s  the 
rectangle  pqyp,  or  p^    X   p/?,  de- 

i&btes  the  fluxion  of  the  flowing  rectangle  ab^p,  so  also  sha)f 
the  fluxion  of  the  variable  solid,  or  prism  aber^p,  be  de- 
noted by  the  prism  paa^^p,  or  the  plane  pr  X  fp.  And,  in 
both  riie  last  two  cases,  it  appears  that  the  fluxion  of  thd 
generated  rectangle,  or  prism,  is  equal  to  the  product  of  thd 
generating  line,  or  plane  drawn  into  the  fluxion  of  the  line 
along  which  it  moves. 

8.  Hitherto  the  generating  line,  or  plane,  has  been  con- 
sidered as  of  a  constant  and  invariable  magnitude  ;  in  which 
ease  the  fluent,  or  quantity  generatccl,  is  -a  rectangle,  or  a 
prism,  the  former  being  described  by  the  motion  of  a  line, 
and  the  latter  by  the  motion  oi  a  plane.  So,  in  like  manner 
are  other  figures,  whether  plane  or  solid,  conceived  to  be  de- 

VoL.  11.  40  scribed 
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scribed  by  the  motion  of  a  Variable  Magnitode,  whether  il 
be  a  line  or  a  plane.  That,  let  a  variable  line  p<i  be  carried 
bj  a  parallel  motioo  along  ap  ;  or  while  a  point  p  is  carried 
along,  and  describes   the   line  ap,  suppose  another  point, 


p^X 


«  to  be  carried  by  a  motion  perpendicular  to  the  former 
and  to  describe  the  line  p^  :  let  pq  be  another  position 
of  p^,  indefinitely  near  to  the  former ;  and  draw  ^r  pa- 
laUel  to  AP.  Now  in  this  case  there  are  sereral  fluents, 
or  flowing  quantities,  with  their  respective  fluxions  :  name- 
!▼,  the  line  or  fluent  ap,  the  fluxion  of  which  is  pp  or  ^r  ; 
the  line  or  fluent  p<i,  the  Buxion  of  which  is  rq  ;  tne  curve 
or  oblique  line  a^,  descnoed  by  the  oblique  motion  of  the 
Doint  <i,  the  fluiion  of  which  is  ^q  ;  and  lastly,  the  sur- 
nice  Ap<i,  described  by  the  variable  line  p<i,  the  fluxion  of 
which  is  the  rectangle  r^rp,  or  r^  X  pp.  In  Uie  same  manner 
may  any  solid  be  conceived  to  be  described,  by  the  motion  of 
a  variable  plane  parallel  to  itself,  substituting  the  variable 
plane  for  the  variable  line  ;  in  which  case  the  fluxion  of  the 
solid,  at  any  position,  is  represented  by  the  variable  plane,  at 
that  position,  drawn  into  the  fluxion  of  the  fine  along  which  it 
is  carried. 

9.  Hence  then  it  follows  in  general,  that  the  fluxion  of 
any  figure,  whether  plane  or  sohd,  at  any  position,  is  equal 
to  the  section  of  it,  at  that  position,  drawn  into  the  fluxion  of 
the  axis,  or  line  along  which  the  variable  section  is  sup- 
posed to  be  perpendicularly  carried :  that  is,  the  fluxion  of 
the  figure  aqp,  is  equal  to  the  plane  p^  X  pp,  when  that 
figure  is  a  solid,  or  to  the  ordinate  pq  X  rp,  when  the  figure  ia 
a  surface. 

10.  It  also  follows  from  the  same  premises,  that  in  any 
curve  or  oblique  line  a^,  whose  absciss  is  ap,  and  ordinate  is 
pq,  the  fluxions  of  these  three  form  a  small  right-angled 
plane  triangle  ^qr  ;  for  qr  ^  pp  is  the  fluxion  of  the  absciss 
AP,  qr  the  fluxion  of 'the  ordinate  pq,  and  ^q  the  fluxion  of 
the  curve  or  right  Hoe  Aq.  And  consecjiendi^  that,  in  any 
curve,  the  square  of  the  fluxion  of  the  cirvfi,  is  equal  to  the 

sum 
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flam  of  the  squares  of  the  fluxions  of  the  absciss  and  ordinate, 
when  these  two  are  at  right  angles  to  each  other. 

11.  From  the  premises  it  also  appears,  that  contemporane- 
ous fluents,  or  quantities  that  flow  or  increase  together,  which 
are  always  in  a  constant  ratio  to  each  other,  have  their 
fluxions  also  in  the  same  constant  ratio,  at  every  position, 
For,  let  Ap  and  Bq,  be  two  contempo- 
•raneous  fluents,  described  in  the  same  T|  p  '"^ ' P 
time  by  the  motion  of  the  points  p  and 

^,  the  contemporaneous  positions  be-  "j" — ' o'    V 

ing  p,  <i,  and  j?,  q  ;  and  let  ap  be  to  ^  vi      r 

iq,  or  Ap  to  B9,  constantly  in  the  ratio 
of  1  to  n. 

Then  -----     is  n.X  ap  =  b«, 

and  n  X  Ap  =  Bg  ; 
therefore,  by  subtraction,  n  X  pp  =^9; 
ihat  is,  the  fluxion  -  pp  :  fluxion  qq  :  :  t  :  n, 
the  same  as  the  fluent  ap  :  fluent  b<i  : :  1  :  n, 
or,  the  fluxions  and  fluents  are  in  the  same  constant  ratio. 

But  if  the  ratio  of  the  fluents  be  variable,  so  will  that  of 
the  fluxions  be  also,  though  not  in  the  same  variable  ratio 
with  Uie  former^  at  every  position. 
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12.  To  apply  the  foregoing  principles  to  the  determination 
•f  the  fluxions  of  algebraic  qoaatities,  by  means  of  which 
those  of  all  other  kinds  are  assigned,  it  will  be  necessary  first 
to  premise  the  notation  commonly  used  in  this  science,  with 
some  observations.  As,  first,  that  the  final  letters  of  the« 
alphabet  z,  y,  or,  11,  kc.  are  used  to  denote  variable  or  flow- 
ing quantities  ;  and  the  initial  letters,  a,  6,  c,  c2,  &c.  to  denote 
constant  or  invariable  ones:  Thus,  the  variable. base  ap  of 
the  flowing  rectangular  figure  ab^p,  in  art.  6,  may  be  repre- 
sented by  X ;  and  the  invariable  altitude  rq,  by  a  :  also,  the 
variable  base  or  absciss  ap,  of  the  figures  in  art  8,  may  be 
represented  by  x,  the  loanable  ordinate  p<i,  by  y  ;  and  the 
variable  curve  or  line  a<i,  by  z. 

Secondly,  that  the  fluxion  of  a  quantity  denoted  by  a 
single  letter,  is  represented  by  the  same  letter  with  a  point 
over  it :  Thus,  the  fluxion  of  x  is  expressed  by  x,  the  fluxion 
of  y  by  y ,  and  the  fluxion  of  2:  by  z .  As  to  the  fluxions  of 
constant  or  invariable  quantities,  as  of  o,  6,  c,  &c.  they  are 
equal  to  nothing,  because  they  do  not  flow  or  change  their 
magnitude. 

Thirdly, 


9QB  DIRECT  METHOD  OF  FLUXIONS. 

Tbirdlj,  that  tbe  incrementB  of  Tariable  or  flowioif  qtian* 
titles,  are  also  (teooted  by  tbe  same  letters  ifith  a  small '  over 
tl^em  :  Thus,  the  increments  of  x,  v,  z,  are  x\  y ,  z'. 

13.  From  these  notations,. and  the  foregoing  principles*  the 
quantities  and  their  flaxions,  there  considered,  vrill  be  denoted 
^  below.     Thus,  in  all  tbe  foregoing;  figures,  put 

the  variable  or  flowing  line    ^^    -    ap  =  x, 
in  art-  6,  the  constant  line      -     -     p^  =  a, 
in  art.  8,  the  variable  ordinate    -    pq,  =  y, 
also,  the  variable  line  or  curve   -    a^  =  r : 
Then  shall  the  several  fluxions  be  thus  represented,  namely, 
X  33=  pp  the  fluxion  of  the  line  ap, 
ai  Bi  PQ^  the  fluxion  of  ab<^p  in  art.  6, 
yx  =  p^rp  the  fluxion  of  APq  in  art.  8, 

i  =  iiy  =  ^  (^3  +  y  *)  the  fluxion  of  aq  ;  and 
ax  ===  pr  the  duxion  of  the  solid  in  art.  7,  if  a  denote  the 

.constant  generating  plane  pqr  ;  also, 
fix  =  B<i  in  the  figure  to  art.  11,  and 
ni  =  <^)  the  fluxion  of  the  same. 

14.  The  principles  and  notation  being  now  laid 'down,  we 
may  proceed  to  the  practice  and  rules  of  this  doctrine  ;  which 
consists  of  two  principal  parts,  called  the  Direct  and  Inverse 
Method  of  Fluxions ;  namely,  the  direct  method,  which 
consists  in  finding  the  $uxiop  of  any  proposed  fluent  or 
Rowing  quantity  ;  and  the  inverse  -method,  which  consists  in 
finding  the  fluent  of  any  proposed  fluxion.  As  to  the  former 
of  these  two  problems,  it  can  always  be  determined,  and  that 
in  friite  algebraic  terms  ;  but  the  latter,  or  finding  of  fluenty, 
can  only  be  efiected  in  some  certain  cases,  except  by  means 
of  infinite  series.— First  then,  of  ^ 


'      THE  DIRECT  METHOD  OP  FLUXIONS. 
To  Jind  tkt  Fliucitm  of  Ae  Product  or  Rectangle  of  iw>  Varia* 

16.  Let  AR^p,  :=  xy,  be  the  flow- 
ing or  variable  rectangle,  generated 
by  two  lines  pq  and  aq,  moving  al- 
ways perpendicular  to  each  other, 
from  the  positions  ar  and  ap  ;  deno- 
ting tbe  one  by  x  and  the  other  by  y\ 
supposing  X  and  y  to  be  so  related^ 
that  the  curve  line  a^  may  always 

pass  through  the  intersection  q  of  those  lines,  or  the  opposite 
U9gle  or  the  rectangle.  Now, 
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Now,  the  rectangle  COD^ists  of  the  two  trilioear  spaces 
APQ,  ABq,  of  which,  the 

fliiKion  of  the  forqier  10  f^  X  pp,  or  yxf 
that  of  the  latter  is   -     a^  X  ar,  or  xy ,  by  art.  8  ; 
therefore  the  sum  of  the  two  jcy  +  ^y»  is  the  fluiion  of  the 
whole  rectangle  x}^  or  ar%?. 


The  SavM  (kktrwUe. 


16.  Let  the  sides  of  the  rectangle  x  and  v,  by  flowing, 
become  x  4-  ^'  and  ^  +  y' :  then  the  product  of  these  two,  or 
xy  -|-  x-if  -h  yr'  -|-  :r'y'  will  be  the  new  or  contemporaneons 
Talae  of  the  flowing  rectangle  pr  or  xy  :  subtract  the  one 
Talae  from  the  othervand  the  remainder,  ary'+  yxf'\-  xy\  will 
be  the  increment  generated  in  the  same  time  as  x'  or  y' ;  of 
which  the  last  term  xy  is  nothing  or  indeflnitely  small,  in  res- 
pect of  the  other  two  terms,  because  x'  and  y  are  indefinitely 
small  in  respect  of  jt  and  y  ;  which  term  being  therefore  omit- 
ted, there  remains  xy  +  y^'  for  the  value  of  the  increment ; 
and  hence,  by  substituting  i  and  y^  for  x'  and  y',  to  which  they 
are  proportional,  there  arises  xy  +  yi  for  tibe  true  value  of 
Ibe  fluxion  of  xy  ;  the  same  as  before. 

17.  Hence  may  be  easily  derived  the  fluxion  of  the 
powers  and  products  of  any  number  of  flowing  or  variable 
quantities  whatever  ;  as  of  oryr,  or  uxyz,  or  v%ucyz^  &c.  And 
first,  for  the  fluxion  of  xyz  :  putp  =  xy,   and  the  whole 

tiven  fluent  xyz  =  g,  or  ^  =  xyz  =  pz.  Then,  taking  the 
uxions  of  ^  =  pr,  by  the  last  article,  they  are  g  ^  fiz  + 
pz ;  but  p  =  xy,  and  so  p  =  i^  +  xy  by  tbc  same  article  : 
substituting  therefore  these  values  of  p  and  p  instead  of 
them  in  the  value  of  9,  this  becomes  q  =  xyz  +  xyz  +  xyi, 
the  fluxion  of  xyz  required  ;  which  is  therefore  equal  to  the 
sum  of  the  products,  arising  from  the  fluxion  of  each  letter, 
or  quantity,  multiplied  by  the  product  of  the  other  two. 

Again,  to  determine  the  fluxion  of  vxyz^  the  continual 
product  of  four  variable  quantities  ;  put  this  product,  namely 
uxyz,  or  qu  =  r,  where  7  =  xyz  91^  above.  Then,  taking  the 
fluxions  by  the"  last  article,  r  =  yw  +  yi;  which,  by  sub- 
stituting for  q  and  q  their  values  as  above,  becomes  -  - 
r  =  iaryr  +  uxyz  +  «a:yz  +  «J^yi,  the  fluxion  of  t*xyr  as 
required  :  consisting  of  the  fluxion  of  each  quantity,  drawn 
into  the  products  of  the  other  three. 

In 
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In  the  very  saBoe  manner  it  is  fband,  tbat  the  flaxion  of 
vuxyz  is  ifuxyx  +  vu^x  +  vMxyz  +  vuxyz  +  vuxyz ;  and 
so  on,  for  any  number  of  quantities  whatever  ;  in  which  it 
is  always  found,  that  there  are  as  many  tefms  as  there  are 
variable  quantities  in  the  proposed  fluent  ;  •  and  that  these 
terms  consist  of  the  fluxion  of  each  variable  quantity,  mul- 
tiplied by  the  product  of  all  the  rest  of  the  quantities^ 

18.  Hence  is  easily  derived  the  fluxion  of  any  power  of 
a  variable  quantity,  as  of  a;',  or  re',  or  x«,  &c.  For,  in  the 
product  or  rectangle  ory,  if  jp  =  y,  then  is  ory  «=  xx  or  jc', 
and  also  its  fluxion  :ry  +  ^7  =  .rx  +  ^x  or  Stxxy  the  fluxion 

'  of  Jf«. 

Again,  if  all  the  three  .r,  y^  2  be  equal ;  then  is  the  product 
of  the  three  xyz  =  x'  ;  and  consequently  its  fluxion  xyz  4- 
xyz-\-xyz  =  ixx+xix  +  xvi  or  3a:«i,  the  fluxion  of  ac*. 

In  the  same  manner,  it  will  appear  that 

the  fluxion  of  x*  is  ^  4a;'x»  and 
.    the  fluxion  of  x'  is  =  bx^x  and,  in  general, 
the  fluxion  of  «»  is  =  nx^^^i ; 
where  n  is  any  positive  whole  number  whatever. 

That  is,  the  fluxion  of  anv  positive  integral  power  is  equal 
to  the  fluxion  of  the  root  (x),  multiplied  by  the  exponent 
of  the  power  (n),  and  by  the  power  of  the  same  root  vrhose 
index  is  less  by  1,  (jc""*)- 

And  thus,  the  fluxion  of  a  +  ex  be^ng  cj^, 
that  of  (a  +  c%Y  is  2ci  X  fa  +  ex)  or  iaci  +  tc^xi^ 
that  of  fa  +cx«)*  is  4cjriX  \a  +  ex')  or  Aacxx  +  4c«x'i, 
thatof  (x«+  y^y  'i%{Axi  +  Ay^)  X  (x«  +y»)» 
that  of  (»  +cy»)3  is   (3x  +6cyy)  X  (x  +<:y«)». 

19.  From  the  conclusions  in  the  same  article,  we  may 
also  derive  the  fluxion  of  any  fraction,  or  the  qiuotient  of  one 
variable  quantity  divided  by  another,  as  of 

-.    For,  put  the  quotient  or  fraction  -  =  9 ;  then,  multiplying 

by  the  denominator,  x=  qy;  and,  tsdiing  the  fluxions, 
X  =  yy,  +  9y,  or  y  jj  =  i  —  9^  j  and,  by  division, 

g  »?— 2.  s=  (by  substituting  the  value  of  9,  or-), 

-.-f^f  ss/i^Lil,  the  fluxion  of -,  as  required. 
y     ^«  yt  y       . 

That 
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» 

That  is  the  floxion  of  any  fractioD,  is  equal  to  the  fluxioa 
of  the  numeralor  drawn  into  the  denominator,  minds  the 
floxion  of  the  denominator  drawn  into  the  numerator,  and 
the  remainder  divided  by  the  square  of  the  denominator. 

So  that  the  fluxion  of  ?1  is  a  X  51=^  or  ?3=Lffy  . 

y  ya      '  ya 

20.  Hence  too  is  easily  derived  the  fluxion  of  any  negative 

integer  power  of  a  variable  quantity,  as  of  jp"-»,  or  -^,  which 

is  the  same  thing.  For  here  the  numerator  of  the  fraction 
is  1,  whose  fluxion  is  nothing  ;  and  therefore,  by  the  last 
article,  the  fluxion  of  such  a  fraction,  or  negative  power, 
is  barely  equal  to  minus  the  fluxion  of  the  denominator, 
divided  by  the  square  of  the  said  denominator.     That  is  the 

fluxion  of  TT^^  or  —  is  — or  —  -Jrr  or  —  iiar-"-i  ge  ; 

or  the  fluxion  of  any  negative  integer  power  of  a  variable 
quantity  as  x~~«,  is  equal  to  the  fluxion  of  the  root,  multiplied 
by  the'eiponent  of  the  power,  and  by  the  next  power  Jess 
by  1  ;  the  same  rule  as  for  positive  powers. 

The  same    thing  is  otherwise    obtained  thus  :    Put  the 

proposed  fraction,  or  quotient  —  =  9  ;  then  is  qx^  =  1  \ 

and,  taking  the  fluxions,  we  have 

^x*+9nx"-*i=  0,  hence  9a:«=— ^njc^^'x  ;  divide  by  x"i  thea 

y  =  -  -^  =  (by  substituting  ±   for  j),  ^  or  =  — 

nxr^^^  X  \  the  same  as  before. 

Hence  the  fluxion  of  jr-»  or  —  is  —  tt^x  or——/ 

that  of        -        «"»  or  ~  is— 2an3  i  or—  ?^, 

that  of        -        x-«  or  ri;  is— Sar-<  i  or — ^, 

that  of        -        oar^  orzr  is  —  4aar-*x  or  —  — ^, 

that  of  (a+x)-!  or  -— -  is  —  (a+x)""*^  or 


that  of  c(a+3x«)-^)r--p|^^  is—  12cxi  X  (a+3x>)-^, 

or  mm^  !!«>-  . 

(a+3«fl)3' 
21.   Much  in  the  same  manner  is  obtained  the  fluxion  of 

m 

any  fractional  pow^r  of  a  fluent  quantity,  as  of  x",  or  ^  x^. 

m 

For,  put  the  proposed  quantity  x**  =  9  ;  then,  raising  each 
side  to  the  n  power,  gives  x»»=  y"  ; 

taking 
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taking  the  flaxioDfl,  ghrcs  nw^^^'i  =  nj*-»  ^  ;  thttt 
diriding  by  ny""*,  gives  g  =  *^^i    =        ^^ "S"  *  *    '*• 

Which  18  sfitl  the  same  rale,  as  before,  for  fiodiog  the  flazion 
of  any  power  of  a  flueot  quantity,  and  which  therefore  is  gen- 
ereJ,  whether  the  exponent  be  positire  or  negative,  integral 

or  fractional.    And  hence  the  flozion  of  or  ^  is  |  <ix*i, 

that  of  o»»  is  ^aafl-^x^^x-^i  ^  2  i      ^^* '   *^  **^*^  ^ 

^  (aa  _  a?»)  or  (a»  -r-  :r»)^  is  \{p.^  -a:«)*  X  — 2xi= 


22.  Having  now  found  out  the  fluxions  of  aH  the  ordi- 
nary forms  of  algebraical  quantities  ;  it  remains  to  deter- 
mine those  of  logarithmic  expressions  and  also  of  exponential 
ones,  that  is  such  powers  as  have  their  exponents  variable  or 
flowing  quantities.  And  first,  for  the  fluxion  of  Napier's,  or 
the  hyperbolic  logarithm. 

23.  Now,  to  determine  this  from 
the  nature  of  the  liyperbolic  spaces. 
Let  A  be  the  principle  vertex  of  an 
hyperbola,  having  its  asymptotes  cd, 
cp,  with  the  ordinates  da,  ba,  p^, 
&c  parallel  to  them.  Then,  from 
the  nature  of  the  hyperbola  and  of 
logarithms,  it  is  known,  that  any  space  abp^  is  the  log«  of 
the  ratio  of  cb  to  cp,  to  the  modulus  abcd.  .  Now,  put 
1  =  cB  or  ba  the  side  of  the  square  or  rhombus  db  ; 
m  am,  the  modulus,  or  cb  X  ba  ;  or  area  of  db,  or  sine  of 
the  angle  c  to  the  radius  1  ;  also  the  absciss  cp  =  r,  and 
the  or£nate  pq  =  y.  Then,  by  the  nature  of  the  hyperbola, 
or   X   pq  is  always  equal  to  db,  that  is,  ory  =  m  :  hence 

y  =  -,  and  the  fluxion  of  the  space,  xy  is  —    =  p^^  the 

fluxion  of  the  log.  -of  x,*  to    the    modulus    m.      And,  in 
the  hyperbolic  logarithms,  the  modulus  m  being  1,  there- 

mm 

fore  -  is  the  fluxion  of  the  hyp.  log  of  j?  ;  which  is  therefore 

equal  to  the  fluxion  of  the  quantity,  divided  by  the  quantity 
itself. 
Hence  the  fluxion  of  the  hyp.  log. 

of  1  4-  Jp  w  rf- 
of  I  —  J?  is 


X' 


l-jt' 
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of  cut"  IB —  =^  — . 

24.  By  means  of  the  tfaYions  of  logarithms,  are  asaally 
determioed  those  of  exponential  qnantities,  that  is,  quan- 
tities which  have  their  exponent  a  flowing  of  variable  letter. 
These  exponentials  are  of  two  kinds,  namely,  when  the  root 
is  a  constant  quantity,  as  ^,  and  when  the  root  is  variable  ag 
well  as  the  exponent,  as  j/*. 

26.  In  the  first  case  put  the  exponential,  whose  floxioik 
is  to  be  found,  equal  to  a  single  variable  quantity  z,  namely, 
;r  =  e«  ;  then  tdke  the  logarithm  of  each,  so  shafi  log.  z^x  X 

lof.  r;  take  the  floxioM  of  these,  so  shall-  s»jr  X  log««« 

by  the  last  article  :  hence  ^  =  rx  X  log.  e  ^e*x  X  log.  «, 
which  is  the  doxion  of  the  proposed  quantity  c  or  z  ;  and 
whi«h  therefore  is  equal  to  the  said  given  quantity  drawn  into 
the  fluxion  of  the  exponent,  and  into  the  log.  of  the  root. 

Henfe  aisOk  the  fluxion  of  {a+c}^  is  (u+e)"^  Xni^  X  logp. 
(«+«)♦ 

26.  In  like  manner,  in  the  second  case,  put  the  given 
quantity  y*  =^  z  ;  then  the  logarithms  ^ve  log.  z  »  x  X  log.  y, 

and  the  fluxions  nve  ~=apXlog.  y4*xX':  hence 

Z  If  ' 


i  «  zi  X  log.  y  +  -^  =  (by  substituting  y  for  z)  jfi  X 

log.  y  +  ±^^^  which  is  the  fluxion  of  the  proposed  quan- 
tity y*  ;  and  which  therefore  consists  of  two  terms,  of  which 
the  one  IS  ttiB  fluxion  of  the  given  quantity  considering  the 
exponent  as  constant,  and  the  other  the  fluxion  of  the  same 
quantity  considering  the  root  as  constant. 


OF  SECOND,  THIRD,  &c.  FLUXIONS. 

Ha  VIVO  explained  the  manner  of  considering  and  determin- 
ing the  first  fluxions  of  flowing  or  variable  quantities  ;  it  re- 
VoL.  If.  41  mains 
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mains  dow  to  consider  those  of  the  higher  orders,  as  secood, 
third,  fourth,  &c.  fluxions. 

27.  If  the  rate  or  celerity  with  which  any  flowing  quantity 
changes  its  magnitude,  be  constant,  or  the  same  at  erery  posi- 
tion ;  then  is  3ie  fluxion  of  it  also  constantly  the  same.  But 
if  the  variation  of  magnitude  be  continually  changing,  either 
increasing  or  decreasing  ;  tlien  will  there  be  a  certain  degree 
of  fluxion  peculiar  to  every  point  or  position  ;  and  the  rate  of 
variation  or  change  in  the  fluxion,  is  called  the  Fluxion  of  the 
Fluxion,  or  the  Second  Fluxion  of  the  given  fluent  quantity. 
In  like  manner,  the  variation  or  fluxion  of  this  second  fluxion, 
is  called  the  Third  Fluxion  of  the  first  proposed  fluent  quan- 
tity ;  and  so  on. 

These  orders  of  fluxions  are  denoted  by  the  same  fluent 
letter  with  the  corresponding  number  of  points  over  it  ; 
/  namely,  two  points  for  the  second  fluxion, -three  points  for 
the  third  fluxion,  four  points  for  the  fourth  fluxion,  and  so  on. 
So,  the  different  orders  of  the  flukion  of  x»  are  i,  ir>  i,  S  9  ^- } 
where  each  is  the  fluxion  of  the  one  next  before  it 

28.  This  description  of  the  higher  orders  of  fluxions^ 
may  be  illustrated  by  the  figures  exhibited  in  art.  8,  page  306  ; 
where,  if  x  denote  the  absciss  ap,  and  y  the  ordinate  p<i  : 
and  if  the  ordinate  p^  or  y  flow  along  the  absciss  at  or  x, 
with  a  uniform  motion  ;  then  the  fluxion  of  x,  namely, 
ir  =  pp  or  ^r,  is  a  constant  quantity,  or  ^  s=  0,  in  all  the 
figures.  Also,  in  fig.  1 ,  in  which  a^  is  a  right  line,  y  =:  r^, 
or  the  fluxion  of  pq,  is  a  constant  quantity,  or  y  =  0  ;  for* 
the  angle  ^,  ~  the  angle  a,  being  constant,  qr  is  to  f^,  or 
X  to  y ,  in  a  constant  ratio.  But  in  the  2d  fig.  r^,  or  the 
fluxion  of  p^,  continually  increases  more  and  more  ;  and 
in  fig.  3  it  continually  decreases  more  and  more,  and  there- 
fore in  l^oth  these  casei  y  has  a  second  fluxion,  being  positive 
in  6g,  2,  but  negative  in  fig.  3.  And  so  on,  for  the  other  or- 
ders of  fluxions. 

Thus  if,  for  instance,  the  nature  of  the  curve  be  such, 
that  x^  is  every  where,  equal  to  a*y ;  then,  taking  the  fluxions 
it  is  a'y.=  3x>x;  and,  considering  i  always  as  a  constant 
quantity,  and  taking  always  the  fluxions,  the  equations  of 
the  several  orders  of  fluxions  will  be  as  below,  viz. 

the  Isi  fluxions  a'y  =  Sx^x,       ^ 

the  2d  fluxions  a'y  =  Qxi*^ 

the  3d  fluxions  a«  j:  ==  6^', 

the  4th  fluxions  a*^  =  0, 

iind  aU  the  higher  fluxions  also  ss  0,  or  nothing. 

Abf 
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AlflOy  the  higher  orders  of  flaxions  are  found  in  the  SMoe 
maLQDer  as  the  lo^er  ones.    Thus, 
the  first  fluxion  of  ^'  is    -     -    -     -     Sy'y ; 
its  2d  flnx.  or  the  fluv.  of  3y>y ,  con-  ^ 

sidered   as  the  reetangle  of  3^*9  >%'y  +  ^''  ' 

andy,  is '     S 

and  the  flax,  of  this  again,  or  the  3d >  3^.  ^  ,  IByhi+Sh K 

flox.  of  y',  IS    - J  ^  y  ^       »y  y  •    y 

2d.  In  the  foregoing  articles,  it  has  heen  supposed  that 
the  fluents  increase,  or  that  their  fluxions  are  positive ;  but 
it  often  happens  that  some  fluents  decrease,  and  that  there- 
fore their  fluxions  are  negative :  and  whenever  this  is  the 
case,  the  sign  of  the  fluxion  must  be  changed,  or  made  con- 
trary to  that  of  the  fluent.     So,  of  the  rectangle  ary,  when 
both  X  and  y  increase  together,  the  fluxion  \b  iy  +  xy  \  but 
if  one  of  them,  as  y,  decrease,  while  the  other,  x,  increases ; 
then,   the    fluxion   of  y  being  — *   y,    the   fluxion   of  xy 
will  in  that  case  be  x  y  —  a?y .    This  may 
be  illustrated  by  the  annexed  rectangle, 
APQR  =  rry,  supposed  to  be  generated  ^ 
by  the  motion  of  the  line  pq,  from  a  to-  K  - 
wards  c,  and  by  the  motion  of  the  line 
Rq  from  b  towards  a  :  For,  by  the  mo- 
tion of  rq,  from  a  towards  c,  the  rect- 
angle is  increased,  and  its  fluxion  is  -f- 
xy  ;  but,  by  the  motion  of  aq,  from  b  to- 
wards A,  the  rectangle  is  decreased,  and 
the  fluxion  of  the'  decrease  is  xy ;  there- 
fore, taking  the  fluxion  of  the  decrease  from  that  of  the  in- 
crease, the  fluxion  of  the  rectangle  xy,  when  x  increases  and 
y  d^reases,  is  jry  ^  xy. 
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REMARK  BT  THE  EDITOR. 

The  fluxion  of  the  algebraic  quantity  ory  is  properly  yx  +  «y 
in  all  cases  of  increase  or  decrease.  We  should  always  use 
the  signs  of  the  fluxions  of  algebraic  expressions  as  those 
signs  arise  from  the  known  rules,  without  considering  whether 
the  quantities  increase  or  decrease  ;  but  in  denoting,  algebrai- 
cally, the  simple  fluxions  of  geometrical  Quantities,  we  should 
prenx  the  sign  minus  to  the  fluxions  of  such  as  decease  : 
and  thus  we  may,  in  any  case,  use  the  fluxions  of  algebraic 
equations,  together  with  the  fluxions  derived  frookgeometrical 
figures,  without  embarrassment  or  apprehension  of  error. 


30.  We 


MS  RULES  FOR  FINDING 

SO.  We  may  sow  collect  all  the  roles  togetiberi  which  b|Ye 
been  demonstrated  in  the  foregoing  articles,  for  fiodwg  lbt 
fluxions  of  all  sorts  of  quantities.    And  henco, 

Ist,  For  the  fluxion  rf  any  Power  of  a  flcwng  ^fmantiiy, 
—Multiply  all  together  the  exponept  of  the  power,  the  flux- 
ion of  the  root,  and  the  power  next  less  by  1  of  the  same 
root 

2d,  For  the  fluxion  f^the  Rectatigle  of  two  quantiiie$.  —Mul- 
tiply each  quantity  by  the  fluxion  of  the  other,  and  connect 
the  two  products  together  by  their  proper  signs. 

3d,  For  the  fluxion  of  the  Continual  product  of  any  number 
of  flawing  quantities. — Multiply  the  fluxion  of  each  quaqji^ 
by  the  product  of  aU  the  other  quantities,  ^ui  connect  all 
the  products  together  by  their  proper  signs. 

4th,  For  thefluxtctn  of  a  Fraction.- — From  the  fluxion  of  the 
numerator  drawn  iato  the  denominator,  subtract  the  fluxion 
of  the  denominator  drawn  into  the  numerator^  and  divide  the 
result  by  the  square  of  the  denominator. 

5th,  Or^  the  2c2,  Sd,  and  4th  cases  may  be  aU  inchded  under 
one,  and  performed  thus. — Take  the  fluxion  of  the  given  ex- 
pression as  often  as  there  are  yariaUe  quantities  in  it,  sup- 
\  posing  first  only  one  of  them  varisble,  and  the  rest  constant  ; 
then  another  variable,  and  the  rest  constant ;  and  so  on, 
till  they  have  all  in  their  turns  been  singly  supposed  variable, 
and  connect  all  these  fluxions  together  with  their  own  signs. 

6th,  For  the  fluxion  of  a  Logarithm. — Divide  the  fluxion 
of  the  quantity  by  the  quantity  itself,  and  multiply  the  result 
by  the  modulus  of  the  system  of  logarithms. 

Note.  The  modulus  of  the  hyperbolic  logarithms  is  1, 
and  the  modulus  of  the  common  logs,  is     .  0'434f9448. 

'  7th,  Fdr  the  fluxion  of  an  Exponential  quantity  having  the 
Root  Ctmitani.'^— Multiply  altogether,  the  given  quantity  the 
fluxion  of  its  exponent,  and  the  the  hyp.  log.  of  the  root 

8th.  For  the  fluxion  of  an  Exponential  quantity  having  Hie 
Root  Fariable.^—To  the  fluxion  of  the  given  quantity,  found 
by  the  1st  rule,  as  if  the  root  only  were  variable,  and  the 
fluxion  of  the  same  quantity  found  by  the  7th  rule,  as  if  the 
exponent  only  were  variable  ;  and  the  sum  will  be  the  fluxion 
for  both  of  them  variable. 

Note.  When  the  given  quantity  consists  of  several  terms, 
find  the  fluxion  of  each  term  separately,  and  connect  them 
all  together  with  their  proper  signs. 

•  •  1 
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31.  PRACTICAL  EXAMPLES  TO  EXEBQISB  THE  FOBJ&GCMUG 

RIILE8. 

1.  The  fluzion  of  axy  is 

2.  The  fluxion  of  bxyz  is 

3.  The  fluxion  of  ear  X  (<ur-7cy)  is 

4.  The  fluxion  of  x"*y"  is 
6.  The  fluxion  of  a^y^^z^  is 

6.  The  fluxion  of  (^  +  y)  X  («-<-y)  w 

7.  The  fluxion  of  2ax>  is 

8.  The  fluxion  of  Sx^  is 

9.  The  fluxion  of  3x«y  is 

10.  The  fluxion  of  4x^*  is 

11.  The  fluxion  of  ax^y-^x^y^  is 

12.  The  fluxion  of  4jr^  —  x'y  ^f  $byz  is 

13.  The  fluxion  of  l^x  or  x»  is 

14.  The  fluxion  of  IJ/ar*  or  x  „  is 

15.  The  fluxion  of—- —  w  —  or*-*?  is 

<^X«         m     •  n  ^ 

16.  The  fluxion  of  ^  x  or  x^  is 

17.  The  fluxion  of  ^  «  or  x*  is 

18.  The  fluxion  of  %/x^  or  x^  is  , 

19.  The  fluxion  of  ^x^  or  x*  is 

20.  The  fluxion  of  ^ar»  or  x*  is 

21.  The  fluxion  of  yx^  or  x^  is 

22.  The  fluxion  of  ^  (a«  +•  x*)  or  (o«  +  x^)^  is 

23.  The  fluxion  of  ^  (a"  —  x«)  or  (a*  —  xa)^  is 

24.  The  fluxion  of  ^  (2fx--  xx)  or  («rx  ^  x«)*  ig 

25.  The  fluxion  of  -77-- — --^or  (a*  ^x*)  *  is 

v^(as--ic*)      ^  ^ 

26.  The  fluxion  of  (ax-^xx)^  is 

27.  The 
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27.  The  fluxion  of  2x  y/a^  ±  x'  is 

28.  The  fluzioD  of  (a'^x*)^  is 

29.  The  flfuion  of  y/xz^  or  {xzy  is 

30.  The  fluxioQ  of  y/xz-^zz  or  {xz-^zzy  is 

31.  The  flozioD  of  —  —  or  —  iac'  is 


a^x 


ox' 


32.  The  flazioQ  of  •~r'  ^ 


S3.  The  fluxion  of  p^  is 

34.  The  fluxion  of  ^  is 

z 

36.  The  fluxion  of  -^  is 


36.  The  fluxion  of  —  is 

37.  The  fluxion  of    -v-    is 

*+« 

x^ 

38.  The  fluxion  of  -ji  is 

A 

39.  The  fluxion  of  _  is 

40.  The  fluxion  of  ^^  is 

z 
3 

41.  The  fluxion  of      .^,_  ,vis 

42.  The  fluxion  of  the  hyp.  log.  of  ax  is 

43.  The  fluxion  of  the  hyp.  log.,  of  1  +  jp  is 

44.  The  fluxion  of  the  hyp.  log.  of  1  —  jr  is 

45.  The  fluxion  of  the  hyp.  log.  of  x^  is 

46.  The  fluxion  of  the  hyp.  log.  of  v^  '  is 

47.  The  fluxion  of  the  hyp.  log.  of  x^  is 


48.  The 
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48.  The 

49.  The 

50.  The 

61.  The 

62.  The 

63.  The 
54.  The 
65.  The 

56.  The 

57.  The 

68.  The 

69.  The 

60.  The 

61.  The 

62.  The 

63.  The 

64.  The 

65.  The 


2 
fluxion  of  the  hyp.  log.  of  -  is 

fluxion  of  the  hjp.  log.  of  -j is 

fluxion  of  c«  is* 

fluxion  of  lO'  is 

fluxion  of  (a  +  c)*  is 

fluxion  of  100^  is 

fluxion  of  jr«is 

fluxion  of  y'**  is 

fluxion  of  *jrjv  is 

fluxion  of  (*y)**  is 

fluxion  of  xy  is 

fluxion  of  xy'  is 

second  fluxion  of  ory  is 

second  fluxion  of  :ry,  when  x  i>  constant,  is 

second  fluxion  of  o^  is 

third  fluxion  of  j:«,  when  i  is  constant,  is 

third  fluxion  of  xy  is 


THE  INVERSE  METHOD,  OR  THE  FINDING  OF 

FLUENTS. 


32.  It  has  heen  observed,  that  a  Fluent,  or  Flowing  Qua 
tity,  is  the  yariable  quantity  which  is  considered  as  increasi 
or  decreasing.  Or,  the  fluent  of  a  given  fluxion,  is  such 
quantity,  that  its  fluxion,  found  according  to  the  foregoi 
rules,  shall  be  the  same  as  the  fluxion  given  or  proposed. 

S3.  It  may  further  be  observed,  that  Contemporary  Fluen 
or  Contemporary  Fluxions,  are  such  as  flow  together,  or  i 
the  same  time. — When  contemporary  fluents  are  alwa 
equal,  or  in  any  constant  ratio  ;  then  also  are  their  fluxio 
respectively  either  equal,  or  in  that  same  constant  rati 
That  is,  if  X  ssy,  then  isx  =  y  ;  or  if  x  :  y  :  :  n  :  1,  then 
£  :  y  :  :  n  :  1  ;  or  if  X  =£  ny,  then  is  x  =  ny . 

34.  It  is  easy  to  find  the  fluxions  to  all  the  given  forms 
fluents  ;  but,  oh  the  contrary,  it  is  difficult  to  ]find  the  fluei 
of  many  given  fluxions  ;   and  indeed  there  are  numberlc 

cas 


r 

) 
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eases  Id  which  this  cannot  at  all  be  done,  excepting  by  the 
qaadrature  and  rectification  of  curve  lines,  or  by  logarithms, 
or  by  infinite  series.  For,  it  is  only  in  certain  particular  forms 
and  cases  that  the  flnents  of  given  flaxions  can  be  foond ; 
there  being  no  method  of  perforoDungthisuniversaUy,  »pnort, 
by  a  direct  inyestigttion,  like  finding  the  fluxion  of  a  given 
fluent  quantity.  We  can  only  therefore  lay  dowh  a  few 
*  rules  for  such  forms  of  fluxions  as  we  know^  frotn  the  direct 
method,  belong  to  such  and  sUch  kinds  of  flowiog  quantities  ; 
and  these  rules,  it  is  evident,  must  chiefly  consist  in  perf6rm- 
ing  such  operations  as  are  the  reverse  <^  tbeee  by  Which  the 
fluxions  are  found  of  civen  fluent  quantities.  The  prinoipal 
cases  of  which  are  as  rollow. 

35.  Tofii^  ikt  Fiw!id  of  a  Simple  fVtmon  ;  of  djf  f^  tn  wkieh 
there  is  no  variable  qwmiityy  and  orUy  one  JhaiMiod  quanUiy. 

This  is  done  by  barely  substitutiuj^  the  yuriable  ekr  flolpring 
quantity  instead  of  its  fluxion  ;  being  the  resalt  or  reveiM  of 
the  notation  oniy.-^Thus, 

The  fluent  of  ax  is  aj^. 
The  fluent  of  ay  +  2y  is  ay  +  %• 


The  fluent  of  ^  o"  +  ac«  i*  ^  a«  +  «». 

36.  Wken  any  Power  of  a  flowing  quantity  is  Myitiplied  by 

tffte  Fitaion  of  Ms  Rovt  ; 

Then,  having  substituted,  as  before,  the  flowing  quantity 
for  its  fluxion,  divide  the  result  by  the  new  index  of  the 
power.  Or,  which  is  the  same  thing,  take  out  or  divide  by, 
ftie  fluxion  of  the  root ;  add  1  to  the  indtex  of  the  power  ; 
and  divide  by  the  index  so  incte^^d.  Winch  is  the  revenue 
ef  the  ist  rule  fbr  finding. fluxions. 

So,  if  the  fluxion  proposed  be       .  -        -  ^x^x 

Leave  out,  or  divide  by,  x  then  it  is       -  3ir'  ; 

add  1  to  the  indet,  and  it  is  -        -  3r*  ; 

divide  by  the  index  6,  and  it  is      •         -  f^*  or  |x', 

which  is  the  fluent  of  the  proposed  fluxion  Sx'i*. 

In  like  manner, 

The  fluent  of  Staxi  is  ax. 
The  fluent  of  3:c«i  is  «». 

The 
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The  flacnt  of  4x^  x  is  f «» • 
Tbe  fluent  of  Sy^y  is  ^y*' 
The  flueat  of  az^x  is  i^az  •  . 

Th^  fluent  of  x^i+  3y*y  10  |j:*+  f  y*^- 

The  fluent  of  x»-»i  is  ix«. 
The  fluent  of  nj^^  is 

• 

The  fluent  of  -r  or  ar*  z  it 

The  fluent  of  ^  is 

The  fluent  of  (41  +  x)*i  is 
The  fluent  of  (•«  +  y*)y'y  " 
The  fluent  of  (a*  +  z»)«z«i  is 
The  fluent  of  (a»  +  z«)»a;^»i  is 
The  fluent  of  (a*  +  y'  )  'yy  u 

The  fluent  of     7—-^  is 
The  fluent  of     y^ — r  is 

37.  When  the  Root  tmder  a  Vinculum  %$  a  Compoluid  QiMinft^; 
and  Ae  hdcx  of  iht  part  or  factor  Without  the  Fineuiufn^  m* 
'    creoied  iy  1»  m  iotne  Multiple  of  thai  under  the  Fineulum : 

Put  a  single  variable  letter  for  the  compound  root ;  and  sub- 
stitute its  powers  and  fluxion  instead  of  those  of  tbe  same  value, 
in  the  given  quantity  ;  so  will  it  be  reduced  to  a  simpler  form, 
to  which  the  preceding  rule  can  then  be  applied. 

Thus,  if  the  given  fluxion  be  »  =  (fl*+*'>^a:»i,  where  3, 
the  index  of  the  quantity  without  the  vinculum,  increased 
by  1,  making  4,  which  is  just  the  double  of  2,  the  exponent 
of  x'  within  the  vinculum :  therefore,  putting  z  ss  a^^  yo^ 
thence  x^^=^z^a^^  the  fluxion  of  which  is  2zx  =  z;  hence 
then  f  *i  =  \x*z  =  \z  (^— o*),  and  the  given  fluxion  f,  or 

(a*  +z«)*x» i,  is  =5=  |z*i  (^-a«), or=iz*i-  \a^J^x\  and 

hence  the  fluent  f  is  =  ^^z*  —  -f^a^r^  =  3z»  ( J^  z  —  ^a>  ). 
Or,  by  substituting  the  value  of  z  instead  or  it,  the  same 

fluenti93(o»+xO*x'(TV«*  -A^OtO^AC^* +**)><(«'  -#*■). 
Vol.  II.  42  fti 
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In  like  manner  for  the  following  ezamplei. 

To  find  the  fluent  ofy^^  +cx"x  x^x. 
To  find  the  fluent  of  (a  +  cx)^  x>*\ 
To  find  the  fluent  of  (a  +  cx^)i  X  dx^i. 
To  find  the  fluent  of -^^^^  or  (a+zj*czi . 

To  find  the  fluent  of  ~^^  or(a+2«)*cr»»-»i . 

To  find  the  fluent  of*^**'*"'*  or  (o^  +-?» )*^-*i . 
To  find  the  fluent  of^^-^^^^^  or  (a -X")*  x*""*i.    . 

38.  ^i^n  there  are  teveral  Termt,  involvitig  Two  or  more  Va* 
riable  Qwmtities,  having  the  fluxion  of  each  Multiplied  by 
the  other  Quantity  or  Quantitie$  : 

Take  the  fluent  of  each  term,  as  if  there  were  only  one 
variable  quantity  in  it,  namely,  that  whose  fluxion  is  contain- 
ed in  it;  supposing  all  the  others  to  be  constant  in  that  term  ; 
then  if  the  fluents  of  all  the  terms,  so  found,  be  the  very  same 
quantity  in  all  of  them,  that  quantity  will  be  the  fluent  of  the 
whole.  Which  is  the  reverse  of  the  5th  rule  for  finding«^flux- 
iont  :  Thus,  if  the  given  fluxion  be  xy-h^vt  then  the  fluept 
of  x2f  is  xy,  supposing  y  constant :  and  the  fluent  of  xj  is  also 
xy,  supposing  X  constant :  therefore  x^  is  the  required  fluent  of 
the  given  fluxion  xy  +  x}  . 

In  like  manner, 

The  fluent  of  Ityz+xyz  +  xyi  is  xyz. 
The  fluent  of  2xyx  +  x^y  is  x'  y. 

The  fluent  of  ix-*;^!+2x  *y;  is 

The  fluent  of  i^""^    or  i-  -  ^is     • 

The  fluent  pf  2^^3r^-*^»J^^i   or  ?^  -  2J^is 


39.  When 
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39.  When  the  given  Fiuxional  Expression  is  in  this  Form*^"^^ 

namely,  a  Fractiony  including  Two  ^uantitieSt  being  the  Flux- 
ion ojf  the  former  of  them  drawn  into  the  latter,  minus  the 
Fluxion  of  the  latter  drawn  into  the  former^  and  divuied  by 
the  Square  of  the  latter : 

TheD,  the  fluent  is  the  fraction  -,  or  the  former  qaantitj  di< 
Tided  by  the  latter.     That  is, 


The  fluent  of 


jtjr— ry 


nr 

is  -.     And,  in  like  manner, 


The  fluent  of  .?^^^-4i!^  is  ^. 

Though,  indeed,  the  examples  of  this  case  maybe  perform 
cd  by  the  foregoing  ono.     Thus,  the  given  fluxion 


reduces 


X  Xy 


to  -  -  -r-  or  ~  —  «•  y^*  ;  of  which, 

y        yi         y  .^f' 


the  fluent  of  -  is  ~  supposing  y  constant ;  and 

the  fluent  of  —  Xy%f^  is  also  ary^  or  -,  when  x  is  constant ; 

therefore,  by  that  case,  -  is  the  fluent  of  the  whole  --  -  —. 

y  y^ 

40.  When  the  Fluxion  of  a  Quantity  is  Divided  by  the  QuafUt- 

tity  itself: 

Then  the  fluent  is  equal  to  the  hyperbolic  logarithm  of  that 
quantity  ;  or,  which  is  the  same  thing,  the  fluent  is  equal  to 
2*30268509  multiplied  by  the  common  logarithm  of  the  same 
quantity. 


So,  the  fluent  of  '  or  xr^xj  is  the  hyp.  log.  of  x. 


The  fluent  of  ?i  is  2  X  hyp.  log.  of  x,  or  =  hyp.  log.  x*. 
The  fluent  of  ?*,  is  a Xhyp.  log.  x,  or  =  hyp,  log.  of  x' . 

X 

The  fluent  of  -f_,  is 
The  fluent  of     .    '-,  is 


ii+xi  • 


il.  Many 
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.41.  MtkRiyfiumis  may  he  found  by  the  Direct  Method  ihut : 

Tftke  the  flnxion  again  of  the  given  fluxion,  or  the  second 
floxion  of  the  flnent  sought ;  into  which  substitute  -^    for   i 

•i^  for  j; ,  &c. ;  that  is,  make  sr,  it  x,  as  also  y,  y,  y\  &c.  to 

be  in  continual  proportion,  or  so  that  x  :  x  : :  x  :  ir»  and    - 
V  :  y  :  :  y  :  y*  ^- ;  then  divide  the  square  of  the  given  fluz- 
lonatexpression  by  the  second  fluxion,  jast  found,  and  the  quo- 
tient will  be  the  fluent  required  in  many  cases. 

Or  the  tame  rule  may  be  olhermie  delivered  thus : 

In  the  given  fluxion  r*  write  x  for  x,  y  for  y,  &c.,  and  call 
the  result  g,  taking  also  the  fluxion  of  this  quantity  c ;  then 
make  g  :  f  : :  o  :  f  ;  so  shall  the  fourth  proportional  f  be  the- 
fluent  sought  in  many  cases. 

It  may  be  proved  if  this  he  the  true  fluent,  by  taking  the 
flu  ton,  of  it  again,  which,  if  it  agree  with  the  proposed 
fluxion,  will  show  that  the  fluent  is  right ;  otherwise,  it  is 
wrong. 

BXAMPUS. 

ExAif.  1.  Let  it  be  required  to  find  the  fluent  of  W^^'x. 

Here  f  =  nx^-'i.  Write  x;  for  i,  then  nx»-»x  or  nx»=Q  ; 
the  fluxion  of  this  is  g  =  n'x^^^x  ;  therefore  o  :  f  :  :  g  :  f, 
becomes  n^x'^^xt  naflr^x  -  :  ««"  :  a?"  =  f,  the  fluetot  sought. 

CxAM.,  2t  To  find  the  fluent  of  x^  +  xy. 

Here  f  =  xy-i-xy  ;  then,  writing  x  for  x  and  y  for  y ,  it  is 
^y  +  ary  or  2xy  =  g  ;  hence*  o  =  ^xy  +  2x  y  ;  then  o  : 
F  r  :  o  :  f,  becomes  2xy  +  2xy  :  iy  +  xy  :  :  ftxy :  ory  =  f, 
the  fluent  sought. 

42.  Tojind  FluerUe  by  meam  of  a  Table  of  Forms  of  Fluxions 

and  Fluents. 

In  the  following  Table  are  contained  the  most  usual  forms 
of  fluxions  that  occur  in  the  practical  solution  of  problems, 
with  their  corresponding  fluents  set  opposite  to  them*;  by 
means  of  which,  namely,  by  comparing  any  proposed  fluxion 
with  the  coiresponding  form  in  the  table,  the  fluent  of  it  will 
be  found. 

Forms, 
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Fomii. 


II 


Fluxions, 


in^'i 


III    ^ 


IV 


(a± 


)i-l^n-^l^ 


(a  ±a:«)«*" 


(a  ±  a:"  )'*'»x 


(myi+nory  )  X  x»-y->, 


X         y 


FUunU. 


—  or  -r" 

n        71 


±  —  (a  ±  x») 


m 


x"» 


mna       (adlJr")' 


—  I        (a±x»V 
nana  •x' 


r«yi 


VI 


VII 


fnx 


X 
X 


or  x'"*i 


VIU 


IX 


a±.x" 


jpnyi^r 


log.  of  X. 


±  -  log.  of  a  ±  x«> 


X— i 


a±x" 


1  x» 

-  log.  of  — ; 

\na     ^        a±x» 


a— yn 


XI 


B  +  X» 


XII 


in-li 


^log.of^^"+^'' 


»y^fl 


V^  a  -  ^  x« 


X^»»-ix 


..! 


2  z 

— --  X  arc  to  tan  ^-, or 
fly/a  ^  a 

1  a-^x" 

—  X  arc  to  cosine  -nr^"- 

a+x" 


v/a 


|V^:l:;<i4"'^'* 


-log.ofv'*»+v'=ta+^ 


FormS' 
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T, 


omu. 


XI 11 


XIV 


XV 


XVI 


Flux%on8. 


jp"lr-,jp 


y/a-x^ 


ar-U 


y/  a  ±xn 


*-'i 


— o+^ 


Xy/  dx  —  x^ 


FiuerUs* 


2  x" 

-  X  arc  to  sin.  */ — ,  or 

-  X  arc  to  vers.  — 

n  a 


I-  log.  of  ±v/«±^'TVa 


n^a 


v^  o  ±  jf  »  +  v^  a 


2  2n 

—  X  arc  to  secant  ^  -— ,    or 
X  arc  to  cosm. 


n  4/  a 


-z  circ.  seg.  .to  diam.  d  &  vers,  x 


XVII 


cnx 


n  log.  c 


XVIII  Ixy  log,  y+xy'-y 


Note,  The  logarithms,  in  the  above  forms,  are  the  hyper- 
bolic ones,  which  are  found  by  multiplying  the  conimon  loga- 
rithms by  2-302585092994.  And  the  arcs,  whose  sine,  or 
tangent,  &c.  are  mentioned,  have  the  radius  1,  and  are  those 
in  (he  common  tables  of  sines,  tangents  and  secants.  Also, 
the  numbers  fn,  n,  &c.  and  to  be  some  real  quantities,  as  the 
forms  fail  when  m  =  0,  or  n  =  0,  &c. 

The  Use  q/ the  foregoing  Table  of  Forms  of  Fluxions  and  Fluents. 

43.  In  using  the  foregoing  table,  it  is  to  be  observed,  that 
Uie first  column  serves  only  to  show  the  number  of  the  forms  ; 
in  the  second  colunm  are  the  several  forms  of  fluxions,  which 
are  of  different  kinds  or  classes  ;  and  in  the  third  or  last 
column,  are  the  corresponding  fluents. 

The  method  of  using  the  table,  is  this.  Having  any 
flbiion  given,  to  find  its  fluent :  First,  Compare  the  given 
fluxion  with  the  several  forms  of  fluxions  in  the  second  co- 
lumn of  the  table,  till  one  of  the  forms  be  found  that  agrees 
with  it ;  which  is  done  by  comparing  the  terms  of  the  given 
fluxion  with  the  like  parts  of  the  tabular  fluxion,  namely, 
the  radical  quantity  of  the  one,  with  that  of  the  other ;  and 

the 
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the  etponents  of  the  Tariable  quantities  of  each,  both  within 
and  without  the  yinculum  ;  all  which,  being  found  to  agree 
or  correspond,  will  give  the  particular  values  of  the  general 
quantities  in  the  tabular  ibrro  :  then  substitute  these  particu- 
lar values  in  the  general  or  tabular  form  of  the  fluent,  and  the 
result  will .  be  the  particular  fluent  of  the  given  fluxion  :  af- 
ter it  is  multiplied  by  any  coefficient  the  proposed  fluxion  may 
have. 

EXAMPLES. 

Exam.  1.  To  find  the  fluent  of  the  fluxion  Sx^i, 

This  is  found  to  agre^  with  the  first  form.  And,  by  com- 
paring the  fluxions,  it  appears  that  a;  =  x,  and  n  —  1  =  f, 
orn  =  f  ;  which  being  substituted  in  the  tabular  fluent,  or 

n  x° ,  gives,  after  multiplying  by  3,  the  coefficient,  3  X  }x^, 

or fx 3,  for  the  fluent  sought. 

Exam.  2.  To  find  the  fluent  of  6x» i^c»^ x »,  or5x»i(c'—x»)^. 

This  fluxion,  it  appears,  belongs  to  the  2d  tabular  form  : 
for  a  =c^^  and  i—  x»=— x',  and  n  =  3  under  the  vinculum, 
also  m  —  1  =  |,  or  m  =  |,  and  the  exponent  ■""*  of  x»-"»  with- 
out the  vinculum,  by  using  3  for  n,  is  n— 1  =  2,  which  agrees 
with  x>  in  the  given  fluxion  :  so  that  all  the  parts  of  theibroQi 
are  found  to  correspond.     Then,  substituting  these  values 

into  the  general  fluent,  —  i^j^  (a  —  x»)". 

it  becomes  —  f  X  |  (c»  «  x»)^^  —  y  (c^—  x»)^. 


Exam.  3.  To  find  the  fluent  of 


i+xT- 


This  is  found  to  agree  with  the  8th  form  ;  where  -  -  . 
±  xn  =  +  ac'  in  the  denominator,  or  «  =  3  ;  and  the  nume- 
rator x"-i  then  becomes  x* ,  which  agrees  with  the  numerator 
in  the  given  fluxion  ;  also  a  =  1 .  fiesce  then,  by  substi- 
tuting in  the  general  or  tabular  fluent,  ^  log.  of  a  -f  x°,  it  be- 
comes ^  log.  1  -}-  x'. 

Exam.  4.  To  find  the  fluent  of  ax*x. 

Exam.  6.  To  find  the  fluent  of  2  (io+x«)*  xi. 

Exaji.  6.  To  find  the  fluent  of  — ?i_~4. 


Exam.  7.  To  find  the  fluent  of 


t3x«* 


(a-x)«  " 

Exam.  8. 
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ExiM.  8.  To  find  the  flaent  of  ?^—  i 

Exam.  9.  To  find  the  flaent  of -^— i. 

2-r* 

Exam.  10.  To  find  the  flaent  of  (~*  +?^)  ar»y« . 

Exam.  H.  To  find  the  fluent  of  f*+-^)  xyi. 

Exam.  12.  To  find  the  fluent  of  ?i  or^rr-i^ 

ax       a 

Exam.  13.  To  find  the  fluent  of  ~*~. 

3-2x 

Exam.  14.  To  find  the  fluent  of  --     -  or  ?^-'i 

2x^x^        2-i  " 

Exam.  16.  To  find  the  flueqt  of    -—  or  ^'^'' 

^— 3x»    *  i«.  3ij  • 

IxAM.  16.  To  find  the  fluent  of ,— -. 

3. 

Exam.  17.  To  find  the  flaent  of -^^ 

2-x«* 

Exam.  18.  To  find  the  fluent  of -^^1^. 

i  +  x4 

SxAM.  19.  To  find  the  fluent  of  ^ 

2H 


Exam.  20.  To  find  the  fluent  of -^ 


•fx* 
ax« 


• 

BxAM.  21.  To  find  the  fluent  of—^f^ 

%/a  »  -  4- 

Exam.  22.  To  find  the  flaent  of     3^*1- 

%/!— X4* 

Exam.  23.  To  find  the  flaent  of  — ,^^ 

v^4— xf 

Exam.  24.  To  find  the  fluent  of  J^ii- 

-^l-x*- 

■ 

Exam.  25.  To  find  the  fluent  of  —^ 


Exam.  ^^.  To  find  the  fluent  of    ^^' 


Exam.  27. 
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Exam.  27.  To  6fid  the  floent  of  — =: 


^x\^ax^ 


Exam.  28.  To  End  the  flqeot  of  2xy^2x— x«. 
Exam.  29.  To  find  the  fluent  of  oxi. 

Exam.  30.  To  fiod  the  flueot  of  Zof^i. 

Exam.  31.  To  fiod  (he  fluent  oi^at'x  log*  jr  +  te«'~^« 

Exam.  32.  To  find  the  flueot  of  (1  +  x^)  xx* 

Exam.  33.  To  find  the  fluent  of  (2  +  x^)x^i 
Exam.  54.  To  M  the  fluent  of  jr>a  ^q.^  +  x*  • 


To  find  FluenU  b^  fiifimU  Series. 


44.  When  a  given  fluxion,  whoiie  fluent  is  required,  is  so 
complex,  that  it  cannot  be  made  to  agree  with  any  of  the 
forms  in  the  foregoing  table  of  cases,  nor  made  out  from  th^ 
general  rules  before  given  ;  recourse  may  then  be  had  to  the 
method  of  infinite  series  ;  which  is  thus  performed  : 

Expand  the  radioal  or  fraction,  in  the  given  fluxion,  into 
an  infinite  series  of  simple  terms,  by  the  methods  given  for 
that  purpose  in  books  of  algebra  ;  viz.  either  by  division  or 
extraction  of  roots,  or  by  the  binomial  theorem,  ic.;  and  mul* 
tiply  every  term  by  the  fluiional  letter,  and  by  such  simple 
variable,  faetor  as  the  given  fluxional  expression  may  cq9- 
tain.  Then  take  the  fluent  of  each  term  separately,  by  the 
foregoing  rules,  connecting  them  all  together  by  their  proper 
signs  ;  and  the  series  will  be  the  fluent  seught,  after  it  is  mul- 
tiplied by  any  constant  factor  or  coefficient  which  may  be  con- 
tained in  the  given  fluxional  expression. 

45.  It  is  to  be  noted  however,  that  the  quantities  must 
be  so  arranged,  as  that  the  series  produced  may  be  a  con- 
vergiog  one,  rather  than  diverging  :  and  this  is  efiected  by 
placing  the  greater  terms  foremost  in  the  given  fluxion. 
When  these  are  known  or  constant  quantities,  the  infinite 
series  will  be  an  ascending  one  ;  that  is,  the  powers  of  the 
variable  quantity  will  ascend  or  increase  ;  but  if  the  variable 
quantity  be  set  foremost,  the  infinite  series  produced  will  be 
a  descending  one,  or  the  powers  of  ttiat  quantity  will  de« 
crease  always  more  and  more  in  the  succeeding  terms,  or  in- 
crease in  the  denominators  of  them,  which  is  the  same  thing.. 

Vol.  II.        \  43  For 
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l^x 


1+x— a:> 


"rz^* 


For  example,  to  find  the  fluent  of 

Here,  by  dividing  the  nnmerator  by  the  denominator,  the 
proposed  fluxion  becomeai— 2xx+3**i— ^'i+B**i— &c; 
then  the  fluents  of  all  the  tenB&  being  taken,  give  -  -  - 
x^x'+x^'^lx^+^x^^lic.  £6t  the  fluent  sought. 

Again,  to  find  the  fluent  of  x  v^l — ^'» 

Here,  by  extracting  the  root,  or  expanding  the  radical 

quantity  ^  I — x*,  the  given  fluxion  becomes  .  .  -  - 
i  — f»«i  -Jjp*i—  TV*"i-&c.  Then  the  fluents  of  all 
the  terms,  being  taj^en,  give  x  ^  }x^  «.  ^  jps  ^  rii'^  —  ^. 
for  the  fluent  sought 

OTHER  EXAMPLES. 

Exam.  1.  To  find  the  fluent  of, both  in  an  ascendin|[ 

and  descending  series. 

*     A- 
ExjkM.  2.  To  find  the  fluent  of  -~  in  both  series. 

fl-f-  X 

Exam.  3.  To  find  the  fluent  of  ,  ^' .  . 
Exam.  4.  To  find  the  fluent  of  ^7f*  "^^  h. 

Exam.  6.  Given  z  =-t-— r»  ^  find  r. 

Exam.  6.  Given  z  =    „,^  x  to  find  z. 

Exam.  7.  Given  z  =.  ^x  y/  o+J^to  find  r. 
Exam.  8.  Given  z  =  ^x^o^  +«',  to  find  z. 
Exam.  9.  Given  z  =  4^%/  a' — a:',  to  find  z. 

ExAif.  10.  Given  z  ■■  — ^  to  find  z. 

Exam.  11.  Given  z  ==  ii^a^— jc»,  to  find  z  • 
Exam.  12.  Given  i  =        ^* ,  to  find  z. 

^    ax     mm    XX 

Exam.  13.  Given  i  =  2x  ^x^  +  ar*  +  x»,  to  find  z. 
Exam.  14.  Given  z  =  hx^ax^-^xx^  to  find  z. 


T« 
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To  Correct  ihe  Fluent  of  any  Qivm  Fluxion. 

46.  The  flinion  foand  from  a  given  flaent,  10  always 
fperfect  and  complete ;  but  the  fluent  found  from  a  given 
floiion  is  not  always  so  ;  as  it  often  wants  a  correction,  to 
make  it  contemiioraneous  with  that  required  by  the  problem 
under  consideration,  &c.  :  for,  the  flaent  of  any  given  flotion^ 
as  X  may  be  either  j?,  which  is  found  by  the  rule,  or  it  may 
he  X  ^  Cy  OT  X  —  c,  that  is  x  plus  or  minus  some  constant 
quantity  c  ;  because  both  x  and  x  ±c  have  the  same  fluxion  x, 
and  the  finding  of  the  constant  quantity  c,  to  be  added  or 
subtracted  with  the  fluent  as  found. by  the  foregoing  rules,  is 
called  correcting  the  fluent. 

Now  this  correction  is  to  be  determined  frx>m  the  nature 
of  the  problem  in  hand,  by  which  we  come  to  know  the  re* 
lation  which  the  fluent  quantities  have  to  each  other  at  some 
certain  point  or  time.  Kednce,  therefore,  the  general  fluent- 
tial  equation,  supposed  to  be  found  by  the  foregoing  rules, 
to  that  point  or  time  ;  then  if  the  equation  be  true,  it  is 
correct  ;  but  if  not,  it  wants  a  correction  ;  and  the  quaintity 
of  the  correction,  is  the  diflisrence  beti^een  the  two  general 
sides  of  the  equation  when  reduced  to  that  particular  point. 
Hence  the  general  rule  for  the  correction  is  this  : 

r 

Connect  the  constant,  but  indeterminate,  quantity  e,  with 
one  side  of  the  fluential  equation,  as  determined  by  the  fore- 
going rules  ;  then,  in  this  equation,  substitute  for  the  variable 
quantities,  such  values  as  they  are  known  to  have  at  any 

fiarticuUr  st  tte»  place,  or  time  ;  and  then,  from  that  particu- 
ar  state  of  the  equation,  find  the  value  of  c,  the  constant  quan<» 
tity  of  the  correction. 


EXABfPLES. 


47.  Exam.  1.     To  find  the  correct  fluent  of  z  =^  ax^i' 

The  general  fluent  19  z  =  ax* ,  or  2r  =:  ax*  -{-  c,  taking  in 
the  correction  c. 

Now,  if  it  be  known  that  z  and  x  begin  t6gether,  or  that 
2^  is  =  0,  when  a;  =  0  ;  then  writing  0  for  both  x  and  z,  the 
general  equation  becomes  0  =  0  +  <?>  or  ^  e  ;  so  that,  the 
yalue  of  c  being  0,  the  correct  fluents  are  z  =:  ax*.  - 

But 
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Bot  if  jr  be  ^  0,  when  x  U  s=  &,  any  known  quantity  ;  then 
substitating  0  for  z^  and  b  for  x^  in  the  general  equation,  it  be- 
GomeB  0  s=  ab*  +  c,  and  hence  we  find  c  =z^ah*  ;  which  be- 
ing written  for  e  in  the  general  fluential  equation,  it  becomes 
a  ss  ax*  ••  a6* ,  for  the  correct  fluents. 

Or,  if  it  be  known  that  js  is  =  some  quantity  d,  when  x 
is  =  some  other  quantity  as  6  ;  then  substituting  d  for  z,  and 
h  for  Xf  in  the  general  fluential  equation  -z  =  <uc*  4*  c*  it 
becomes  c{  mm  ab*  +  c  ;  and  hence  is  deduced  the  value  of 
the  correction,  namely,  e  =:  d  -^  ab*  ;  consequently,  writing 
this  ralue  for  c  in  the  general  equation,  it  becomes  -  -  - 
a  ss  ojp*  —-  ai*  +  d,  for  the  correct  equation  of  the  fluents  in 
this  case. 

48.  And  hence  arises  another  easy  and  genera]  way  of 
correcting  the  fluents,  which  is  this  :  In  the  general,  equation 
of  the  fluents  write  the  particular  vaiues  of  the  quantities 
which  they  are  known  to  have  at  any  certain  time  or  posi- 
tion ;  then  subtract  the  sides  of  the  resulting  particular  equa- 
tion from  the  corresponding  sides  of  the  general  onb,  and 
die  remainders  will  give  the  correct  equatien  of  the  flueiits 
sought 

So,  the  general  equation  being  z  s  ax*  ; 
write  d  for  z,  and  6  for  x,  then  d  =  ab*  ; 
hence,  by  subtraction,    -    2-— d  s=  ax*  —06^, 
orzts-  ax*  ^^ab*  +  dy  the  correct  fluents  as  before. 

EzAH.  2.  To  find  the  correct  fluents  of  z  =  6xi ;  z  being 
as  0  when  or  is  SB  a. 


Exam.  3.    To  find  the  correct  fluents  of  2  »=  3x  \/  a  +  ^  ; 
z  and  X  being  ==  0  at  the  same  time. 

lIxiM.  4.    To  find  the  correct  fluent  of  z  «=  -^   ;    sup- 

posing  z  and  x  to  begin  to  flow  together,  or  to  be  each 
*SB  0  at  the  same  time. 

Exam.  6.    To  find  the  correct  fluents  of  z  ss  — ^ — •  aup^ 
posing  z  and  x  to  begin  together. 


Art.  49. 
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Art.  49.  In  art  42,  &c.  is  given  a  compendious  table  of 
yarious  fonns  of  floxions  and  flaents,  the  truth  of  which  it  aiaj 
be  proper  here  in  the  first  place  to  prove. 

60.  As  to  most  of  those  forms  indeed,  they  will  be  easily 
proved,  by  ooly  taking  the  flnxions  of  the  forms  of  fluents, 
10  the  last  column,  by  means  of  the  rules  before  given  in 
art.  30  of  the  direct  method  ;  by  which  they  will  be  found  (o 
produce  the  corresponding  fluxions  in  the  2d  column  of  the 
table  Thus,  the  l«t  and  2d  forms  of  fluents  will  be  proved 
by  the  1st  of  the  said  rules  for  fluxions  ;  the  3d  and  4th  forms, 
of  fluents  by  the  4th  rule  for  fluxions  ;  the  5th  and  6th  forms, 
by  the  3d  rule  of  fluxions :  the  7tb,  8th,  9th,  10,  12th,  14th 
forms,  by  the  6th  rule  of  fluxions  :  the  17th  form,  by  the  7th 
rule  of  fluxions  :  the  18th  form,  by  the  8th  rule  of  fluxions. 
fSo  that  there  remains  only  to  prove  the  llth,  13th,  16th,  and 
16th  forms. 

61.  Now,  as  to  the  16th  form,  that  is  proved  by  the  2d  ex- 
ample in  art.  98,  where  it  appears  that  x^idx-^x')  is  the 
fluxion  of  the  circular  segment,  whose  diameter  is  dy  and 
versed  sine  x.  And  the  remaining  three  forms,  viz.  the  1 1th, 
13th,  and  15th,  will  be  proved  by  means  of  the  rectifications 
of  circular  arcs,  in  art  96. 

62.  Thus,  lor  the  1 1th  fonn,  it  appears  by  that  art  that  the 
fluxion  of  the  circular  arc  z,  whose  radius  is  r  and  tangent  ^ 

is  i  =  -TT-'     Now  put  t  =  X",  ort*  s=s  x  ,  and  o  =  r>  : 
then  is  r  =  Inx*     i,  and  r*  +  <«  =  o  +  *  >  and  z  »  -r^— 

^,fanx jr    jj^i^g  — — *_  «.  -r^^  -  z ,  and  the  fluent  is 

fl+x»  a-f-JT"         ion       on 

— =  —  X  arc  to  radius  4/  a  and  tang.  «■  or  ■■ X  arc 

an       na  ^  ^  n^a 

to  radius  1  and  tang.  ^  — ,  which  is  the  first  form  of  the 

fluent  in  n^.  xi. 

63.  And,  for  the  latter  form  of  the  fluent  in  the  same  n^  ; 

because  the  coefficient  of  the  former  of  these;  viz. is 

double  of  — --  the  coefficient  of  the  latter,  therefore  the  arc 

in<  the  latter  case,  must  be  double  the  arc  in  the  former. 
But  the  cosine  of  double  9n  arc,  to  radius  1  and  tangent  f,  is 


334  FLUXIONS  AND  FLUENTS. 

1— «*  «» 

--T—-- :  and  because  t^  a^  —  by  the  fonner   case,  this  subtti- 

tuted  for  t^  in  the  coi>ine  7^^,  it  becomes  -^-r,  the  co- 

sine  as  in  the  latter  case  of  the  11th  form. 

54.     Again,  for  the  first  case  of  the  finent  in  the  13th 
form.     By  art.  61,  the  fluxion  of  the  circular  arc  r,  to  radius  r 

and  sine  y,  is  i  =  ^7jp~r)'  <>'  =  v(Ly»)  *^  ^^"^  '*^"*  *' 
Now  put  y  =  y^  — ,  or  y'  =  —  ;  hence  v^    (/   —  y^)  » 

then  these  two  being  substituted  in  the  Talue  of  z,  give  z 


^'  "TT^^^TT^I  ^  7"*^^^ '  consequently  the  given  fluxion 

in— 1 

_- -.18  =-  z,  and  therefore  its  fluent  is  -  z^  that   is 

-  X  arc  to  sine  ^  — ,  as  in  the  table  of  ibrms,  for  the  first 

11  A 

case  of  form  xiii. 

55.  And,  as  the  coefficient  — « in  the  latter  case  of  the  said 

n 

form,  is  the  half  of  —  the  coefficient  in  the  fonner  case, 

n 

therefore  the  arc  in  the  latter  case  must  be  double  of  the  arc 
in  the  former.  But,  by  trigonometry,  the  versed  sine  of 
double  an  arc,  to  sine  y  and  radius  1,  is  2y>  ;  and,  by  the 

former  case  2y3  = — ;  therefore  —  X  arc  to  the  versed  sine 

a  n 

—  is  the  fluent,  as  in  the  2d  case  of  form  xi ii. 

a 

56.  Again,  for  the  first  case  of  fluent  in  the   15th  form. 
By  art  61,    the  fluxion   of  the  circular  arc  z;  to  radios  r 

and  secant  j,  is  z  =  — -r-z r:»  or  =  — ^4 — --  to  radius  K 


•n        «•> 


n 


3 


Now,  put  s  =  4/  —  =  — ,  or  «*  =  — :  hence  «*/(«'  —  1)= 

*^  ^     a         ^a  a      .  * 

X*"         x»  x*"  1  *""' 

—  v'(— -J)  =  — v^(«--»).»nd;=v'-X4n*        x; 

then  these  two  being  substituted  in  the  ralue  of  z,  gire'z  or 

.^(''-ir^"^^(Ci.)  '  <^onsequenUy  the  given  fluxion 
X-'*  2 


ss— --  z,  and  theref.  its  fluent  is  — —  2r,  that  is 


X  arc 
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X  arc  to  secant  ^  — .as  ia  the  table  of  forms,  for  the   first 
case  of  form  xv. 
57.  And,  as  the  coefficient >  in  the  latter  case  of  the 

said  form,  is  the  half  of the  coefficient  of  the    former 

case,  therefore  the  arc  in  the  latter  case  mast  be  double  the 
arc  in  the  former.     But,  by  trigonometry,  the  ^osine  of  the 

doable  arc  to  secants  and  radius  1,  is 1  ;   and,  by  the 

former  case, 1  =  -?—  1  =  ^^^—    :    therefore  X 

arc  to  cosine is  the  fluent,  as  in  the  2d  case  of  form  xv. 

Or,  the  same  fluent  will  be  — —  X  arc  to  cosine  4/  —.be- 

^ause  the  cosine  of  an  arc,  is  the  reciprocal  of  its  secant. 

68.  It  has  been  just  above  remarked,  that  several  of  the 
tabular  forms  of  fluents  are  easily  shown  to  be  true,  by  taking 
the  fluxions  of  those  forms,  and  finding  they  come  out  the 
same  as  the  given  fluxions.  But  they  may  also  be  deter- 
mined in  a  more  direct  manner,  by  the  transformation  of  the 
given  fluxions  to  another  form.  Thus,  omitting  the  first 
form,  as  too  evident  to  need  any  explanation,  the  2d  form  is 
2  =:  (a  +  jp»)'*-Jj?"-*:f,  where  the  exponent  («  —  1)  of  the 
unknown  quantity  without  the  vinculum,  is  1  less  than  (n)» 
that  under  the  same.     Here,  putting  y  =  the  compound 

quantity  a  +  x«  :  then  is  y  =  njr«>""*a-,  and  z  =  ;  hence 

by  art.  36,  r,  =•?!!=:  ^i±i!!2!^  as  in  the  table. 

59.  By  the  above  example  it  appears  that  such  form  of 
fluxion  admits  of  a  fluent  in  finite  terms,  when  the  index 
(n— 1)  of  the  variable  quantity  (^x)  without  the  vinculum, 
is  less  by  1  than  n,  the  index  of  the  same  quantity  under  the 
vinculum-  But  it  will  also  be  found,  by  a  like  process,  that 
the  same  thing  takes  place  in  such  forms  as  (a  -|-  J7*)«a;«*'^  i^ 
where  the  exponent  (en  —  1)  without  the  vinculum,  is  1  less 
than  any  multiple  (c)  of  that  (n)  under  the  vinculum.  And 
further,  that  the  fluent,  in  each  case,  will  consist  of  as  many 
terms  as  are  denoted  by  the  integer  number  c  ;  viz.  of  one 
term  when  c  =  1 ,  of  two  terms  when  c  =  2,  of  three  terms 
when  e  =  3,  and  so  on.  ^ 

60.  Thus,  in  the  general  form,  z  =  (o  +  x'*)»*a:**~*i, 
putting  as  before,  a  -f  x"  =  y  ;  then  is  x*^  =  ^  —  a,  and  its 

fluxion 
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floiion  nx^'^i  =  v,  or  «*"*jf  =  --  and  as*""**  or  jc*«"^ 

n 

jpw-i^  =  _  (y— a)*^*y  ;  also  (a  +  x«*)""  =  t^  :  these  val- 
ties  being  now  substituted  in  the  general  form  proposed, 
pre  i  sa  -.  (y-«)**"y*y.    Now,  if  the  compound  quantity 

(y— n)^^  be  expanded  by  the  binomial  theorem,  and  each 
term  multiplied  by  ^y,  that  flaxion  becomes 

^.) ;  then  the  flaent  of  every  term,  being  taken  by  art.  36,  it  is 

_1     .y«»c      c-l      fl^ifc^i    ,    c-l     c-3     a«ym»c-« 

yrf       1     c— 1     a    I    c^l.c— 2    c« c-*i  c— 2.C-3    o»     > 

"^  H      ^d^dZ:i'  9  '^      rf-2      '2ya  j«3         "l^S^ 

to.),  patting.d  =  m  +  c,  for  the  genera]  form  of  the  flaent ; 
where,  c  being  a  whole  number,  the  multipliers  c^l\  c— 2, 
e^3,  &c.  will  become  equal  to  nothing,  after  the  first  ^  terms, 
and  therefore  the  series  will  then  terminate,  and  exhibit  the 
flaent  in  that  number  of  terms  ;  viz.  there  will  be  only  the 
first  term  when  c  s=  1,  but  the  first  two  terms  when  c  =  2, 
and  the  first  three  terms  when  e  >=  3,  and  so  on.— Except 
however  the  cases  in  which  m  is  some  negative  number  equal 
to  or  less  than  c  ;  in  which  case  the  divisors,  m+tf,  m  -(-  c—  1, 
m  4*  <^— 2,  &c. 'becoming  equal  to  nothing,  before  the  multi- 
pliers c— 1,  c— 2,  &c.  the  corresponding  terms  of  the  series, 
being  divided  by  0,  will  be  infinite  :  and  then  the  fluent  is 
said  to  fall,  as  in  such  case  nothing  can  be  determined  from  it* 

61.  Besides  this  form  of  the  fluent,  there  are  other  methods 
of  proceeding,  by  which  other  forms  of  fluents  are  derived, 
of  the  given  fluxion  i  =  («  +  «")'*JP**~*i,  which  are  of  use 
when  the  foregoing  form  fails,  or  runs  into  an  infinite  series  ; 
some  results  of  which  are  given  both  by  Mr.  Simpson  and  Ur. 
Landen.  The  two  following  processes  are  after  the  manner 
of  the  former  author. 

62.  The  given  fluxion  being  (a  +  a?»)~a*^*jr ;  its  fluent 
may  be  assumed  equal  to  (a  +  x")*"^  multiplied  by  a  general 
series,  in  terms  of  the  powers  of  x  combined  with  assumed 
unknown  coefficients,  which  series  may  be  either  ascending 
or  descending,  that  is,  having  the  indices  either  increasing  or 
decreasing : 

viz.  fci+x*)*"*"  X  (ax^  +  8;^*^+  cx*^-**  +  Daf-'*  +  &c  ), 
or  (o-f  xn)"'**  X  (azt  4-  BX^*  +  CJC»-*«*  +  D**^  4-  &c.). 

And 


Ani  fint>  (br  ibe  former  of  these,  take  its  floxion  \tk  ihe 
usaal  way,  which  pat  equal  to  the  pvetk  flutioti  (a  +  ^)^ 
sf^^Sf  thett  divide  the  Whole  equattdn  by  the  ^ctoM  that 
mayb^  et^mmon  to  all  the  tei'ins  ;  afler  which,  by  comparing 
the  like  indices  and  the  coefficteiits  of  the  like  teMis,  the 
▼alaes  of  the  assamed  indices  and  coefficients  will  be  detel^'^ 
mined,  and  consequently  the  whole  fluent.  Thus,  the  former 
a^uitied  series  in  fluxions  is. 


and  the  whble  equation  divided  by  (a+3c*)«»ir-^>  there  results 
«(m+l)aJ"  X  (Ait'  +  Ba?*--*  +  cif-*  +  dtT^  +  &c.)  ^  ^^ 
+(a+JC")  X  (rAx'  +  (r-*»)Ba:**^+(r-2s)car'-^&C.)  ^  ~^  ' 
Henee,  by  actually  multiplyihg,  and  toHeeting  the  coefficients 
of  the  like  powers  of  ir,  there  results 

+r   S  +-'•*        >  +r-2i$'  \=0. 

— ac*"  ..  +  *..  .niAaf  . . .  +(r— f)aiMP^-»  &c.         j 
Here,  by  comparing  the  greatest  indices  of  x,  in  the  ficst  and 
second  terms,  It  gives  r  +  n  ^  cn^  and  r-f*—  »  =  r; 
which  give  r  ^  {e  -^  l)n,  and  n  =  $.     Then  these  vahiee 
being  substituted  in  the  last  series,  it  becomes 
(c+iii)fiAa**+{*+m-  l)»Bi«**^+(d+m-.2)nc*«»*<^c.  i  _^ 
-*-«**+(«  -  l)«aAx«-«+(c — 2)naBap«->«  kc.       )  """' 
Now,,  comparing  the  coefficients  of  6ie  like  tenoB,  and  put-^ 
ting  c  4*  in  =  <^>  there  results  these  equalities  : 

Ice. ;  which  Talues  of  a,  b,  c,  iic*  with  those  of  rend  1,  beii^ 
now  substikited  in  the  first  assumed  fluent,  it  beeemes 

+  &c.  the  true  fluent  of  (a  -{-  x^O^a^^^^^jr,  exactly  agreeing 
with  the  first  value  of  the  19th  lorm  in  the  table  of  fluents 
in  my  Dictionary.  Which  fluent  therefore,  when  c  is  a  whole 
positive  dumber,  will  always  terminate  in  that  number  ot 
terms ;  subject  to  the  same  exception  as  in  the  former  case. 
Thus,  if  c  =  2,  or  the  given  fluxion  be  (a  +  x»)"'x*"'"*jp  / 
then,  c  -f-  m  or  ii  being  =  m  +  ^  the  fluent  becomes 

And  if  c  =  3,   or  the  given  fluxion  be   (a  +  x*)'^**'"'**  ; 
tl^h  m  +  e  or  d  being  i±i  m  +  B^  the  fluent  becomes 

VllD.  II;  44 
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^^^^       \ ? ).    And  80  on,  when  c  is  other 


jn+3.m-f.2  m  +  3m-j"2.OT-H 
whole  numbers :  but,  when  c  denotes  either  a  fraction  or  a 
negative  nuipber,  the  series  will  then  be  an  infinite  one,  as 
none  of  the  multipliers  c^l,c  —  2,  c  —  3,  can  then  be  equal 
to  nothing. 

63.  Again,  for  the  latter  or  ascending  form,  (a  +  «»)«+*  X 
{kx^  +  Ba:'"-^*  +  ta:*'**'  +  oa?^*^  +  &c.),  by  making  its  fluxion 
equal  to  the  proposed  one,  and  dividing,  &c,  as  before^  equa- 
ting the  two  least  indices,  &ic.  the  fluent  will  be  obtained  in  a 
diflerent  form,  which  will  be  useful  in  many  cases,  when  the 
foregoing  one  fails,  or  runs  into  an  infinite  series  Thus,  if 
r  +  s,  r  +  2«,  &c.  be  written  instead  of  r  —  t ,  r  —  2f, 
&c.  respectively,  in  the  general  equation  in  the.  last  case, 
and  taking  the  first  term  of  the  2d  line  into  the  first  line, 
there  results 


+raAa;'"4-(r4-0o»^'"*'+(r+2«)acy48*  &c, 

Here,  comparing  the  two  least  pairs  of  exponents,  and  the 
coefficients,  we  have  r  =  cn^  and  f  =  »  ;  then  a  =  -  = —  \ 


ra    cna 
m+l    A  __  c+m^l-l 


+1        a  (c+l)cnas' 

=— 7-r;:TB=+ — -— — ~p- — -&c.     Therefore,  denoting 
{c+2)a  c.c+1    c+2.«a3  '  • 

c  4  m  by  c2,  as  before,  the  fluent  of  the  same  floxioa 
(o-f  3C»)"»a:*""*jr,  will  also  be  truly  expressed  by        , 

agreeing  with  the  2d  value  of  the  fluent  of  u^e  19th  form  in 
my  Dictionary  Which  series  will  terminate  when  d  or  C'^^tn 
is  a  negative  integer  ;  except  when  c  is  also  a  negative  in- 
teger less  than  d ;  for  then  the  fluent  fails,  or  will  be  infinite^ 
the  divisor  in  that  case  first  becoming  equal  to  nothing. 

To  show  now  the  use  of  the  foregoing  series,  in  some  ex- 
amples of  finding  fluents,  take  first, 

64.  Example  1.    Tjn  find  the  fluent  of  —^ — * —  or  Gxa: 

•(a  +  x) 

(04  a-)*. 

This  example  being  compared  with  the  general  fom 
a:^~*i  (a  +  «")"*,  in  ^le  several  corresponding  parts  of  the 
first  jeries.  gives  these  foHowiug  equalities :  viz.  a=^aj  fi=l, 
en -^  l  =  l,orc  —  l  =  l,orc:;=2;  ma^— |;  ys=a-fx, 

if  ss  tn 
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m 

here  the  series  ends,  as  all  the  terms  aAer  this 


become  equal  to  nothing,  because  the  following  terms  con- 
tain the  factor  c  —  2  .=  0.     These  values  then  being  substi- 
tuted in  ^  (-;— T^  •  -),  it  becomes  (a  +  xy  X  » 
n     ^d     o— 1     y'                       \           / 

%-a-+^^=  (-3— 2a)  X  (a  +  x)»=— 5—  ^(a  +  x)  ; 

which  multiplied  by  6,  the  given  coefficient  in  the  proposed 
example,  there  results  (42  -^  8a)  .  y/  (a  +  a;),  for  the  flnent 
required. 

-    17.  Exam.  2.  To  find  the  fluent  of 

The  several  parts  of  this  quantity  being  compared  with  the 
corresponding  ones  of  the  general  form,  give  a  =  a',  n  =  2, 

fit  s  ^,  en  -*  1  or  2c  —•  1  =  —  6,  whence  c  =  — ^   =  — *  ^ 

and  d  =  m-hc=|  —  f  =  — .f=  —  2,'which  being  a  nega* 
tive  integer,  the  fluent  will  be  obtained  by  the  3d  or  last  form 
of  series  ;  which  on  substituting  these  values  of  the  letters, 

/ga-^x^)^     3x'— 3a' 

--    *~ —  X-     '^ — "  for  the  required  fluent  of  the  proposed 

fluxion. 
QQ.  Exam.  3.  Let  the  fluxion  proposed  be 

Here,  by  proceeding  as  before,  we  have  a=6,  n  =  fi, 
0»'=s:  —  |,  c  =  3,  and  d  ^s  c  +  ^=3  f  ;  where  c  being  a 
positive  integer,  this  case  belongs  to  the  2d  series ;  into 
which  therefore  the  above  values  being  substituted,  it  becomes 

4n  H     ix^^  |.^x««        Y/^    '      ^  3n 

67.  Exam.  4.  Let  the  proposed  fluxion  be  6  (J— -?*)*2r-»i  . 

Here,  proceeding  as  above,  we  have  a  =  ^,  n  =  2,  m  :=  ^, 
cfi  —  1  or  2c  —  1  =  —  6,  and  c  =:  —  J,  x=  —  r,cf  ==  c  + 
m=  — '  3,  which  being  a  negative  integer,  the  case  belongs 
to  the  3d  or  last  series  ;  which  therefore^   by  substituting 

these 
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the  true  fluent  of  tbe  proposed  flaxion.  And  th^9  pi^y  manjr 
other  similar  floepts  be  exhibited  in  fi^te  terms,  ^s  in  these 
following  examples  for  practice. 

fix.  a.  To  find  the  fln^nt  of  -)r3aF'ii/(a*-»*), 

Eap.  «•  To  find  ihe  flipea^  of  T^fis^i  •  (^^  -^a?')^ 

j&t.  7.  To  find  the  flu.  of  i^^^Ep^  or  («-.««)*fli'^«mi 

« 

68.  The  case  mentioned  in  art.  37,  viz.  9f  cempfHind  qqan* 
titles  under  tbe  vincnlunit  the  flui^ion  of  which  is  in  a  giTeft 
ratio  to  tbe  fluxion  without  the  vinculum,  with  only  one  varia- 
ble  letter,  will  equally  apply  when  the  compound  qiisiptities 
consist  of  several  V9n9bles,     Tbqs, 

ExawpU    1.    The  given  flqxioA  Wng   (4*^^  +  8yy )   X 

v^(^  +«y*),or(4^i7+8jry)  X(*»+?y*)*t  the  root  b^qg 

4?^^9y\  the  flqxion  of  which  is  ^i^Ayif.  Dividing  the 
former  flnxienal  piir^  by  this  flnipcm,  g^yes  the  quptientS: 
next,  the  exponent  \  increased  by  1,  gives  ^  :  lastly,  dividing 

by  this  I,  there  then  results  f  (j:*+?y*)',  for  tfee  required 
fluent  of  the  proposed  fluxion. 

Exam,  2.  In  like  manner  the  fluent  of 

(ara+  Jf*  +  z^)^  X  (6xi  +  IXy'y  +  i82»i)  is 

JSLriktn.  d.  In  like  in^noer,  the  fluent  of 

«**  (iy*  +  ^  +  ««x)  ^/  (x»  +  «y»),is  i  («•  +  «x«y»)^. 

69.  The 'fluents  of  fluxions  of  the  forms 

--T— »  ~r:i  '*»  *"?•  or  _^   .   ^,  &c.  where  c  and  n  ate  whole 

number*,  will  be  fbund  in  finite  teinps,  by  dividing  the  nume- 
rator by  the  denominator,  using  the  variable  letter  x  as  the' 
first  term  of  the  divisor,  continuing  the  division  till  the  powers 
of  X  are  exhausted  ;  after  which,  the  last  remainder  will  be 
tl^  fluxion  of  » logaiitbv,  or  of  a  iJ;rco]Ar  Arc,  f^Hf 

Exam.  1.  To  find  the  fluent  of  ~-  or  -^. 
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By  dimiMi.  —^  ^  jf^  -T — >  where  the  rcmtinder  -3£_  ig 
^^  *+a  x+a  jc^a 

evideotly  ^  a  X  the  flonon  of  the  hyperholic  logarithm  of 

m  +  X  :  therefore  the  whole  fluent  of  the  proposed  fluxion 

is  or  —  a  X  hyp*  log.  of  (a  +  or).     In  like   manner  it  will  be 

leaad  that, 

Ex,  2.  The  flaent  of -^^^^,  isa^rf-a  X  hyp.  log.  of  (x — a), 
jiir.  9.  The  floent  of  -^^—t  is  *-^  :r  -i-  (i   ><  hyp.  lo(.i   d 

ILr.  4.  The  fluent  of -^^,  \B^x^^ax  +  x?  X  hyp.  log, 
of  (a  +  JP). 

JSx.  6.  The  flaent  of  ^^^,  is  —  i^»  —  «^  ^  a<  X  hy^. 
log.  of  (a— ;r). 

Px.  6.  The  flqent  Pf  ^^^  i?  i**  +  or  +  a«  X  hyp,  log. 
of  (a:— a). 


jEjt.  7.  The  fluent  of ,  is  ^x*  -  J<w:»  +a«x  — •  a*  X 

hyp.  log.  of  (jp4* a). 

£jc.  a,  Tlie  fluiBnt  of  --^,  is  i^^  +  i^x*  +  a'jr  +  o«  X 

hyp.  log.  of  (x  -  a). 

*  JBr.  9.  The  fluent  of  ^^^,  is  —  4x3  —  4ax«  —  a«x  + 

a—  X  *  *  ' 

«'  X  hyp.  log.  of  (a— x). 

£x.  10.  The  fluent  of  .^^,  ii  i««  ~  ia«>  +  |  a<x*  ^ 
tf»x+a*  X  hyp.  log.  (a+x). 

£r.  II.  The  fluent  of— ;^>  18 — -p-  — -  + — 

JEIx,  12.  The  flaent  of  ^^^ — ,  is  — -^ *- 

a— X  n       n-^l       ii^2 

'-;j;Z1Y       -  «*  X  b.  1.  (a  ^  «). 


Ap.  ij.  Thefluentof — — ,  u  -r^   +   ;-  + + 

X— a  n  n—l  n— 2 

!^J^  &C  +  a*  X  h.  1.  (r^n). 

Ex.  14.  The  fluent  of  ^^  =  (by  di«ioii)i  « ;^^^. 

ii 
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ui»  (by  forln  11  this  yoL)  a;  —  cir.  arc  of  radius  a  aod  tang.^ 
or  X  —  ^a  X  cir.  arc  of  rad.  1  and  cosiae  "*-^P^ .      In  like 
maiiDery 
Ex.  16.  The'flaent  of-'^-i-  or  of  — i  +  ——,   is  — 

X  +  ia  X  h.  1.  ?^,  by  form  10.  .  And 

£i:.  16.  Thefluent  of  ^' V  =  *  +  -T^.t»ar+laX 

hyp.  log.  -T7'»  by  ^*  ■s^'J'i^  form. 


jr4. 


70.  In  like  maoner  for  the  fluents  of  — ^rv  •     Thus, 

JBar.  17.  The  fluentof  ^*,^  ,  =  x^i  —  a«a:  +  J?-*'     . 
is  by  form,  \x^  —  o^x  -f-<*'  X  cir.  arc  to  rad.  a  and  tang,  jr, 
or  \x^  '^a^x-\'\a?  Xcir.  arc.to  rad  1  and  cosine^-^"*  ^  .     And 

jE*.  IS.Theaaentof  ^*'      =-a»i_asi  +  _|li_     j, 

a»— X*  o*— X* 


—  f x»  —  o»x  +  Ja»  X  hyp.  log.  f±^ ,  by  fonn  10.    Also 

Ex.  19.  The  fluent  of  -^^  =  x»x  +  o»  i  +  r«^,. « 
ia:3  +  o?x  +  Ja»  X  hyp.  log.  |^,  by  form  10. 

71.  And  in  general  for  the  fluent  of  ■  ^'  ,,  where  n  is 

x^  rf?a* 

any  even  positive  number,  by  dividing  till  the  powers  of  x 
in  the  numerator  are  ekhausted,  the  fluents  will  be  found  as  be- 
fore.    And  first  for  the  denominator  x^-^-a^^^voi 

-Ex.  £0.     For  the  fluent  of  -^5-j  *=  (by  actual  division) 

«"-*x-  aax"-<i  +  o«x«-«  -  &c.  :t  a"-«i  rp  JTCI  »    ^^ 
number  of  terms  in  the  quotient  being  |n,  and  the  remainder 
^  TTS »  ^'^'  — •  or  +  according  as  that  number  of  terms  is 
odd  or  even.     Hence,  as  before,  the  fluent 
18  — ^-  +  &c.  .  • .  ±  a"-«x  3:  «•-»  X  arc  to  rad. 

a  and  tan  x,  or  ~y*°  ^3    +  &c.  .  .  ±  a»-»x  ip ^a**^*  X 
asc  to  rad.  1  and  cos.  -rrz-zr* 

JSir-   21. 
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Ex,  21.  '  In  like  mannery  the  fluent  ;of  -; -.,  u  — 

—  &c.  +  4a«»-»  X  hyp.  log.  -^ — . 


iJjr.  22.  And  of  -j^^!^  is  ^+^:^  +  &c.  +  ^o^i 

X  hyp.  log.  ^. 
72.  In  a  similar  manner  we  are  to  proceed  for  the  fluents  of 
'  *"    ,  when  n  is  any  odd  number,  by  dividing  by  the  de- 


nominator  inverted,  till  the  first  power  of  x  only  be  found 
in  the  remainder,  and  when  of  course  there  will  be  one  term 
less  in  the  quotient  than  in  the  foregoing  case,  when  n  was 
an  eveii  number  ;  but  in  the  present  case  the  log.  fluent  of 
the  remainder  will  be  found  by  the  8th  form  in  the  table  of 
fluents. 

Ex,  22.  Thus,  for  the  fluent  of  '    ,    i   where  n  is  an  odd 

number,  the  qu  otient  by  division  as  before,  is  JF""^i  —  a*x"~* 
i+  o*x"-^i  —  &c.  ±  a»^xi,  the  number  of  terms  being 

-^,  and  the  remainder  qp  ^^  ,  *  .  Therefore  the  fluent  is 
Z—^*^J^—.+kc.  ...±  ^-/-  :y  ia»-i  X  h,  1.  x«  +  a». 

*  £jr.  23.  The  fluent  of  -- — r   u  obtained  in  the  same 

manner,  and  has  the  same  terms,  but  the  signs  are  all  positive, 
and  the  remainder  is  +  |a~""*  X  hyp.  log.  x*  —  o«. 

Ex.  24.  Also  the  fluent  of  yz — j  i®  still  the  same,  but  the 

signs  are  all  negative,  and  the  remainder  is  ^  ^a*^'  y,  hyp. 
log.  a'— x'.     Hence  also, 

Ex.  26.  Jhe  fluent  of  ^^^y  »  i*'  -  i«^  X  hyp.  log. 

of  JT*   -f-  0« .  ^ 

Ex.  26.  The  fluent  of  —^t  m  i**  +  *«*  X  hyp.  log. 
of  X*  — .  as. 

Ex.  27.  The  fluent  of  ^rz^'  is  —  |xa  -.  ja»  X  hyp. 
log.  of  a"  —  ar*. 

Ex.  28.  The  fluent  of  ^^*^9  is  i«*  -  ia»x»  +i«*  X 
hyp.  log.  x'  +  «^» 
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E*.  29.  the  fltteittof  -f-L.,  is  ^x*  4-  {«*x*  +  {«•  X 

byp.  log.  X*  —  a«. 

£jr.  30.  The  flaeat  of     ,^''    ,  is  —  ix«— Ja^*"- jA«  X 
hyp.  log.  a^  —  jc*. 

73.     Ex,  31.     In  a  similar  manner  may  be  found  the 
fluents  of  — r-^,  where  c  is  any  whole  positive  number^  by 

Aviding  till  the  ramaiiider  be  ^ ^IT^*  which  can  always 

be  done,  and  the  flu^kit  of  that  remaihder  will  be  had  by  the 
Sth  fotm  in  this  vol.  Thus,  by  dividing  first  by  t^  +  a\  th^ 
terms  Are,  x«*-*-'«  -^  tfix^^^^S  +  a**x^-^^^x  -  + 
kt.  till  th6  last  tertii  b6  tt(<*-')«jt(*-''On^i,  and  the  remaindeie 

Z— z-s=z -J^  when  tf  is  =  c  —  1,  or  1  less  thaa 

c,  whicb  is  also  the  tmoiber  of  the  terms  in  the  quotient ; 
and  therefoi-e  the  iuent  is 


hyp.  log.  of  JT"  +  a*.     In  like  manner, 

£jp,  32.  I'he  duent  of  .f!!l!f.  has  all  the  same  termi 
as  the  formeri  but  their  signs  all  +  or  pocdtive,  and  the  te* 
mainder  ^^^i^  X  hyp.  log,  of  x*  «-  a".   Also  in  like  iBaniier» 

Ex.  33.    Th^  fluent  of  "^ — 4-  bas  all  the  very  same  terms^ 

liut  all  negative^  and  the   reskainder  — -.aC^^^  X  hyp.  leg^ 

n 

of  a*  —  «". 
fi«r»34.    The  fluent  of  *^""'*  «  I  x  ^^^-  »  also  Ae 

sadie  with  the  preceding,  by  sUMittit.  ^  for  aa,  and  multiply- 

ing  the  whole  series  by  th^  fraction  -» 

74.  When  the  numerator  is  compound,  as  well  as  the  de- 
nominator, the  expression  may,  in  a  similar  manner  by  divi- 
sion, be  reduced  to  like  terms  admitting  of  finite  fiuenti* 
Thus  for, 

&x.  36.  To  find  the  fluent  of  ?=^.  X*i  =  '^'  "'^'' 
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By  dWisioQ  this  becomes  —  -afi+  ^--tt-  X  — * —  >   and  its 

''  a  ad  ^19 

flaent  -  A^,,^^  X  hyp.  log.  of  i  +  a:«. 

75.  There  are  certain  methods  of  finding  flvents  one  from 
another,  or  of  dedacing  the  flqent  of  a  proposed  floxion  from 
another  fluent  previ^foslj  known  or  found.  There  are  hardly 
any  general  rules  bowe?er  that  will  suit  all  cases  ;  but  they 
most^  consist  in  assuming  some  quantity  y  in  the  form  of  a 
rect^ngte  or  product  of  two  factors,  which  are  such,  that  the 
one  of  them  drawn  into  the  fluxion  of  the  other  may  be  of  the 
form  of  the  proposed  fluxion  ;  then  taking  the  fluxion  of  th9 
assumed  rectangle,  there  will  thence  be  deduced  a  value  of 
the  proposed  fluxion  in  terms  that  will  often  admit  of  finite 
fluents.  The  manner  in  such  cases  will  better  appear  from 
the  following  examples. 

jEjp.  i.    To  find  the  fluent  of  -^^  — . 

Here  it  is  obWous  that  if  y  be  assumed  =  jr  ^  (x^  +-0.^)9 
then  one  part  of  the  fluxion  of  this  product,  riz.  x  ><  flux, 
of  ^  (x*  ^  ^')t  ^iU  be  of  the  same  iorm  as  the  fluxiQ^  pro- 
posed. Putting  theref.  the  assumed  rectangle  y^^x  ^  (x*  +a^) 

into  fluxions,  it  is  y  =:jr  y'  (jc*  +«*)  + X^"l'    ^^^  **  *^* 

former  part,  via;,  x  ^  (j5»+a*),  does  not  ^gree  with  any  of 
our  preceding  forms,  which  have  been  integrated,  qyiltiply  it 
6y  y/  (x'+a*),  and  subscribe  the  same  as  a  denommator  Ko 
the  product,  by  which  that  part  becomes 

— ~t? — -x  =  ^  f  .  '-z  ;  this  united  with  the  former  part 
flakes  the  whole  v  =* — ? * — r+  -77—^^; — : ;  hence  the  given 

therefore  4y-.^a»  yf^^—^^  fr  ^Z  (x-  +  a»)  ^  ia«  X 
hyp.  log.  of  .r  +  ^  (jpa  +  a^),  by  the  12th  form  of  fluents. 

Ex.  2      In  like  manner    the  fluent  of  -- — -r^—-  will  be 

« 
found  from  that  of   -r— ^ by  the  same  12th   form,  and 

18  =  Jx  ^  (x^'-'a^)  +  io»  X  hyp.  log.  x  +  ^  {x* -a*). 

■i 

Ex.  3.     Abo  in  a  similar  manner,  by  the  13th  form,  the 
Vol.  n.  45  fluent 
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flaeot  of  — 7 — - — -  will  be  found  fro»  that  of * ^^  and 

comes  oat  —  ^x  ^  (a»  — Jt^')  +  i^  X  cir.  arc  to  radios  a  andl 
sine  X. 

Ex.  4.     In  like  manner,  the  fluent  of     .  ^  .   ,^  will  be 

found  from  that  of     ^  ,  *     ..     Here  it  is  manifest  that  v 

must  be  assumed  «=  x3^(xa4'a*),  in  order  that  one  part  of 
its  fluxion,  viz.  x  X  flux,  of  ^(x>+a*)  may  agree  with  the 
proposed  fluxion.      Thus,   by  taJung  the  fluxion,  and   re- 

ducimr  as  before,  the  fluent  of  ^ — r  will  be  found  ac 

ix»V(x.  +  aO-|«»X/^^^^f^. 
Ex.  5.    Thug  aho  the  fluent  of -—i-i — ri8ix»^(*«— o») 


£».  6.    And  the/  ^^~y  is  —  J*»  ^  (a«  —  *»)  + 

In  like  manner  the.  student  may  find  the  fluents  of 

number,  each  from  the  fluent  of  that  which  immediately 
precedes  it  in  the  series,  by  substituting  for  y  as  before. 

Thus  the  fluent  of    ^/^'     ^  =  1  x^i  ^  (x»  +  o»)  —izi^ 

76.  In  Uke  manner  we  may  proceed  for  the  series  of  simi- 
lar expressions  where  the  index  of  the  power  of  x  in  the  nu- 
merator is  some  odd  number. 

Ex.  1.    To  find  the  fluent  of — — ^ — ».    Here  assumine^ 

v/(xa  +a«)  ^ 

y  s=  X*  y^  ^x'-f-a3),  and  taking  the  fluxion^  one  part  of  it 
will  be  similar  to  the  fluxion  proposed.      Thus,  y  =  2x1* 

v^  (xa+o«)  +  —  ^jT-^^  ;  hence  at  once  the  given  fluxion 
V(x«Ta»)  ^  ^  ""  2xiy/(x«  H-fl*) ;  theref.  the  required  fluent 

is  y  -  /.  2xi^(x3+a«)  =  x»  v^  (xa+aO-f  (ar'+a*)*, 
by  the  2d  form  of  fluents. 

Ex.  t. 
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^3* 


Ex.  2.    In  like  manner  the  fluent  of  —7. — -, — ^»  w 

^(xa  -fa*' 

Ex.  3.    And  the  fluent  of  _i!f.— -  =  —  «^  -^  (a*  ~  x») 

Ex.  4.  To  find  the  flu.  of   /^*     .,  from  that  of— ^-^ — r . 

Here  it  is  manifest  we  must  assume  y  =  x*  y/  {x'  +  a'/. 

This  in  fluxions  and  reduced  gives  y  =    ,  ^  *   H — r— -^. 

ind  hence  -;;^|^  =  |y  _  1^  -  ^'^j ;  and  the  flu. 

the  fluent  of  the  latter  part  being  as  in  ex.  1,  above. 
In  like  manner  the  student  may  find  the  fluents  of 

-7--^— TT  and     ,  ^^  —  .     He  may  then  proceed  in  a  similar 

way  for  the  fluents  of  ^,1"*,      .  -r^'4rT^  «fc.  -,^^    ,„ 

where  n  is  any  odd  number,  f  iz.  always  by  means  of  the 
fluent  of  each  preceding  term  in  the  series. 

77.  In  a  similar  manner  may  the  process  be  for  the  duents 
•f  the  series  of  fluxion?, 

i  Xx  xij  xnjg 

^ng  the  fluent  of  each  preceding  term  in  the  series,  as  a 
part  of  the  next  term,  and  knowing  that  the  fluent  of  the 

first  tenn  — is  given,   by  the  2d  form  of  fluents,  = 

2  ^  (a  ;^  «),  of  the  same  sign  as  x. 

Ex.  1.    To  find  the  fluent  of     ,  *    ,>,  having   given    that 

of  -    *        =s  2  ^  (*+«)  =  A  suppose.    Here  it  is  evident 

we  must  assume  y  =  x  ^  (x+a),  for  th^n  its  flux,  y  «»  ■  ^** 


I 


•(«+«) 


hence  ■  ^  'r^T  ^  H  ""  3^^  '  *°^  *^®  required  fluent  is  f  y— 

foA  =!*•  (^+a)  -ia  V'  (a^+a)  =  (^  — 2a)X  f  -/  (a?+a)- 
In  like  manner  the  student  will  find  the  fluents  of 

Xjt  ,         Xx 
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oral 


Ex,  2s    To  find  the  fluent  of  >,    having    given    that 


of  — -*r  ,  ==  B  .     Here  y  must  be  assumed  =  ar*  ^  fx+a'i  ; 
for  then  taking  the  flu.  ani  reducing,  there  is  found 


Jy—  iai  ;  theref./-^g^^  =  ly  —  I^b  =  irr«,y^(:r  +  a) 

—  }  aB  =^  t^*  ^/  (^  +  o)  -  Ja  (r  —  2a)  X  f  v'  (x  +  41)  = 
(9xa  ^  4a*-  +  8o»)  X  A  i/  (^  +  «)•  . 
In  the  same  manner  the  student  will  find  the  fluents  of 

■  ■■^  *    .  andof— ^  *    .>   And  in  general,  the  fluentof    ^^    *■ 
V(x^a)  ^'(fl— x)  *"  •  \/(*+a) 

x"i  2 

being  given  =  c,  he  vrill  find  the  fluent  of —-7 — -— .  =   ^,    ,  , 

78.  In  a  similar  way  we  might  proceed  to  find  the 
fiuents  of  other  classes  of  fluxions  by  means  of  other 
fluents  in  the  table  of  forms  ;  as,  for  instance,  such  as 
.fi^(^— JF^),x»ary(i/x — xa),x9i^(dbr — a:*),  &c.  depend- 
ing on  the  fluent  of  iy/(dr — x^),  the  fluent  of  which,  by 
the  irth  tabular  form,  is  the  circular  semisegment  to  diame- 
ter d  and  versed  sine  x,  or  the  half  or  trilineal  segment  con- 
iained  by  an  arc  with  its  right  sine,  and  versed  sine,  the  diame- 
ter being  d. 

Ex.  1.  Putting  then  said  semiseg.  or  fluent  of  x  v^C^x^x^  ) 
B  A,  to  find  the  fluent  of  x'xy/{dje'^x' .     Here  assuming 

y  =  (dx  —  X*)*,  and  taking  the  fluxions,  they  are  y  =5= 
I  (rfi-  2xi)  -v/  (dx  —  x«  )  ;  hence  xi  ^  (cix  -  x^  =  \di^ 
(jjbp  ^  ^3)  —  |y  =  ^d'A  -  iy  ;  therefore  the  required  fluent, 

Sxi^{dx — x«),  is  i<iA— ly  =  I^a— |(dx— x«)^=B  suppose. 
.  Ex,  2.  To  find  the  fiuent  of  x^xy/idx-^x^),  having  that 
of  xx-v/  [l^^ — «''  )  given  =  b.  Here  assuming  y=x  (dx— «■  ), 
then  taking  the  fluxions,  and  reducing,  there  results  y  = 
(fdxi-4x«i)^(dx-x«)  ;  hence  x«iV  {dx—x^)  =  frfxi 
^[dx^x^)'rr\y  =f  di  —  \y  ,the  flu.theref.  pf  «»iv^(dx— x«) 

V^  f  da— ly  =  f  dB-4x(dx~x«)*. 

Ex.  3.  In  the  same  manner  the  series  may  be  continued 
to  any  extent ;  so  that  in  general,  the  flu.  of  x»-'v^rdx— x«J 
b^inj;  given  ==  c,  then  the  next,  or  the  flu.  of  x^'x-^ldx-^x*) 

X 

79.    To  find  the  fluent  of  snch  expressions  as 


VC-K3±2ax)» 
a  case  not  included  in  the  table  of  forms.  Pn^ 
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Pat  the  proposed  radical  ^  (x*  ±  Sax)  =  Zy  or  x^  ±  2ax 
==  z^  ;  then,  completing  the  square,  a:*±2ajr-|-a*=^*+  «*f 
and  the  root  isx  ±  a  =  «/(2r'  +  a').     The  fluxion  of  this  is 

L^s.         **  theref  ^ -:==  * .  the 

fluent  or  which,  bj  the  12th  form,  is  the  hyp.  log.  of  ^  -h  ^ 
(za+a>)  =  hyp.  log.  of  x  ±  o  +  ^  (x«  ±  2ajr),  the  fluent 
required. 

Ex.  2.     To  find  now  the  fluent  of  -jt-^-t— ;•  having 

given,  by  the  above  example,  the  fluent  of  7/  *^<y  ^^  ==  ^ 
suppose.     Assume  ^  (x»  +  2ax)   =  y  ;  then  its  fluxion  is 

;?(■*"» +2510  "^  ^  *  *^*"^^'  v^(r« + siT)'^  y  7  s/i^ + 2fl*)  "^  y 

—  ak  ;  the.fluent  of  which  is  y  —  oa  =  ^^  (x*  +  2ax)— aA, 
the  fluent  sought. 

Ex,  3.     Thus  also;  this  fluent  of ^^    ~r  being  given, 

the  flu.  of  the  next  in  the  series,  or  .^  ■  , — rwill  be  found, 
by  assuming  x^  (r*  +  2ax)  =  y  ;  and  so  on  for  any  other 
of  the  same  form.  As,  if  the  fluent  of  ^  ,  .  - — r  be  given 
=  c  ;  then,  by  assuming  x^"^ ^  (x«  +  2ax)  =  y,  the  fluent' 

Ex,  4.  In  like  manner,  the  fluent  of     ..    *    „ — ^  being 

^(x3  —  2aar)  ® 

Xx 

given,  as  in  the  first  example,  that  of  — r ^^  may  be 

found  ;  and  thus  the  series  may  be  continued  exactly  a»  in 
the  3d  ex.  only  taking  -  2ax  for  +  2ax. 

80.  Again,  having  given  the  fluent  of  -* — --,    which 

is  —  X  circular  arc  to  radius  a  and  versed  sine  x,  the  fluents 

a 

assigned  by  the  same  method  of  continuation.     Thus, 

«  * 

Ex.  1.  For  the  fluent  of -t-t'* r.  assume^f  2ax— x»  1 

v^(2rtx— xa)  ^  ^  ' 

=  y  ;  the  required  fluent  will  be  found  ==  — ^  (2ax— x2)+a 

or  arc  to  radius  a  and  vers.  x. 

Ex,  2.     In    like  manner  the    fluent    of   — r- is 

f 
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where  a  denotes  the  arc  mentioned  in  the  last  example. 
E^»    3,    And    in  general  the  fluent  of      .^*j— t    ^^ 

ac x"-*  ^  fSitr—x^'),    where   c  is    the  fluent  of 

-TT^ -r,  the  next  preceding  term  in  the  series. 

81.  Thus  also,  the  fluent  oi  x  y/  {x — a)  heing  giTen,  =• 

\{x  —  a)>,  by  the  2d  form,  the  fluents  of  xx^{x-~  a), 
x^xy/{x  -a),  &c. '.  .  .  x^i  y/  (x  — a),  may  be  found  And  in 
general,  if  the  fluent  of  x*"»i^(j:— a)  =  c  be  given  ;  then 

by  assuming  x«(x--a)^  ==  y,  the  fluent  of  x^x  y/  (^— <*)  >• 

82.  Also,  given  the  fluent  of  (a:  —  a)"»x  which  is  — -r-^ 

HI    "^     * 

{% — aj"»*^by  the  2d  form,  the  fluents  of  the  series  (x— o)»»xx, 
{x — o)*»»x»i  &c.  .  .  .  (x— «)"*x"x  can  be  found.     And  in  ge- 

1      a\ OT': A        t*    f  — \«M_  mt 1   "I ?  • a\ 


neral,  the  fluent  of  (x  —  a)'»»x»»"*x  being  given  =  c  ;  then 

by  assuming  (x— a)»"^'x"  =  y,  the  fluent  of  (x  —  a)"»x'»x  is 

^      -        x»(x— fl>»»»*i+fiac 
found  =  •' 1^ — ~- —  . 

Also,   hy  the  same  way  of  continuation,   the  fluents  of 
if»xv^(ffjt"a:)  and  of  x^i  (aix)"*  may  be  found. 

83.^  When  the  fluxional  expression  contains  a  trinomial 
quantity,  as  y^  (6  +  ex  +  ^^),  this  may  be  reduced  to  a  bi- 
nomial, by  substituting  another  letter  for  the  unknown  one 
X,  connected  with  half  the  coefficient  of  the  middle  term 
with  its  sign.  Thus,  put  2.=  x4-^c  :  then  z^  =  x*+cx+Jc^  ; 
theref.  z^  —  J  c«  =  x«  +  ex,  and  z^  +6  —  \t^  =  x» '+  cx+h 
the  given  trinomial  which  is  =^  ^^  4-  a^ ,  by  putting  a*  = 
h  —  \c\ 

31 


Ex.  1 .     To  find  the  fluent  of 


v^(5-|-4x-fx«) 

Here  r  =  x  +  2  ;  then.z«  =  x«  +  4x  +  4,  and  2-'  +  1  == 

5  +  4x    -f  x»,  also  X  =  z  ;   theref.  the  proposed  fluxion 

3* 
reduces  to  — rri — :  ;  the  fluent  of  which,  by  the  12th  form  in 

this  vol.  is  3  hyp.  log  of  z  +  \/  (1  +  r)  ==  3  hyp.  log.  x  +2 

+  v^  (5  +  4x  +  XI)' 

Ex.  2. 
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Ex.  2.  To  find  the  fluent  of  i  ^  (b +  cx  +  dx^)  =i^(f  X 

t 

Here  assuming  ^  +  «;:  ~  ''^ »  then  i  =  r,  and  the  proposed 
flux,  reduces  to  i^d>(.y/{z'  +7-^)=^y^X\/(^^+«*)» 

putting  a>  for— » —  ;  and  the  fluent  will  be  found  by  a  sim- 
ilar process  to  that  employed  in  ex.  1  art.  .75.  ^ 
Ex,  3.  In  like  manner,  for  the  flu.  of  x^^x  y/  (6  +  ««"  + 

cLc«"),  assuming  or"  +—  =  r,  nj:"~*i  ^  z,  and  x«"*x  ==  -  i  ; 
hence  x«*  +  ^ **  +  77  =  ^"j  *nd  ^  (da;«*  +  cac"  +  6)  = 

X  ^  (^'  ±  a«),  putting  ±  o«  =  -j—  rr^  >  hence  the  given 

^a      4a* 

fluxion  becomes  —  z  ^  d  y.  ^  {z^dza')j  and  its  fluent  as  in 

the  last  example. 

Ex.  4.  Alsa,  for  the  fluent  of  7-;— — ^.  :  assume 

b+cx-j^dx^  ' 

X*  4-  -1-  =  2r,  then  the  fluxion  may  be  reduced  to  the  form 

-r-  X  Tz -t  and  the  fluent  found  as  before. 

dn      ^*dto* 

So  fiir  on  this  subject  may  suffice  on  the  present  occasion. 

But  the  student  who  may  wish  to  see  more  on  this  branch, 

may  profitably  consult  Mr.  Dealtry's   very   methodical  and 

ingenious  treatise  on  Fluxions,  lately  published,  from  which 

serieral  of  the  foregoing  cases  and  examples  have  been  taken 

or  imitated. 


OF  MAXIMA  AND  MINIMA;  OR,  THE  GREATEST 
AND  LEAST  MAGNITUDE  OF  VARIABLE  OR  FLOW- 
ING QUANTITIES. 

84.  Maximum,  denotes  the  greatest  state  or  quantity  attain- 
able in  any  given  case,  or  the  greatest  value  of  a  variable 
quantity  :  by  which  it  stands  opposed  to  Minimum*  which  is 
the  least  possible  quantity  in  any  case. 

Thu9, 
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Thus  the  expression  or  sum  a^  4*  i^>  eVidentlj  increases 
as  X,  or  the  term  6x,  increases  ;  therefore  the  giTen  expres- 
sion will  be  the  greatest,  or  a  maximum,  when  x  is  the  greatest, 
o^  infinite  :  and  the  same  expression  will  be  a  minimum,  or 
the  least,  when  x  is  the  least,  or  nothing. 

Again  in  the  algebraic  expression  a^-— 6ar,  where  a  and  h 
denote  constant  or  invariable  quantities,  and  ae  a  flowing  or 
Tariable  oner  Now,  it  is  evident  that  the  value  of  this  re- 
mainder or  difference,  a'  ^bx,  will  increase^,  as  the  term  bx, 
or#as  or,  decreases  ;  therefore  the  fooner  will  be  the  greatest, 
when  the  latter  is  the  smallest  ;  that  is  a'  —  6jr  is  a  o^axi- 
mum,  when  x  is  the  Iftist,  or  nothing  at  all  ;  and  the  differ- 
ence is  the  least,  when  x  is  the  greatest. 

85.  Some  variable  quantities  increase  continually  ;  and  so 
have  no  maximum,  but  what  is  infinite.  Others  again  de- 
crease continually  ;  and  so  have  no  minimum,  but  what  is  of 
no  magnitude,  or  nothing.^  But,  on  the  other  hand,  some  va- 
riable quantities  increase  only  to  a  certain  finite  magnitude, 
called  their  Maximum,  or  greatest  state  and  after  that  they 
decrease  %  again-  While  oinera  decrease  to  a  certain  finite 
magnitude,  called  their  Minimum,  or  least  state,  and  after- 
wards increase  again.  And  lastly,  some  quantities  have  sev- 
eral maxim^  nnd  minima. 


qDE  p 


A  B        &  K 


K      M       F 


T    V    X     Y 


Thus,  for  example,  the  ordinate  bc  of  the  parabola,  or 
such-like  curve,  flowing  along  the  axis  ab  from  the  vertex  a, 
continually  increases,  and  has  no  limit  or  maximum.  And  the 
ordinate  gf  of  the  curve  efh,  flowing  from  e  towards  h,  con- 
tinually decreases  to  nothing  when  it  arrives  at  the  point  h. 
But  in  the  circle  ilu,  the  ordinate  only  increases  to  a  certain 
magnitude,  namely,  the  radius,  when  it  arrives  at  the  middle 
as  at  XL,  which  is  its  maximum  ;  and  after  that  it  decreases 
again  to  nothiDg,  at  the  point  u.  And  in  the  curve  Noq,  the 
ordinate  decreases  only  to  the  position  of,  where  it  is  least, 
or  a  minimum  ;  and  after  that  it  continually  incteases  towards 
q. ''  But  in  the  curve  rsu  &c.  the  ordinates  have  several  maxi- 
ma, as  sT,  wx,  and  several  minima,  as  vu,  yz,  &c. 

61.  Now 


MAXIMA  AND  MINIMA.  863 

86.  Noir,  bectofle  the  ioiion  of  a  rariaUe  quaDtity,  k 
the  rate  of  iti  iacrease  or  decrease  :  and  because  the  max- 
imum'^  or  nuotinQOi  of  a  quantity  neither  increases  nor  de- 
creases, at  those  points  or  states  ;  therefore  such  mazimnm 
or  miniintim  has  no  flniion,  or  the  flnxion  is  then  equal  to  noth- 
ing.   From  which  we  hare  the  following  role. 

ToJInd  tf/bs  Maaeimmn  (n'  Mimnimm, 

87.  From  the  nature  of  the  question  or  problem,  find  an 
algebraical  expression  for  the  value,  or  general  state  of  the 
quantity  whose  maximum  or  minimum  is  required ;  thea 
take  the  fluiiion  *  of  that  expression,  and  put  it  equal  to  no- 
thing ;  from  which  equation,  by  dividing  by,  or  leaving  out, 
the  fluxtonal  letter  and  other  common  quantities,  and  perform- 
ing other  proper  reductions,  as  in  common  algebra,  the  value 
of  the  unknown  quantity  will  be  obtained,  determining  the 
point  of  the  maximum  or  minimum. 

So,  if  it  be  required  to  find  the  maximum  state  of  the 
compound  expression  IWx  -—  &c*  ±  c,  or  the  value  ^  m 
wht>n  IQOx  —  bx^±  c  is  a  maximum.  The  fluxion  of  this 
expression  is  lOOx  —  lOxjp  ss  q  ;  which  being  made  «%  0, 
and  divided  by  lOx,  the  equation  is  10 — x  =  0  ;  and  hence 
X  =:  10.  That  is,  the  value  of  x  is  10,  when  the  expfessioa 
lOOr  — >  6x*  ±  e  is  the  greatest.  As  is  easily  tried  :  for  if  10 
be  substituted  for  x,  in  that  expression,  it  becomes  db  c-f-600 : 
but  if,  for  X  there  be  substituted  any  other  number,  whether 
greater  or  less  tiian  li),  that  expression  will  always  be  found 
to  be  less  than  ±  c  +  600,  which  is  therefore  its  greatest 
possible  value,  as  its  maximum. 

88.  It  is  evident,  that  if  a  maximum  or  minimum  be  any 
way  compounded  with,  or  operated  on,  by  a  given  constant 
quantity,  the  result  will  still  be  a  maximum  or  minimum. 
That  ui,  if  a  maximum  or  minimum  be  increased,  or  de- 
creased, or  nioltiplied,  or  divided,  by  a  giiren  quantity,  or 
any  given  power  or  root  of  it  be  taken  ;  the  result  will  still 
be  a  maximum  or  minimum*    Thus,  if  x  be  a  maximum  or 

X 

minimum,  then  also  iax  -{-  a^otx —  a,  or  ax,  or  — ,  or  x', 

a 
or  v^x,  still  a  maximum  or  minimum.  Also,  the  logarithm 
of  the  same  will  be  a  maiimum  or  a  minimum.  And  there- 
fore, if  any  proposed  maximum  or  minimum  can  be  made 
simpler  bv  performing  any  of  these  operations^  it  is  better  to 
do  so,  beilore  the  expression  is  put  into  fluxions. 
ToL.  II.  48  89.  When 
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89.  When  the  ezpresBioo  for  a  maximum  or  minimtim  con- 
tains  iOTeral  variable  letters  or  qoantities  ;  take  the  0iixi6n 
of  it  as  oAen  as  there  are  yariable  letters  ;  sapposing  first  one 
of  them  only  to  flow,  and  the  rest  to  be  constant  ;  then  an* 
other  only  to  flow,  and  the  rest  constaot  ;  and  so  on  for  all  of 
ihem  :  then  patting  each  of  these  fluxions  ^  0,  there  wiJl  be 
as  many  equations  as  unkoown  letters,  from  which  these  may 
be  all  determined.  For  the  fluxion  of  the  expre98ioD  must  be 
equal  to  nothing  in  each  of  these  cases  ;  otherwif^e  the  ex- 
pression might  iMBCome  greater  or  less,  without  altering  the 
values  of  the  other  letters,  which  are  considered  as  constant. 

So,  if  it  be  required  te  find  the  values  of  x  and  ^  when 
4r*  — xy  -^  2y  is  a  minimum.     Then  we  have. 

First,      -      8xjc— iy  =  0,  and  8x— y  =  0,  ory  =  8x. 

Secondly,         2y  —  or^  =  0,  and  2— x  =  0,  or  x  ss  2. 

And  hence       y  or  8j7  »=  16. 

90.     To  find  wAel^r  a  proposed  quantity  admitt  of  a  Maxi" 

mum  or  a  Mtnimum. 

Every  algebraic  expression  does  not  admit  of  a  maximum 
or  miniroum,  properly  so  called  ;  for  it  may  either  increase 
continually  to  infinity,  or  decrease  continually  to  nothing ; 
and  in  both  these  cases  there  is  neither  a  proper  maximum 
nor  miniinum  ;  for  the  true  maximum  is  th^  finite  value  to 
which  an  expression  increases,'  and  after  which  it  decreases 
•again  :  and  the  minimum  is  that  finite  value  to  v^hich  the  ex- 
pression decreases,  and  after  that  it  increases  again.  There- 
fore, when  the  expression  admits  of  a  maximum,  jts  fluxion  is 
positive  before  the  point,  and  negative  after  it ;  but  when  it  ad- 
mits of  a  minimum,  its  fluxion  is  negative  before,  and  positive 
after  it.  JHence  then,  taking  the  fluxion  of  the  expression  a 
little  before  the  fluxion  is  equal  to  nothing,  and  again  a  little 
after  the  same  ;  if  the  former  fluxion  be  positive,  and  the  lat- 
ter negative,  the  middle  state  is  a  maximum,  but  if  the  former 
fluxion  be  negative,  and  the  latter  positive,  the  middle  state  is 
minimum. 

So,  if  we  would  find  the  quantity  ax«'  y»  a  maximum  or 
flunimum  ;  make  its  fluxion  equal  to  nothing,  that  is,  -  -  - 
ax-2xx  =  0,  or  (o—  2j?)x  =  0  ;  dividing  by  i,  gives 
a-^2ap  =  0,  or  or  as  ^a  at  that  state.  Now,  if  in  the  fluxion 
(a— 2jr)  X,  the  value  of  x  be  taken  rather  less  than  its  true 
Talue,  |a,  that  fluxion  will  evidently  be  positive  ;  but  if  :r  be 
taken  somewhat  greater  than  ^a  the  value  of  a  —  2x,  and 
consequently  of  the  fluxion,  is  as  evidently  negative.  There- 
forty  the  fluxion  of  «jp  «-*  x'  being  positive  before,  and  ne- 
gative 
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gatiTe  after  the  state  when  its  flaxion  is  s=  0,  it  follows  that 
at  this  state  the  ezpressioa  is  oot  a  minimam  bat  a  mazimom. 
Again,  taking  the  expression  x'— ox',  its  flaxion  3x*  x  ^ 
2flrx=(3-r— Sa)jr«=0 ;  this  divided  by  xx  gives  3x— -2a=0, 
and  I  =s  |a^  its  trae  valae  when  the  fluxion  of  x'  —  ox*  is 
equal  to  nothing.     But  now  to  know  whether  the  given  ex- 

g region  be  a  maximam  or  a  minimum  at  that  time,  take  x  a 
ttte  less  than  fa  in  the  value  of  the  flaxion  (Sr  —  2a)  xjr, 
and  this  will  evidently  be  negative ;  and  again,  taking  ^x  a 
little  more  than  }a,  the  value  of  3x— 2a  or  oi  the  fluxioD, 
is  an  evidently  positive  Therefore  the  flaxion  of  x^  —  ox' 
being  negative  before  that  fluxion  is  =?  0,  and  positive  after 
it,  it  follows  that  in  this  Rtate  the  quantity  x'  —  ox'  «dmiti 
of  a  minimam,  but  not  of  a  maximuio- 

91.  SOME  EXAMPLES  FOR  PBACTICB. 

Exam.  1 .  To  divide  a  line,  or  any  other  given  quantity  a, 
into  two  parts,  so  that  their  rectangle  or  product  may  be  the 
greatest  possible. 

ExAjf.  2.  To  divide  the  given  quantity  a  into  two  parts 
such  that  the  product  of  the  m  power  of  one,  by  the  n 
power  of  the  other,  may  be  a  maximum. 

Exam  3  To  divide  the  given  quantity  a  into  three  parts 
8acl>  that  ^he  continual  product  of  them  all  ii|ay  be  a 
maximum. 

Exam.  4.  To  divide  the  given  quantity  a  into  three  P>^rti 
such,  that  the  contiqual  product  of  the  1st,  the  square  of  the 
2d,  and  the  cube  of  the  3d,  may  be  a  maximum. 

Exam.  5.  To  determine  a  fraction  such  that  the  differ- 
ence between  i(s  m  power  and  n  power  shall  be  the  greatest 
possible. 

Exam  6.  To  divide  the  number  80  into  two  such  parts 
X  and  y,  that  2xs  +  -^  +  3^*  may  be  a  minimam. 

Exam.  7.  To  find  the  greatest  rectangle  that  can  be  in- 
scribed in  a  given  right-angled  triangle. 

Exam.  8.  To  find  the  greatest  rectangle  that  can  be  inscri- 
bed in  the  quadrant  of  a  given  circle. 

Exam.  9.  To  find  the  least  right-angled  triangle  that  can, 
pircumscribe  the  quadrant  of  a  "given  circle. 

Exam.  10.  To  find  the  greatest  rectangle  inscribed  in,  and 
the  least  isosceles  triaagle  circdmscribed  about,  a  given  semi- 
ellipse. 

Exam.  It. 
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CxAif .  1 1.    To  determiiie  the  tame  for  a  gi¥eii  parabola. 

Exam*  IS.    To  detenwie  the  sane  for  a  given  hyperbola. 

Exam.  13.  To  intcribe  the  greatest  cylinder  in  a  gireii 
eone  ;  or  to  cot  the  greateet  cyHnder  out  of  a  giyen  cone. 

Exam.  14.  To  determiDe  the  dimensioDS  of  a  rectangular 
datem,  capable  of  containiDg  a  given  quantity  a  of  water,  so 
as  to  be  lined  with  lead  at  the  least  possible  expense. 

Exam.  15.  Required  the  dimensions  of  a  cylindrical  tan- 
kard, to  hold  one  quart  of  ale  measare^  that  can  be  made  of 
the  least  possible  qoanti^  of  silver,  ofNa  given  thickness. 

Exam.  16.    To  eut   the  greatest   parabola  from  a  giveft 


Exam.  17.    To  cat  the  greatest  ellipoe  from  a  gi^en  cone. 
Exam.  18.    To  6nd  the  value  of  x  when  x'  is  a  minimum. 


THE  METHOD  OF  TANGENTS  ;  OR,  TO  DRAW 
TANGENTS  TO  CURVES. 

92.  The  Method  of  Tangents,  is  a  method  of  determining 
the  quantity  of  the  tangent  and  subtangent  of  any  algebraic 
curve  ;  the  equation  of  the  curve  being  given.  Or,  vic^  verso, 
the  nature  of  the  curve,  from  the  tangent  given. 

If  AB  be  any  curve,  and  x  be  any 
point  in  it,  to  which  it  is  required 
to  draw  a  tangent  tbI  Draw  the 
ordinate  xn :  then  if  we  can  deter- 
mine the  subtangent  td,  limited  be- 
tween the  ordinate  and  tangent,  in 
the  axis  ^rodaced,  by  joining  the 
points,  T,  B,  the  line  te  will  be  the 
tangent  sou^^t. 

93.  Let  dae  be  another  ordinate,  indefinitely  near  to  dm, 
meeting  the  curve,  or  tangent  produced  in  e ;  and  let  xe  be 
parallel  to  the  axis  ad.  Then  is  the  elementary  triangle 
xca  similar  to  the  triangle  tde  ;  and 

therefore 
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ik#Mftrei    -  *  M  :  as  :  :  ED  :  DT. 

Bat        -    -    ed  :  AE  : :  flox.  ed  :  floz.  ad. 
Tberelbre  -    flax,  ed  :  flax,  ad  :  :  ds  :  dt. 

Thatk   -    -    ^  :i:2y:?'*  =DT. 

which  18  therefore  the  general  7alae  of  the  sabtangent  sought ; 
where  x  is  the  absciss  ad,  and  y  the  ordinate  de. 
Hence  we  ha7e  this  general  rule. 

GENERAL  BULE. 

94.  By  means  of  the  i^ven  equation  of  the  carre,  when 
fai  inl»  flindoDS,  find  the  value  of  either  x  or  y  or  of  -^l^  ; 

which  ysiae  sabstitqte  for  it  in    the  expression  dt  3=tJ^» 

and,  when  reduced  to  its  simplest  terms,  it  will  be  the  Taiae 
of  the  sabtangent  sought. 

EXAMPLES. 

Exam.  1.    Let  the  proposed  curve  be  that  which  is  defined, 
er  expressed  by  the  equation  or' 4-  ^'^^y^  ^=  0. 

Here  the  fluxion  of  the  equation  of  the  curre  is 
^^wfi+y'i+^yy — 33f*y=®f  then,  by  transposition, 
Sari-I-J^*  jr==3y'y  — ^xyy ;  and  hence,  by  diWaioD, 

L^^ylr^fy  .  consequently  2i  =  ?y!=±21. 

which  is  the  Talue  of  the  subtangent  td  sought. 

Exam.  2  To  draw  a  tangent  to  a  circle  ;  the  equation  of 
Which  is  ax—j7*>  =s  y»  •  where  x  is  the  absciss,  y  the  ordi- 
nate, and  a  the  diameter. 

Exam.  3.  To  draw  a  tangent  to  a  parabola  ;  its  equation 
being  ax  =  y'  ;  where  a  denotes  the  parameter  of  the  axis. 

Exam.  4.  To  draw  a  tangent  to  an  ellipse  ;  its  equation 
being  c>  (ox— x')  =  a'y^  ;  where  a  and  c  are  the  two  axjss. 

Exam.  5.  To  draw  a  tangent  to  an  hyperbola;  its  equa- 
tion being  c>  (ax  -{-  x')  =s  a>y'  ;  where  a  and  €  are  the  two 
axes. 

Exam.  6.  To  draw  a  tangent  to  the  hyperbola  referred  to 
the  asymptote  as  an  axis  ;  its  equation  being  xy  =^a'  ;  where 
a*  denotes  the  rectangle  of  the  absciss  and  ordiniite  answer- 
ing to  the  Tertex  of  the  curre. 

OF 
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OF  RECTIFICATIONS  ;   OR,   TO   FIND  THE 
LENGTHS  OF  CURVE  LINES. 

95.  Rectification,  is  the  finding  the  length  of  a  carra 
line,  or  finding  a  right  line  equal  to  a  proposed  carve. 

By  art  10  it  appears,  that  the 
elementary  triangle  Eoe,  formed  by 
the  increments  of  the  absciss,  ordinate, 
and  curve,  is  a  right-angled  triangle,  of 
which  the   increment  of  the  curve  is  _  _ 

the  hypothenuse :  and  therefore  the  x       S    P^ 

square  of  the  latter  is  equal  to  the  sum  t 

of  the  squares  of  the  two  former  ;  that  is,  e<>  =  za*  +  ae'. 
Or,    substituting,   for    the    increments «    their    proportional 

fluxions,  it  is  2z  =  jri  +  yy  .  or  i  =  y/j^  +y  »  ;  where  ^  de- 
notes any  curve  line  ae,  x  its  absciss  ad,'  sTnd  y  its  ordinate  de« 
Hence  this  rule. 

BUUC 

96.  From  the  given  equation  of  the  carve  put  into 
fluxions,  find  the  valae  of  i'  or  y*,  which  value  sabstitute 

Itostead  of  it  in  the  equation  i  ^^^y  x'  +y  '  » then  the  fluents, 
being  taken,  will  give  the  value  of  z^  or  the  length  of  the 
curve,  in  terms  of  the  absciss  or  ordinate. 

EXAMPLES. 

Exam.  1.  To  find  the  length  of  the  arc  of  a  circle,  in  terms 
of  the  sine,  versed  sin^,  tangent,  and  secant. 

The  equation  of  the  circle  may  be  expressed  in  terms  of 
the  radius,  and  either  the  sine,  or  the  versed  sine,  or  tangent, 
or  secant,  &c.  of  an  arc.  <  Let  therefore  the  radius  oi  the 
circle  be  ca  or  ce  =  r,  the  versed  sine  ad  (of  the  arc  ae)  =  x 
the  right  sine  de  =  y,  the  tangent  te  =  t,  and  the  secant 
GT  =  s,  then,  by  the  nature  of  the  circle,  there  arise  these 
equations,  viz. 

Then,  by  means  of  the  fluxions  of  these  equations,  with 
the  general  fluxiooal  equation  z  '  =  ^'  +  y'»  are  obtained  the 
following  fluxional  forms,  for  the  fluxion  of  the  curve  ;  the 
fluent  of  any  one  of  which  will  be  the  curve  itself ;  viz. 

Hence 


Y 
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Hence  the  yalae  of  the  carre,  from  the  fluent  of  each  of 
these,  gives  the  foar  following  forms,  in  series^  tiz.  putting    , 
d  siftr  the  diameter,  the  curve  is 

Now,  it  is  evident  that  the  simplest  of  these  series^  is  the 
third  in  order,  or  that  which  is  expressed  in  terms  of  the 
tangent.  That  form  will  therefore  be  the  fittest  to  cal- 
culate an  example  by  in  numbers.  And  for  this  purpose  it 
will  be  convenient  to  assume  some  arc  .whose  tangent,  or  at 
least  the  square  of  it,  is  known  to  be  some  small  simple 
number.  Now,  the  arc  of  45  degrees,  it  is  known,  has  its 
tangent  equal  to  the  radius  ;  and  therefore,  taking  the  radius 
ra=  1,  and  consequently  the  tangent  of  45*,  or  I,  »=  1  also» 
in  this  case  the  arc  of  45^  to  the  radius  1,  or  the  arc  of  the 
quadrant  to  the  diameter  1,  will  be  equal  to  th^  infinite  series 

But  as  this  series  converges  very  slowly,  it  will  be  proper 
to  take  some  smaller  arc,  that  the  series  may  conveige 
faster  ;  such  as  the  arc,  of  30  degrees,  the  tangent  of  which 
is  =\/^9  or  its  square  t*  =^  :  which  being  substituted  in 
the  series,  the  length  of  the  arc  of  SO^  comes  out      ... 

(^  -  rs+iT'-n^+sh  -  ^^  ^*-  "**""'  *•  '^' 

pute  these  terms  in  decimal  numbers,  ailer  the  first,  the  suc- 
ceeding terms  will  be  found  by  dividing,  always  by  3,  and 
these  quotients  again  by  the  absolute  number  3, 5,  7,  9,  &c. ; 
and  lastly,  adding  every  other  term  together,  into  two  sums, 
the  one  the  sum  of  .the  positive  terms,  and  the  other  the  sum 
of  the  negative  ones  ;  then  lastly,  the  one  sum  taken  from 
the  other  leaves  the  length  of  the  arc  .of  30  degrees  ;  which 
being  the  12th  part  of  the  whole  circumfereuQe  when  the  ^ 
radius  is  1,  or  the  6th  part  when  the  diameter  is  1,  conse^ 
quently  6  times  that  arc  will  be  the  length  of  the  whole  cir- 
cumference to  the  diameter  1.  Therefore  multiplying  the 
first  term  ^^  by  6,  the  product  is  ^^  12  =:  3*4641016  ;  and 
hence  the  operation  will  be  conveniently  made  as  follows  : 

+  Terms* 


960 


I^UADRATUIUES. 

+Teniif. 

~Term8. 

M 

1  3*4641016 

( 

34641016 

3) 

M647Q06 

( 

0-3849002 

6) 

3849002 

r 

769800 

7) 

1283001 

} 

183286 

9) 

427667 

} 

47619 

U) 

142566 

} 

12960 

13) 

47619 

r 

3666 

16) 

15840 

} 

. 

1056 

17) 

6280 

f 

sii 

19) 

1760 

r 

93 

21  ) 

687 

r 

28 

3W) 

196 

r 

8 

86) 

66 

f 

3  ■ 

• 

27) 

22 

4 

1 

-3*5462332 

-^4046406 

4046406 


So  that  at  last      3*  1415926  is  the  whole  circumfor- 

— — —  ence  to  the  diameter  I. 

Eziat  2.  To  find  the  length  of  a  parabola. 
Exam  3.  To  find  the  length  of  the  senuenbical  paraboia> 
whose  equation  is  ax*  =  y*. 
Exam  4.  To  find  the  length  of  an  elliptical  cnnre. 
Eziii  5.  To  find  the  les^ith  of  an  hyperbdic  cor^e. 


OP  QUADRATURES ;  OR,  FINDING  THE  AREAS 

OF  CURVES. 

97.  The  QjOftdratare  of  Curres,  is  the  measaring  their 
areas,  or  finding  a  square,  or  other  right-lined  space,  equal 
to  a  proposed  currilineal  one. 

By  art.  9  it  appears,  that  anv  flowing 

Suantity  being  drawn  into  the  fluxion  of 
le  line  aio^g  which  it  flows,  or  in  the 
direction  of  its  motion,  there  is  produced 
the  fluxion  of  the  quantity  generated  by 
the  flowing.  That  is,  nd  X  de  or  yx  is 
the  fluxion  of  the  area  ade.    Hence  this 

rule. 

RULE 
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RULB. 


98.  From  the  giren  eqaation  ef  the  canre,  find  the  value 
either  of  x  or  of  y  ;  which  value  substitute  instead  of  it  in 
the  expression  yi  ;  then  the  fluent  of  that  expreMioiii  heing 
taken,  will  be  the  area  of  the  curve  sought. 


EXAMPLES. 


Exam.  1.  To  find  the  area  of  the  common  parabola. 

The  equation  of  the  parabola  being  ox  =  jf'  ;  where  a  ig 
the  parameter,  x  the  absciss  ad,  or  part  of  the  axis,  and  y 
the  ordinate  de. 

From  the  equattion  of  the  curve  is  found  y  =  ^  at,  Thid 
substituted  in  the  geoeral  fluxion  of  the  area  yi  gives  i  y/  ax 

OTO^x'd:  the  fluxion  of  the  parabolic  area  ;  and  the  fluent 

of  this,  or  ^a^x*  ^  ^x^  ax  =^  ^xy^  is  the  area  of  the  para- 
bola AOB,  and  which  is  therefore .  equal  to  f  of  its  circum- 
scribing  rectangle. 

Exam.  2.    To  square  the  circle,  or  find  its  area. 

The  equation  ot  the  circle  being  y'  =  oa;  —  ac' ,  or  y  = 

^oop— :t>,  where  a  is  the  diameter;    by  substitution,  the 

general  fluxion  x>f  the  area  yi^  becomes  x  ^  ax— «',  for  the 
fluxion  of  the  circular  area.  ^But  as  the  fluent  of  this  cannot 

be  found  in  finite  terms,  the  quantity  y/ax'^x^  is  thrown 
into  a  series,  by  extracting  the  root,  and  then  the  fluxion  of 
the  area  becomes 

and  then  the  fluent  of  every  term  beiog  taken,  it  gives 

for  the  general  expression  of  the  semisegment  ade. 

And  when  the  point  d  arrives  at  the  extreiliity  of  the^  dia- 
meter, then  the  spa^e  becomes  a  semicircle,  and  x  =  a ;  and 
then  the  series  above  becomes  barely 

^3  5         4  7        46.9         4.6.b.U  ^ 

for  the  area  of  the  semicircle  whose  diameter  is  a. 

Vol.  U.  47  Exam,  3, 
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Exam.  3.    To  find  the  area  of  any  parabola,  whose  eqaatiba 

IB  0"*Z"=.y~*". 

Exam.  4.    To  find  the  area  of  an  ellipse. 

Exam.  6.    To  find  the  area  of  an  hyperbola. 

Exam.  6.  To  find  the  area  between  the  cnrre  and  asymp- 
tote of  an  hyperbola. 

Exam.  7.  To  find  the  like  area  in  any  other  hyperbola 
whose  general  equation  is  x"*y"s=a**^". 


TO  FIND  THE  SURFACES  OF  SOLIDS. 

99.  In  the  solid  formed  by  the  rota- 
tion of  any  cunre  about  its  axis,  the 
surface  pay  be  considered  as  generated  * 
by  the  ciricumference  of  an  expanding 
circle,  moving  perpendicularly  along 
the  axis,  but  the  expanding  circum- 
ference moving  along  the  arc  or  curve 

'  of  the  solid   Therefore,  as  the  fluxion  ^ 

of  any  generated  quantity  is  produced  by  drawing  the  ge- 
nerating quantity  into  the  fluxion  of  the  line  or  direction  jn^ 
which  it  moves,  the  fluxion  of  the  surface  will  be  found  by 
drawing  the  circumference  of  the  generating  circle  into  the 
fluxion  of  the  curve.     That  is,  the  fluxion  of  the  surface* 

Bae,    is  equal  to  as   drawn  into  the  circumference  bcbf, 
whose  radius  is  the  ordinate  de, 

100.  .But,  if  c  be  =  3*1416,  the  circumference  of  a  circle 
whose  diameter  is  1 ,  x  =  ad  the  absciss,  jf  =  de  the  ordi- 
nate, and  ;7  =  ae  the  curve  ;  then  iy  =  the  diameter  be, 

and    2cy   3=    the   circlimference  bcef  ;  also,  ae  =   z    =^ 

y/  X  ■\'  y*  :  therefore  ^c^z  or  2cy  ^  x«4-  y*  is  the  fluxion  of 
the  surface.  And  consequently  if,  from  the  given  equation 
of  the- curve,  the   value  of  i  or  y  be  found,  and  substituted 

in  this  expression  2cy  y^  x'  +  y'  >  the  fluent  of  the  expression 
being  then  taken,  will  be  the  surface  of  the  solid  required. 

Exam.  1.  To  find  the  surface  of  a  sphere,  or  of  any  seg- 
ment. 

In 
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In  this  case,  ab  is  a  circular  arc,  whose  equation  is 
y^  =ajr  — x«,  ory  :=  ^ax  — x«. 

The  fluxion  of  this  gives  y  =  — ===-x  =  "^ — ^  > 
hence  i*  =>2i=:i?£±i5ij^ji  —  ^a  ^  ^y' .  j^  consequently  ' 

This,  yalue  of  2,  the  fluxion  of  a  circulai*  arc,  may  be  found 
more  easily  thus  :  In  the  fig.  to  art.  96,  the  two  triangles 
£DC,  E«6  are  equiangular,  being  each  of  them  equiangular  to 
the  triangle  etc  :  conseq*  ed  :  ec  :  :  sa  :  Be,  that  is,    -     -     - 

y  :  |o  : :  X  :  z  =  — » the  save  as  before. 

The  value  of  z  being  found,  by  substitution  is  obtained . 
^cy'x  =  okc'x  for  the  fluxion  of  the  spherical  surface,  generated 
by  the  circular  arc  in  revolving  about  the  diameter  ao.     And 
the  fluent  of  this  gives  acx  for  the  said  surface  of  the  spheri- 
cal segment  bae. 

But  ac  is  equal  to  the  whole  circumference  of  the  gene- 
rating circle ;  and  therefore  it  follows,  that  the  surface  of 
any  spherical  segment,  is  equal  to  the  same  circamference  of 
the  generating  circle,  drawn  into  x  or  aj>,  the  height  of  the 
segment. 

Also  when  x  or  ad  becomes  equal  to  the  whole  diameter  a, 
the  expression  acx  becomes  aca  or  ca',  or  4  times  the  area  of 
the  generating  circle,'  for  the  surface  of  the  whole  sjihere. 

'And  these  agree  with  the  rules  before  found  in  Mensuration 
of  Solids. 

Exam.  2.    To  find  the  surface  of  a  spheroid. 

Exam,  3.    To  find  the  surface  of  a  paraboloid. 

Exam.  4.    To  find  the  surface  of  an  hyperboloid, 


TO  FIND  THE  CONTENTS  OF  SOLIDS. 

lOK  Any  solid  which  is  formed  by  the  revolution  of  a 

^nrve  about  its  axis  (see  last  fig  ),  may  also  be  conceived  to 

be  generated  by  the  motion  Of  the  plane  of  an  expanding 

•  circle,  moving  perpendicularly  along  the  axis.    And  tbnre« 

«A  '    fore 
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fore  the  area  of  that  circle  being  drawn  into  the  flimon  of 
the  axis,  will  produce  the  fluxion  of  the  solid.  That  is, 
AD  X  area  of  the  circle  bcf,  whose  radius  is  de,  or  diame- 
ter BE,  is  the  fluxion  of  the  solid,  by  art  9. 

102  Hence,  if  ad  =  x,  dr  =  y,  c  =  3*1416  ;  because  cy» 
is  equal  to  the  area  of  the  circle  ecr  :  therefore  cy'x  is  the 
fluxion  of  the  soUd.  Consequently  if,  from  the  given  equa- 
tion of  the  curve,  the  value  of  either  y*  or  jr  be  found,  and 
that  value  substituted  for  it  in  the  expression  cy'i,  the  fluent 
of  the  resulting  quantity,  being  taken,  will  be  the  soUdity  of 
the  figure  proposed. 

EXAMPLES. 

i 

Exam.  1 .    To  And  the  solidity  Of  a  sphere,  or  any  segment. 

The  equation  to  the  generating. circle  being  jf*  =  az  —  x*, 
where  a  denotes  the  diameter,  by  substitution,  the  general 
fluxion  of  the  sohd  cy*i,  becomes  coxi— ci*x,  the  flbent  of 
which  gives  ^cax'-^cx^,  or  Jcx*  (3a — 2j:),  for  the  solid  con^ 
tent  of  the  spherical  segment  bae,  whose  height  Ad  is  x. 

When  the  segment  becomes  equal  to  the  whole  sphere, 
then  X  =  a,  and  the  above  expression  for  the  solidity,  be- 
comes ^ca^  for  the  solid  content  of  the  whole  sphere. 

And  these  deductions  agree  with  the  rules  before  given  and 
demonstrated  in  the  Mensuration  of  Solids. 

Exam    2.    To  find  the  solidity  of  a  sphenoid. 

Exam.  3.    To  find  the  solidity  of  a  paraboloids 

Exam.  4.    To  find  the  solidity  of  an  byperboloid.  ^ 


'    TO  FIND  LOGARITHMS. 

108.  It  has  been  proved,  art  23,  that  the  fluxion  of  the 
hyperbolic  logarithm  of  a  quantity,  is  equal  to  the  fluxion  of 
the  'quantity  divided  by  the  same  quantity.  Therefore,  when 
any  quantity  is  proposed,  to  find  its  logarithm  ;  take  the 
fluxion  of  that  quantity,  and  divide  it  by  the  same  quantity ; 
then  take  the  fluent  of  the  quotient,  either  in  a  series  or  other- 
wise, and  it  will  be  the  logarithm  sought :  when  corrected  as 
usual,  if  need  be  ;  that  is,  the  hyperbolic  logarithm 

104.  But,  foV  any  other  logarithm,  multiply  the  hyperbolic, 
logarithm,  above  found,  by  the  modulus  of  the  system,  for 
the  logarithm  sought. 

JSToie. 


FLUXIONS.        .  365 

Note.  The  modulas  of  the  hyperbolic  logarithms,  is  1  ; 
and  the  modulus  of  the  commoo  logarithms,  is  ■43^^48190 
&c.  ;  aiid«  ID  general,  the  modulas  of  any  system,  is  equal  to 
the  logarithm  of  10  in  that  system  divided  by  the  number 
ft'3O2bSbO9299i0  &c.  which  is  the  hyp.  log.  of  10.  Also, 
the  hyp,  log.  of  any  number,  is  in  proportion  to  the  com  log. 
of  the  same  number,  as  unity  or  1  is  to  -43429  &c.  or  as  the 
number  2*302585  Ulc.  is  to  1  ;  and  therefore,  if  the  common 
log.  of  any  number  be  multiplied  by  2*302585  &c*  it  will  give 
the  hyp.  log.  of  the  same  number  ;  or  if  the  hyp.  log.  be  di- 
vided by  2-30258d  &c.  or  multiplied  by  *4d429  &c.  it  will  give 
the  common  logarithm. 

Exam.   1 .     To  find  the  log.  of  '^. 

a 

Denoting  any  proposeil  number  r,  whose  logarithm  is  re- 
quired to  be  found,  by  the  compound  expression      .... 

— r-f  the  fluxion  of  the  nqmber  z,   is  — >  and  the  fluxion 
a  a  .. 

of  the  log.—  =Vt--  =* T  n ^ ' r  &c- 

•    z       a+«         a        a^  a^  a*  . 

Then  the  fluent  of  these  terms  give  the  logarithm  of  s 

or  logarithm  of-^^—  ■» P- — — -r:  &c. 

*  a  a        2a9  ^3fl3     4o* 

Writing  —X  for  ar ,  gives  log. = —  —  —  ^!i z^  «.. —  ^. 

Div.  these  numb,  and  >,        a+g_,2af  ,  2ap3     Qj*  . 
subtr.  their  logs,  gives  J  ^'  a-^     a      3a3"^5^ 

Also,  because  -^  =  1  4-  ''-=^,orlog.-4-=0-log.?^  ; 
therefore  log.  of  -2-  ^ — -+7r^+-r-  +—  &c 

*        a+x  a      2a»^  3a3  •  4a4 

and  the  log.  of  -i-.ig+-f+f?,^^+^  &c. 

yv  ^^S  ^^4*  'mA 

the  prod,  mves  log  -—-2 —  =  --_a.- — l..,^^.  ^ 

Now,  for  an  example  in  numbers,  suppose  it  were  required 
to  compute  the  common  logarithm  of  the  number  2.  This 
will  be  best  done  by  the  series. 


log.  of  ?+f =2mX(i+fi+il+^  &c. 


Making 


366 


INFLECTIONS. 


Making  ^^--^  =  2,  gives  a  =  Sx ;  conseq.  ^  =  j-,  aid  — 

=  if  wbich  is  the  constant  factor  for  every  succeeding  term  ; 
also,  2m  =  2.x  -43429448190=  -868688964  ;  therefore  the 
calculation  will  be  conveniently  made,  by  first  dividing  this 
number  by  3  then  the  quotients  successively  by  9,  and  lastly 
these  quotients  in  order  by  the  respective  numbers  1,  3, 
5,  7, 9,  &c.  and  after  that,  adding  all  the  terms  together,  as 
follows  :  ■ 


3 
9 
9 
9 
9 
9 
9 
9 
9 


i 


•868588964 

•289529664 

32169962 

3574440 

397160 

44129 

4903 

545 

61 


•289529654 

32169962 

3574440 

397160 

44129 

4903 

545 

61 


•289529654 

10723321 

714B88 

56737 

4903 

446 

42 

4 


Sum  of  the  terms  gives  log.  2  =  -301029995 


ExAH.  2.  To  find  the  log.  of  ^^. 
Exam.  3.  To  find  the  log.  of  a  —  x. 
Exam.  4.  To  find  the  log.  of  3. 
Exam.  5.  To  find  the  log.  of  5. 
Exam.  6.  To  find  the  log  of  11. 


TO  FIND  THE  POINTS  OF  INFLEXION,  OR  OF  CON- 
TRARY  FLEXURE  IN  CURVES. 


105.  The  Point  of 
Inflexion  in  a  curve,  is 
that  point  of  it  which 
separates  the  concave 
from  the  convex  part, 
lying  between  the  two; 
or  where  the  curve 
changes  from  concave  to  convex,  or  from  convex  to  concave^ 
on  the  same  side  of  the  curve.  Such  as  the  point  e  in  the 
annexed  figures,  where  the  former  of  the  two  is' concave 

towards 
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towards  the  axis  ad,  from  a  to  e,  bat  convex  from  e  to  r  ^  and 
CD  the  contrary,  the  latter  figure  is  convex  from  a  to  c,  and 
and  concaye  from  e  to  f. 

106.  From  the  nature  of  curvature,  as  has  been  remarked 
before  at  art.  28,  it  is  evident,  that  when  a  curve  is  concave 

^  towards  an  axis,  then  the  fluxion  of  the  ordinate  decreases, 
or.  is  in  a  decreasing  ratio,  with  regard  to  fluxion  of  the  ab- 
sciss ;  but,  on  the  contrary,  that  it  increases,  or  is  in  an  in- 
creasing ratio  to  the  fluxion  of  the  absciss,  when  the  curve  i$ 
convex  towards  the  axis  ;  and  consequently  those  two  fluxions 
are  in  a  constant  ratio  at  the  point  of  inflexion,  where  the 
curve  is  neither  convex  nor  concave  ;  that  is,  ^  is  to  y  in  a 

•  •  ■ 

constant  ratio,  or  t-  or  ^  is  a  constant  quantity.  But  constant 
quantities  have  no  fluxion,  or  their  fluxion  is  equal  to  nothing  ;' 
so  that  in  this  case,  the  fluxion  of  ^  or  of  -is  equal  to  nothing. 

And  hence  we  have  this  general  rule  : 

107.  Put  the  given  equation  of  the  curve  into  fluxions  ; 

from  which  find  either  -.  or  ?-.  Then  take  the  fluxion  of  this 
ratio,  or  fraction,  and  put  it  equal  to  0  or  nothing ;  and  from 
this  last  equation  find  also  the  value  of  the  same  '  or  $-^ ' 

y  St 

Then  put  this  latter  value  equal  to  the  former,  which  will 
form  an  equation  ;  from  which,  and  the  first  given  equation 
of  the  curve,  x  and  y  will  be  determined,  being  th6  absciss 
and  ordinate  answering  to  the  point  of  inflexion  in  the  curve, 
as  required. 


EXAMPUBS. 


Exam.     1.    To  find  the  point  of  inflexion  in  the  corv6 
whose  equation  is  ax^  =  cfly  -|-  x^y.  , 

This  equation  in  fluxions  is  ^ttkxi  =^  a^y  +  S^i^fcr  +  x^  y, 

which  gives'  =  ^       J^  ^     Then  the  fluxion  of  this  quantity 

madesc  0,  gives  2xx(ax— jcy)=(a«  -f-  jp*)  X(ai— yi— jry ) ; 

and  this  agam  gives  -r  =  --— — r  X • 

Lastly,  this  value  of  rr  being  put  equal  the  former,  gives 

O^jfjra 
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. =  — - — —  . ;  and  hence  2x*  sss a>-  x^. 

oi'  3a;a  ss  a*,  and  a;  =  a  ^  ^,  the  absciM. 

Hence  also,  from  the  original  equation,     -     -     .... 

y  =  ^TX"—  =  1^  =  i«f  th«  ordinate  of  the  point  of  in- 
flexion sought. 

Exam.  2.  To  find  the  point  of  inflexion  in  a  curve  defined 
by  the  equation  ay^a^cLx  +  x'. 

Exam.  3.  To  find  the  point  of  inflexion  in  a  carve  defined 
bj  the  equation  ay*  =  a*x  +  jc*. 

Exam  4.  To  find  the  point  of  inflexion 
in  the  Conchoid  of  Nicomedes,  which  is 
generated  or  constructed  in  this  manner  : 
From  a  fixed  point  p,  which  is  called  the^ 
pole  of  the  conchoid,  draw  any  number  of 
right  lines  pa,  pb,  fc,  pe,  &c.  cutting  the 
given  line  fo  in  the  points  f,  g,  h,  i,  &c.  : 
then  make  the  distances,  fa,  qb,  hc,  ib,  &c.  equal  to  each 
other,  and  equal  to^  a  given  line  ;  then  the  curve  line  abce  kc. 
will  be  the  conchoid  ;  a  curve  so  called  by  its  inventor  Nico- 
medesT 


TO  FIND  THE  RADIUS  OF  CURVATURE  OF  CURVES. 

108.  Thb  Curvature  of  a  Circle  is  constant,  or  the  same 
in  every  point  of  it,  and  its  radius  is  the  radius  of  curvature. 
But  the.  case  is  different  in  other  curves,  every  one  of  which 
has  its  curvature  continually  varying,  either  increasing  or 
decreasing,  and  every  point  having  a  degree  of  curvature  pe- 
culiar to  itself ;  and  the  radius  of  a  circle  which  has  the  same 
curvature  with  the  curve  at  any  given  point,  is  the  radius  of 
curvature  at  that  point ;  which  radius  it  is  the  business  of  this 
chapter  to  find. 


109.  Let  Axe  be  any  curve,  con- 
cave towards  its  axis  ad  ;  draw  an 
ordinate  de  to' the  point  b,  where 
the  curvature  is  to  be  found  :  and 
suppose  EC  perpendicular  to  the 
curve,  and  equal  to  the  radius  of 
turvature  sought,  or  equal  to  the 
radius  of  a  circle  having  the  same 
curvature  there,  and  with  that  ra- 
dius   describe    the    said    equally 
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curved  circle  be«  ;  lastly,  draw  td  parallel  to  ad,  and  de  pa- 
rallel and  indefinitely  near  to  dg  :  thereby  making  ^d  the 
ifloiioii  or  iDcrement  of  the  absciss  ad,  also  de  the  fluxion  of 
the  ordinate  db,  and  ec  that  of  the  carve  ae.  .  Then  pat 
a;  =  AD,  y  =  DE,  2  =  AE,  add  r  =  cc  the  radius  of  curva- 
ture ;  then  is  Ed  =  i,  de  =  y  ,  and  Ee  =  i . 

Now,  by  sim.  triangles,  the  three  lines  Ed,  de,  Ee, 

or  X,  y ,  z  9 
are  respectively  as  the  three      -     -    -    ob,  oc,  ce  ; 

therefore •    -    -    oc  i  =i  *oe  •  y  ; 

*  and  the  flux,  of  this  eq.  is  oc  .  x  -4*  oc  •  x  ==  oe  .  y  -t*  ok  .  y ; 
or,  becauae  oc  »»  — bo  ,  it  is  oc .  jr— bo  .  x  =*  ob  .  y  +ox  •  y  • 

But  since  the  two  curves  ae  and  be  have  the  same  cur- 
vature at  the  point  e,  their  abscisses  and  ordinates  have  the 
same  fluxions  at  that  point,  that  is,  Ed,  or  j^  is  the  flutiod 
both  of  AD  and  bo,  and  de  or  y  is  the  fluxion  both  of  de 
and  OE.  In  the  equation  above  therefore  substitute  x  for 
BO,  and  »  for  oe,  and  it  becomes 

ocj^— jTx  ^  oFy  -ryys 
or  ocir— ovy  =  i^+y  a  3=  ^a. 

Now  multiply  the  three  terms  of  this  equation  respectively, 

•  •  • 

by  theae  three  quantities,  — ,    — ,    —-,  which  are  all  equal, 

*  8  *  3 

and  it  becomes    -    -    -    y'i — xv  ss  — ,  or  —  ; 

and  hence  is  found  r  t=  —   '  ,-  --,  for  the  general  value  of 

the  radius  o#  curvature,  for  all  curves  whatever,  in  terms  of 
the  fluxions  of  the  absciss  and  ordinate. 

1 10.  Further,  as  in  any  case  either  x  or  y  may  be  supposed 
to  flew  equably,  that  is,  either  x  or  y  constant  quantities,  or 
X  or  y  equal  to  nothing,  it  follows  t£uAt,  by  this  supposition, 
either  of  the  terms  in  the  denominator,  of  the  value  of  r, 
may  be  made  to  vanish.  Thus,  when  x  is  supposed  constant, 
X  being  then  =  0,  the  value  of  r  is  barely     -    •    -    -    - 


or  r  18  s»  r-T-  when  v  is  constant. 


—  *»  yjt 


EXAMPLBS. 


Exam.  1.    To  find  the  radius  of  curvature  to  any  point 
Vol.  If.  48  of 


370  INVOLUTES  AND  EVOLUTES. 

of  a  parabola,  whose  equation  is  ox  =  y' ,  its  rertez  beiog  a, 
and  axis  ad. 

Now,  the  equation  to  the  curve  being  oar  =  y> ,  the  fluxion 
of  it  is  ai  =  Zyy  ;  and  the  fluxion  of  Uiis  again  is  axxs  2y  ' , 
supposing  y  constant ;  hence  then  r  or 

i  '        (is  +  y  3)1  (a>  +  4y«)*      (a  +  4x)* 

or  — — — .  is  s=  ■  or  — -, 

y  JC  yx  2fl*  2^a 

for  the  general  value  of  the  radius  of  curvature  at  any  point 
E^  the  ordinate  to  which  cuts  off*  the  absciss  ad  =s  x. 

Hence,  when  the  absciss  x  is  nothing,  the  last  expression 
becomes  barely  \a  =  r,  for  the  radius  of  curvature  at  the 
vertex  of  the  parabola  ;  that  is,  the  diameter  of  the  circle  of 
curvature  at  the  vertex  of  a  parabola,  is  equal  to  a,  the  pa- 
rameter of  the  axis. 

Exam.  2.  To  find  the  radius  of  curvature  of  an  ellipse, 
whose  equation  is  a*y«  =  c«  .  or  —  x>. 

ExAi^.  3.  To  find  the  radius  of  curvature  of  an  l^yper- 
bola,  whose  equation  is  a'y^  =  c^  .  ax+^'« 

Ex  AH.  4.     To  find  the  radius  of  curvature  of  the  cycloid. 
Ans.  r  =  i^aa^axj  where  x  is  the  absciss,  and 
a  the  diameter  of  the  generating  circle. 


OF  INVOLUTE  AND  EVOLUTE  CURVES. 

111.  An  Evolute  is  any  curve  supposed  to  be  evolved  or 
opened,  which  having  a  thread  wrapped  close  about  it,  fasten- 
ed at  one  end,  and  beginning  to  evolve  or  unwind  the  thread 
from  the  otber  end,  keeping  always  tight  stretched  the  part 
which  is  evolved  or  wound  ofl*:  then  this  end  of  the  thread 
will  describe  another  curve,  called  the  Involute.  Or,  the 
same  iovolute  is  described  an  the  contrary  way  by  wrapping 
the  thread  about  the  curve  of  the  evolute,  keeping  it  ^t  the 
same  time  always  stretched. 

112.  Thu^ 
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112.  Thus,  if  EFOH  be  any  curve, 
and  AE  be  either  a  part  of  the  curye, 
or  a  right  line  :  then  if  a  thread  be 
jfixed  to  the  curve  at  h,  and  be 
wound  or  plied  close  to  the  curve, 
&c.  from  H  to  A,  keeping  the  thread 
always  stretched  tight  ;  the  other 
end  of  the  thread  will  describe  a 
certain  curve  abgd,  called  an  Invo- 
lute ;  the  first  curve  efgh  being  its 
evolute.  Or,  if  the  thread,  fixed 
at  R,  be  unwound  from  the  curve,  beginning  at  a,  and  keeping 
it  always  tight,  it  will  describe  the  same  involute  abcd. 


113.  If  AE,  DF,  OQ,  DQ,  &c.  be  auv  positions  of  the 
thread,  in  evolving  or  unwinding ;  it  follows,  that  these 
parts  of  the  thread  are  always  the  radii  of  curvature,  at  the 
corresponding  points,  a,  b,  c,  d  ;  and  also  equal  to  the  cor- 
responding lengths  AE,  AEF,  aefo,  aefgh,  of  the  evolute : 
that  is. 


AE 

BF 
CG 
DH 


AE  is  the  radius  of  curvature  to  the  point  a, 
AF  is  the  i^dius  of  curvature  to  the  point  b, 
AG  is  the  radius  of  curvature  to  the  point  c, 
AH  is  the  radiuq  of  curvature  to  the  point  d. 


114.  It  also  follows,  from  the  premises,  that  any  radius  of 
curvature,  bf,  is  perpendicular  to  the  involute  at  the  point  b, 
and  is  a  tangent  to  the  evolute  curye  at  the  point  f.  Also, 
that  the  evolute  is  the  locus  of  the  centre  of  curvature  of  the 
involute  curve. 


115.  Hence,  and  from  art.  109,  it 
will   be  easy  to  find  one  of  these 
curves,  when  the  other  is  given. 
To  this  purpose,  put 

X  =  AD,  the  absciss  of  the  involute, 
t^  =  DB,  an  ordinate  to  the  same, 
z  =  AB,  the  involute  curve, 
r  ^=  Bc,  the  radius  of  curvature, 
V  =  £F,  the  absciss  of  the  evolute,  eg, 
II  =  Fc,  the  ordinate  of  the  same,  and 
a  =  AE,  a  certain  given  line. 


Then 
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Then,  by  the  nature  of  the  radios  of  curvatare,  it  is 

r  =  r:r^  r.v  =  bc  =  ae  +  Kc;  ako,  by  sim.  triangles, 

y«— *if  ... 

'  ,    •  ,  ,      .        _-''* «*       ^ 

Z  •  JP  •  •  ^  •  GB    ■     ,       "  '. ..  ■        •  1.  5 


z  '*  y  : :  r  :  oc 


''F  ^        »  « 


X         y««— «y 


•  «i 


Hence  BF=GB—DB  ^=^"7^ — t^  —  v  *=  t;, 

•  •  f 

and  PC  =  AD  —  AE  +  oc  =K  JT  —  a  +-rr. **  ...  =  «  ; 

If4r —  «y 

which  are  the  values  of  the  absciss  and  ordinate  of  the 
eTolote  curve  ec  :  from  which  therefore  these  may  be  found, 
when  the  involute  is  given. 

On  the  contrary,  if  v  an(f  u,  or  the  evolute,  be  pven  : 
then,  putting  the  given  curve  ec  =^  Sy  since  cb  =  ae  +  ec, 
or  r  =i=  a  +  r,  this  gives  r  the  radius  of  curvature.  Also,  by 
similar  triangles,  there  arise  these  proportions,  viz. 

0  :  V  :  :  r  :  -t-=— —-  -u  =  ob, 

*  tf 

and  «  :  tt  : :  r  :  -:-=— 7—  1^  =  gc  ; 

*  •     * 

theref.  ad  ^  ab  +  fc  —  gc  =  o  +  «*  — ^^^li  =  *> 

and  DB  =  QE  **  GD  =;=  GB  —  EF  =  ^~-  ^  '*—'»==  y  > 


which  are  the  absciss  and  ordinate  of  the  involute  curve,  and 
which  may  therefore  be  found,  when  the  evolote  is  given. 
Where  it  may  be  noted,  that  i*  =  v'  +  «*,  and  i*  =  x*  +  y*- 
Also,  either  of  the  quantities  x,  y,  may  be  supposed  to  flow 
equally,  in  which  case  the  respective  second  fluxion,  x  or  y, 
will  be  nothing,  and  the  corresponding  term  in  the  denomi- 
nator yx  —  xy  will  vanish,  leaving  only  the  other  term  ih  it ; 
which  will  have  the  efiect  of  renderiog  the  whole  operation 
simpler. 


116.  EXAMPUBS. 


Exam.  4.  To  determine  the  nature  of  the  curve  by  whose 
evolution  the  common  parabola  ab  is  described. 
'  Here 
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Here  th«  eqvaitioa  of  the  given  involate  ab,  is  ex  =  y> 
where  e  is  the   parameter   of  the  axis    ad.     Hence  then 

y  —  ^cx,  andy  =|i^ — ,  alsoy  = ^- hy  making 

X  Ax       X 

i  constant.  Consequently  the  general  ralues  of  v  and  «,  or 
off  the  absciss  and  ordinate,  ef  and  fc,  above  given,  become, 
in  that  case. 


;s 


_ii+i»_.._.    ,x 


Ef  »  V  =:  — TT-  y  =  — -^ y  =  4a;  ^  —  ;     and 


"  9 

Jf*LZ    — 


FC=:tl=:j:  —  a  -{ ^T.  =  3x  +  4«  —  o. 

—  4BV 

But  the  value  of  the  quantity  a  or  ae,  by  exam.  1  to 
art*  76,  was  found  to  be  ^c  ;  consequently  the  last  quantity, 
Fc  or  tt  is  barely  =7  3x. 

Hence  then,  comparing  the  values  of  v  and  «,  there  is 
found  3v^c  =  3v^jr,  or  27cv'  =-  16tf'  ;  which  is  the  equa* 
tion  between  the  absciss  and  ordinate  of  the  e volute  curve  ec, 
showing  it  to  be  the  semicubical  parabola. 

Exam.  2.  To  determine  the  evolute  of  the  common  cy- 
cloid. Ans.  another  cycloid,  equal  to  the  former. 


TO  FIND  THE  CENTRE  OF  GRAVITY. 

117.  By  referring  to  prop.  42,  &c.  in  Mechanics,  it  is  seen 
what  are  the  principles  and  nature  of  the  Centre  of  Gravit}' 
in  any  figure  •  and  how  it  is  generally 
expressed.  It  there  appears,  that  if 
pA(i  be  a  line,  or  plane,  drawn  through 
any  point,  as  suppose  the  vertex  of  any 
body,  or  figure,  abd,  and  if  -  -  - 
s  denote  any  section  ef  of  the  figure, 
d  =  Ao,  its  distance  below  f^,  and 
h  =  the  whole  body  or  figure  abd  ; 
then  the  distance  ac,  of  the  centre  of 

gravity  below  pq,  is  universally  denoted  by r ; 

whether  abd  be  a  line,  or  a  plane  surface,  or  a  curve  super- 
ncies,  or  a  solid. 

But 
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Bat  the  sum  of  all  the  ds,  is  the  same  as  the  fluent  of  dby 
and  b  is  the  same  as  the  flueat  of  S  ;  therefore  the  general 
expression  for  the  distance  of  the  centre  of  gravity,  is  ac  =» 

fluent  of  ^            fluent  x6       *    ^^.  . ,,  .  ,,     ,.  ^ 

-3 TT-  = 7 ;  putting x=  d  the  vanable  distance 

AG.     Which  will  divide  into  the  following  four  cases. 

118.  Case  1.  When  ae  is  some  line,  as  a  curve  suppose. 

In  this  case  i  is  =  z  or  ^i^  +  y*,  the  fluxion  of  the  curve 

J,  .11.  fluent  of  jri  fluent  of  *  ^  ia  4-J* 
and  b  z=zz  :  theref.  ac  = =— .- ^ i-JL 

z  z 

is  the  distance  of  the  centre  of  gravity  in  a  curve. 

119.  Case  2.  When  the  figure  abd  is  a  plane;  then 
^'=  yi  ;  therefore  the    general  expression  becomes  ac  = 

-« ^^  for  the  distance   of  the  centre  of  gravity  in  a 

fluent  of  ^*  o        J 

plane. 

120.  Case  3.  When  the  figure  is  the  superficies  of  a  body 
generated  by  the  rotation  of  a  line  aeb,  about  the  axis  ah. 
Then,  putting  c  =  3*14169  kc.  2cy  will  denote  the  circum- 
ference of  the  generating  circle,  and  ^pyi  the  fluxion  of  the 

/.           1.        /•                    fluent  of  2cyxx         fluent  of  yxi         .„ 
surface  ;  therefore  ac  =  -5 tttt-i    =  -s x-—-    will 

fluent  of  2eyx  fluent  of  yH 

be  the  distance  of  the  centre  of  gravity  for  a  surface  generat- 
ed by  the  rotation  of  a  curve  line  r. 

121.  Case  4.  When  the  figure  is  a  solid  generated  by  the 
rotation  of  a  p)ane  abh,  atiouttbe  axis  ah. 

Then,  potting  c=  3-14159  &c.  it  is  cy^  =-  the  area  of 
the  circle  whose  radius  is  2^,  and  c2/^x=  2}  the  fluxion  of  the 
fcolid  ;  therefore     ------- -- 

fluent  of  xb  fluent  of  cysx^  fluent  of  y^xi     . 

AC  — -  »—  ^  ^^  -^  m 

fluent  of  6*  fluent  of  cys  i  fluent  of  y^x 

the  distance  of  the  centre  of  gravity  below  the  vertex  in  % 
solid. 


122.  EXAMPLES. 


% 


£xAM.  1.  Let  the  figure  proposed  be  the  isosceles  triangle 

ABD. 

It  is  evident  that  the  centre  of  gravity  c,  will  be  some- 
where 
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Where  in  the  perpendicular  ah.  Now,  if  a 
denote  ah,  c  =  bd,  x  =  ao,  and  y  ■»  ef 
any  line  parallel  to  the  base  bd  :  then  as 

ex 
«  :  c  :  :  x  :  y  =  —  ;  therefore,  by  the  2d 

fluent  yxx         fluent  x^j^  ^x^ 

Case,  AC  = =  •  s=  — 

fluent  yx  fluent  xi  Jx' 

=  I  jr  s=  I  AH,  when  X  becomes  =  ah  :  consequently  cH  = 

i  AH. 

In  like  manner,  the  centre  of  gravity  of  any  other  plan^ 
triangle,  will  be  found  to  be  at  ^  of  the  altitude  of  the  trian- 
gle ;  the  same  as  it  was  found  in  prop  43,  Mechanics. 

Exam.  2.  In  a  parabola ;  the  distance  from  the  vertex  is 
|x,  or  I  of  the  axis. 

Exam.  3.  In  a  circular  arc  ;  the  distance  from  the  centre 

of  the  circle,  is  ~  ;  where  a  denotes  the  arc,  c  its  chord,  and 

a 

r  the  radius. 

Exam.  4.  In  a  circular  sector ;  the  distance  from  the  centre 

of  the  circle,  is  -r- :'  where  a,  c,  r,  are  the  same  as  in  exam.  3. 

•       3a 

EitAM.  5.  Ib  a  circular  segment ;  the  distance  from  the 
centre  of  the  circle  is  j^  ;  where  c  is  the  chord,  and  a  the 

area,  of  the  segment.  ' 

Exam.  6.  In  a  cone,  or  any  other  pyramid  ;  the  distance 
from  the  vertex  is  jar,  or  |  of  the  altitude. 

Exam.  7.  In  the  semisphere,  or  semispheriod  ;  the  distance 
from  the  centre  is  |r,  or  j  of  the  radius  :  and  the  distance 
from  the  vertex  f  of  the  radius. 

Exam.  8.  In  the  parabolic  conoid  ;  the  distance  from  the 
base  is  ^or,  or  v^  of  the  axis.  And  the  distance  from  the  ver- 
tex f  of  the  axis. 

Exam.  9.  In  the  segment  of  a  sphere,  or  of  a  spheriod  ; 

the  distance  from  the  base  is  ■- jt  ;  where  x  is  the  height 

oa—  4* 

of  the  segment,  and  a  the  ithole  axis,  or  diameter  of  the 

sphere. 

Exam.  10.  In  the  hyperbolic  conoid  ;  the  distance  from 
the  base  is  ^  .  -  x  ;  where  x  is  the  height  of  the  conoid, 
and  a  the  whole  axis  or  diameter. 
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123.  PRACTICAL  QUESTIONS. 


QUESTION  L 

A  LARGE  vessel,  of  10  feet,  or  any  other  giyen  depth,  and 
of  any  shape,  being  kept  caostantly  full  of  water,  by  meana 
of  a  sapplying  cock,  at  the  top  ;  it  is  proposed  to  assign  the 
place  where  a  small  hole  must  be  made  in  the  side  of  it,  so 
that  the  water  may  spout  through  it  to  the  greatest  distance 
on  the  plane  of  the  base. 

Let  AB  denote  the  height  or  side  of  * 

the  Tessel ;  i>  the  required  hole  in  the 
side,  from  which  the  water  spouts,  in 
the  parabolic  curve  no,  to  the  greatest 
distance  bo,  on  the  horizontal  plane. 

By  the  scholium  to  prop.  68,  Hy- 
draulics, the  distance  bo  is  always  equal 

to  jE  <v^  Ao  .   DB,  which  is  equal   to 

2  ^x  (x  -a)  or  2  ^  ajr— x^,  if  a  be  put  to  denote  the  whole 
height  AB  of  the  vessel,  and  j:  =  ad,  the  depth  of  the  hole. 

Hence  2  ^  ox  —  x^ ,  or  ox  —  x* ,  must  be  a  maximum.  In 
fluxions,  ax^txx  =  0,  or  a  —  2r  =  0,  and  2x  s  a,  or 
X  =  \a.  So  that  the  hole  d  must  be  in  the  middle  betweea 
the  top  and  bottom  ;  the  same  as  before  found  at  the  end  of 
the  scholium  above  quoted* 

ISi.  QUESTION  n. 

i 

If  the  same  vessel,  as  in  Quest.  1,  stand  on  high,  with  its 
bottom  a  given  height  above  a  horizontal  plane  below  ;  it  is 
proposed  to  determine  where  the  small  hole  must  be  Hiade  so 
as  to  spout  farthest  on  the  said  plane. 

Let  the  aimexed  figure  represent  the 
vessel  as  before,  and  60  the  greatest  dis- 
tance spouted  by  the  fluid,  do,  on  the 
plane  60. 

Here,  as  before,  60  =  2  ^ad  .  d6 

=  2  ^  x(c-x)  ±=  2  ^  cjr-x«,  by 
putting  a6  =  c,  and  ad  =  j;.     So  that 

2  y/  cx^x'  or  ex— jc«  must  be  a  max- 
imum.    And  hence,  like  as  in  the  former  question,     -      -     - 
X  s=  jc  =  |a6.    So  that  the  hole  d  must  be  made  in  the 

middle 
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middle  between  the  top  of  the  vessel,  and  the  given  plane 
that  the  water  may  spoat^rthest. 

185.  ^uEsmoN  ni 

Bat  if  the  same  Tessel,  as  before,  stand  on  the  top  of  an. 
iadtned  piane,  making  a  given  angle«  as  sappose  of  30  de- 
grees, with  the  horizon  ;  it  is  proposed  to  determine  the 
place  of  the  small  hole,  so  as  the  water  maj  spont  the  farthest 
on  the  said  inclined  plane. 

Here  again  (p  being  the  plac'e  ef  (he 
hole,  and  bo  the  grren  iocMned  plane), 

6o  =  2  ^AD  .  d6  =  2  ^  x(a— X  ±7), 

patting  z  ss  b6,  and,  as  before,  a  =«  ab, 

and  X  =  AD.     Then  6g  must  still  be  a 

maximam,  as  also  b6,  being  in  a  given 

ratio  to  the  maximom  bg,  on  accoant 

ef  the  given  angle  b.    Therefore  ax^ 

x,  ±  xz^  as  well  as  z,  is  a  maximam.    Hence,  by  art  54  ef 

the  Fluzioos,  ox— 2jrx  '±  zx  s  0,  or  a— Sx  ±  «"  s:  O; 

eenseq.  ±  r  :9  2x^#  ;  and  hence  6o  4±  2  ^x(a^x±.z) 
becomes  barely  2x.  Bot  aiB  the  given  angle  ob6  is  ^as  30^^ 
the  sine  of  which  is  | ;  therefore  bo  =s  2b6  or  22r,  and  bo*  ^r 
Bo«  -b6«  =s=  32r»  =  3  (2x— a)«,  or  6o  =  ±  (2r— a)  ^  3. 

Potting  now  these  two  values  of  6o  eqaal  to  each  other» 
gives  the  equation  2x  =  ±  (2f  ^a)  ^3,  from  which  is  foand 

X  =  ^-^r=~^  «» the  value  of  ad  required. 

Jio$e.    In  tbe  Select  Exercisf^  page  262,  this  answer  is 

brought  out   "\^   a,  by  taking  the  velocity  proportional  to 

the  root  of  half  the  altitude  only. 


ISS.  QUWTiON  IV. 

It  is  required  to  deternune  the  size  ef  a  ball,  wineh,  being 
let  fall  into  a  conical  glass  full  oi  water,  sbaU  expel  the  most 
water  possible  from  the  glass  ;  its  depth  being  6,  and  diame- 
ter 6  inehes 

Let  ABC  represent  the  cone  of  the  ^   Ai  /"^TB\  #B 

^ass,  and  dhb  the  bait,  touching  the 
sides  in  the  points  d  and  r^  the  centre 
of  the  ball  being  at  some  points  r  in 
the  axis  oc  of  the  cone. 


Vol.  ir. 


49 


Put 


s 
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Pat  Ao  =  OB  =  2|  Bs  tf , 
cc  =   6  =  6, 

AC  =     ^  AG«+OC«  =  6|  =s  C, 

AD  =  FK  =  FH  ^  X  the  radias  of  the  ball. 
The  two  triangles  acq  and  dcf  are  equiangalar  ;  theref. 

ex 
AG  :  ic  r  :  DF  :  Fc,  that  is,  a  :  c  :  :  :p  :  —  =  fc  ;  hence 

GF  ==  Gc— Fc  =  6—  — ,  and  gh  =  of  +  fh  =  6  +  a?  —  -*-* 

a'  '  ^  a 

the  height  of  die  segment  immersed  in  the  water.  Then  (by 
rale  1  for  the  spherical  segment,  p.  427  vol.  1.),  the  content 
of  the  said  immersed  segment  will  be  (Gdf  —  2qb)   X  uh* 

X  -6236  =  (2x-6  +  — )   X  ix  +  &——)•     X    1-0472, 

which  mast  be  a  maximum  by  the  question ;  the  floiion  of 
this  made  =&  o,  and  divided  by  2x  and  the  common  fiictois, 

giye.?2±f  X  (6_i=-V)«(*i±f  X  _  6)  X  ^"  X  2  =  0  ; 

ahe 

thb  reduced  gives  x  =  7 ;- — - — r-^rv  =  2fJ,  the  ra- 

dios  of  •the  balL  Consequently  its  diameter  is  4^  inches/  as* 
required. 


PRACTICAL  EXERCISES  CONCERNING  FORCES; 
WITH  THE  RELATION  BETWEEN  THEM  AND 
THE  TIME,  VELOCITY,  AND  SPACE  I^ESCRIBED. 

«  • 

Befo&e  entering  on  the  following  problems,  it  will  be  con- 
▼enient  here,  to  lay  down  a  synopsis  of  the  theorems  which 
express  the  several  relations  between  any  forces,  ^nd  their 
corresponding  times,  velocities,  and  spaces,  described  ;  which 
iire  all  comprehended  in  the  following  12. theorems,  as  collect- 
ed from  the  principles  in  the  foregoing  parts  of  this  work. 

Let  /,  F,  be  any  two  constant  accelerative  forces,  acting  on 
any  body,  during  the  respective  times  t,  t,  at  the  end  of  which 
are  generated  the  velocities  v,  r,  and  described  the  spaces  t, 
s.  Then,  becauite  the  spaces  are  as  the  times  and  velocities 
coojoiotly,  and  the  velocities  as  the  forces  and  times ;  we 
shall  have, 
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1.    h  ComkuU  Force*. 


1.        ^ 


TV                    T>F  Vt/ 

9        1  ^  fi  =         '^  =.y^'' 

▼  FT                    II  ^    Fl 

9      '  -.  '*  —     *▼  —  y  ^» 

T  /V                 sr  ^    /s 

/       TV  T^t         W«S 

»  ""  »T  ""         «»S  Vl«' 


And  if  one  of  the  forces,  at  r,  be  the  force  of  gravity  at 
the  aar&ce  of  the  earth,  and  be  called  1 ,  and  its  time  t 
be  =s  r'  ;  then  it  ia  Imown  by  experiment  that  the  corres- 
ponding space  8  is  =2  IS^V  feet,  and  consequently  its  velo- 
city V  =  28  =s  32^,  which  call  2^,  namely,  g  =  16^  feet, 
or  193  inches.  Then  the  above  fonr  theorems,  in  this  case, 
become  as  here  below  : 


V9 

8       f    ^     -—     = 

And  from  these  are  deduced  the  following  fonr  theorems^ 
for  variable  forces,  viz. 


II.  In  VariohU  Forces^ 


9-    J     =      v't 
10.    i     =    2j/r 


11.   ;    =     -i.     = 


9  9 

* 


2«<      ~     2yi 


In 
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In  these  last  four  theorems,  the  force  /,  though  variable, 
is  supposed  to  be  coostattl  for  the  indefinitely  small  time  >, 
and  they  are  to  b^  used  in  all  cases  of  yariable  forces,  as  the 
former  ones  in  constant  forces  ;  namely  from  the  circum- 
stances of  the  problem  under  consideration,  ai>  espreseion  is 
deduced  for  the  value  of  the  force  /,  which  being  substituted 
in  one  of  these  theorems,  that  may  be  proper  to  the  case  in 
band  ;  the  equation  thence  resulting  will  determine  the 
correspondiojg  values  of  the  other  quantities,  required  in  the 
problem. 

When  a  motive  force  happens  to  be  concerned  in  the 
quei»tion,  it  may  be  proper  to  observe,  that  the  motive  force 
m,  of  a  body  is  equal  to/o,  the  product  of  the  accelerative 
force,  and  the  quantity  or  matter  in  it  9 ;  and  the  relation 
between  these  three  quantities  being  universally  expressed 
by  this  equation  m  =  y,  it  follows  that,  by  means  or  if,  any 
one  of  the  three  may  oe  expelled  out  of  the  calculation,  or 
else  brought  into  it. 

Also,  the  momentum,  or  quantity  of  motion  in  a  moving 
body,  is  ^v,  the  product  of  the  velocity  and  matter. 

It  is  also  to  be  observed,  that  the  theorems  equally  hold 
good  for  the  destruction  of  motion  and  velocity,  by  means  of 
retarding  forces,  as  for  the  generation  of  the  same,  by  means 
of  adceleratittg  forces 

And  to  the  following  problems,  which  are  all  resolved  by 
the  application  of  these  theorems,  it  has  been  thought  proper 
to  subjoin  their  solutions,  for  the  better  information  and  con- 
venience of  the  student. 


nOBLEBf  I. 

n  dittrmne  tfbe  Hm&  and  vthcity  of  a  body  desemding^  itf  the 
force  of  gravity t  doram  an  inclined  plane ;  (he  iengm  of  Ike 
piofie  being  W feet f  and  it9  hleigfU  1  foot*    * 

Here,  by  Mechanics,  the  force  of  gravity  being  to  the 
force  down  the  plane,  as  the  length  of  the  plane  is  to  its 
height,  therefore  as  20  :  1'  :  :  1  (the  force  of  gravity)  :  /^^ 
/  the  force  on  the  plane. 

Therefore,  by  theor.  6,  v  or ^Agfe  is  y^  4  X  16^^  X  ^  X 
20  SI  ^  4  X  16|?y  =  2  X  4Vr  or  87V  ^^et  nearly,  the  last 
velocity  per  second.    And, 

B,  theor.  7.  t  or  ^- „  ^  ^_  =^  _^  =  _= 

^^  seconds,  the  time  ordescendiog. 

PROBUUi 
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V 

\ 

PBOBLEN  IL 

If  a  eannan  ball  he  fired  wM  a  velocity  of  1000/cet  per  eeco^d 
up  a  em'oth  inained  plane,  lophkh  ri$e$  \joot  in  20:  it  ii 
proposed  to  assign  the  iength  which  it  toill  ttscend  np  V^eplanCf 
before  it  stops  and  begins  to  return  domn  again^  astd  the  time 
if  its  ascent. 

Here/  =,V  M  before. 

v^  1000«  60000000 

Then,  by  theor.  ^.  •  =  ,-7  «  T^e^^l^.  "  ~1^^ 

K=  310880^{{  feet,  or  nearij  69  miles,  the  distance  moved. 

A  A   u    ^u         .7*_»--  1000  _  120000    _ 

And,  bj  theor.  7.  t  =  ^^  ____^=__--  _ 

P^^"  Hi  =  10'  21"  1H>  ^be  time  of  ascent 


PROBLEM  lit 

ff"  a  baU  be  projected  up  a  smooth  inclined  plane,  which  rites  1 
foot  in  10,  and  ascend  100  feet  before  tt  stop  :  required  1/^ 
time  of  ascent^  and  the  velocity  of  projection. 

FiasT,  by  theor.  6,  »  =  ^  4gfs  as  y^  4  X  16^  X  tV  X 
100  «  8^  ^  10  =s  26*36408  feet  per  second,  the  Telocity. 

?s  i|^  ^  10  s:^7*08616  seconds,  the  time  in  motion. 

PBOBLEM  IV. 

{f  a  hall  be  observed  to  ascend  up  a  smooth  inclined  plane.: 
100  feet  in  10  seconds ^  before  tt  stop^  to  return  back  again 
required  the   velocity  of  projection^    and  the  angle  of  Hie 
planers  inclination. 

First,  by  theor.  6,  v  =  —  =:  -— .  s=  20  feet  per  second, 
"^  I         10  '^ 

the  Telocity. 

And,  by  theor.  8,/  =  -L.=  -■     -'^     ■  =.  Jl .      That 

is,  the  length  of  the  plane  is  to  its  height,  as  193  to  12. 
Therefore   193  :   12  :  :   100  :   6*2176  tb^  height  of  the 

glane,  or  the  sine  of  elevation  to  radius  100,  which  answers  to 
*  34',  the  angle  of  elevation  of  the  plane. 

PROBLEM 
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PROBLEM  V. 

By  a  mean  of  several  experimenis,  I  haoe  founds  that  a  C€ui 
iron  bailt  of  2  inches  aiameUr^  fired  perpendieviarly  into  the 
^  face  or  end  tf  a  (dock  of  elm  wood^  or  in  the  direction  of  the 
^fibres,  with  a  velodty  of  1 600 feet  per  second^  penetrated  15 
inehei  deep  into  its  substance.  It  u  proposed  then  to  deter- 
mine  the  time  of  the  penetration^  and  the  resisting  force  of 
the  woodf  as  compared  to  'the  force  of  gravity^  supposing 
that  force  to  be  a  constant  quantity. 


,     First,  by  tbeor.  7,  <  =  f  =  :^^  =  ^p«rt  of  a  «- 

CQpd,  the  time  in  peDetratiog. 

^  J  1.    .1.         «    i-       «*  IfiOO*  81000000 

And,  bj  theor.  8,  /  =—  =  4  x  I6y^  X  tf  =^  13  X  19i 

=  32284.  '  That  is,  the  resistiog  force  of  the  wood,  is  to 
the  force  of  gravity,  as  32284  to  1 . 

Bot  this  namber  will  be  different,  according  to  the  dia^r 
meter  of  the  ball,  and  its  density  or  specific  gravity.    For, 

since/  is  as  —  by  theor.  4,  the  density  and  size  of  the  ball 

remaining  the  same  ;  if  the  density,  or  specific  gravity,  n, 
vary,  and  all  the  rest  be  constant,  it  is  evident  that/ will 

be  asfi ;  and  therefore /as—  when  the  size  of  the  ball  only 

is  constant  But  when  only  the  diameter  d  varies,  all  the 
rest  being  constant,  the  force  of  the  blow  will  vary  as  d^  or 
as  the  magnitude  of  the  ball ;  and  the  resisting  surface,  or 

force  of  resistance,  varies  as  d^  ;  therefore/  is  as  ^  or  as  d 

only  when  all  the  rest  are  constant     Consequently /' is  as 

when  they  are  all  variable. 

And  so-  =   ^^  I  and  -  = ^  ;  where  /  denote  the 

T        D»v««  s        i>v.ysj  '  -^ 

strength  or  firmness  of  the  substance  penetrated,  and  is  here 
supposed  to  be  the  same,  for  all  balls  and  velocities,  in  the  • 
same  substance,  which  is  either  accurately  or  nearly  so.    See 
page  681,  &c>  vol.  1,  of  my  Tracts. 

Hence,  taking  the  numbers  in  the  problem,  it  is     -    -    •    - 

/  ^  *^=  A2iIL>L1^221=  Ii2^'  =  |i538462  the 

value  off  for  elm  wood.    Where  the  specific  gravity  'o{  ■* 

the 
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the  ball  ifl  taken  7|,  whick  is  a  little  less  than  that  of  solid 
cast  iron,  as  it  ought,  on  account  of  the  air  bubble  which  is 
found  in  all  cast  balk. 

PROBLEM  VL 

To  find  htm  far  a  24/6  haU  of  caU  iron  wiU  penetraU  into  n 
block  of  sound  elnif  when  fired  with  a  velocity  of  1600  feet 
per  seconds 

Here,  because  the  substance  is  the  same  as  in  the  last 
J>robleni,  both  of  the  balls  and   wood  n  =:  n,  and  r  =:  /  ; 

therefore  -  =  -rir,  or  s  =  --,    =      «— t=^; =  ^lA 

inches  nearly,  the  penetration  required. 

PROBLEM  Vn. 

It  was  found  by  Mr.  Robins^  (roh  i.  p.  273^  of  his  worb), 
that  an  l^-pounder  6a//,  fired  with  a  velocity  of  IStOOfset 
per  second^  penetrated  34  inches  into  sound  dry  ode. '  U'is  re^ 
quired  then  to  ascertain  the  eomparaiive  strength  or  firmness 
of  oakandelm* 

The  diameter  of  a  16lb  ball  is  5'04  inches  =y  d.  Then, 
by  the  numbers  given  in  this  problem  for  oak,  and  in  prob.  5, 
for  elm,  we  have 

/  __  </v«»   _     2  X1500>  X34     ^       100  X  17      _  1700      _, 

r  Dva«  504  X  1300«  X  13  504  X 16  X  13""  1048^^^  * 
nearly. 

From  which  it  would  seem,  that  elm  timber  resists  more 

than  oak,  in  the  ratio  of  about  8  to  6  ;  which  is  not  probable 

as  oak  is  a  much  firmer  and  harder  wood.    But  it  is  to  be 

suspected  that  the  great  penetration  in  Mr.  R's  experiment 

was  owing  to  the  splitting  of  his  timber  in  some  degree. 

PBOBLEM  \m.     . 

A  2i-pounder  'ball  being  fired  into  a  bank  of  firm  earthy  with  a 
velocity  of  1300  feet  per  second ^  penetrated  15  feet.  It  is 
required  then  to  ascertain  the  comparative  resistance  of  elm 
and  earth. 

CoMFAAiNG  the  numbert  bere  with  those  in  prob.  6,  it 


18 
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Y^  as  y  nearly  »-=  6  |  nearly.    That  ia»  elm  (iBiber  reiiili 
about  6|  tunes  more  than  earth. 


raOBLBBf  DT. 

To  deUrmine  hem  far  a  Uaden  bullet^  of  f  of  an  inch  diameter^ 
will  peneirate  dry  dm  ;  tupponn§^  it  fired  with  a  velocity  of 
1700  feet  per  eeeoad^  and  that  the  lead  doee  not  change  its 
figure  hff  the  eh^  agdimt  the  wood. 

Hebs  d«=  },  n  a=,ll^,  n  ««:  7^.  Then  hy  the  Bombeni 
and  theorem  in  prob.  6,  It  is  8  SB 

p»v«t      j  k  iij  X  i7O0«  X  13  ^  ir»  x  i3  _^  esseg  ^ 

Awa    *^  2  X  7J  X  ISCj*  "  200    x    33  6600 

9}  inches  nearly,  the  depth  of  penetration. 

But  as  Mr.  Rahins  found  tbia  penetration;,  hj  experiment, 
to  be  only  6  inches  ;  it  follows  either  that  his  timber  must 
hare  resisted  aboat  twice  as  much  ;  or  else,  which  is  mnch 
more  probable,  that  the  defect  in  his  penetration  arose  from 
the  change  of  figure  in  the  leaden  ball  he  used,  from  the 
Uow  against  tha  wood*. 

FROBLEM  X. 

jI  one  poond  (a//,  projected  with  a  velocity  of  IBOO  feeijper 
eecondy  having  been  found  to  penetrate  13  inchee  deep  tnto 
dry  elm :  It  ie  repaired  to  ascertain  the  time  of  passing 
through  every  single  inch  of  the  13,  and  the  velocity  lost  at 
each  of  them  ;  eupposing  the  resistance  of  the  wood  constant 
or  un^orm. 

« 

The  velocity  v  being  1500  feet,  or  1600  X  12  »  18000 

inches,  and  velocities  and  times  being  as  the  roots  of  the 

spaces,  in  constant  retarding  forces,  as  well  as  in  accelerating 

^  A   4  X.  '  3»  26  J3    •        1      ^  .     - 

ones,  aDdlbeing=-  =  5j.5^-^  =  j^=-partof 

a  second,  the  whole  timo  of  passing  through  the  13  inches  ; 
therefore,  as 
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y/\3  :  ^13  —  ^12  ::  v: 


veloc.  lost 


Time  in  the 


^/is-^ii   _ 


Vl3 

^13 

^/13 


V  =  68*9  :  :  < : 


^^IS-v'lS 


V 


=  61-4  ::  t: 


V  = 


17  = 


i/  = 


v  = 


^13 

^/4-^vf3 

V/13 


^/13 
V'l-^/0 


^13 


V  = 


l>.5= 


17.= 


V  =S 


u  = 


V  = 


V  = 


64*2  &c. 

67-6 

71-4 

760 

81»7 

88*8 

98-2 

111-4 

132-2 

172-3 

416-0 


^13 
^12-vll 


^13 
^11— v^lO 


►      Vl3 
^10-  v'9 


^13 
v'9-v'8 


^13 

-•8-^r 


^13 


v^l3 
v^6— ^5 

^13 


vl3 
^/4-v3 


Vl3 

^/3-v2 

V^13 


V/13 

v[i-y;9 

•  13 


=•00005  Istinch. 
a  -00006  2d 
=  -00006  3d 
=  -00007  4th 
=  -00007  5th 
=  -00807  6th 
=  -00008  7th 
=  -00008  8th 
=  -00009  9th 
=  -00011  10th 
=  -00013  nth 
=  -00017  12th 
=  -00040  13th 


Sam  1500-0 


Sam  j^j  or  -00144  sec. 


Hence,  aa  the  motion  lost  at  the  beginning  is  very  small  ; 

and  conseqaently  the  motion  communicated  to  any  body,  as 

an  inch  plank,  in  passing  through  it,  is  very  small  also  ;  we 

'can  conceive  how  such  a  plank  may  be  shot  through,  when 

standing  upright,  without  oversettiqg  it. 


Vol.  ir. 
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PROBLEM 
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PROBLEM  XL 


The  force  of  aUraetion^  above  ihe  earthy  being  inoendy  ae  ihe 
equare^tke  dieifuieefrom  the  centre  ;  ii  iepropoeed  to  deter- 
mine the  tiitUy  velocity^  and  other  circunutanceSy  attendii^  a 
heavy  body  falling  from  any  given  height ;  the  deecent  at  the 
earih^s  surface  being  16^/eel,  or  193  inchet^  in  thefirU  teeemd 
of  time. 

Put 

r  =s  c8  the  radius  of  the  etrth, 

a  n  CA  the  dist.  ialleD  from, 

X  =  cp  any  variable  distance, 

V  =  the  YelocitjT  at  p, 

t  =  time  of  falliiig  there,  and 

g  ss:  16tV*  half  the  Yeloc  or  force  at  s, 

/  =  the  force  at  the  point  p. 

Then  we  have  the  three  following  equations,  viz. 
*»  :  r»  :  :  1  :  /  —  the  force  at  p,    when  the   force   of 
gravity  is  considered  as  1 ;  Iv  =*- x*  because  a;  decreases  ^  anA 

The  fluents  of  the  last  equation  give  v*  =  ^^.    But 
when  X  :^  a,  the  velocity  r  =  0  ;  therefore,  by  correction, 

*  a  ^  ax  ^   ^    a  «' 

a  general  ezpressiob  for  the  velocity  at  any  pobt  p. 

When  r  =  r,  this  gives  v  =«=  ^  {4gr   X  i^)  for  the 

greatest  velocity;  or  the  velocity  when  the  body  strikes  the 
earth . 

When  a  is  very  great  in  respect  of  r,  the  last  velocity  be- 
comes (1  —  --)x  y'  4gr  very  nearly,  or  nearly  y^  4gr  only, 

which  is  accurately  the  greatest  velocity  by  falling  from  an 
infinite  hei^^ht.  And  this,  when  r  ==  3966  miles,  is  6-9506 
miles  per  second.    Also,  the  velocity  acquired  in  fidling  from 

the 
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the  distance  of  the  san,  or  12000  diameters  of  the  earth,  in 
6*9505  miles  per  second.  And  the  velocity  acquired  in  falling 
from  the  distance  of  the  moon,  or  30  diameten,  is  6*8972 
miles  per  second. 

Again,  to  find^  the  time  ;  since  <v  ^ss   —    ^,  therefore 
;  =  —  =  v^  r^  X  ■    r^"* —  ;    the   icorrect  fluent    of 

V  ^  45gTa        ^/ojt^xj: 


a 


which  gives  ^  =  ^  r— •  X  (y/or— xjp  -f-  arc  to  diameter  a 
and  vers,  a— x)  ;  or  the  time  of  falling  to  any  point  p  ^ 
—  ^  -  X  (ab  +  Bp).     And  when  «  s  r,  this   becomes 

<  =  4  ^  -  X-A"^'^^  for  the  whole  time  of  ialling  to  the 
*  ^  f  sc  ^ 

furface  at  s  ;  which  is  evidently  infinite  when  a  or  ac  is  infi- 

ikite,  though  the  velocity  is  then  only  the  finite  quantity  y/ 

When  the  height  above  the  earth's  surface  is  given  =s  g  ; 
because  r  is  then  nearly  ^^  a,  and  ad  nearly  ==  ds,  the  time  t 
for  the  distance  ^  will  be  nearly 

^  JL  X  2ds=:-/~  X  v^  4gr  =  1'',  as  it  ought  to  be. 

If  a  body,  at  toe  distance  of  the  moon  at  a,  fall  to  the 
earth's  surface  at  s.  Then  r  =»  3965  miles,  a  =  60r,  and 
I  =  416606"  1=  4  da.  19  h.  46'  46'',  which  is  the  time  of  fall- 
ing from  the  moon  to  the  earth. 

When  the  attracting  body  is  considered  as  a  point  c  ;  the 
whole  time  of  descending  to  c  will  be----      ..- 

1     ,a  ^  •r854fl     .a      lOa     .  7854     as 

Hence,  the  times  employed  by  bodies,  in  fiUling  from 
quiescence  to  the  centre  of  attraction,  are  as  the  square  roots 
M  the  cubes  of  the  heights  from  which  they  respectively  fall. 

FBOBI£Af  XU. 

The  force  of  attraction  below  the  earih^s  surface  being  directly 
at  the  dtttance  from  the  centre  ;  it  is  proposed  to  determine 
the  circumttances  of  velocity^  time,  and  space  fallen  by  a  heavy 
body  from  (he  surface^  through  a  perforation  made  straight  to 
the  centre  of  the  earth  :  abstracting  from  the  e^ect  of  the 
earth's  rotation,  and  supposing  it  to  be  a  homogeneous  sphere 
of  3965  miles  radius. 

Put 
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Put  r  =  AC  the  radius  of  the  earth, 

re  =  cp  the  dist.  from  the  centre, 

V  =  the  velocity  at  p, 

t  •=■  the  time  there, 

g  =  16j^,  half  the  force  at  A| 

f  =  the  force  at  p. 
Then  ca  :  cp  :  ;  1  :/;  and  the  three  ""^ 

equations  are  rf  =^  x^  and  rv  =  —  ^gf^9  *^^  "^'f  ^. ""  i* 
Hence/  =•  — ,  and  vy  = — - —  ;    the   correct   fluent  of 

which  gives  v  =  v'  (^^  ^ ^~  ^^  y/-^=vVy/  '  ,    the 

yeloc^tj  at  the  point  r  ;  where  pd  and  ce  are  ,  perpendicular 
to  CA.  So  that  the  velocity  at  any  point  p,  is  as  the  perpen- 
dicular or  sine  pd  at  that  point. 


When  the  body  arrives  at  c,  then  v  =  ^  2gr  =■■  ^2g  -  ac 
=»:  25960  feet  or  4*9148  miles  per  second,  which  is  the  great- 
est velocity,  or  that  at  the  centre  c. 

Again,  for  the  time  ;  }  ==  t-^  ==  ^  --  x  -—^^ —  ;  and  the 

fluents  give  <  =  ^  —-    X   arc  to  cosine  —  =  %/  —  X  arc 

AD.     So  that  the  time  of  descent  to  any  point  p,  is  as  the  cor- 
responding arc  AD. 

When  p  arrives  at  c,  the  above  beqomes  I  =  .... 
*/-^  X  quadrant  ae  =^^11/^  =  1-6708  ^^^^=^267^86- 
conds  =  Sl'T'j,  for  the  time  of  falling  to  the  centre  c. 

The  time  of  falling  to  the  centre  is  the  same  quantity 

r  * 

1*6708  ^  J-,   from  whatever  point  in  the>  radius   ac   the 

body  begins  to  move.     For,  let  n  be  any  given'distance  from 
c   at  which  the  motion  commences  :  then  by  correction, 

v=^  y/  (^.»»-.a:a)    and  hence  }  =  ^  -1  x  — -' — ,  the 

fluents  of  which  give  <  =  v'  —  X  arc  to  cosine  —  ;  which, 

when  X  t=  0,  gives  t  =  ^  -1.  x  quadrant  =  1  -6708  ^  ^ 

2g       ^*  ^  2g 

for  the  time  of  descent  to  the  centre,  c,  the  same  as  before. 

'   •  •■•  -As 
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As  an  equal  force,  actinf  in  contrary  directions,  generates 
or  destroys  an  eqaal  quantity  of  motion,  in  the  same  time  ; 
it  follows  that,  after  passing  the  centre,  the  body  will  just 
ascend  to  the  opposite  sur^ce  at  b,  in  the  same  time  in 
which  it  fell  to  the  centre  from  a.  Then  from  b  it  will 
return  again  in  the  same  manner,  through  c  to  a  ;  and  so 
oscillate  continually  between  a  and  b,  the  velocity  being 
always  equal  at  equal  distances  from  c  on  both  sides  ;  and 
the  whole  time  of  a  double  oscillation,  or  of  passing  from  a 
and  arriying.at  a  again,  will  be  quadruple  the  time  of  passing 

over  the  radius  ac,  or  =;=  2  X  3-1416  ^  Jl  =  Ih.  24'  29". 


PBOBL£M  Xin. 


To  find  the  TitM  of  a  Pendulum  vibrating  in  the  Arc  of  a 

^  Cycloid, 

Let 

s  be  the  point  of  suspension  ; 
SA,  the  length  of  pendulum  ; 
cab,  the  whole  cycloidal  arc ; 
AiKD,  the  generating  circle, 

to  which  FKB,  HiG  are  per- 
pendiculars. 
8c»  SB  two  other  equal  se- 

micloids,    on    which    the 

thread  wrapping,  the  end 

A  is  made  to  describe  the  , 

cycloid  BAG.  •       '  *. 

Now,  by  tl^e  nature  of  the  cycloid,  ad  ==  os  ;  and  sa  ===" 
2ad  :^  sc  =  SB  =  sa  =  A6.  Also,  if  at  any  point  g  be 
drawn  the  tangent  gf  ;  also  oq  parallel  and  rq,  perpendicular 
to  4D.  Then  pg  is  parallel  to  the  chord  ai  by  the  nature  of 
the  curve.  And,  by  the  nature  of  forces,  the  force  of  gravity: 
force  in  direction  gp  :  :  gp  :  gq  :  :  ai  :  ah  : :  ad  :  ai  ;  iu 
like  manner,  the  force  of  gravity  :  force  in  the  curve  at  e  : : 
AD  :  AK  ;  that  is,  the  accelerative  force  in  the  durve,  is  every 
where  as  the  corresponding  chord  ai  or  ak  of  the  circle,  or  as 
the  arc  ag  or  ae  of  the  cycloid,  since  ao  is  always  =  2ai, 
by  the  nature  of  the  curve.  So  that  the  process  and  conclu- 
sions, for  the  velocity  and  time  of  describing  any  arc  in  this 
case,  will  be  the  very  same  as  in  the  last  problem,  the  nature 
of,  the  forces  being  the  same,  viz.  as  the  distance  to  be  passed 
over  to  the  lowest  point  a. 

From 
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From  which  it  follows,  that  the  time  of  a  semi-Tibratioii, 
in  all    arcs,    ag,  ae,   &c.    is    the  same    constant  quantity 

1-5708  -i/  :r-  =  1^708  a/  t-  =  1*5708  </^\  and  the  time 

of  a  whole  vibration  from  b  to  c,  or  from  c  to  b,  is  3*1416:--  : 

where  Z  =  as  =  ab  is  the  length  of  the  pendulum,  g  ==  16^^ 
feet  or  193  inches,  and  3-1416  the  circuooference  of  a  circle 
whose  diameter  is  1.  ' 

Since  the  time  of  a  body's  falling  by  gravity  through   \l^ 
or  half  the  length  of  the  pendulum,  by  the  nature  of  descents^ 

is  ^r-,  which  being  in  proportion  to  3*1416  ^  --,  as  1  is  to 

3-1416  ;  thercfofe  the  diameter  of  a  circle,  is  to  its  circum- 
ference, as  the  time  of  falling  through  half  th^  length  of  a 
pendulum,  is  to  the  time  of  one  vibration. 

I 

If  the  time  of  the  whole  vibration  be  1  second,  this  equa-> 

tionarises, viz.  1"  =  3-14l6v^  —  ;   hence/-— — ^   =-     -  — 


2g '  3-14163       4-9348 

^nd  g  =  S-1416S  X  ^/  =  4-9348/.     So  that  if  one  of  these, 

^  or  /,  be  given  by  experiment,   these  equations  will  give 

the  other.     When  g,  for  instance,  is  supposed  to  be  given 

=  16  y*  feet,  or  193  inches  ;  then  is  /  =-^^— .  =  39- 1 1 ,  the 

4-9»>4o 

length  of  a  pendulum  to  vibrate  seconds.  Or  if  /  as  39|, 
the  length  of  the  seconds  pendulum  for  the  latitude  of  Lon- 
don, by  experiment  ;  then  is  g  =  4*9348/  =  193  07  inches 
=  16^^^^  feet,  or  nearly  X^-f^  feet,  for  the  space  descended 
by  gravity  in  the  first  second  of  time,  in  the  latitude  of  Lon* 
clon  ;  also  agreeing  with  experiment. 

Hence  the  times  of  vibration  of  pendulums,  are  as  the 
square  roots  of  their  lengths  ;  and  the  number  of  vibrations 
made  in  a  given  time,  is  reciprocally  as  the  square  roots  of 
the  lengths.  And  hence  also,  the  length  of  a  pendulum 
vibrating   rj,    times   in    a   minute,   or  60',  is    /  =  39^    X 

60^  _  140850 
n  nn       ' 

When  a  pendulum  vibrates  in  a  circular  arc  ;  astthe  length 
of  the  string  is  constantly  the  same,  the  time  of  vibration 
will  be  longer  than  in  a  cycloid  ;  but  the  two  times  will  ap- 
proach nearer  t^ether  as  the  circular  arc  is  smaller ;  so  that 

when 
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when  it  is  very  BmafI,  the  times  of  vibration  will  be  nearly 
•qual.  And  hence  it  happens  that  39|  inches  is  the  len^h 
of  a  pendnlum  vibrating  seconds,  in  the  very  small  arc  of  a 
eircle. 

PROBLflM  XIV. 

To  determine  the  Time  of  a  Body  descending  down  the  Chord 

of  a  Circle, 

Let  c  be  the  centre  ;  ab  the  vertical 
diameter  ;  ap  any  chord,  down  which    a 
^  body  is  to  descend  from  p  to  a  ;  and  p^ 
perpendicular  to  ab. 

Now,  as  the  natural  force  of  gravity  in 
the  vertical  direction  ba,  is  to  the  force 
urging  the  body  down  the  plane  pa,  as 
the  length  of  the  plane  ap,  is  to  its  height , 
A^  ;  therefore  the  velocity  in  pa  and  oa, 
will  be  equal  at  all  equal  perpendicular 
distances  below   pq  ;  and  consequently  the  ... 

time  io  pa   :   time  in  qA  :  :       pa  :       ^a  :  :  ba  :  pa  ;  bat 
time  in  ba    :   time  in  ^  :  :  y^  ba  i  «/  ^a,  :  :  ba  :  pa  ; 
hence,   ^s  three  of  the  terms  in  each  proportion  are  the 
same,  the  fourth  terms  must  be  equal,  namely  the  time  in 
ba  =  the  time  pa. 

And,  in  like  manner,  the  time  in  bp  =  the  time  in  ba. 
So  that,  ie  general,  the  times  of  descending  down  all  the 
chords  ba,  bp,  br,  bs,  &c.  or  pa,  ha,  sa,  &c.  are  all  equal, 
and  each  equal  to  the  time  of  falling  freely  through  the 
dianieter  ;  as  beibre  found  at  art.  131,  Mechanics.    Which 

2r 
time  is  ^  — ,  where  g  =^  16^  feet,  and  r  =  the  radius  ac  ; 

PROBLEM  XV. 

To  determine  the  Time  of  filling  the  Ditches  of  a  Work  Tvitfi 
Water^  at  the  7bp,  by  a  Sluice  of  2  Feet  equare  ;  the  Head 
of  Water  oioos  the  SXuice  being  10  Feet^  and  the  Dimensions 
of  the  Ditch  being  20  Feet  wide  at  BoUomy  32  at  Top^  9  deep, 
Mnd  1000  Feet  long. 

.    The  capacity  of  the  ditch  is  189000  cubic  feet. 

Bui  ^  g  :  ^  }0  :  :ig  :  2^1.0g  the  velocity  of  the  water 
through  the  sluice,  the  area  of  which  is   4  square  feet : 

therefore 
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therefore  8^10^  is  the  quantity  per  second  ranning  through 

23625 
it ;  and  consequently  Q^lOg  :  189000  :  :  1"  •— ]q-  =  1863'' 

or  31'  3"  nearly  y  which  is  the  time  of  filling  the  ditch. 

PRODI£M  XYI. 

To  determine  the  Time  of  emptying  a  Fessel  of  Water  by  a 
Sluice  in  the  Bottom  of  it^  or  in  the  Side  near  the  Bottom  : 
the  Height  of  the  Aperture  being  very  small  in  respect  of  the 
Altitude  of  the  Fluid. 

Put  a  =  the  area  of  the  aperture  or  sluice  ; 
2g  =  32  J  feet,  the  force  of  gravity  ; 
d  ss  the  whole  depth  qf  water  ; 
X  =  the  variable  altitude  of  the  surface  above  th^ 

aperture  ; 
A  =  the  area  of  the  surface  of  the  water. 

Then  ^  g  :  ^  ^  : :  ^g  i  ^y/gx  the  velocity  with  which  the 
fluid  will  issue  at  the  sluice  ;  and  hence  a  :  a  : :  2y^^x  ;-^      ■ 

the  velbcity  with  which  the  surface  of  the  water  will  descend 
at  the  altitude  x,  or  the  space  it  would  descend  in  1  second 
with  the  velocity  there.  Now,  in  descending  the  space  x» 
the  velocity  may  be  considered  as  uniform  ;  and  uniform  de- 
scents are  as  their  times  ;  therefore        ^ — :  x  : :  1"  :t~^tt- 

'  A  .  2as/gx 

the  time  of  descending  x  space,  or  the  fluxion  of  the  tinve  of 
exhausting.  That  is,  i  =:  '^^'  ;  which  is  made  negative, 
because  x  is  a  decreasing  quantity,  or  its  fluxion  negative. 

Now,  when  the  nature  or  figure  of  the  vessel  is  given,  the 
area  a  will  be  given  in  terms  of  x  ;  which  value  of  a  .being 
substituted  into  this  fluxion  of  the  time,  the  fluent  of  the  result 
will  be  the  time  of  exhausting  sought. 

So  if,  for  example,  the  vessel  be  any  prism,  or  every 
where  of  the  same  breadth  ;  then 'a  is  a  constant  quantity, 

and  therefore  the  fluent  is  —  -  «/  — .     But  when  x  =  d,  this 

^       g 

becomes i/  — ,  and  should  be  0  :  therefore  the  correct 

fluent  is  <  =  -^  X  v^^-^^for  the  time  of  the  surface  dc- 

*  scending 
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scending  till  the  depth  of  the  water  be  tc.    And  when  x  as  0» 

the  whole  time  of  exhausting  is  barely  -<%/*• 

Hence,  if  a  be  =»  10000  square  feet,  a=sz  1  square  foot, 
aad  <i  r»  10  feet ;  the  time  is  7885|  seconds,  or  2h  1 1'  i6% 

Again,  if  the  vessel  be  a  ditch,  or  canal,  of  20  feet  broad 
at  the  bottom,  22  at  the  top,  9  deep,  and  1000  feet  long ; 

then  is  90  :  90  +  ^  : :  20  :  ^^  X  2  the  breadth   of  the 

surplice  of  the  water  when  its  depth  in  the  canal  is  x  ;  am 

therefore  a  ==  ^^^  X  2000  is  the  surface  at  that  time* 

consequently  /  or    7^*      «  1100   X  ?^  X  -^=^  is  the 
fluxion  of  the  time  ;  the   correct  fluent  of  which,  when  » 

16459''|  nearly,  or  4h.  17'  39"|,  being  the  whole  time  of  ex* 
hausting  by  a  sluice  of  1  foot  square. 


FB(fflLEM  XVn. 

\ 

To  determine  the  Velocity  ttnth  wfM^  a  Ball  i$  dieehargedfrom 
a  Given  Piece  of  Ordnance^  wiih  a  Given  Charge  of  Gtm- 
powtder, 

LcT  the  annexed  figure 
represent  the  bore  of  the      AB C E 

Sm :   AD    being  the  part       HKB         '*"    '  lA 
led  with  gunpowder.  ^ "      '   — 

And  put  ^ 

A  =  AB,  the  part  at  first  filled  with  powder  and  the  bag  y 

5  =  AE,  the  whole  length  of  the  gunbore  ; 

c  =  -7854,  the  area  of  a  circle  whose  diameter  is  1 ; 

d=^  BD,  the  diameter  of  the  ball : 

e  =a=  the  specific  grarity  of  the  ball,  or  weight  of  1  cubic  foot , 

g=s  16^j  feet,  descended  by  a  body  in  1  second  ; 

m  =  230  ounces,  the  pressure  of  the  atmosphere  on  a  sq.  inch; 

n  to  1  the  ratio  of  the  first  force  of  the  fired  powder,  to  th# 

pressure  of  the  atmosphere  ; 
w  s=  the  weight  of  the  ball.     Also,  let 
x=B  AC,  be  any  variable  distance  of  the  ball   from  a,  ia 
moving  along  the  gvibarrel.- 
Vol.  II.  \  51  First, 
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Fust,  c#  ii «» the  area  9i  ihe  circle  bo  of  the  haD  } 
there  mcd*  is  the  pressure,  of  the  atmosphere  on  ao  y 
conseq  mncd^  is  the  first  Ibrce  of  the  powder  on  bd. 

Bm  the  force  of  the  inQaiQied  powder  is  proportional  lo  it$ 
densitif,  and  the  density  iis  io?ei«elj  a«.  the  space  it  filla  ; 
t)fi^reft>i«  i^l^  force  of  t,hi^  powdf^r  on  th^  l^  at  a,  is  to,  ^e 
fotof  ifn  the  sam(S  ^t  g,  m  A(?  is  to  m»  ;  tha^  is»     -     -     -.    -     • 

X  ia\i  fifficd', : ==  F,  the  motive  fcroe  at  c  : 

cbnaeq.  -  »±?S!^  «/,  the  aceeleratiag  force  there. 
Hence,  theor.  10  of  forces  gives  i>i  =  %gfi  =  ■■  ^^"^**^  x^  ; 
the  fluent  irf  which  is  V' =::  IC!^^  X  hyp.  log.  of  ^. 

Bot  when  v  »=  0,  then  x  =v  a  ;  theref.  by  correctioD» 

^s  sss  y"*^  ■'  ^  hyp.  log.  -  ia  the  correct  flnenl ;  conseq. 

w  ^ 

v^^(ll5!^  X  hyp.  log.  *)  is  the  rel.  of  the  baU  at  c. 

arid  n  =  v'  (^—^  X  hyp.  log.  ^)  the  velocity  with  which 

the  ball  issues  ftom  the  sMizzle  at  %  ;  where  h  denotes  the 
length  of  the  cylinder  filled  with  powder  ;  and  a  the  length 
to  the  hinder  part  of  the  ball,  which  will  be  more  than  h 
when  the  pow^c  does  not  touch  the.  balk 

Or,  by  snbstitating  the  numbers  for  g  and  m»  and  obaiig- 
ing  the  hyperbolic  logarithms  for  the  common  ones,  then 

-D  =  y^  ( X  com.  log.--),  the  veloaty  at  c^  in  feet. 

Bat,  the  content  of  the  ball  being  \ci\  Hi  weiglbt  is     -    - 

•  =  ^r  "^  ^  ^  &  '  ^^'"^  *'**°«  substituted  for  w, 
in  the  valve  of  v>  it.beqemei 

V  =  2713  ^/(^  X  com.  log.^),  the  velocity  at  ft. 

When  the  ball  is  of  cast  iroa;  takii^€C37968,tlie  rule  becomes 

T  «■  100  ^  (j2j  X  log,  -)  for  the  veloc.  of  the  caft-iron  ball. 

Of*  when  the  ball  is  of  lead ;  then 

V  =  80}  -•  (^^  X  teg.  i)  for  the  veloc.  of  the  leaden  balK 

OkroU 
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C&fbL  Froih  the  geMral  ezpreMioD  lor  the  ▼eloeity  v, 
iihove  fl;ilren«  may  be  derired  #htit  mint  be  the  lengtk  6f  the 
ehat^  of  ponder  a«  in  the  gun-barreU  io  m  te  produce  the 
greiitest  possible  velocity  io  Uie  kkW  ;  nemely,  by  making  the 
yaloe  of  v  a  maximam,  or»  by  acliiariiig  and  omttting  the 

eoostaht  quantities,    the    etpression  d   X    hyp.    log.  of  - 

a  maziiDam,    or    its    fluxion    eqtid    to    nothing  ;    that  it 

i  X  hyp.  log. a  ==  0,  ov  hyp.  log.  d^  -  ==  1  ;    liehce  - 

SB  2-7 1688,  the  nunibet  iirhOte  hyp.  log.  is  1.  So  that 
a  :  6  ;  :  1  :  2*71828,  or  as  4  to  11  nearly,  or  nearer  as  7  to 
19  ;  that  Is,  the  lea^h  of  the  charge,  to  prodace  the  great- 
est velodty,  is  the  ^th  part  of  the  length  of  the  here,  or 
nearer  /^  of  it 

But  by  actual  experiment  it  is  found,  that  the  charge  for  the 
greatest  ▼elocity,  is  bat  little  lestf  than  that  whioh  is  h^re 
compated  firom  theory  {  as  may  be  seen  by  turning  to  page 
262  of  my  yolatne  of  Tracts,  where  the  dorrespodding  parti 
are  found  to  be,  for  four  different  lengths  of  giin,  thus,  1^9 

iV»  i%«  -fr  f  ^^^  P^^  ^^^^  ^^ry^ngy  ^  the  gun  is  l<>nger, 
which  allows  time  for  the  greater  quantity  of  powder  to  be 
lired;  befbre  the  ball  il  out  of  the  bore. 

In  the  calculation  of  the  fofc'egoing  problem,  the  Talue  of 
the  constant  quantity  n  remains  to  be  determined.  It  denotes 
the  fir^t  strength  or  force  of  the  fired  gunpowder,  just  before 
the  ball  is  moved  out  of  its  place.  This  valqe  is  assumed,  by 
Mr.  Robins,  equal  to  1000,  that  is,  1000  times  the  pre»ur^ 
of  the  atmosphere,  on  any  ^qual  spaces. 

But  the  value  of  the  quantity  n  may  be  derived  niuch 
more  Accurately,  from  the  experiments  related  in  my  Tracts, 
by  comparing  the  velocities  there  found  by  experiment,  with 
the  rule  for  the  value  of  v,  or  the  velocity,  as  above  com- 
puted by  theory,  viz. --. 

Now,  supposing  ttiat  v  is  a  given  quantity,  as  well  as  all  thO 
other  quantities,  excepting  only-  the  number,  n,  then  by  re* 
ducing  this  equation,  the  value  of  the  letter  n  is  found  to  be 
as  follows,  viz.       -« 

when  h  is  different  from  a. 

Now, 
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Noin  to  apply  this  to  the  experiments.  Bj  page  240  of 
the  Tracts,  the  Velocity  of  the  ball  of  1-96  inches  diametery 
with  4  oonces  a(  povrder,  in  the  gun  No  1,  was  1100  feet 
per  second ;  and,  by  pa.  494,  vol.  1,  the  length  of  the  gun,  when 
correctiid  for  the  spheroidal  hollow  in  the  bottom  of  the  bore, 
was  28*53  ;  also,  by  page  228,  the  len^h  of  the  charge, 
when  corrected  in  like  manner,  was  3*45  inches  of  powder 
and  bag  together,  bnt  2*54  of .  powder  only:  so  that  the 
l^ues  of  the  quantities  in  the  rule,  are  thus  :  a  =s  3*45  ;  b 
4B  28-53  ;  <2  =  1-96;^=^  2*64  ;  ^nd  v  =  1100  :  then,  by 
sufaetitating  these  ralues  instead  of  the  letters,  in  the  theorem 

dvv  6' 

^  ss--— -  4-  com.  log.  of-,  it  comes  ouf^n  =  750,  when 

^  is  considered  as  the  same  as  a.    And  so  on,  for  the  other 
eqfwriments  there  treated  of. 


k « * 


It  is  here  to  be  noted  howerer,  that  there  is  a  circnm* 
stance  in  the  ezperimentB  delivered  in  the  Tracts,  just  metk- 
tioned,  which  will  alter  the  ralue  of  the  letter  «  in  this 
theorem;  which  is  this,  viz.  that  a  denotes  the  distance  of 
the  shot  from  the  bottom  of  the  bore  ;  and  the  length  of  the 
charge  of  powder  alone  ought  to  be  the  same  thing  ;  but,  in 
the  experiments,  that  length  included,  besides  the  length  of 
real  powder,  the  substance  of  the  thin  flannel  bag  in  which 
it  was  always  contained,  of  which  the  neck  at  least  extended 
a  considerable  length,  being  the  part  where  the  open  end  was 
Wrapped  and  tied  dose  rbund  with  a  thread.  This  circum- 
etapce  causes  the  value  of  n,  as  found  by  the  theorem  abovtf, 
to  come  out  less  than  it  ought  to  be  for  it  shows  the  strength 
of  the  inflamed  powder  when  just  6red,  and  when  the  ^ame 
fills  the  whole  «pace  a  before  occupied  both  by  the  real  pow- 
der and  the  bag,  whereas  it  ought  to  show  the  first  strength 
of  the  flame  when  it  is  supposed  to  be  contained  in  the  space 
only  occupied  by  the  powder  alone,  without  the  bag.*  The 
formula  wiU  therefore  bring  out  the  value  of  n  too  little,  in 
proportion  as  the  real  space  filled  by  the'  powder  is  less  than 
the  space  filled  both  by  the  powder  and  its  bac.  In  the  same 
proportion  therefore  must  we  increase  the  formula,  that  is, 
in  the  proportion  of  A,  the  length  of  real  powder,  to  a  the 
length  of  powder  and  bag  together.    When  the  theorem  is 

dm  h 

00  corrected,  it  becomes  rrrri  -f-  o6m.  log.  of  -. 

Now,  by  pa.  228  of  the  Tracts,  there  are  given  both  the 
lengths  of  alV  the  chaives,  or  values  of  a,  including  the  bag, 
and  also  the  length  of  the  neck  and  bottom  of  the  Img,  whiclji 
^  0*91  of  an  inch,  which  therefore  must  be  subtracted  from 

»•      •  all 
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I 

all  the  yaloes  of  a,  to  give  the  correspoDding  Talues  of  h. 
This  in  the  example  above  redacea  3*46  to  2*64.  * 

Heoce,  by  increasing  the  above  result  750,  in  proportion 
of  2*64  to  3*45,  it  becomes  1018.  And  so  on  for  the  other 
experiments. 

But  it  will  be  best  to  arrange  the  results  in  a  table,  with 
the  several  dimensions,  when  connoted,  from  which  they  are 
computed)  as  her^below. 


Table  of  Felociiie$  of  BaUs  and  First  Force  of  Powder,  *c. 


Gun.         1 

Charge  of  Powder.    \ 

Velocity 
or  value 

of  17. 

First 

force,  or 

value  of 

n. 

No. 

Length, 
or  value 
of  6. 

Weight 

in 
ounces. 

Lengi 

yaJ 
ef  a. 

th  or 

ue 

oth. 

1 

inches 
28-53 

4 

8 
16 

3-46 

5-99 

11-07 

2-54 

6-08 

1016 

1100 
1430 
1430 

1018 
1164- 
967 

2 

38-43 

4 

8 
16 

3-45 

6-99 

11-07 

2-64 

5-08 

10-16 

1180 
1580 
1660 

1300 
1790 
2000 

1077 
1193 

984 

3 

4 

67-70 

4 

8 

16 

3-45 

5*99 

1107 

2-64 

508 

10-16 

10G7 

1256 

-i076 

80-23 

4 

8 
16 

3-45 

5-99 

1107 

2-64 

508 
10-16 

1370 
1940 
2200 

1060 
1289 
1086 

Where  it  may  be  observed,  that  the  numbers  in  the  column 
of  velocities,  1430.  and  2200,  are  a  little  increased,  as,  from  a 
view  of  the  table  of  experiments,  they  evidently  required  to 
be.     Also  the  value  of  the  letter  d  is  constantly  1-96  inch. 

Hence  it  appears,  that  the  value  of  the  letter  n,  used  in 
^6  theorem,  though  not  yet  greatly  different  from  the  num- 
ber 1000,  assumed  by  Mr.  Robins,  is  rather  various,  both  for 
pie  different  lengths  of  the  gun,  and  for  the  different  charges 
with  the  same  sun. 

Put 
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fiat  tbis  diversity  itt  the  taht«  6(  the  Quantify  Hi  or  the  fiitt 
force  of  the  ibflam^d  gi]npowd^.r,  M  probdbljr  OWid|t  in  dome 
meafeore  to  the  omisiiofi  of  ft  material  dtttum  in  the  cakolation 
of  the  problem,  namely,  the  Weight  of  th^  (Charge  of  powdef, 
which  has  not  all  been  brought  into  the  computatiOti.  For  it 
is  manifest,  that  the  elaatie  fluid  has  not  only  the  ball  to  dioTe 
and  impel  before  it«  bat  its  own  weight  of  matter  aUo.  Th^ 
computation  may  therefore  be  renewed,  in  the  enstting  pro- 
blem, to  take  that  datum  into  the  account. 

raOBLBM  XVIIL 

To  determine  ihe  $ame  ob  in  the  la»i  Problem ;  taking  hoik  0ie 
Weight  of  Pcmder  and  the  Ball  into  the  Codevlalion. 

Besides  the  notation  used  in  the  last  problem,  let  ^p  denote 
the  weight  of  the  powder  in  the  charge,  with  the  flannel  bag 
in  which  it  was  inclosed. 

Now,  beitause  the  inflamed  powder  occupies  at  all  times  the 
part  of  the  gun  bore  which  is  behind  the  ball,  its  centre  of 
gravity,  or  the  middle  part  of  the  same,  will  move  with  only 
Half  the  Telocity  that  the  ball  move?  with ;  and  this  will  require 
the  same  force  as  half  the  weight  of  the  powder,  &c.  moved 
with  the  whole  velocity  ot  the  ball.  Therefore,  in  the  con- 
clusion derived  in  the  last  problem,  we  are  now,  instead  of  t», 
to  substitute  the  quantity p  +  w\  and  when  that  is  done  the 

last  velocity  will  come  out,  if  ==  ^Z  (-^^- — X  com.  log.—.) 

And  firoih  this  equation  is  found  the  valde  of  n,  which  is 

stitutiog  for"  d  its  v&lue  1  *96,  the  diameter  of  the  ball 

Now  as  to  the  ball,  its  medium  weight  was  16  oz.  13  dr  ^ae 
16*81  oz.  'And  the  weights  of  the  bags  containing  ihe  several 
charges^of  powder,  viz.  4  oz.  8  oz.  16  oz  were  8  dr.  12  dr. 
and  1  oz.  5  dt ;  th^n  adding  these  to  the  respective  contained 
weights  of  powder,  the  sums,  4*5  oz.  8'7d  oZ.  lt*3I  oz.  are 
the  values  of  8p,  or  the  weights  of  the  powder  and  bdgs  ; 
the  halves  of  which,  or  2*26,  and  4*38,  and  8*66,  are  th6 
values  of  the  quantity  p  fbr  (hose  three  charges  ;  and  these 
beingadded  to  16'81,  the  constant  weight  of  tho  ball,  therd 
are  obtained  the  three  values  of  o  -f  w  for  the  three  charged 
of  powder,  which  values  therefore  are  f9'06  oz  and  21*19 
oz.  and  25*47  oz.  1'hen,  by  calculating  the  values  of  the 
first  force  n,  bv  the  last  rule  above,  with  these  new  data,  the 
whole  will  be  found  as  in  the  following  table. 

f  The 
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I  The  Qun.  I  Charge  of  Powder. 


No. 


1 


Length 

or  vsdue 

of  b. 


inches. 
«8-63 


38-4? 


Weight ' 

in 
onnces. 


67-70 


80-23 


4 

8 

16 


4 

8 

16 


4 
8 


4 

8 

16 


Length  or 

value 
of  a*    of  h. 


3-45 

6-99 

11  07 


3-45 

5*99 

1107 


^^i&lvelocity. 
raliaea 


chao^e^or 
valoes  of 


2-64 

6-08 

10-16 


■■ 


2*64 
608 
10-16 


16     111-07 


3-45 
6-99 


3-46 

6-99 

1107 


2-64 

5-08 

10- 16 


2-64 

608 

10-16 


p+w 


19  06 
21-19 
26-47 


1906 
2M9 
26-47 


19  06 
2119 
26-47 


1906 
21-19 
26-47 


of  ?- 


1100 
1430 
1430 


1180 
1680 
1660 


1300 
1790 
2000 


^370 
1940 
2200 


First  { 

force 

or  the 

yaloe 

of  n. 


1155 
1470 
1456 


1167 
1606 
14f^2 


1210 
1586 
1646 


1203 
1627 
1648 


And  hftre-it  appears  tbat  the  ralues  of  n,  the  first  force  of 
the  chavf^ ,  are  much  qiore  uniforqa  aiid  r;egu|ar  th^n  bj  the 
former  cslculations  ip  tb^  preceding  problem  at  least  in  aj) 
excepting  U^  vnaUeat  charge,  4  o&  in  each  gun  ;  wbMh.it 
would  seem  oiust  be  owing  to  some  general  cause  or  c^use^. 
Nor  have  we  long  to  search,  to  find  out  what  those  causet 
may  be.  For  when  it  is  considered  that  these  numbers  for 
the  value  of  n,  in  the  last  column  of  the  table,  ought  to  ex- 
hibit the  first  force  of  the  fired  powder,  when  it  is  supposed* 
to  occupy  the  spaqe  only  in  which  the  bare  powder  itself 
lies,  and  that  whereas  iMs  manifest  that  the  condensed  fluid 
of  the  chafge  in  these  experin^ents,  occupies  the  wb(4® 
space  betw^een  tfce  ball  and  the  bottom  of  the  gun  bore,  or 
the  whole  spm:e  taken  up  by  the  powder  and  the  bag  or  car- 
t^dge  together,  which  exceeds  the  former  space,  or  that  of 
the  powder  alone,  at  least  in  thfs  proportion  of  the  circle  of 
the  gun  bore,  to  the  same  as  diminished  by  the  thickness  of 
the  sjurroundinff  flannel,  of  the  ^bag  that  contained  the  pow- 
der ;  it  is  manifest  that  the  force  was  diminished  on  that  ac- 
co^nt.  Now  by  gently  compressing  a  number  of  folds  of 
the  flia^nnel  t(>gei(lier,  it  has  been  found  that  the  thickness  of 
the  siiUgle  flannel  was  equal  tp  the  40th  part  of  an  inch  ;  Ihe 
<)ouiUe  of  which,  yV  ^^  '^  ^^   ^^  'Dch,  Is  therefore  the 

'  quantity 
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quantity  by  which  the  diameter  of  the  circle  of  the  powder 
a^thia  the  bag,  was  less  thao  that  of  the  gun  bore.  Sut  tb^ 
diameter  of  the  gim  bores  was  2*02  iachea ;  therefore,  dedact- 
ing  the  *06,  the  remainder  ]'97  is  the  diameter  of  the  powder 
cylinder  within  the  bag  :  and  becaase  the  areas  of  circles  are 
to  each  other  as  the  spaces  of  their  diameters,  and  the  squares 
of  these  numbers, '  1*97  and  2*02,  being  to  each  other  as  388  to 
408,  or  as  ^97  to  ld2  ;  therefore,  on  this  account  alone,  the 
nnmbers  before  found,  for  the  value  of  »,  must  be  increased 
in  the  ratio  of  97  to  10^. 

But  there  is  yet  another  circumstance,  which  occasions 
the  space  at  6rst  occupied  by  the  inflamed  powder  to  be 
larger  than  that  at  which  it  has  been  taken  in  the  foregoing  cal- 
culations, and  that  is  the  difference  between  the  content  of  a 
sphere  and  cylinder*  For  the  space  supposed  to  be  occupied 
at  first  by  the  elastic  fluid,  was  considerfd  as  the  length  of  a 
cylinder  measured  to  the  hinder  part  of  the  curve  surfiice 
of  the  ball,  which  is. manifestly  too  little  by  the  di£ference 
between  thcbcontent  of  half  the  ball  and  a  cylinder  of  the  same 
length  and  diameter,  that  is,  by  a  cylinder  whose  length  in  ^ 
the  semidiameter  of  the  ball.  Now  that  diameter  wai  1*96 
inches  ;  the  half  of  which  is  0*98,  apd  |  of  this  is  0*33  near- 
ly. Hence  then  it  appears  that  the  lengths,  Jf  the  cylinders 
at  first  filled  by'  the  dense  fluid,  vi^.  3*4^,  and  5*99,  and 
11*07, have  been  all  taken  too  little  by  0*33  ;  and  hence  it  fol- 
lows that,  on  this  account  abo,  all  the  numbers  before  found 
for  the  value  of  the  first  force  n,  must  be  further  iticreased  in 
*  (he  ratiol  of  3*46  and  6*99  and  1 1  *07,  to  the  same  numbers 
increased  by  0*33,  that  is,  to  the  numbers  3*78  and  6*32  and 
1140.  % 

Compounding  now  these  last  ratios  with  the  foregoing 
one,  viz.  97  to  102,  it  produces  these  three,  viz.  the  ratios 
of  334  and  681  and  1074,  respectively  to  386  and  647  .and 
1163.  Therefore,  increasing  the  last  column  of  numbers, 
for  the  value  of  n,  viz.  those  of  the  4  ^oz.  chai^  in  the  ratio 
of  334  to  386,  and  those  of  the  8  oz  charge  in  the  ratio  of 
681  to  647,  and  those  of  the  (Powder. 
16  oz.  chaige  in  th^  ratio  of 
1074  to  1163,  with  every  gun, 
they  will  be  reduced  to  the 
numbers  in  the  annexed  lia- 
ble ;  where  the  numbers  \re 
still  larger  and  more  regnar 
than  before.  ; 

Thus 


Powder. 

The  Guns.     i 

1 

2 

3 

4 

oz. 

4 

1372 

1387 

1438 

1430 

8 

1637 

1677 

I76C 

1812 

16 

1677 

1616 

1782 

1784 
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Thas  then  at  length  it  appears  that  the  first  force  of  the 
inflamed  gunpowder,  when  occupying  only  ^  the  space  at  first 
filled  with  the  powder,  is  about  ICOO,  that  is  1800  times 
the  elasticity  of  the  natural  air,  or  pressure  of  the  atmosphere 
in  the  charges  with  8  oz.  and  16  dz.  of  powder,  in  the  two 
longer  guns  ;  but  somewhat  less  in  the  two  shorter,  probably 
owing  to  the  gradual  firing  of  gunpowder  in  some  degree  ; 
and  also  less  in  the  lowest  charge  4  oz.  in  all  the  guns,  which 
may  probably  be  owing  to  the  leas  degree  of  heat  in  the  small 
chai^.  But  besides  the  foregoing  circumstances  that  have 
been  noticed,  or  used  in  the  calculations,  there  are  jet  several 
others  that  might  and  ought  to  be  taken  into  the  account,  in  or- 
der to  a  strict  and  perfect  solution  of  the  problem ;  such  as^ 
Ihe  counter  pressure  of  the  atmosphere,  and  the  resistance  of 
the  air  on  the  fore  part  of  the  ball  while  moving  along  the 
bore  of  the  gun  ;  the  loss  of  the  elastic  fluid.by  the  vent  and 
windage  of  £e  gan  ;  the  gradual  firing  of  the  powder  ;  the 
unequal  density  of  the  elastic  fluid  in  the  different  parts  of  the 
space  it  occupies  between  the  ball  and  the  bottom  of  the  bore  ; 
Ihe  difference  between  pressure  and  percutiion  whA  the  ball 
is  not  laid  close  to  the  powder  ;  and  perhaps  some  others  :  oo 
all  which  accounts  it  is  probable  that  instead  *of  1800,  the 
first  force  of  the  elastic  fluid  is  not  less  than  2000  times  tfa^ 
strength  of  natural  air. 

Cord,  From  the  theorem  last  used  for  the  velocity  of  the 
ball  and  elastic  fluid  viz.   v   ^   ^/ (^^ « -r  log —    «* 

yjl^'L  -t.  log  i),  we  may  find  the  velocity  of  the  elat- 

tic  fluid  alone,  viz.  by  taking  w,  or  the  weight  of  the  bal]» 
=    0  in  the  theorem,  by  which  it  becomes  barely  v  a^ 

^( -T-  log.-),  for  that  velocity.      And  by  computing 

Ihe  several  preceding  examples  by  this  theorem,  supposing 
the  value  of  n  to  be  2000,  the  conclusions  come  out  a  little 
various,  being  between  4000  and  6000,  but  most  of  them  nearef 
to  the  latter  number.  So  that  it  may  be  concluded  that  the 
velocity  of  the  flame,  or  of  the  fired  gunpowder  expands  it- 
self at  the  muzzle  of  the  gun,  at  the  rate  of  abeet  6M0  ieel 
per  second  nearly, 


V»T.  U.  Si  05 


4i2  MOTION  OF  BOBIES  IN  FLUIDS. 


ON  THE  MOTION  OF  BOl)IES  IN  FLUIDS.- 


PROBLEM  XIX. 


To  determine  ike  Force  of  Fluids  in  Motum  ;  and  the  Ctrcum- 
$tanc€$  attending  Bodies  Moving  in  Fluids, 

1.  It  is  eyident  that  the  resistance  to  a  plane,  moving 
perpeodicidarly  through  an  infinite  fluid,  at  rest,  is  equal  to 
the  pressure  or  force  of  the  fluid  on  the  plane  at  rest,  and 
the  fluid  moTing  with  the  same  Telocity,  and  in  the  contrary 
direction,  to  that  of  the  plane  in  the  former  case.  But  the 
force  of  tRe  fluid  in  motion,  must  be  equsrl  to  the  weight  or 
pressure  which  generates  Aat  motion  ;  and  which,  it  is 
known,  is  equal  to  the  weight  or  pressure  of  a  column  of 
the  fluid,  whose  base  is  equal  to  the  plane,  and  its  altitude 
equal  to  the  height  through  which  a  body  must  fall  by  the 
force  of  gravity,  to  acquire  the  velocity  of  the  fluid :  and 
that  altitude  is,  for  the  sake  of  brevity,  catied  the  altitude 
due  to  the  velocity.  So  that,  if  a  denote  t)ie  area  of  the 
plane,  v  the  velocity,  and  n  the  specific  gravity  of  the  fluid  ; 

then  the  altitude  due  to  the  velocity  v  being  r->the  whole 

resistance,  or  motive  force  m,  will  be  a  X  n  X  t-  ^-t-~  •  S 

being  J6  ^  feet.    And  hence,  caieris  paribus^  the  resistanc|» 
is  as  the  square  of  the  velocity. 

2.  This  ratio  of  the  square  of  the  velocitjr,  may  be  other- 
wise derived  Uius.  The  force  of  the  fluid  in  motion,  must 
be  as  the  force  of  one  particle  multiplied  by  the  number  of 
them  ;  but  the  force  of  a  particle  is  as  its  velocity  ;  and  the 
number  of  them  striking  the  plane  in  a  given  time,  is  also  ag 
the  yeloci^ ;  therefore  the  whole  force  is  as  v  X  v  of  v',. 
t|iat  is  the  square  of  the  velocity. 

5.  If  the  direction  of  motion,  instead  of  being  perpendi- 

mlar  to  the  plane,  as  above  supposed,  b^  inclined  to  it  in 

foxy  angle,  the  sine  of  that  angle  being  s  to  the  radius  1  : 

'tj^en  the  resistance  to  the  plane,  or. the  foree  of  the  fluid 

agaiast* 
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the  plane,  in  the  direction  of  the  motion,  as  assigned 
ahoTe,  will  be  diminished  in  the  triplicate  ratio  of  radius  to 
the  sine  of  the  angle  of  inclination,  or  in  the  ratio  of  1  to  s'. 
For  AB  being  the  direction  of  the  plane, 
and  BD  that  of  the  motion  making  the  ^ 
angle  abd,  whose  sine  is  t ;  the  number 
of  particles,  or  quantity  of  the  fluid 
striking  the  plane,  will  be  diminished  in 
the  ratio  of  I  to  s,  or  of  radius  to  the 
sine  of  the  angle  b  of  inclination  ;  and 
the  force  of  each  particle  will  also  be  diminished  in  the  same 
ratio  of  1  to  s^:  so  that  on  both  these  accounts,  the  whole  re- 
sistance will  be  diminished  in  the  ratio  of  1  to  s^^  or  in  the 
duplicate  ratio  of  radius  to  the  sine  of  the  said  angle.  But 
again,  it  is  to  be  considered  that  this  whole  resistance  is  ex- 
erted in  {he  direction  be  perpendicular  to  the  plane  ;  and  any 
force  in  the  direction  bb,  is  to  its  effect  in  the  direction  ae, 
parallel  to  bd,  as  ae  to  be,  that  is  as  1  to  t.  So  that  finally, 
OB  aU  these  accounts,  the  resistance  in  the  direction  of  motion, 
is  diminished  in  the  ratio  of  1  tot>,  or  in  the  triplicate  ratio  of 
radius  to  the  sine  of  inclination.  Hence, •comparing  this 
with  article  1,  the  whole  resistance^  or  the  motive  force  oo  the 

plane,  will  be  m  =  -■     ■  > 

4.  Also,  if  w  denote  the  weight  of  the  body,  whose 
plane  &ce  a  is  resisted  by  the  absolute  force  m  ;  then  the 

retarding  force/,  or  -  wiU  be  -  ■  *  . 

5.  And  if  the  body  be  a  cylinder,  whose  face  or  end  is  a, 
and  diameter  d.  or  radius  r,  moving  in  the  direction  of  its 
axis  ;  because  then  «  =  1»  and  a  =  /?r*  =  ipd',  where  p  = 
3*1416  :  the  resisting  force  m  will  be  .        .        .        , 

JS__=JT_-,,„dth«,r^rd.ngforce/=  A_=^. 

6.  This  is  the  value  of  the  resistance  when  the  end  of  the 
cylinder  is  a  plane  perpendicular  to  its  axis,  or  to  the  direc- 
tion of  motion.  But  were  its  face  a  conical  surface,  or  an 
elliptic  section,  or  any  other  figu^re  every  where  equally  in- 
clined to  the  axis,  the  sine  of  inclination  being  s  :  then  the 
number  of  particles  of  the  fluid  striking  the  face  being  srill 
tlie  same  but  the  force  of  each,  •  opposed  to  the  direction 


of 
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of  motion,  diminished  in  tbe  daplicate  ratio  of  radius  to  the 
sine  of  inclination,  tbe  resisting  force  m  would  be 


16^ 


^ir 


But  if  tbe  l)odj  were  terminated  by  an  end  or  face  of  any 
otber  form,  as  a  spherical  one,  or  sucb  like,  where  every  part 
of  it  has  a  different  inclination  to  the  axis^  then  a  farther 
investigation  becomes  necisstary,  such  as  in  the  following  pro^ 
position. 


PBOBLBM  XX. 

^0  determine  the  Resistance  of  a  Fluid  to  any  Body^  movisig  %» 
it^  of  a  Curved  End  ;  at  a  Sph^re^  or  a  Cylinder  wtih  a  Haw.' 
ispherical  End^  ire* 

1.  Let  bead  be  a  section  through  tbe 
axis  CA  of  tbe  solid^  moving  in  the  direc- 
tion of  that  axis.  To  any  point  of  tbe 
curve  draw  tbe  tangent  kg,  meeting  tbe 
axis  produced  in  o  :  also,  draw  tbe  per- 
pendicular ordinates  ef,  ef,  indefinitely 
near  each  other  ;  and  draw  ae  parallel  to 

CG. 


Putting  CF  ««  ar,  EF  =  y,  be  ^=  ?,  s  ==  sine  ^  g  to  ra- 
dius 1 ,  and  p,  =  3*1416  :  then  ipy  is  tbe  circumference  whose 
radius  is  ef,  or  tbe  circumference  described  by  tbe  point  e, 
in  revolving  about  tbe  axis  ca  ;  and  2py  X  Ee  or  9pyz  is  the 
fluxion  of  the  surface,  or  it  is  tbe  surfece  described  by  Ee, 
in  the  said  revolution  about  ca  ,  and  which  is  the  quantity 
^presented   by  a  in   art.   3  of  tbe  last  problem  :    hence 

^51-i-  X  Qpyz  or  ^ —  X  yi  is  tbe  resistance  on  that  ring, 

or  the  duxion  of  the  resistance  to  tbe  body,  whatever  the 
figure  of  it  may  be.  And  the  fluent  of  which  will  be  the  re* 
distance  required. 

2.  In  the  case  of  a  spberical  form :  putting  tbe  radius  ca 

2f      CF        *  1 

^r  CB  =  r,  we  have  y  =  y^  r^  —  x^,  t  =  — =s — =  -,  and 

Kg      CX       * 

^r ,  or  EF  X  EC  «=  ce  X  ae  :u=  rx  ;  therefore  tbe  general 
fluxion^'"  X  *»yi  becomes  ^-^  X  ^  X  ri  =^^'  X  *»i  j 


?r 


Sly 


rs 
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the  fiu^jat  of  which,  or  ^^  x«,  is  the  resistaDce  to  the 
spherical  surface  generated  by  be.  And  when  x  or  cf  is  =  r 
or  CA,  it  becomes  —^ —  for  the   resistance    on    the   whole 

hemisphere  ;  which  is  also  equal  to'^,^- — ,  where  d  =  2r 
the  diameter. 

•  3.  Bat  the  perpendicular  resistance  to  the  circle  of  the 
same  diameter  d  or  bd,  by  art  5  of  the  preceding  problem, 

is  ~r—  ;  which,  being  double  the  former,  shows  that  -the 

resistance  to  the  sphere,  is  just  equal  to  half  the  direct  resist- 
ance to  a  great  circle  of  it,  or  to  a  cylinder  of  the  same  di- 
ameter. 

# 

4.  Since  Ipd^  li  the  magnitude  of  the  globe  ;  if  ir  denote 
its  density  or  specific  gravity,  its  weight  tv  will  be  ==  ^pd^tf^ 

and  therefore  the  retardiye  force/  or  -  =    IT*—  X  

«=s    - — ,  ;  which  is  also   =  -7—  by  art.  8  of  the  general 

theorems  in  page  380  ;  hence  then  — -  =  -,    and   s  =   *— 

X  %d ;  which  is  the  space  that  would  be  described  by  the 
globe,  while  its  whole  motion  is  gcaerated  or  destroyed  by  a 
constant  force  which  is  equal  to  the  force  of  resistance,  if  no 
other  force  acted  on  the  globe  to  continue  its  motion.  And  if 
the  density  of  the  fluid  were  equal  to  that  of  the  globe,  the 
resisting  force  is  such,  as,  acting  constantly  on  the  globe  with- 
out any  other  force,  would  generate  or  destroy  its  motion  in 
describing  the  space  }(/,  or  |  of  its  diameter,  by  that  accelerat- 
ing or  retarding  force. 

5.  Hence  the  greater  velocity  that  a  globe  will  acquir^ 
by  descending  in  a  fluid,  by  means  of  its  relative  weight  in 
the  fluid,  will  be  found  by  making  the  resisting  force  equal 
to  that  weight.  .For,  aAer'  the  velocity  is  arrived  at  such  a 
decree,  that  the  resisting  force  is  equal  to  the  weight  that 
urges  it,  it  will  increase  no  longer,  and  the  globe  will  after- 
wards continue  to  descend  with  that  velocity  uniformly. 
Now,  N  and  n  being  the  separate  specific  gravities  of  the 
globe  and  fluid,   n    »  will,   be  the  relative  gravity  of  the 

globe  in  the  fluid,  and  therefore  w  =  ^pd^  H^'^^)  ^'  ^^^ 

weight 
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weight  by  which  it  is  urged  ;  also  wis=------- 

-J^^  -  is  the  resistance  ;  consequently^-;^ — ^^Ipd^^n-^n) 
when  the  velocity  becomes  uniform  :  from  which  equation 

is  found  V  =  ^  {4g  .  ^  .  -^^),    for   the  said  uniform  or 
greatest  velocity. 


And,  by  comparing  this  form  with  that  in  art.  6  of  the  gene- 
ral theorems  in  page  379,  it  will  appear  that  its  greatest  velo- 
locity,  is  equal  to  the  velocity  generated  by  the  accelerat- 
ing force  — ^^,  in  describing  the  space  ^-d,  or  equal  to  the 
velocity  generated  by  gravity  in  freely  describing  the  space 
X  -^d.     If  N  =  2n,  or  the  specific  gravity  of   the 

globe  be  double  that  of  the  fluid,    then =   l   =  the 

natural  force  of  gravity  ;  and  then  the  globe  will  attain  its 
greatest  velocity  in  describing  |(2  or  |  of  its  diameter.— It 
is  further  evident,  that  if  the  body  be  very  small,  it  will 
very  soon  acquire  its  greatest  velocity,  whatever  its  density 
may  be. 

Exam.  If  a  leaden  ball,  of  1  inch  diameter,  descend  in 
water,  and  in  air  of  the  same  density  as  at  the  earth^s  surface/ 
the  three  specific  gravities  being  as  11^,  and  1,  and  -^fy^ 

Than  v  =  ^  4 .  16^,  .  ^^  •  I<H  =  i\/31  .  193  =  8'6944'feet, 
is  the  greatest  velocity  per  second  the  ball  can  acquire  by 

descending  in  water.  And  v  ==  v^  4  .  yJ  .  ^^  .  V  •  *  V  * 
nearly  =  V  ^34.^03  =  259-82  is  the  greatest  velocity  it  can 
acquire  in  air. 

But  if  the  globe  were  only  y^^  of  an  inch  diameter,  the 
greatest  velocities  it  could  acquire,  would  be  only  ^^  of  these, 
jnamely  yVV  0^  ^  ^oot  in  water,  and  26  feet  nearly  in  air.  And 
if  the  bsdi  were  still  further  diminished,  the  greatest  velocity 
would  also  be  diminished,  and  that  in  the  subduplicate  ratip> 
of  the  diameter  of  the  ball. 

PROBLEM  XXI. 

To  determine  the  Relations  of  Velocity,  Space^  and  TimCi  of  a 
Ball  moving  in  a  Fluid,  in  which  it  is  projected  with  a  Given 
.  Velocity. 

1.  I^lH 
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1.  Let  a  ==  the  first  yelocity  of  projectioD,  x  the  space 
described  in  any  time  (,  and  v  the  velocity  then.     Now,  by 

art.  4  of  the  last  problem,  the  accelerative  force/  =  ir~~r,^ 

where  n  is  the  density  of  the  fluid,  n  that  of  the  ball,  and   / 
d  its  diameter.     Therefore  the  general  equation  vi  =  ^gfi  ' 
becomes  ri=--- 

=|=^i ;  and  hence  1  =  r^  =  -  bi,  putUng  b  for  ^. 

The  correct  fluent  of  this,  is  log.  a  -—  log.  v  or  log.  -  =  bx. 
Or,  putting  c  =  2-7 18^8 1828,  the  number  whose  hyp.  log. 
i9>  1,  then  is  -  =  c  «,  and  the  velocity  ^  =  -^  =  wr^- 

,  t.     The  velocity  v  at  any  time  being  the  c"**  part  of  the 
first  velocity,  therefore  the  velocity  lost  in  any  time,  will  be 

the  1  —  cr*x  part,  or  the part  of  the  first  velocitv. 


EXAMPLES. 


Exam.  1.  If  a  globe  be  projected,  with  any  velocity,  in  a 
medium  of  the  same  density  with  itself,  and  it  describe  a 
space  equal  to  5(2  or  3  of  its  diameters.     Then  x  =  3d,  and 

0  =  -r— ,=T-  therefore  bx  =  4,  and  — r—-  =  --—  is  the 

'  8n^     Sd  .      .     *         .      ^'^^ 

velocity  lost,  or  nearly  f  of  the  projectile  velocity. 

Exam.  2.  If  an  iron  ball  of  2  inches  diameter  were  pro- 
jected with  a  velocity  of  1200  feet  per  second  ;  ta  find  the 
velocity  lost  after  moving  through  any  space,  as  suppose 
500  feet  of  air  :  we  should  have  ^  =  ^  =  ^,  a  =5  1200,  a: 
■■  600,  N  =  7|,  n  =  -0012  ;  and  therefore  6x  = 
3«jp       3.13.500.3.6        81  .  1200  ^^^  ^    ^ 

8S^-T327ioooo-  =  So'*°^*  =  ;^  =  ^^^  ^^^^  P^"" 

second  :  having  lost  202  feet,  or  nearly  }  of  its  first  velo- 
ci^. 

Exam.  3.  If  the  earth  revolved  about  the  sun,  in  a  me- 
dium as  dense  as  the  atmosphere  near  the  earth's  surface  ; 
tod  were  required  to  find  the  quantity  of  raetion  lost  in  a 

vejlr. 
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year.  Then  tiDce  the  earth's  mean  density  is  about  4|,  and 
its  distance  from  the  son  12000  of  its  diameters,  we  hare 
S4000  X  3  1416  =x  75398  diameters  =:  X,  and  6x  =  -  -  - 
373398.12.2  - -«oo        u  «*^^  i.a. 

___-_.  =  ^-^3^^  ;  »*«°*^^  IbT  =  +Ht  Paru  are 
lost  of  the  first  motion  in  the  space  of  a  year,  and  only  the 
ttVt  P^^  remains. 

Exam.  4.  If  it  be  required  to  determine  the  distance 
mored,  ar,  when  the  globe  has  lost  any  part  of  its  motion,  as 
suppose   ^   and  the  density  of  the  globe  and  fluid  equal  ; 

The  general  equation  gives  x  =  r  X  log.  -  =  —  X    log   of 

S  =  ia483g26</  So  that  the  globe  loses  half  its  motion  be- 
fore it  has  described  twice  its  diameter. 

3.    To  find  the  time  i  ;  we  hare  ;  =   1-  =  i  =^. 

V  V  a 

Now  to  find  the  fluent  of  this,  ppt  z  =i  c^  ;  then  is  hx  =& 
log.  r,  and  ^j:  =  - ,   or  i  =  -—   ;    conseq.  i   or  — ^  = 

^^  =  -T  and  hence  ^  =  --  =  — .     But  as  i  and  x    vanisii 
a  ad  ao         ao 

together,    and   when   a;    cr    o,    the   quantity  ^<—  is  =  -  ^ 

"    aa  ab 

^bx— X  111 

therefore,  by  correction,  i  =  t— r-  =  —  — --  =  .-(^—  ^f) 

ab  bv        oa         b 

the  time  sought :  where  h  =■  ^--:,  and  v  =  —  the  velocity. 

Exam.  If  an  iron  ball  of  2  inches  diameter  were  projected 
in  the  air  with  a  velocity  of  1200  feet  per  second  ;  and  it 
were  required  to  determine  ih  what  time  it  would  pass  over 
600  yards  or  1600  feet,  and  what  would  be  its  velocity  at  the 
end  of  that  time  :  We  should  have,  as  iniexam*  2  above, 

»__3.12.3.6  1  ..  1500        ST6       s^ 

V  = =s and   ox  =   —  =   •     ;    bencei 

8 .  12  .  10000         2716*  2716        679  ' 

1         2716        r  1        ,1  ^1         M        1-7372  1 

^  =  _..and;^=_.,and-=-  =  .^  =  _  near. 
ly.  Consequently  v  =  690  is  the  velocity  ;  and  t  « 
7(7-7)  =271«X(±_j±;)  =  IH  seconds,  is  the  tone 
required,  or  1"  and  f  nearlj. 


VSPMJtM 
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PROBLEM  XXn. 


To  determine  the  Relations  of  Space  ^  Time^  and  Velocity  ^  lathtn 
a  Globe  descends,  by  its  oimi  Weighty  in  a  Fluid, 

The  foregoiDi;  notation  remaining,  viz.  d  ==  diameter, 
V  and  n  the  density  of  the  ball  and  fluid,  and  v,  »,  ^,  the 
Telocity,  space,  and  time,  in  motion  ;  we  have  ipd^  ==  the 
magnitude  of  the  ball,  and  ^pd^  (n—- n)  =  its  weight  in  the 

fluid,  also  III  =^>--|^ —  =    its    resistance    from    the    fluid  ; 

consequently  Jpd*  (n— n)  -^  ^^  is  the  motive  force  by 
which  the  ball  is  urged;  which J)eing  divided  by  ^  Nd',  the 
quantity  of  matter  moved,  gives/  =1  —  —  -j^—j  f^'  the 
acceierative  force.  .    . 


2.  Hence  v'v  =  ^t,  and  i  ==  — r  = 


=  4-  ><  ;^'  P"^**"^  *  =  ^^»  and  r  = 


or  tib  =^ig  nearly  ;   the  fluent  of  which  is  «  =     -     -     -     - 

—  X  log.  of an  expression  for  the  space  «,  in  tenns 

of  the  velocity  v.     That  is,  when  s  and  v  begin,  or  are  equal 
to  nothing,  both  together. 

But  if  the  body  commence  motion  in  the  fluid  with  a  cer- 
tain given  velocity  e,  or  en^r  the  fluid  with  that  velocity, 
like  as  when  the  body,  aAer  falling  in  empty  space  from  a 
certain  height,  falls  into  a  fluid  like  water  ;  then  the  correct 

fluent  will  be  #  =  ^^  X  hyp.  log.  of  ^^.  • 

3.  But  now,  to  determine  v  in  terms ,  of  9,  put  c  = 
2-718281828  ;  then  since  the  log.  of  -^  =  26*,  therefore, 

=  c*^,  or =  c""**  ;  hence  r  = 


fl— t>a 


^  a-^ac"^^  13  the  velocity  sought. 

Vol.  II.  53  4.  The 
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4.  The  greatest  velocity  is  to  be  foand,  as  io"  art  6  of 
prob.  20,  by  making/  or  1'  —  — — --  =s  0,  which  gives 

11=^  (2^ .  8d  .  -^ —  s=s  ^  a.     The  same  value  of  w  is 

obtained  by  making  the  flaiion  of  v* ,  or  of  a  •—  atr^'^t  =  0. 
And  the  same  value  of  v  is  also  otitained  by  making  $  in- 
finite, for  then  er*^  =  0.  But  this  velocity  ^  a  cannot  be 
attained  in  any  finite  time,  and  it  only  denotes  the  velocity 

to  which  the  general  value  of  v  or  y^  a  —  ac  ^"***  continually, 
approaches.  It  is  evident  however,  that  it  will  approximate 
towards  it  the  faster,  the  greater  h  is,  or  the  less  d  is  ;  and 
Uiat  the  diameters  being  very  small,  the  bodies  descend  bj 
nearly  uniform  velocities,  which  are  direct  in  the  subdophcate 
ratio  of  the  diameters,  bee  also  art.  6,  prob.  SO,  ibr  other  oh*, 
servations  on  this  head. 


5.  To  find  the  time  t.  Now  i  =  -    =s   ^  —  x  — i= 


Then,  to  find  the  fluent  of  this  fluxion,  put  2r  =  y^  1  — . 


—-  ,t)rz»  =  I  — cr*«;  hefice  zz  ::=  6«  c""**,  and  a  =• 


ss  _  .  --i-  ,  consequently  t  ==-t —  .  r-^—  .         -        -        - 

and  thei^fore  the  fluent  is  I  =  —i-  X  loir.  —  ^a=  —^ 

^  2b^a  ®  l-iz*      26yo 

,X  log.   —2 :•  ,.    ,  =  rr—    X  log.    ~— ^  »    '^^^   " 

1  —  V'  1  -  c-*»         ^^^  V  «  —  '«' 

the  general  expression  fi>r  the  time. 

Exam.  If  it  were  required  to  determine  the  time  and 
velocity,  by  descending  in  air  lOOO  feet,  the  ball  being  of 
lead,  and  1  inch  diameter. 

Here  w  =  11^,  n  =  j-Av*  ^  =  tV»  ^^^  •  ^  ^^^^• 

„  2  .  16,1,  .  A  .  HJL       2  .  193  .  8  .  34  .  2500 

Hence  a  =  <^     "       ■  •'  =s  -?    ■      ss 

nence  a  ^    ^^^^  3  .  3     12  .  12  .  3 

193,34.60*        ,.        3.5/y,           3.3.3.12       9,9 
.  J ,  ^  ■ ,  and  0  = **•'• —  =  -        ■  =; i—  ! 

9.27        •  B-lHri        B  .  M  .  2600     68  60*' 

consequenUy  p  =  ^a  X  ^,13r^  =  y^ i?iL^LJ2!  x 

y^  (1  —  cW)  =  203J  the  velocity.    And  I  =  —^  X  log. 
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+^»=^   =  •  ^^   X    10..  SS2  =  8.5236". 


1-v/l— <?"*  ^   27. 193  ^    0^1617 

the  time. 

Note,  If  the  globe  be  so  light  as  to  ascend  in  the  fluid  ;  it 
is  only  necessary  to  change  the  signs  of  the  first  two  terms 
in' the  valae  of/,  or  the  accelerating  force,  by  which  it  be- 

comes/  =  -1  -  1  -^l^  :  and  tbeD  pK>ce«<iiog  i.  aD  r«. 

pects  as  before. 

BCHOLlUltf.^ 

To  compare  this  theory,  contained  in  the  last  four  prob- 
lems, with  experiment,  the  few  following  numbers  are  here 
extracted  from  extensive  tables  of  velocities  and  resistances, 
resulting  from  a  course  of  many  hundred  very  accurate  ex* 
periments,  made  in  the  course  of  the  year  1 786. 

In  the  first  column  are  contained  the  mean  uniform  or 
greatest  velocities  acquired  in  air,  by  globes,  hemispheres, 
cylinders,  and  cones,  all  of  the  same  diameter,  and  the  alti- 
tude of  the  cone  nearly  eaual  to  the  diameter  also  v^hen 
urged    by    the    several   weights    expressed  in    avoirdupois 
ounces,  and   standing  on  the  same  line  with  the  velocities, 
each  in  their  proper    column      So,   in  the  first  line,  the 
numbers  show,  that  when  the  greatest  or  uniform  velocity 
was  accurately  3  feet  per  second,  the  bodies  were  nr^od  by 
these  weights,  according^^s  their  different  ends   went  fore- 
most ;  namely,   by  -Oi8   oz.   when  the   vertex  of  the  cone 
went  foremost  ;  by  *064  oz  when  the  base  of  the  cone  went 
foremost  ;  by  -927  oz.  for  a  whole  sphere  ;  by  *0^0  oz    for 
a  cylinder  ;  by  '051  oz.  for  the  flat  side  of  the  hemisphere  ; 
and  by  *020  o^.  for  the  round  or  convex  side  of  the  hemis^ 
phere.     Also    at  -  the    bottom  of  all,  are  placed  the   mean 
proportions  of  the  resistances  of  these  figures  in  the  nearest 
whole  numbers.    Note,   the  common  diameter  of  all  the 
figures,  was  6*375,  or  6f  inches  ;  so  that  the  area  of  the 
circle  of  that  diameter  is  just  32  square  inches  or  f  of  a 
square  foot ;  and   the  altitude  of  the  cone  was   6f  inches. 
Also,  the  diameter  of  the  small  hemispheie  was  4|  inches, 
and  consequently  the  area  of  its  base    17}  square  inches, 
or  •)-  of  a  square  foot  nearly. 

From  the  g^ven  dimensions  of  the  cone,  it  appears,  that 
the  angle  made  by  its  side  and  axis,  or  direction  of  the  path, 
is  26  degrees,  very  nearly. 

The 
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The  mean  height  of  the  barometer  at  the  times  of  makiDg 
the  experiments,  wat  nearly  30  1  inches,  and  of  the  ther- 
ipometer  62** ;  consequently  the  weight  of  a  cnbic  foot  of  ai^ 
was  equal  to  1|  oz.  nearly  in  those  circumstances. 


(Veloc. 
persec. 

Cone 

>• 

Whole 
globe. 

Cylin- 
der. 

Hemisphere,  i 

Small 

Tertex. 

base. 

flat. 

round. 

flat 

feet 

oz. 

oz» 

oz. 

oz. 

oz. 

oz. 

oz. 

• 

3 

•028 

•064 

•027 

•060 

•061 

•020 

•028 

4 

•048 

•109 

•047 

•090 

•096 

•039 

•048 

5 

•071 

•162 

•068 

•143 

•148 

•063 

•072 

6 

•098 

•226 

•094 

•205 

•211 

•092 

•103 

7 

•129 

•298 

•126 

•278 

•284 

•123 

•141 

8 

•16J3 

•382 

•162 

•360 

•368 

•160 

•184 

9 

•211 

•478 

-206 

•466 

•464 

•199 

•233 

10 

•260 

•687 

•266 

•666 

•673 

•242 

•287 

U 

•sia 

•712 

•310 

•688 

•698 

•297 

•349 

12 

•376 

•860 

•370 

•826 

•836 

•347 

•418 

13 

•440 

1-000 

•435 

•979 

•988 

•409 

•492 

14 

•612 

M66 

•605 

1146 

M54 

•478 

•573 

15 

•589 

1-346 

•681  . 

1327 

I  336 

•662 

•661 

16 

•673 

1^646 

•663 

1  626 

1-538 

•634 

•754 

17 

•762 

1^763 

•762 

1745 

1^767 

•722 

•853 

18 

•868 

2002 

•848 

1  986 

1-998 

•818 

•969 

19 

•969 

2*260 

•949 

2246 

2-258 

•922 

1073 

20 

1069 

2-640 
291 

1067 

2-628 

2-542 

1-033 

M96 

Propor 
Numb. 

126 

124 

285 

288 

119 

140 

From  this  table  of  resistances,  several  practical  inferences 
may  be  drawn     As, 

1.  •  That  the  resistance  is  nearly  as  the  surface  ;  the  resist- 
ance increasing  but  a  yery  little  above  that  proportion  in 
the  greater  surfaces.  Thus,  by  compariiig  together  the  num- 
bers in  the  6th  and  last  columns,  for  the  bases,  of  the  two 
liemispheres,  the  areas  of  which  are  in  the  proportion  of 
17}  to  32,  or  as  5  to  9  very  nearly  ;  it  9ppear8  that  the 
numbers  in  those  two  columns,  expressing  the  resistances, 
are  nearly  as  1  to  2,  or  as  6  (o  10,  as  far  as  to  the  velocity 
of  12  feet ;  after  which  the  resistances  on  the  greater  sur- 
face increase  gradually  more  and  more  above  that  propor- 
tion.   And  the  mean  resistances  ar^  as  140  to  288,  or  as  6 

to. 
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lo  lOf.    This  circQmstance  therefore  agrees  nearly  with  the 
theory. 

5.  The  resistance  to  the  same  sur&ce,  is  nearly  as  the 
sqnare  of  the  velocity  ;  but  gradually  increasing  more  and 
more  above  that  proportion,  as  the  velocity  increases.  This 
is  manifest  from  all  the  columns.  And  therefore  this  circum- 
stance also  differs  but  little  from  the  theory,  in  small  veloci- 
ties. 

3.  When  the  hinder  parts  of  bodies  are  of  different  forms, 
the  resistances  are  different,  thongh  the  fore  parts  be  alike  ; 
owing  to  the  different  pressures  of  the^air  on  the  hinder  parts. 
Thus,  the  resistance  to  the  fore  part  of  the  cylinder,  is  less 
than  that  On  the  flat  base  of  the  hemisphere,  or  of  the  cone  ; 
because  the  hinder  part  of  the  cylhider  is  more  pressed  or 
pushed,  by  the  following  air,  than  those  of  the  other  two 
figures. 

4.  The  resistance  on  the  base  of  the  hemisphere,  is  to  that  on 
the  convex  side  nearly  as  2f  to  1,  instead  of  2  to  1,  as  the 
theory  assigns  the  proportion.  And  the  experimented  resist- 
ance, in  each  of  these,  is  nearly  }  part  more  than  that  which 
u  assigned  by  the  theory. 

6.  The  resistance  on  the  base  of  the  cone  is  to  that  on  the 
vertex,  nearly  as  2fV  ^o  I*  ^^^  in  the  same  ratio  is  ra- 
dius to  the  sine  of  the  angle  of  the  inclination  of  the  side  of 
the  cone,  to  its  path  or  axis.  So  that,  in  this  instance,  the 
resistance  is  directly  as  the  sine  of  the  angle  of  incidence,  the 
transverse  section  being  the  same,  instead  of  the  square  of 
the  sine.  s 

V 

6.  Hence  we  can  find  the  altitude  of  a  column  of  air  whose 
pressure  shall  be  equal  to  the  resistance  of  a  body,  moving 
through  it  with  any  velocity.     Thus,    ^ 
Let  a  =3  the  area  of  the  section  of  the  body,  similar  to 
any  of  those  in  the  table,  perpendicular  to  the 
direction  of  motion ; 
r  =  the  resistance  to  the  velocity,  in  the  table  ;   and 
X  =  the  altitude  sought,  of  a  column  of  air,  whose 
base  is  a,  and  its  pressure  r. 
Then  ax  =:  the  content  of  the  column  in  feet, 
and  I  ^ax  or  fox  its  weight  in  ounces  ; 

therefore  fox  =  r,  and  x  =  a  x  -  is  the  altitude  sought  in 

ft 

feet, 
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ON  THE  MOTION  OF  MACHINES,  AND  THEIft 

MAXIMUM  EFFECTS. 


Art.  1.  When  forces  acting  in  contrary  directions,  or 
in  any  such  directions  as  produce  contrary  effects,  are  ap- 
plied to  machines,  there  is,  with  respect  to  every  simple  ma- 
chine (and  of  consequence  with  respect  to  evel^  combination 
of  simple  machines)  a  certain  relation  between  the  powers 
and  the  distances  at  which  they  act,  which,  if.  subsisting  in 
any  such,  machine  when  at  rest,  will  always  keep  it  in  a  jtate 
of  rest,  or  of  iUUical  equilibrium ;  and  for  this  reason,  be- 
cause tlie  efforts  of  these  powers  when  thus  related,  with 
regard  to  magnitude  and  distance,  being  equal  and  opposite 
annihilate  each  other,  and  have  no  tendency  to  change  the 
state  of  the  system  to  which  the^  are  applied.  So  tdso,  if 
the  same  machine  have  been  put  into  a  state  of  untform  mo- 
tion, whether  rectilinear  or  rotatory,  by  the  action  of  any 
power  distinct  from  those  we  are  now  considering,  and  these 
two  powers  be  made  to  act  upon  the  machine  in  suc)i  motion 
in  a  similar  manner  to  that  in  which  they  acted  upon  it  when 
at  rest,  their  simultaneous  action  will  preserve  it  in  that  state 
of  uniform  motion,  or  of  dynamical  equilibrium  :  and  this  for 
the  same  teason  as  before,  because  their  contrary  effects  de- 
stroy each  other,  and  have  therefore  no  tendency  to  change 
the  state  of  the  machine.  But^  if  at  the  time  a  machine  is 
in  a  state  of  balanced  rest,  any  one  of  the  opposite  forces  be 
increased  while  it  continues  to  act  at  the  same  distance,  this 
excess  of  force  will  disturb  the  statical  equilibrium,  and  pro- 
duce motion  in  the  machine  ;  and  if  the  same  excess  of  force 
continues  to  act  in  the  same  manner,  it  will,  like  every  con- 
stant force,  produce  an  accelerated  motion ;  or  if  it  should 
undergo  particular  modifications  when  the  machine  is  in  dif- 
ferent positions,  it  may  occasion  such  variations  in  the  motion 
as  wiU  render  it  alternately  accelerated  and  retarded.  Or  the 
different  species  of  resistance  to  which  a  moving  machine  is 
subjected,  as  the  rigidity  of  ropes,  friction,  resistance  of  the 
air,  &c.  may  so  modify  a  motion,  as  to  change  a  regular  or  ir* 
regular  variable  motion  into  one  which  is  uniform. 

2.  Hence  then  the  motion  of  machines  may  be  considered 
as  of  three  kinds.  1.  That  which  is  gradually  accelerated, 
which  obtains  commonly  in  the  first  instants  of  the  commu- 
nication. 2.  That  which  is  entirely  uniform.  8.  That  which 
is  alternately  accelerated  and  retarded.  Pendulum  clocks, 
and  machines  which  are  moved  by  a  balance,  are  related  to 

the 
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iqnare  of  the  velocity,  the  leait  resistkoce  that  each  a  ball 
.  would  meet  with,  when  moving:  with  a 'velocity  of  1600  feet 
would  be  equal  to  the  pressure  of  417  lb,  and  that  independent 
of  the  pretflure  of  the  atmosphere  itself  on  the  fore  part  of  the 
ball  which  would  be  487ib  more,  as  there  would  be  no  pres* 
sure  from  the  atmo<3pbere  on  the  hinder  part,  in  the  case^pf  so 
great  a  velocity  as  1600  feet  per  second.  So  that  the  whole 
resistance  would  be  more  than  SOOlb  to  such  ^  velocity. 

9.  Havifig  s^id,  in  the  last  article,  that  the  pressure  of  the 
atmosphere  is  taken  entirely  off  the  hinder  part  of  the  ball 
moving  vfith  a  velocity  of  1600  feet  per  second  ;  which  nkust 
happen  when  the  ball  moves  faster  than  the  particles  of  air 
can  follow  by  rushing  into  the  place  quitted  and  left  void  by 
the  ball,  or  when  the  ball  movi^  faster  than  the  air  rushes 
into  a  vacuum  from  the  pressure  of  the  incumbent  air ;  let 
us  therelbre  inquire  what  this  velocity  is.  ~  Now  the  velocity 
with  which  any  fluid  issues,  depends  on  its  altitude  above 
the  orifice,  and  is  indeed  equal  to  the  velocity  acquired  by 
a  heavy  body  in  falling  freely  through  that  altitude.  But, 
supposir^  the  height  of  the  Intrometer  to  be.  30  inches,  or 
2^  feet,  the  height  of  a  uniform  atmosphere,  all  of  the  same 
density  as  at  the  earth's  surface,  would  be  i^^  X  13*6  X  833'^ 
or  ^B 333  feet ;  therefore  v^  16  :  ^  28333  ;  :  33  :  8  y^  98333 
^  1346  feet,  which  is  the  velocity  sought.  And  Uierefore, 
with  a  velocity  of  1600  feet  per  second,  or  any  velocity 
above  1346  feet,  the  ball  mnst  continually  lea^e  a  vacuum 
behind  it,  and  so  must  sustain  the  whole  pressure  of  the.  at*' 
mo^tphere  on  its  fore  part,  as  well  as  the  resistance  arisiog 
&om  the  vis  inertia  of  the  particles  of  air  struck  by  the  balL 

10.  On  the  whole,  we  find  that  the  resistance  of  the  air,  as 
determined  by  the  expenments,  differs  very  widely,  both  in 
respect  to  its  quantity  on  all  figures,  and  in  respect  to  the  pro- 
portions of  it  on  oblique  surfaces,  from  the  same  as  determin-' 
ed  by  the  preceding  theory  ;  which  is  the  same  as  that  of  Sir 
Isaac  Newton,  and  aaost  modern  philosophers.  Neither  should 
we  succeed  better  if  we  have  recourse  to  the  theory  given  by 
Professor  Oraveaande,  or  others,  as  similar  differences  and  in- 
eensistencies  still  occur. 

We  conclude  therefore,  that  all  the  theories  of  the  resist- 
ancle  of  the  air  hitherto  given,  are  very  erroneous.  And  the 
preceding  one  is  only  laid  down,  till  further  experiments,  oh 
this  important  dubject,  shall  enable  us  to  deduce  from  them 
another,  that  shall  be  more  consonant  to  the  true  phaenomena 
sf  nature. 

ON 
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3.  The  velocity  of  the  movn^  power  is  th6  same  as  the 
Telocity  of  the  impeUed  point ;  meveheiitf  rfihe  remttmce 
the  same  as  that  of  the  vrorkiog  point 

4.  The  perforfnaMe  or  ^ect  of  a  macbiDe,  or  the  work 
JSiPBy  is  measured  by  the  product  of  the  resistance  into  the 
velocity  of  the  working  point ;  the  nunnefUum  of  iihptdie  is 
measured  by  the  product  of  the  moring  force  into  the  velo- 
city of  the  impelled  point. 

These  definitions  being  established  we  may  now  exhibit  a 
few  of  the  most  useAil  problems,  giving  as  much  variety  in 
their  sohitions  as  may  render  one  or  other  of  the  methods  of 
easy  application  to  afiy  other  cases  which  may  occur. 

PROPOSITION  L 

If  R,  and  r  be  the  dittanees  of  the  power  f,  and  the  weight  or 
reiistance  w,  from  the  fulcrum  f  of  a  straight  lever  :  thm  wiU 
the  velocity  of  the    povoer  and  of  the  weight  at   the  end  of 

a^y  time  t  be  ^,^^^,^  gt,  a^^jTTpi;^  ^^»  req>eehvely,  ih€ 
weight  and  inertia  of  the  lever  ilnlf  not  being  eoritidered. 

If  the  effort  of  the  power  ba-         j^  T       K 

lanced  that  of  the  resistance,   p         f ; '-  ,7^  "  ■  [ 

would  be  equal  to—.       Conse-        yP  wfl 

quently,  the  difference  between  this  value  of  r,  and  its  actual 

"value,  or  F w,  will  be  the  force  which  tends  to  move 

the  lever.  And  because  this  power  applied  to  the  point  a 
accelerates  the  masses  t  and  w,  the  mass  to  be  substituted 

for  w,  in  the  p6int  a,  must  be  -^  w,-(Mechan..  prop.  60)  in 

order  that  this  mass  at  the  distance  r  may  be  equallv  accele- 
rated with  the  mass  w  at  the  distance  r.      Hence  the  power 

p  —  ^w  will  accelerate  the  quantity  of  malter  p  -{ w;  and 

the  accelerating  force  f  =  (f  —  -  w)-2-{p+  -r-w^=  — -"7  ^^ 
Bat(Art33,GeD.LawsofMotion)va  rf  oris  =  jr'F(;being=32{ 
feet) ;  wbicli  in  this  case  =  --  -7  '^  .^^  ^^  velocity  of  p.  And, 
because  veloc.  of  f  :  vek>c.  of  w  :  :  r  ;  r,  therefore  veloc.  of 
w  :-  :  veloc.  of  F  =  1  X  ''Jl^''':!Lgt  =  ^IinL^.gt. 

•  Corol. 
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Cond.  L  The  space  described  by  the  power  in  the  time  <« 
^11  be  = .    igC  ;  the  space  described  by  w  io  the 

Mme  time  will  be  =v  ^  T~t~'  4if<*« 

Cor.  S.  If  R  :  r  :  :  n  :  Kthen  will  the  force  which  acce* 
lerates  a  be  =    "  "" —  . 

O^r.  3.     If  at  the  same  time  the  inertia,  of  the   moviog 
force  p  be  =  0,  as  in  muscular  action,  the/orce  accelerating 

A  will  be  == . 


Cor.  4.  If  the  mass  moved  have  no  weight,  but  possesses 
inertia  only,  as  whea  a  body  is  moved  along  a  horizontal 

plane,  the  force  which  accelerates  a  will  be  =  — r — .  And 

*  pna-fw 

either  of  these  values  may  be  readily  introduced  into  the  in* 
vestigation. 

Cor,  5.    The  work  done  in  the  time  ^  if  we  retain  the  ori- 

'  .     1       ...  .111  Rrp— r«w     .  _,  Rrpw— raw* 

ginal  notation,  will  be  ^=  — — r-z— ^'  X  w  = .  gt. 

Cor.  6.  When  the  work  done  is  to  be  a  maximam,  and  we 
wish  to  know  the  .weight  when  p  is  given,  we  must  make 
the  fluxion  of  the  last  expression  =  0.     Then  we  shall  have, 

riiSpa-.2r«R>pw— r«wa=  Oand  w  =  pX[*/(^+**)  ——1. 

Cor.  7.  If  R  :  r  :  :  n  :  1 ,  the  preceding  expression  will  b«> 
come  w  =  p  X  [^(«*+»^)— «■]. 

Cor,  6y  When  the  arms  of  the  le?er  are  equal  in  length, 
that  is,  whenn  =  1,  thepis  w  =  p  X  (v^^-l)  =  -414214?. 
or  nearly  ^^  of  the  moving  force. 


'  Scholium. 

V 

If  we  in  like  manner  investigate  the  formuls  relating  to 
motion  on  the  axis  in  peritrochio,  it  will  be  seen  that  the 
expressions  correspond  exactly.  Hence  it  follows,  that  when 
it  is  required  to  proportion  the  pow^r  and  weight  so  as  to 

obtain 
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obtaiD  a  maximam  effect  od  the  wheel  and  axle,  (the  weight 
oi  the  machinery  not  beiag  censidered),  we  majr  adopt  the 
coDclusioDS  of  con.  6  and  7  of  this  prop.     And  in  the  extreme 
case  where  the  wheel  and  axle  becomes  a  pulley,  the  expres- 
sion in  cor.  8  may  be  adopted.     The  like  conclasions  may  be 
applied  to  machines  in  general,  if  r  and  r  represent  the  dis- 
tances of  the  impelled  and  working '  points  from  the  axis  of 
motion  ;  and   if  the  various  kinds  of  resistance  arising  from 
friction,  stiffness  of  ropes,  &c.  be  properly  reduced  to  their 
equivalents  at  the  working  points,  so  as  to  be  comprehended 
in  the  character  w  for  resistance  overcome . 


PBOPosmoN  n. 

Criven  r  and  r,  the  arms  of  a   straight  lever^  m  and  m  tlieir 
respective  weights,  and  p  tJie  power  acting  at  the  extremity  of. 
the  arm  r  ;  to  find  the  weight  raised  at  the  extremity  of  the  other 
arm  when  the  ^ect  is  a  maximum. 

In  this  case  jm  is  the  weight  of         a                      it      li 
th»  shorter  end  reduced  to  b,  and         |   ■  i      * ^ 

conseq.  ^  is   the  weight  which        QP  "Wn 

applied  at  a^   would  balance  the  shorter  end ;    therefore 

r-  H — w,  would  sustain  both  the  shorter  end  and  the  weight 

<«•  R 

w  in  equilibrio.     But  f-*!-^  m  is  the  power  really  acting  at  the 
longer  end  of  the  lever  ;  consequently 

p+  i«  —  (77+-  ^)»  i«  the  absolute  mooing  power.    Now 

«r  R 

*  the  distance  of  the  centre  of  gyration  of  the  beam  from  f*^ 


*  The  'distance  of  b,  the  centre  of  gyration,  Iroin  c  the  cenjtre  or 
axis  of  motion,  in  soine  of  the  most  useful  c«tes»  is  as  below  ; 

In  a  circular  vfheel  of  uniform  thickness    ....     cs  «•  rad.^^ 
In  the  periphery  of  a  drcle  revolving  about  the  diam»  CR  ^  rad.^^ 
In  the  plane   of  a  circle      .     .    .    ditto      ...      OR  ss  i  rad. 
In  the  surface  of  a  sphere      .    .    .    dilti?      .    .    ;      CR  s=  rad.^f 

In  a  solid  sphere ditto      ...      CR  •-  r*d  v| 

In  a  plane  ring  formed  of  circles  whose  radii  are  ">  R* 

R,r,  revolving  about  centre j  ^*  ■"^2h«— 2fa" 

In  a  cone  revolving  about  its  vertex' .    ,  \    •    t '  CR— J  J"yo>+^- 
In  a  cone its  axis;    .    .    .    •    •    CRsr<v/ fV 

Tn  a  straight  leyer  whose  arm?  are  r  and  r    ,    .    Ctt«=^.^         .. 

(oR+r) 


1 . 


IS 
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••  ==  %/  ^^'  j^\  >  ^^^^^  ^e*  ^c  denoted  by  ^  ;  then  (Mechan. 

prop.  60)  ^,   (m  +  m)  will  represent  the  masa  equivalent 

to  the  bean  or  lerer  when  rednced  to  the  point  a  ;  while 
the  weight  equivalent  to  w,  when  referred  to  that  point, 

will  be  -—  w.    Hence,  proceeding  as  in  the  last  prop,  we 
shall  have  ^.     (m  +  m)  +  p  -i w  for  the  inertia  to  be  over- 


R« 


come  ;  and  (p  +  i"""^-"*^)  "^  J«  (m  +  m)  +  p  +  j^  w 

:=  (he  accelerating  force  of  p,  or  of  w  reduced  to  a.     Mul- 
tiply  this  by  w  ;  and,  for  the  sake  of  simplifying  the  pro- 

RS 

then  will 


cess,  put  9  for  p  +  ^11  —  r~  *  *d<*  «  for  p  +  ~    (**   +   m), 


B 


«H — rw 

R> 


be  a  quantity  which  varies  as  the  effect 


varies,  and  which,  indeed,  when  multiplied  by  gt^  denotes 
the  effect  itself.  '  Putting  the  fluxion  of  this  equal  to  nothing, 
and  reducing,  we  at  length  find 

Cor.  When  r  =  r,  and  m  as  m,  if  we  restore  the  valuer 
of  ffi  and  '9,  the  expression  will  become  w  «=  ^  (Sp^  +  2mp 
+  |m«)-.(p  +  imV 

PROPOSITION  in. 

Given  the  length  I  and  angle  e  of  elevation  of  an  inclined 
plane  bc  ;  to  find  the  length  L  of  another  inclined  plane  ac  along 
which  a  given  weighi  w  $hall  be  raised  from  the  horizontal  line 
AB  to  the  point  c,  in  the  least  time  possible^  by  means  off  another 
given  weight  p  descending  along  the  given  plane  cb  :  the  two 
weights  being  connected  by  an  inextensible  thread  bcw  running 
edways  parallel  to  the  two  planes. 

Here  we  must,  as  a  preliminary 
to  the  solution  of  this  proposition, 
deduce  expressions  for  the  motion 
of  bodies  connected  by  a  thread,  and 
running  upon  double  inclined  planes. 
Let  the  angle  of  elevation  cad  be 
E,  while  e  is  the  elevation  cbd. 
Then  at  the  end  of  the  time  t,  p    * 

will 
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will  hare  a  velocity  v  ;  and  graTiiy  would  impress  upon  it 
in  the  instant  i  following,  a  new  ?elocitj  «:=  ^  sin  e  .  / ,  pro- 
vided the  weight  p  were  then  entirely  free :  but,  bj  the  dis- 
position of  the  system,  i  will  be  the  velocity  which  obtains 
in  reality.  Then,  estimating  the  spaces  in  the  direction  cp, 
as  the  body  w  moves  with  9p  equal  velocity  but  in  a  contrary 
sense,  it  is  obvious,  that  by  applying  the  3d  Law  of  Motion, 
the  decomposition  may  be  made  as  follows.  At  the  end  of  the 
time  i-^-iwe  have;  for  the  velocity  impressed  on, 

_!_--.'..       •  —  1      C v-K effective  velocfrom  c  towards  b. 

p... t,  +gsmc  .  t,vhere^^  uxn  e  .  i -^  v velocity  dcst-oyed. 

■        •«      •  — t       S  — 1»— i  .  ,  effective  velocfron  c  towards  A. 
vr.^v  +  g  Biq  E.  t,  where  ^^  ^  ^  ^j^  ^      .  _  ^^j^-^^  destroyed. 

If,  therefore,  gravity  impreeses,  during  the  time  i  upon  the 
masses  p,  w,  the  respective  velocities  g  sin  c  .  ^  —  -^,  and  g 
sin  E  .  i  +  v>  the  system  will  be  in  equilibrio.  The,  quanti- 
ties of  motion  being  therefore  equal,  it  will  be 

Tg  sin  e  .  i— Pv  =  wfif  sin  e  .  ^  +  wxJ. 
Whence  the  effective  accelerating  force  is  found,  i.  e. 

i        P  sin  e— w  sin  E 

A  SET  — .=   • A  ff. 

^         .|  F  +  W  * 

Thus  it  appears  th^t  the  motion  is  uniformljr  varied,  and  we 
readily  find  the  equations^  for  the  velocity  and  space  from 
which  the  conditions  of  the  motion  are  determined  :  viz. 
p  sin  e^w  sin  b  p  sin  0— w  sin  k 

p  -f  w  p  -f  w  *® 

The  latter  of  these  two  equations  gives  t's=r      •  n^+^) 

^^(  Paine— wsinr) 
But  in  the  triangle  abc  it  is  ac  :  bc  :  :  sin  b  :  sin  a,  that  is, 

L  :  /  :  :  sin  e  :  sin  c;  hence—  l  =  sin  e,  and  ~>  Z  s:  sin  e  : 

•      m  m 

m  being  a  constant  quantity  always  determinable  from  the 
data  given.     And  t*  becomes  — z -.     Now  when  any 

quantity,  as  t,  is  a  minimum,  its  square  is  manifestly  a  mini- 
mum :  so  that  substituting  for  s  its  equal  l,  and  striking  out 

the  constant  Actors,  .we  have =  a  min.  or  its  fluxion 

PI.-W/ 

i- =0.     Here,  as  in  all  similar  cases,  since 

the  fraction  vanishes,  its  numerator  must  be  equal  to  0  ;  con- 
sequently 2pl^  —  2w/l  -  PL»  =0,  PL  =  2w/,  or  L  :  /  :  : 
2w  :  P. 

Cor^  },  Since  neither  sin  e  nor  sin  e  enters  the  final  equa- 
tion, it  follows,  that  if,  the  elevation  of  the  plane  bc  is  not 
given,  the  problem  is  unlimited 

Cor, 
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Car,i,  When  sio  e,i=  1,  bc  coincides  with  the  perpen- 
dicular CD,  and  the  power  p  acts  with  all  its  intensity  upon  the 
weight  w.  This  is  the  case  of  the  present  problem  which 
kas  cominonlj  been  considered. 

Scholium » 

This  proposition  admits  of  a  neat 
geometrical  demonstration.  Thas, 
let  CE  be  the  plane  upon  which,  if 
w  were  placed,  it  would  be  sus- 
tained in  equilibrio  bj  the  power  r 
on  the  plane  cb,  or  the  power  p  B  ,  ^  v- 
lianging  freely  in  the  vei^cal  cd  ;  H 

then  (Mechan.  prop.  23)  bc  :  cd  :  ce  :  p  :  p'  :  w.  But 
w  is  to  the  force  with  which  it  tends  to  descend  along 
the  plane  ca,  as  ca  to  cd  ;  consequently,  the  weight  p  is  to 
the  same  force  in  the  same  ratio  ;  because  either  of  these 
weights  in  their  respective  positions  would  sustain  w  on  cc, 
Therefore  the  excess  of  p  above  that  force  (which  ezcesa  is 
the  power  accelerating  the  motions  of  p  and  w)  is  to  f,  as 
CA  —  CE  to  cA ;  or  taking  ch  =  ca,  as  eh  to  ca.  Now, 
the  motion  being  uniformly  accelerated .  we  have  s  a  ft^  ,  OT 

t'  a  -  :  consequently,  the  square  of  the  time  in  which  ac 
is   described  by  w,   will  be  as  ac  directly,  and  as  —  in- 

A  & 
CA* 

versely  ;  and  will  be  least  when is  a  fntfitfnmn ;  that  -  is^ 

Sn 

when -f-  EH  4"  SoE,  or  (because  2c&  is  invariable)  whea 

K  H 
CE* 

h  ER  is  a  minimum.     Now,  as,  when  the  sum  of  two 

quantities  is  given,  their  product  is  a  maximum  when  they 
are  equal  to  each  other  ;  so  it  is  manifest  that  when  their 
product    is  given,  their  sum  must  be  a  minimum  when  they 

are  equal.     But  the  product  of and  eh  is  ce^,  and  con* 

AU 

*^ 

sequently  given  ;  therefore  the  sum  of  — -  and  eh  is  least 

when  those  parts  are  equal;  that  is  when  eh  =  cr,  or 
OA  =  2ce.  So  that  the  length  of  the  plane  ca  is  double  the 
length  of  that  on  which  the  weight  w  would  b$  kept  in  equili- 
brio by  p  acting  along  cb. 

When  CD  and  cb  coincide,  the  case  becomes  the  same  as 
that  considered  by  Maclanrin,  in  his  Fiew  of  JVewton^s  Philo- 
sophical Discoveries^  pa.  183,  8vo.edit. 

PROPOSITION 
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PROPOSITION  IV. 

Lei  the  giv§h  weight  p  descend  cdong  cb,  and  hy  nuans  of  ike 

thread  Fcw  (junning  parallel  to  the  planei)  draw  a  weight  w 

tip  the  plane  ac  :  it  is  required  to  find  the  values  of  w,  whim  its 

momentum  is  a  maximum,  the  lengths  and  positions  of  the  planes 

heing  given      (See  the  preceding ^fig,) 

fTiu                 ■                .       i.     .1         .   •             p.8ine— wwnE 
The  geoeral  ezpreasion  for  the  vel.  m  t  = ^ f  *, 

which,  by  sabstitat.  — l  for  sio  e,  and  —  /  for  sin  e,  becomes 

(PL— W/)  (PWL  — W«Z) 

V  =  -2 — -T gt.    This  mul.  ipto  w,givc8.^!! ■ gt; 

p+w  •  P+W 

which,  bj  the  prop,  is  to  be  &  mazimam.     Or,  striking  out 

the  constant  factors,  — ,  gt,  then  is ^ «  a  max.    Pat- 

•"  p+w 

ting  this  into  fluxions,  and  reducing,  we  hare  p*l— Spwi-*- 

W«/  =0,  OrW  =  P-y/(y  +   0  — P- 

Cbr.  When  the  inclinations  of  the  planes  are  eqnal,  l,  and 
I  are  equal,  andw  =  Pv'2  —  p=spX(v^2—  1)  =  -4142?  : 
agreeing  with  the  conclusion  of  the  lever  of  equal  arms,  or 
the  extreme  ease  of  th€  wheel  and  axle,  i.  e.  the  pulley. 

PROPOSFnONV. 

Given  the  radius  Rofa  wheels  and  the  radius  r  rf  its  axle^ 
the  weight  of  both,  w,  and  the  distance  of  the  centre  of  gyra- 
Hon  from  the  axis  of  motion  ^ ;  alstf  a  given  power  p  acting  at 
the  circumference  of  the  wheels  to  find  the  weight  w  raised 
hy  a  cord  folding  about  the  axle^  so  that  its  momentum  shaU  be  m 
maximum. 

Tha  force  which  absolutely  impels 
the  point  a  is  p,  while  w  acts  in  a 
direction  contrary  io  p,  with  a  force  =- 

-:  ;  this  therefore  subducted  from  p, 

leaves  p  —  —  =  — ^^^ — ,  for  the  re- 
ft R      ' 

duced  force  of  impelling  the  poinf  a.. 
And  the  inertia  which  resists  the  com- 
munication of  motion  to  the  point  a  will  be  the  same  as  if 

the  mass  -- — ^ were  concentrated  in  the  point  a  (Me- 

chan.  prob.  60).    If  the  former  of  these  be  divided  by  the 
latier,  the  quotient -^^Hllli^  is  the  force  accelerating  a  : 

multiplying 


f^ 
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mQltipWine  ttiifl  by—,  we h^re  r —  *"  .^  ■  ■  for  the  force 
which  accelerates  th^  weight  w  in  its  ascent.  Consequently 
the  Telocity  of  w  will  be  =i  — r— - — -jgi ;  which  multi- 

plied  into  w  gives ,  , — v— --  g.t  for  the  momentam.  As  this 

is  to  be  a  maximam,  its  dnxion  will  ss  0  ;  wiience  we  shaD 

r*  ... 

Cor.  1.   When  r  as  r»  as  in  the  case  of  the  single  fixed  pol- 

iey,  then  w  =y^(2p3R»+2RP<*w+*— v*+'wb^*)— ^«— p. 

Cor.  2.  When  the  pulley  is  a  cylinder  of  uniform  matter 
t*  s|RS,aBdtheespre8s.becomiBS  w  =y{R3(2ps-(-|jPv^^9S)] 

— f»-^p. 

Cor.  3.  If,  IB  ihe  fint  general  ejcprcyssion  for  the  mo- 
mentum of  w»  ^  be  put  =  R*p+f  •»,  we  shall  bare  ~^^~-^  — 
=:  a  maximum.  Which,  in  fluxions  and  reduced,  gives  w  s=> 
;7v^^v(^  +  iirF)-— <i. 

G9f»  4*  If  tbe  moving  ibcce  hft  destitutie  of  /ip^rtia,  then 
ivill .«  =^  c'^  a^ad  w^  9^  io  the  last  coroll^xj. 

PBOPOSTTION  VL 

Let  a  given  power  p  be  applied  to  the  eireumfertmu  .rf  a  w&f c/, 
t(l  rocUl^  R»  to  rme  .a  w^g*!^  w  tU  »U  #x(e,  iv4of<  radius  is 
r,  f ^  M  required  to  find  the  ratio  of  r  and  r  when  w  m  raised 
with  the  greatest^momenium  ;  tfte  characters  w  ami  f  dtn/atit^  ^ 
same  as  in  the  last  proposition. 

Here  we  suppose  r  to  vary  in  the  expression  for  the  mo- 
mentum of  w,    ^       ^  iTTtf^'    ^°^  ^^  suppose,  that  by 

the  conditions  of  any  specified  instance,  we  can  ascertain  what 
quantity  of  mattery  shall  make  r'^=s^'»,  which,  in  fact, 
may  always  be  done  as  soon  as  we  c  n  determine  f .     The  elt- 

ja  Rt*  P  W  «■  r'  w' 

pression  for  the  work  will  then  become  ^  jLl/  J.  "jg**  ^h^ 
fluxion  of  which  being  made  =  0,  gives,  alter  a  little  reduc' 

Cor.  When  the  inertia  of  the  machine  is  evanescent, -with 
respect  to  that  of  p  +  w,  then  isr=«jiy^(l+-p  —  1. 
Vol.  II.  65  rjtOP96IXIiW 
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PBOPosrnoN  va 

in  any  machine  vAote  motion  acceUraies^  the  weight  will 
he  moved  with  the  greiteU  velocity  ^  when  the  velocity  of  the 

p 
wmer  i$  to  thai  of  the  weighty  a$  I  +f  y/{\  +  -)  to  1  ;     thm 

inertia  of  the  machine  being  dieregarded. 

For  any  such  machine  may  he  coDsidered  as  reduced  to  a 
le¥er»  or  to  a  wheel  and  axle  whose  radii  are  r  and  r  :  ia 

which  the  Telocity  of  the  weight -—--—  ^t  (prop.  1)  i«  to 

be  a  mazithtmi,  r  being  considered  as  variable.    Hence  then» 

following  the  usual  rules,  we  find  pr  ==  ♦•  (w  +  ^  w«  +  rw). 
From  which,  since  the  velocities  of  the  power  and  weight  are 
respectively  as  r  and  r,  the  ratio  in  the  proposition  immediate^' 
ly  flows. 

' .  Cor.  When  Ae  weight  meroed  is  eptal  to  the  power,  IfceH  ie 
&:r::l+v^2:l::  2*4142  :  1  nearly. 

FBOPOSmON  vnL 

If  in  any  mcxhine  whoH  motion  acceUrateSy  the  descent  bf 
one  weight  causes  another  to  ascend^  and  the  descending 
weight  be  given^  the  operation  being  supposed  continually  re- 
peated^ the  effect  will  be  greatest  in  a  given  time  when  tht 
ascendif^  weight  is  to  the  denending  weighty  as  1  to  1*618, 
tfi  the  case  of  equal  heights;  and  in  other  caees^  when  it  is  to 
the  exact  counterpoise  in  a  ratio  which  is  always  between  I 
loI^afu2Uo2. 

Let  the  space  descended  be  l,that  ascended  <;  the  de- 

scendiog  weight  1,  the  ascending  weight  — :   then  would  the 

equilibrium  require  if^  =s  # ;  and  1  — •  — ,  will  be  the  force  ac(-r 

ing  on  1.   Now  the  mass  ~,  reduced  to  the  point  at  which 

the  mass  1  acts^  will  be  ss  -r-  «*  ^s  1.  .    consequently    the 

whole  mass  moved  is  equivalent  to  1  +  -^>  >^  the  relative 

force  ia  (I  —  ^)  -5.  ( i  +  ^  )  -^.  Bnt,  the  space  be- 
ing  giten,  the  time  is  as  the  root  of  the  accelerating  force 
inversely,  that  is,  as  ^  -^--  :  and  the  whole  effect  in  a  given 
time,  being  directly  as  the  weight  raised,  and  inversely  as 
Jthe  time  of  ascent,  irill  be  as  —  ^  — r-.  ;  which  must  be  a 

maiimum. 
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ipasdnram.  Conseqaentlj  its  square— — — ^  most  be  a  max. 
likewipe.  This  latter  expressioo,  in  fluxioiia  and  reduced, 
(i?es  •  =  -J  [v/(«*  +  lOs  +  9)  —  a  +  3]. 

Here  if  t  =  1,  v  =     ^^    :  bat  if  t  be  diminished  without 

limit,  w  ==  |t ;  if  it  be  aagmeoted  without  limit,  then  will 
^  ($*  +  10s  +  9)  approach  indefinitely  near  to  t  +  6,  aod 
consequents  w  s:2t.  •Whence  the.  truth  of  the  proposition 
iji  manifest. 

PROPOSITION  IZ. 

Lti  ^  denote  ike  absolute  ^ort  of  any  maoing  Jorce^  when 
it  hOM  no  velocity  ;  and  suppose  it  not  capable  of  any  fffort 
when  the  vetociiy  i$  w  ;  let  r  be  the  ^ort  answering  to  the 
velocity  T  ;    </b<y|,    if  (^  /orc«  b^    uniform,    w   wi/7  be   «» 

For  it  is  the  difference  between  the  velocities  w  and  % 
vhich  is  efficient,  and  the  action*  being  constant,  will  vary  as 
die  square  of  the  efficient  velocity.  Hence  we  shall  have  tfiis. 
analogy,  ^  :  v  :  :  (w  —  0)«  :|(w  —  t)*  :  consequently,  f  «= 

Though  the  pressure  of  an  animal  is  not  actually  uniform 
Spring  the  whole  time  of  its  action,  yet  it  is  nearhr  so  ;  so 
that  in  general  we  may  adopt  this  hypothesis  in  on^r  to  ap- 
proximate to  the  true  nature  of  animal  action.  On  which 
supposition  the  preceding  prop,  as  well  ag  the  remaining  one, 
in  this  chapter  will  apply  to  animal  exertion. 

Cor.  Retaining  the  same  notation,  we  have  w  =  — LmLIL.. 

This,  applied  to  the  motion  of  animals,  gives  this  theorem  : 
The  uimott  velocity  with   which  an  animal  not  impeded  can. 
move,  is  to  the  vefoqity  with  which  tt  movee  when  impeded  by 
u  gir>em  resietanee^  as  the  square  root  of  its  abst^ute  force^  to 
the  difference  of  the  square  roote  of  its  abstdute  and  efficient  ■ 
forces, 

PRO?osrnoN  x. 

To  inveetigate  expreetions  by  means  of  which  the.  mart- 
mum^^ecty  tn  madwnes  whose  motion  is  uniform^  may  be  i/e- 
termined. 

I.  It  follows  from  the  observations  made  in  art  1  and  the 
definitions  in  this  Chapter,  that  when  a  machine,  whether 
simple  or. compound,  is. put  into  motion,  the  velocities  of  the 

impelled 
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impelled  and  working  points,  are  inversely  as  the  forces  which 
are  in  equilibrio,  when  appHed  to  those  points  in  the  direc- 
tion of  their  motioB.  ConseqiieBtly,  if/deaote  the  resistance 
when  reduced  to  the  working  point,  and  v  its  velocity  ;  while 
w  and  Y  denote  the  force  acting  at  the  impelled  point,  and  its 
velocity  ;  we  shall  have  fv  =  fv,  or  introducing  t  the  time« 
fyt  =^Jvt.  Hence,  in  all  working  maMnet  which  have  ac- 
fuired  a  uniform  nurHon^  the  performanee  of  tke  machine  u  equal 
to  the  momenhaa  of  impulse^ 

li«  liOt  F  be  the  effort  of  a^for^e  on  the  loopelled  point  of 
a  machine  when  it  moves  with  the  velocity  v,  the  velocity 
^ing  w  when  F  ^  P»  and  let  the  relative  velocity  w— v  =  «. 

Then  since!  (prop,  ii)  f  sp  ^  (^ — ^}s,  the  inoiiieB|mn  of  im- 

5  INT 

pulse  wy  will  become  y4^  (-)>  ^  ^  .  -^  (^  '-^«l)  i   because 

y  =  w  —  If.  Making  this  expression  for  fv  a  maximum, 
or,  suppressii^  the  constant  quantities,  and  making  «'  (w— «) 
a  max.  or  its  flux  =-  0,  when  u  is  variable,  we  find  2w  =  Sii, 
0r  ti  iB=  1^.    Whence  v  i±=  w  —  u  =  w  —  |w  ==  Jw. 

Conseqaenthr,  when  the  ratio  of  r  to  v  i$  given^  by  iht 
eonstruetton  of  the  machine^  and  the  renstance  i$  tusceptibU 
of  variation^  -we  must  load  (he  machine  more  or  leu  ttu  (^ 
velocity  of  the  impelled  point,  i$  one  third  of  ih^  greate^  ve-^ 
lociiy  of  the  fdree  ;  then  tOill  the  work  done  be  a  maximum, 

Chf  the  work  done  by  an  animal  i$  greatett^,  when  the  vUodty 
with  which  it  movants  oneAhird  of  the  greatest  tiloeiiy  with 
which  it  M  capable  of  moving  when  not  impeded, 

III.  Since  f  =s  ^-r7=^(^— ^)  >»  |  /^,  in  the  case  of  the 

maximum  we  have  fv  =  |4^v  =  ^\  w  =  /y^,  for  the 
momentum  of  impulse,  or  for  the  work  done,  when  the  ma- 
chine 11  in  its  best  state.  Consequently^  when  the  retistance 
ii  a^  given  quantity,  we  muit  mt^  t  i  v  i  :  9f  :  4f  ;  and  thi$ 
itrueture  of  the  machirk  will  give  the  maximum  effect  =  /r^* 

IV.  If  we  enquire  the  greatest  effect  on  the  supposition 
th&t  ^  only  is  variable,  we  must  make  it  infinite  in  the  ieibove 
expression  for  the  work  done,  which   would   then  become 

V  V 

^Fy  or  w  ^  or  w  -fi,  including  the  time  in    the  formula. 

Hence  w^  see,  that  the  $um  of  the  agents  employed  to  move  • 
fnocAtne  vuiy  be  infinite,  while  the  effect  is  finite  :  for  the  varia- 
tions of  p,  which  are  proportional  to  this  sum,  do  not  influence 
^e  above  expression  for  the  e£^ct 

Scholiuni 
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ScMium. 

The  prop08itioii9  now  delivered  contain  the  most  material 
principles  io  the  theory  of  machines.  The  manner  of  apply- 
ing Beverat  of  them  is  Tery  ohvions  t  the  application  of  some* 
being  less  manifest,  may  he  hriefly  illostrated,  and  the  chapter 
concluded  with  two  or  three  ohservations. 

The  last  theoreni  may  be  applied  to  the  action  of  men  and 
0f  horses,  with  more  accuracy  than  might  at  first  be  snp- 
posed.  Observations  have  been  made  on  men  and  horses 
drawing  a  lighter  along  a  canal,  and  WOTking  several  days 
together.  The  for^e  exerted  was  measured  by  the  curva- 
ture and  weight  of  the  track- rope,  and  afterwards  by  a  spring 
steelyard.  The  prodnet  of  the  force  thus  ascertained,  into 
the  velocity  per  hour,  was  considered  as  the  momentum,  in 
this  way  the  action  of  men  was  found  to  be  very  nearly  as 
(w— ▼)*  :  the  action  of  horses  loaded  so  as  not  to  be  able  to 

trot  Was  nearly  as  (w— v)  *"',  or  as  (w— v)».  Hence  the 
hypothesis  ive  haye  adopted  may  in  many  cases  be  safely  as- 
fumed.  , 

According  to  the  bedt  observations,  the  force  of  a  man  at 
rest  is  on  the  average  about  70  pounds  ;  and  the  utmost  velo- 
citj  with  which  he  can  walk  is  about  6  feet  per  second,  taken 
at  a  medium.  Hence,  in  our  theorems,  0  =  70.  and  wm»6. 
Consequently  F=f^==31^  lbs.  the  greatest  force  a  man 
can  exert  when  in  motion  :  and  he  will  then  move  at  the  rate 
of  |w,  ot  2  feet  per  second,  or  rather  less  than  a  mile  and  a 
half  per  hour. 

The  strength  of  a  horse  is  generally  reckoned  about  6  times 
that  of  a  man  ;  that  is,  nearly  4201bs.  at  a  dead  pull.  His  ut- 
most walking  velocity  is  about  10  feet  per  second.  Therefore 
his  maximum  action  will  be  f  of  420  =  ]86|  lbs.  and  he  will 
then  move  at  the  rate  of  |  of  10,  or  S|  feet,  per  second,  o^r 
nearly  2^  miles  per  hour.  In  both  these  instances  we  sup- 
pose the  force  to  be  exerted  in  drawing  a  weight  along  a  ho- 
rizontal plane  ;  or  by  raising  a  weight  by  a  cord  running 
ever  a  pulley,  which  makes  its  direction  horizontal. 

2.  The  theorems  just  given  may  serve  to  show,  in  what 
points  of  view  machines  ought  to  be  considered,  by  those  who 
would  labour  beneficially  for  their  improvement. 

The  first  object  of  the  utility  of  machines  consists  in  fur- 
nishing the  means  of  givir^  to  the  tnoving  force  the  tnost  com- 
tnodious  direction;  and,  when  it  can  be  done,  of  causing  its 
taction  to  be,  applied  immt;diately  to  the  body  to  be  moved. 
These  can  rarely  be  united  :  but  the  former  can  be  accom- 
plished in  most  instances  ;  of  which  the  use  of  the  simple 
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krer,  pulley,  and  wheel  and  axle, '  fanith  maoy  ezainplefl^ 
The  second  oUect  gained  by  the  use  of  machines,  is  an  oe- 
commodation  of  the,  velocity  of  the  work  to  be  pefformed^  to  the 
veloifUy  vtl^  which  alone  a  natural  power  can  act.  Thus  when- 
ever the  nataral  power  acts  with  a  certain  velocity  which  can* 
not  be  changed,  and  the  work  must  be  performed  with  a  great- 
er velocity,  a  machine  is  interposed  moveable  ronnd  a  Gxed 
support,  and  the  distances  of  the  impelled  and  working  points 
are  taken  in  the  proportion  of  the  two  given  velocities. 

But  the  essential  advantage  of  machines,  that,  in  6ct,  which 
properly  appertains  to  the  theory  of  mechanics,  consists  in 
augmenting,  or  rather  in  modifying,  the  enegy  of  the  mov- 
ing power,  in  such  manner  that  it  may  produce  effects  of  which 
it  would  have  been  otherwise  incapable*  Thus  a  man  might 
carry  up  a  flight  of  steps  20  pieces  of  stone,  each  weighiaig 
30  pounds  (one  by  one)  in  as  small  a  time  as  he  could  (with* 
the  same  labour)  raise  them  all  toother  by  a  piece  of  ma- 
chinery,  that  would  have  the  velocities  of  the  impelled  and 
working  points  as  20  to  1  ;  and  in  this  case,  the  instrjiment 
would  furnish  no  real  advantage,  except  that  of  saving  his 
steps.  But  if  a  large  block  of  20. times  SO,  or  600lbs.  weight 
were  to  be  raised  to  the  same  height,  it  wodld  far  surpass  the 
utmost  efforts  of  the  man,  without  the  intervention  of  some, 
such  contrivance. 

The  same  purpose  may  be  illustrated  somewhat  differently ;. 
confining  the  attention  all  along  to  machines  whose  motion! 
is  uniform.    The  product  fo  represents,  during  the  unit  of 
time,  the  effect  which  results  from  the  motion  of  the  resist- 
ance ;  this  motion  being  produced  in  any  manner  whatever. 
If  it  be  produced  bjr  applying  the  moving  force  immediately  ^ 
to  the  resistance,  it  is  negsiteary  not  only  that  the  products  fv 
andyb  should  be  equal  ;  but  that  at  the  same  time  r  sz/^  and 
T  =  V  :  if,  therefore,  as  most  frequently  happens,/ be  great- 
er than  r,  it  will  be  absolutely  impossible  to  put  the  resistance 
in  motion  by  applying  the  moving  force  immediately  to  it. 
Now  machines  famish  the  means  of  disposing  the  product  fv 
in  such  a  manner  that  it  may  alwavs  be  equal  to^v,  however 
much  the  factors  of  fv  may  differ  n*om  the  analogous  fiurtors 
ia fo;  and,  consequentlv,  of  potting  the  system  in  motion^ 
whatever  is  the  excess  of/ over  f. 

Or,  generally,  as  M.  Prony  remarks  (Archi.  Hydraul.  art. 
504),  machines  enable  us  to  dispose  the  factors  of  fv<  in  such 
a  manner,  that  while  that  product  continues  the  same,  its  fac- 
tors may  have  to  each  other  any  ratio  we  desire.  If,  for  in- 
stance, time  be  precious,  tht  e£tect  must  be  produced  in  a  very 

short 
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Hhort  time  and  yet  we  thooU  ha?e  at  command  a  force  capa- 
ble of  little  velocity  bat  6f  great  effort,  a  machine  miust  be 
foond  to  supply  the  velocity  neceaM^ry  for  the  intensity  of  the 
force  :  if,  on  the  contrary,  the  mechanist  had  only  a  weak  pow- 
er at  his  disposition,  hut  capable  of  a  great  velocity,  a  machine 
must  be  adopted  that  will  compensate,  by  the  velocity  the 
agent  can  communicate  to  it,  for  the  force  wanted  :  lastly,  if 
the  agent  is  capable  neither  of  great  effort,  nor  of  great  velo- 
city, a  convenient  machine  may  still  enable  hini  to  accomplish 
the  effect  desired,  and  make  the  product  Pvi  of  force,  veloci- 
ty and  time,  as  great  as  is  requisite.  Thus,  to  give  another 
example  :  Suppose  that  a  man  exerting  his  strength  imme- 
diately on  a  mass  of  2^1bs,  can  raise  it  vertically  with  a  velo- 
city of  4  feet  per  second  ;  the  same  man  acting  on  a  mass  of 
1000  lbs*  cannot  give  it  any  vertical  motion  though  he  exerts 
his  utmost  strength  unless  he  has  recourse  to  some  machine^ 
Now  he  is  capable  of  producing  an  effect  equal  to  25>  X  4  X 
t  :  the  letter  i  being  introduced  because,  if  the  labour  is  con- 
tinued the  value  of  i  will  not  be  indefinite,  but  comprised 
within  assignable  limiU.  Thus  we  have  25  X  4  XI  =^  1090 
X  V  Xt ;  and  consequently,  v  =  ^^^  of  a  foot.  This  man  may 
therefore  with  a  machine,  as  ^  lever,  or  axis  in  peritrochio, 
cause  a  mass  of  lOOOlbs  to  raise  ^  of  a  foot,  in  the  same  time 
that  he  could  raise  26  lbs.  4  feet  without  a  machine ;  er  he 
may  raise  the  greater  weight  as  far  as  the  less,  by  employing 
40  times  as  much  time. 

From  what  has  been  said  on  the  extent  of  the  effects  which 
may  be  attained  by  machines,  it  will  be  seen  that,  so  long  aa 
a  moving  force  exercises  a  determinate  effort,  with  a  velocity 
also  determinate,  or  so  long  as  the  product  of  these  is  con- 
stant, the  effect  of  the  machine  will  remain  the  same  :  thus^ 
under  this  point  of  view,  supposing  the  preponderance  of  the 
effort  of  the  moving  power,  and  abstracting  from  inertia  add 
friction  of  materials,  the  convenience  of  application,  &c  all 
inachines  are  equally  perfect.  But  from  what  has  been 
shown,  (props.  9,  10)  a  moving  force  may,  by  diminishing 
its  velocity,  augment  its  effort^  and  reciprocally.  There  is 
therefore  a  certairt  effort,  of  the  moving  force,  suqh  that  its 
product  by  the  velocity  which  comports  to  that  effort,  is  the 
greatest  possible.  Admitting  the  tnith  of  the  law  assumed 
in  the  propositions  just  referred  to,  we  have,  when  the  effect 
is  a  tnaxvMkny  v  =^  |w,  or  f  =  f^ ;  and  these  two  valoea 
•htaining  together,  their  product  -^  ^w  expresses  the  value 
of  the  greatest  effect  with  respect  to  the  unit  of  time.  In 
practice  it  will  always  be  adviseable  to  approach  as  nearly  to 
these  valcei  as  circumstances  will  admit ;  for  it  cannot  be 
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Expected  that  Ihev  cao  alwajt  be  evacllx  attained.  But  dl 
Moall  varaaliiMi  will  not  be  of  mach  coDseqaeoce  :  for,  by  a 
well-koowQ  propertj  of  thoee  qjaaotities  which  admit  ot  a 
proper  masiouim  and  mieimooi,  a  value  aasumed  at  a  mode- 
rate distance  from  either  of  these  eitremea  iiriU  produce  no 
sensible  change  in  the  efFect 

If  the  relation  of  f  to  v  followed  any  other  law  than  that 
which  we  have  assumed,  we  should  find  from  the  eipression 
of  thai  law  values  of  r^  ▼»  4cc.  different  from  the  precedinfl^* 
The  general  oSetbod  however  would  be  nearly  the  same. 

With  respect  to  practice,  the  grand  object  in  all  casei 
should  be  to  procure  a  umiform  fnotum,  because  it  is  that  from 
which  (cw^rtf  paribui)  the  greatest  effect  always  results. 
]£very  irregularity  in  tfauB  ^motion  wastes  some  of  the  impelling 
power ;  and  it  is  the  greatest  ohly  of  the  varying  velocitiei 
which  is  eeual  to  that  wiiich  the  machine  would  acquire  if  it 
inoved  uniformly  throughout :  lor,  while  the  motion  accele- 
rates, the  impelling  force  is  greater  than  what  balances  the  re- 
sistance at  that  time  opposed  to  it,  and  the  velocity  is  less  than 
what  the  machine  would  acquire  if  moving  uniformly ;  and 
irhen  the  machine  attains  its  greatest  veloci^,  it  attains  it  he- 
<^use  the  power  is  not  then  acting  against  the  whole  resistance. 
In  both  these  situations  therefore,  the  performance  of  the  ma- 
chine is  less  than  if  the  pbwer  and  resistaace  were  exactly 
balanced;  in  which  case  it  would  move  uniformly  ^art.  1.) 
Besides  this,  when  the  motion  of  a  macblDe,  and  particularly 
a  very  ponderous  one,  is  irregulart  there  are  continual  repeti- 
tions of  strains  and  jolts  which  soon  derange  aad  ultimately 
destroy  the  whole  structure.  Every  attention  should  therd- 
fore  be  paid  to  the  removal  of  all  causes  of  irregularity. 


MESStlBB  OP  HARtH   AND  FLUIDS  AGAINST  WAll^   AND 
FORTinCATIONS,  THEORY  OF  If  A6A2IN1SS,  ^o. 

PROBLBM  L 

To  determine  the  Preemrt  of  Earth  agauut  WaUu 

Wbkn  oewHuade  earth,  such  as  is  used  in  forming  ram- 
parts, &c.  is  not  supported  by  a  wall  as  a  feeing,  or  by  coun- 
terforts and  land^ties,  &c.  but  left  to  the  action  of  its  weight 
and  the  weather  ;  the  particles  loosen  and  separate  from  each 

other, 
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•ther,  anil  form  a  sloping  sarface,  nearlj  regular  ;  which 
plane  surface  is  called  th^  natural  slope  of  the  ear^  ;  and  is 
supposed  to  have  always  the  same  inclination  or  deviatioa 
from  the  perpendicular,  in  the  same  kind  of  soil.  In  com- 
mon earth  or  mould,  being  a  mixture  of  all  sorts  thrown  to- 
gether, the  natural  slope  is  commonly  at  about  half  a  right 
angle,  or  45  degrees  ;  bat  clay  and  stiff  loam  stands  at  a  greater 
angle  above  the  horizon,  while  sand  and  Hi^ht  mould  will  only 
stand  at  a  much  less  angle.  The  engineer  or  builder  must 
therefore  adapt  his  calculations  accordingly. 

Now,  we  have  already  given,  (at  prop.  45  Statics)  the 
general  theory  and  determination  of  the  force  with  which 
the  triangle  of  earth  (which  would  slip  down  if  not  sup- 
ported) presses  against  the  wall  on  C  B  ^  A  G 
the  most  unexceptional  principles, 
acting  perpendicularly  against  ae  at  k, 
or  X  of  the  altitude  ae  above  the  foun- 
dation at  E  ;  the  expression  for  which 

force  was  there  found  to  be'  '    '  ,-m ; 

where  mdenotes  the  specific  gravity  of 
the  earth  of  the  triangle  abe. — It  may  be  remarked  that  this 
was  deduced  from  using  the  area  only  of  the  pro6le,  or  trans- 
verse triangular  section  abb,  instead  of  the  prismatic  sohd  of 
any  j;iven  length,  having  that  triangle  for  its  base.  And  the 
same  thing  is  done  in  determining  the  power  of  the  wall  to 
support  the  earth,  viz.  using  only  its  profile  or  transverse  sec- 
tion in  the  same  plane  or  direction  as  the  triangle  abb.  This 
it  is  evident  will  produce  the  same  result  as  the  solids  them- 
selves, since,  being  both  of  the  same  given  length,  these  have 
Ihe  same  ratio  as  their  transverse  sections. 
^  In  addition  to  .this  determination,  we  may  here  further  ob- 
serve, that  this  pressure  ought  to  diminished  -in  proportion 
to  the  cohesion  of  the  matter  in  sliding  down  the  inclined 
plane  be.  Now  it  has  been  found  by  experiments,  that  a 
body  reqnircs  about  one*  third  of  its  weight  to  move  it  along 
a  plane  surface.  The  above  expression  must  therefore  be 
reduced  in  the  ratio  of  3  to  2  ;  by  which  means  it  becomes 

'^^    '    — m  for  the  true  practical  efficacious  pressure  of  the 

earth  against  the  wall. 

ab 
Since  — ,  which  occurs  in  this  expression  of  the  force  of 

the  earth,  is  equal  to  the  sine  of  the  Z  aeb  to  the  radios  1, 
put  the  sine  of  that  ^  e  =  e  ;  also  put  a  =  ae  the  akitide 
•f  the  triangle  ;  then  the  above  expression  of  the  force,  viz. 

Vol.  II.  i$  ae'  .  ab^ 
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AE3  '^^'^b^Qgpeg  la^e'iRy  for  the  perpendicalar  pressare  of 

tbe  earth  against  the  wall.  And  if  that  angle  be  45<',  as  is 
usually  the  case  in  common  earth,  then  is  e^  =  |,  and  the 
pressure  becomes  ^a'm. 

PROBLEM  IL 
To  deiermme  the  Thiekneis  of  Wall  to  support  the  Earth, 

'  In  the  first  place  suppose  the  section 
of  the  wall  to  be  a  rectangle,  or  equally 
thick  at  top  and  bottom,  and  of  tbe  sanoe 
height  as  tbe  rampart  of  earth,  like  aevo 

in  the  annexed  figure.    Conceive  the   

weight  w,  proportipnal  to  the  area  ge,  jy 
to  be  appended  to  the  base  directly  be- 
low the  centre  of  gravity  of  the  figure.  Now  tbe  pressure  of 
tbe  earth  determined  in  the  first  problem,  being  in  a  direction 
parallel  to  ag,  to  cause  the  wall  to  overset  and  turn  back 
about  tbe  point  f,  the  effort  of  the  wall  to  oppose  that  effect, 
will  be  the  weight  w  drawn  into  fn  the  length  of  the  lerer 
by  which  it  acts,  that  is  w  X  Fir,  or  acfo  X  f5  in  general, 
whatever  be  the  figure  of  the  wall. 

But  now  in  case  of  the  rectangular  figure,  the  area  ge  s=  ae 
X  EF  =  ax,  putting  a  ss  ae  the  altitude  as  before,  and  x  =  ef 
the  required  thickness  ;  also  in  this  case  fn  =  ^ef  ==  ^x,  the 
centre  of  gravity  being  in  the  middle  of  the  rectangle.  Hence 
then  ax  X  4x  =  |ax',  or  rather  \ax'n  is  the  effort  of  the 
wall  to  prevent  its  being  overturned,  n  denoting  the  specific 
grftvity  pf  the  wall. 

Now  to  make  this  effort  a  due  balance  to  the  pressure  of 
the  earth,  we  put  tbe  two  opposing  forces  equal  that,  » 
lor'itsrt^a'e^m,  or  |x*n  =  ia^e^m^  an  equation  which  gives 

xssz^ae^  — ,  for  the  requisite  thickness  of  the  wall^  just 

to  sustain  it  in  equilibrio. 

Coroli  1.  The  factor  ae,  in  this  expression,  is  «=  th^  line 
AQ  drawn  perp.  to  the  slope  of  earth  be  :  theref.  tbe  breadth 

X  becomes  ==  ^  aq?  -^— ,  which  conseq.  is  directly  propor- 
tional to  the  perp.  aq. — When  the  angle  at  e  is  ^^  46**,  or 
half  a  fight  angle,  as  is  commonly  the  case,  its  sine  e  is=^  |^ 

and  the  breadth  of  the  wall  x  =  la^  ^.     Further,  when  the 

wall  is  of  brick,  its  specific  gravity  ^is  nearly  the  same  as 

the 
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the  earth,  or  91  =  n,  aod  then  its  thickness  jr  s=:  («,  or  one- 
third  of  its  height— But  when  the  wall  is  of  stone,  of  the 
specific  gravity    2^,  that  of  ^earth  heing  nearly  2,  that  is, 

m  =  2,  andn  =  «i  ;  then  ^Z  ^  =  i/  f  =  '8^5.  i  rf  which 

is  -298,  and  the  breadth  x  =  -2980  =  ^^a  nearly.  That  is, 
the  thickness  of  the  stone  wall  must  be  ^  of  its  height. 

PROBI4EM  IIL 

To  determine  the  Thickness  of  the  Wall  at  the  Bottomy  Trhen 
tt$  Section  is  a  Triangle^  or  coming  to  an  Edge  at  Tap, 

In  this  case,  the  area  of  the  wall  akf      q   5 ^ 

is  only  half  of  what  it  was  before,  or 

only  I  AE  X  EF  =s.|arr,  and  the  weight ' 

w  =  ^axn.     But  now,  the  centre  of 

gravity  is  at  only  ^  of  fe  from  the  line 

a6,  or  FIT  =  I  FE  s=  |x.  Consequently 

FK  X  w  =  |x  X  \axn  =  ^ax'n.  This, 

as  before,  being  put  ==  the  pressure  of 

the  earth,  gives  the  equation  ^4ir'fi=|a3e*fiior,x'ii=s^^e'fit, 


m 


m 


and  the  root  r,  or  thickness  ef  ==  as  */  --  =  a  */  --  for  the 

sl^pe  of  46<>.  M 

Now  when  the  wall  is  of  brick,  orm  =»  n  nearly,  this  be- 
comes X  =  a  y/ 1  »  *40Ba  =?  fa,  or  ^  of  the  height  nearly. 

But  when  the  wall  is  of  stone,  or  m  to  n  as  2  to  2^,  then 

^-  ^=  |,  and  the  Sickness  ar  or  o  ^--  =  a  y^  -^  =  -SBoa 


6n 


a  fa  nearly,  or  nearly  }  of  the  height; 

PROBLEM  IV. 

To  determine  the  Thickness  of  the  Wall  at  the  Top,  when  tht 
Face  is  not  Perpendicular ,  hut  Inclined  as  the  Front  of  a  Forti- 
Ration  Wall  usually  is. 

Here  of  represents  the  outer  face  of         3      AG 

a  fort,  AEFo  the  profile  oC  the  wall, 
having  ag  the  thickness  at  top,  and  ef 
that  at  the  bottom.  Draw  gh  prep,  to 
£F  ^  and  conceive  the  two  wjeights  w. 
If,  to  be  suspended  from  the  centres  of 
gravity  of  the  rectangle  ah  and  the  tri- 
angle OHF,  and  to  be  proportional  to 
their  areas  respectively.  Then  the  two  momenta  of  the 
weights  w,  tr,  acting  by  the  levers  fn,  fu,  must  be  made  equal 


to  the  pressure  of  the  earth  in  the  direction  prep,  to  ae. 


Now 
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Now^  put  the  required  thickness  ag  or  eh  >=:  :r,  and  the 
altitude'  ae  or  gh  =  a  as  befor^.  And  because  in  such  ca6efl 
the  slope  of  the  wall  is  usually  made  equal  to  |  of  its  alti1ude» 
that  is  FH  =  J  AB  or  Ja,  the  lever  fm  will  be  |  of  |a  =  /^a, 
and  the  lever  fw  =  fh  +  iEH  =  |a  +  ^x.     But  the  area 

of  CHF  =  GH  X  |Uf  =  a  X  tV  a  =  Vir"*  =^  ^»  *^^  ^^^  ^^®* 
AH  =  AE  X  AG  =  ox  =»=  w ;  these  two  drawB  into  the  re- 
spective levers  fm,  fn,  give  the  two  momenta,  ^jarv^^f-^a  x 
^a^  =  y^a',  and  Ua  +  ix)  X  aar=  |a»x  +  ^ax*  ;  theref. 
the  sum  of  the  two,  Qaar*  +  |o*  x  +  -fj  o')»  must  be  ^^f^^m^ 

or  dividing  by  ^an,  x^  +  fax  -{-^a*  =^a^  x  — ;  now  adding 

if^a*  to    both  sides  to  complete  the   square,  the  equation 

l>ecome8  jp^  -j-  }  ax  +  ^'^a^  =  Ja> .-  +  ^^a^ ,  the  root  of  which 

is  X  +}a=a  v^  (,V  +  g^O^^^^  hence  x  =»  a  ^{^  +  9^)""  4^- 

And  the  base  ef  =  a  ^  (^j  +  -q-)- 

Now,  for  a  brick  wall,  m  =n  nearly,  and  then  the  breadth 
X  =  a  v^  (^  +  I)  —  Ja  ==  ijUy/  34  —  |a  =  189a,  or  almost 

ia  in  brick  walls. — But  the  stone  walls,  —  =  4i  a^nd  x  =^ 

«  v^  (iV  +  A)  —  4«  =T5«  \/  2^— J<»  =»  •  IS9a  =  ^ya  nearly, 
for  the  thickness  ao  at  the  top,  in  stone  walls. 

In  the  same  manner  we  may  proceed  when  the  slope  is 
supposed  to  be  any  other  part  of  the  altitude,  instead  of  ^  as 
used  above.     Or  a  general  solution  migh(  <^be  given,  by  as- 

1 
Burning  the  thickness  =»  -^  part  of  the  altitude. 

< 

REMARK.  • 

Thus  then  we  have  given  all  the  calculations  that  may  be 
necessary  in  determining  the  thickness  of  a  wall,  proper  t» 
support  the  rampart  or  body  of  earth,  in  any  work.  If  it 
should  be  objected,  that  our  determination  gives  only  such  a 
thickness  of  wall,  as  makes  it  an  exact  mechanical  balance  to 
the  pressure  or  push  of  the  earth,  instead  of  giving  the 
former  a  decided  preponderance  over  the  latter,  as  a  security 
against  any  failure  or  accidents.  To  this  we  answer,  that 
what  has  been  done  is  sufficient  to  insure  stability,  for  the 
following  reasons  and  circumstances.  First,  it  is  usual  to 
build  several  counterforts  of  masonry,  behind  and  against  the 
wall,  at  certain  distances  or  intervals  from  one  another ;  which 
contribute  very  much  to  strengthen  the  wall,  and  to  resist  the 
pressure  of  the  rampart.  2dly.  We  have  omitted  to  include 
the  effect  of  the  parapet  raised  above  the  wall  ;  which  must 
^id  somewhat,  by  its  weight,  to  the  force  or  resistance  of  the 

walh 
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wall.  It  is  trae  we  could  hare  brought  these  two  auxiliaries 
to  exact  calculation,  as  easily  as  we  have  done  for  the  wall 
itself  :  but  we  have  thought  it  as  well  to  leave  the»e  two  ap- 
pendages, thrown  in  as  indeterminate  additions,  above  the 
exact  balance  of  the  wall  as  before  determined,  to  g^ve  it  au 
assured  stability.  Besid^  these  advantages  in  the  wall  itself, 
certain  contrivances  are  also  usually  employed  to  diminish 
the  pressure  of  the  earth  against  it :  such  as  land -ties  and 
branches,  laid  in  the  earth,  to  diminish  its  force  and  push 
against  the  wall  For  all  these  reasons  then,  we  think  the 
practice  of  making  the  wall  of  the  thirkness  as  assigned  by 
our  theory,  may  be  safely  depended  on .  and  protitably  adopted  ; 
as  the  additional  circum^t  mces,  just  mentioned,  will  suffi- 
ciently insure  stability  ;  and  its  expense  will  be  less  than  is  in- 
curred by  any  former  theory. 

PROBLEM  y. 

To  deiermine  ike  Quantity  of  Pressure  sustained  by  a  Dam  or 
Sluice,  made  to  pen  up  a  Body  of  Water, 

By  art.  313  Hydrostatics,  (in  this  volume)  the  pressure  of 
a  fluid  against  .any  upright  surface,  as  the  gate  of  a  sluice  or 
canal,  is  equal  to  half  the  weight  of  a  column  of  ihe  fluid, - 
whose  base  is  equal  to  the  surface  pressed,  and  its  altitude 
the  same  as  that  of  the  surface.  Or,  by  art.  314  of  the  same, 
the  pressure  is  equal  to  the  weight  of  a  column  of  the  fluid, 
whose  l^se  is  equal  to  the  surface  pressed,  and  its  altitude 
equal  to  the  depth  of  the  centre  of  gravity  below  the  top  or 
surface  of  the  water  ;  which  comes  to  the  same  thing  as  the 
former  article,  when  the  surface  pressed  is  a  rectungle,  be- 
cause its  centre  of  gravity  is  at  half  the  depth. 

Ex.  ].  Suppose  the  dam  or  sluice  be  a  rectangle  whose 
length,  or  breadth  of  the  canal,  is  20  feet,  and  the  depth  of 
water  6  feet.  Here  %0  X  6  =  120  feet,  is  the  area  of  the 
surface  pressed  ;  and  the  depth  of  the  centre  of  gnivity  bein<; 
3  feet,  viz.  at  the  middle  of  the  rectangle  ;  therefore  120  X 
3  =.  360  cubic  feet  is  the  content  of  the  column  of  water. 
But  each  cubic  foot  of  water  weighs  1000  ounces,  or  (i2J- 
pounds  ;  therefore  360  x  1000  =  360000  ounces,  2250U 
pounds,  or  10  tons  and  lOalb,  is  the  weight  of  the  column  of 
water,  or  the  quantity  of  pressure  on  the  gate  or  dam. 

Ex.  2.  Suppose  the  breadth  of  a  canal'at  the  top,  or  sur- 
face of  the  water,  to  be  24  feet,  but  at  the  bottom  only  10 
feet,  the  depth  of  water  being  6  feet,  as  in  the  last  exampio  : 
required  the  pressure  on  a  gate  which,  standing  across  the 
canaj,  dams  the  water  up  ? 

IJcre 
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Here  the  gate  is  in  fonn  of  a  trapezoid,      .  j^ 
haviDg  the  two  parallel  nidei   ab,  cd,   tiz. 
AB  =  24,  and  cd  =  16,  and  depUt  6  feet. 
Now,  by  menfuntion  problem  3,  volume  1, 


example  :  bot  the  centre  of  gravis  cannot 
be  (o  lowdovra  as  l>efore,  because  the  figure 
is  wider  above  and  narrower  below,  the  whole 
depth  beiDg  the  same. 

Now,  to  determine  the  centre  of  gravity 
K  of  the  trapezoids  ad,  produce  the  two 
sides  AC,  BD,  till  they  meet  in  o  ;  also  draw  oxc  and  ch 
perp.  toAB  -.  then  ah  :  ch  :  :  as  :  oe,  thatts,  4:6  :  :  12: 
18  =  OE  ;  and  ef  being  =  8,  theref  ro  =  12.  Now,  by 
Statics  art.  239,  er  =  6  =  ^eg  gives  f  the  centre  of 
gravity  of  the  triangle  abo,  and  fi  =  4  ^  ^fo  gives  ■  the 
centre  of  gravity  of  tba  triangle  cdg.  Then  assuming  k  to 
denote  the  centre  of  ad,  il  will  be,  by  art.  212  this  vol.  astbe 
trap.  AD  :  A  oo  •■  :  if  :  fk,  or  A  Asc—  A  cna  :  A  ci>o  :  : 
IF  :  FK,  or  by  theor.  88  Geom.  oe*  —  of*  :  cr»  :  :  if  :  f«, 
thatis  18*  — 12*  to  12'  or  3*  _  S*  to8»or  6:  4  :  :  if  =  4  : 
y  =  3}  =  PK  {  Bud  hence  ek  =  6  —  3}  =  2|  =  y  is  the  - 
distanceof  tbe  centre  K  below  the  tur&ce  oftbe  water.  This 
drawn  into  120 the  area  of  the  dam-gate,  gives  336  cnbic  feet 
of  water  =  the  pressure,  =  3360W  ounces  =  21000  pounds 
=  9  tons  80  lb,  the  quantity  of  pressure  against  the  gate,  ss 
required,  being  a  l&th  part  less  than  in  the  first  case.  ^ 

Ei.  S.  Find  the  quanlity  of  pressure  againit  a  dam  or 
sluice,  across  a  canal,  which  is  20  feel  wide  at  tVp,  14  at  bot- 
tom, and  8  feet  depth  of  water  ? 

PROBI£M  VL 

To  delerihiat  (A«  Slrimgttl  Jingle  aj  Poiition  of  m  Pair  ofGalet 
for  the  lock  on  a  CaiuU  or  Biver. 

Let  AC,  Bc  be  the  two  gales,  meet-  D 

ing  in  the  angle   c,    projecting  oot  C..'^\ 

against  the  pressure  of  the  water,  ab  /!\    ■ 

lieingthe  breadthofthecanalor  river.  y^     \     \^-. 

Now  the  pressure  of  the  waier  on  a       .-•'^ [ ^ 

gate  AC,  is  as  the  quantity,  or  as  the       A.  E-  It 

eitent  or  length  of  it,  ac.  And  the  mechanical  effect  of  that 
pressure,  is  as  the  length  of  lever  to  the  middle  of  ac,  or  at 
AC  itself.    On  both  these  accounts  then  the  pressure  is  ss 
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Ac^.  Therefore  the  resistance  or  the  strength  of  the  gate 
must  be  as  the  reciprocal  of  this  ac^. 

Now  produce  ac  to  meet  ba,  prep,  to  it,  in  d  ;  and  dravr 
CB  to  bisect  ab  perpendicoiarly  in  e*;  then,  by  similar  tri- 
angles, as  AC  :  AE  :  :  ab  :  ad  ;  where,  ae  and  ab  being  givcD 
lengths,  AD  is  reciprocally  as  ac,  or  ad'  reciprocally  as  ac'  ; 
that. is,  ad'  is  as  the  resistance  ef  the  gate  ac  But  the  re- 
sistance of  AC  is  increased  by  the  pressure  of  the  other  gate 
in  the  direction  bc.  Now  the  force  in  bc  is  resolved  into  the 
two  pD,  DC  ;  the  latter  of  which,  dc,  being  parallel  to  ac, 
has  no  effect  upon  it ;'  but  the  former,  bd,  acts  perpendicular- 
ly on  it.  Therefore  the  whole  effective  strength  or  resistance 
of  the  gate  is  as  the  product  ad'  X  bd. 

If  now  there  bie  put  ab  =  a,  and  bd  =>  x,  then  ad'  =  ab* 
— BD«=a'— x«  ;  conseq.  ad'Xbd=(o'— a:')Xa:=a'«— jt' 
for  the  resistance  of  either  gate.  And,  if  we  would  have  this 
to  be  the  greatest,  or  the^esistance  a  maximum,  its  fiuxion 
.must  vanish,  or  be  equal  to  nothing  :  that  is,  a'x— S^'x  =  0  ; 
hence  a^  =s  dx' ,  and  x^a^^^lay'S^  '57735a,  the  na- 
tural sine  of  35^,16':  that  is,  the  strongest  position  for  the 
lock  gates,  iswheB  they  make  the  angle  a  or  b  =  35®  liB', 
or  the  domplemental  angle  ace  or  bce  ==  54^  44',  or  the 
whole  salient  angle  acb  =  IM^  28'. 

Scholium. 

Allied  to  this  problem,  are  several  other  cases  in  mechanics, 
such  as,  the  action  of  the  water  on  the  rudder  of  a  ship,  in 
sailing,  to  turn  the  ship  about,  to  alter  her  course  ;  and  the 
action  of  the  wind  on  a  ship's  sails,  to  impel  her  forward  ; 
also  the  actioji  of  water  on  the  wheels  of  water  mills,  and  of 
the  air  on  the  saik  of  wind-niils,  to  cause  them  to  turn 
round. 

Thus,  for  instance,  let  ai 
ABC  be  the  rudder  of  at 
ship  ABDE,  sailing  in  the 
direction  bd,  the  rudder 
|)laced  in  the  oblique  posi- 
tion Bc,  and  consequently  _ 
striking  the  water  in  the        C   0  IF 

direction  cr,  parallel  to  bd.  Draw  bf  prep,  to  bc,  and  bo 
prep,  to  cp.  Then  the  sice  of  the  angle  of  incidence,  of  the 
direction  of  the  strotc  of  the  rudder  against  the  water,  will 
be  BF,  to  the  radius  cf  ;  therefore  the  force  of  the  water 
against  the  rudder  will  be  as  bf',  by  art.  3,  Mot.  of  bod,  in 
Flui.  this  vol.  But  the  force  bf  resolves  into  the  two  bo,  cf,  of 
which  the  latter  is  parallel  to  the  ship*s  motion,  and  therefore 

has 


440         PRESSURE  OF  EARTH  AND  FLUIDS 

/ 

has  DO  effect  to  change  it  :  but  the  former  bg,  being  prep.  t# 
the  ship's  motion,  is  the  only  part  of  the  force  to  turn  the  ship 
about  and  change  her  course.  But  bf  :  bo  :  :  of.  :  cb,  there- 
fore CF  :  CB  :  :  bf*  : the  force  upon  the  rudder  t# 

CF  -'^ 

turn  the  ship  about. 
Now  put  a  =  CF,  X  =  bc  ;    then  bf*  =  a*  —  x*,  and  the 

^         Bc  .  BF*        jc(a*— **;       w«jr-x3  ,   ^    .         ,,•. 

force = = ■• —  :    and,  to  have  this  a 

CF  a  «        ' 

maximum,  its  flux,  must  be  made  to  vanish,  that  is,  a*i—- So:' 

:jp  =  0  ;   and  hence  x  ==  a  ^^  =  bc  =  the  natural  sine  of  35* 

16'  =   angle   f  ;    therefore   the  complemental   angle   c   = 

54*^  44'  as  before,  for  the  obliquity  of  the  rudder,  when  it  is 

most  efficacious. 

The  ease  will  be  also  the  same  with  respect  to  the  wind 
acting  on  the  sails  of  a  wind-mill,  or  of  a  ship,  viz.  that  the 
sails  roust  be  set  so  as  to  make  an  angle  of  54^  44  with  the  . 
direction  of  the  wind  ;  at  least  at  the  beginning  of  the  mo- 
tion, or  nearly  so  when  the  velocity  of  the  sail  is  but  small  in 
comparison  with  that  of  the  wind;  but  when  the  former  is 
pretty  considerable  in  respect  of.  the  latter,  than  the  angle 
ought  to  be  proportionally  greater,  to  have  the  best  effect,  ar 
shown  in  Maclaurin's  JTluxions,  pa.  734,&c. 

A  consideration  somewhat  related  to  the  same  also,  is  the 
greatest  effect  produced  on  a  mill-v^heel,  by  a  stream  of  water 
striking  upon  its  sails  or  float- boards.     The  proper  way  in  this 
case  seems  to  be,'  to  consider  the  whole  of  the  water  as  Acting 
on  the  wheel,  but  striking  it  only  with  the  relative  velocity, 
or  the  velocity  with  which  the  water  overtakes  and  strikes 
upon  the  wheel  in  motion,  or  the  difference  between  the  ve- 
locities of  the  wheel  and  the  stream.     This  thep  is  the  power 
or  force  of  the  water ;  which  multiplied  by  the  velocity  of 
the  wheel,  the  product  of  the  two,  viz   of  the  relative  velo- 
city and  the  absolute  velocity  of  the  wheel,  that  is  (v — v)  v  = 
vi;  —  1)3 ,  will  be  the  effect  of  the  wheel  ;  where  v  denotes 
the  given  velocity  of  the  water,  and  v  the  required  velocity 
of  the  wheel.     Now,  to  make  the  effect  rv-^-v*  a  maximum, 
or  the  greatest,  its  fluxion  must  yani<h,  that  is  vv — Svi  =  0, 
hence  v=  ^v  ;  or  the  Velocity  of  the  wheel  will  be  equal  to 
half  the  velocity  of  the  stream,  when  the  effect  is  the  greatest ; 
and  this  agreas  best  with  experiments. 

A  former  way  d£  resolving  this  problem  was,  to  consider 
the  water  as  striking  the  wheel  with  a  force  as  the  square  of 
the  relative  velocity,  and  this  multiplied  by  the  velocity  of 
the  wheel,  to  give  the  effect ;  that  is,  (v  — r)»v  =  the  effect. 
Now  the  flux,  of  this  product  is  (v — r)*  i— (v— 1»)  X  2vtr  =  0; 

hence 
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hence  t-^w  =  %v\  or  v  =  3p,  and  v  =«  iv,  or  the  Telocity  of 
the  wheel  equal  onlj  to  |  of  the  velocity  of  the  water. 

PROBLEM  VIL 

To  determine  the  Form  and  Dimensions  of  Gunpowder  Maga^ 

zines. 

Id  the  practice  of  engiheeriDg.  with  renpect  to  the  erection 
ef  powder  magazines,  the  exterior  shape  is  usually  made  like 
the  roof  of  a  house,  having  two  sloping  sides,  forming  two  in- 
clined planes,  to  throw  off  the  rain,  and  meeting  in  an  angl^ 
or  ridge  at  the  top  ;  while  the  interior  represents  a  vault, 
more  or  less  extended,  as  the  occasion  may  require  ;  and  the 
shape,  or  tran verse  section,  in  the  form  of  some  arch,  hoth 
for  strength  and  commodious  room,  for  placing  the  powder 
barrels.     It  has  been  usual  to  make  this  enterior  curve  a  semi- 
circle.    But,  against  this  shape,  for  such  a  purpose,  I  must 
enter  my  decided  protest ;  as  it  is  an  arch  the  farthest  of  any 
from  being  in  equilibrium  in  itself,  and  the  weakest  of  any, 
by  being  unavoidably  much  thinner  in  one  part  than  in  others. 
Besides  it  is  constantly  found,  that  aAer  the  centering  of  semi- 
circular arches  is  struck,  and  removed  they  settle  at  the 
erown,  and  rise  up  at  the  flanks,  even  with  a  straight  horizon* 
tal  form  at  top,  and  still  much  more  so  in  powder  magazines 
with  a  sloping  roof  ;  which  effects  are  exactly  what  might  be 
expected  from  a  contemplation  of  the  true  theory  of  arches. 
Now  this  shrinking  of  the  arches  mult  be  attended  irith  other 
acfditional  bad  effects,  by  breaking  the  texture  of  the  cements 
after  it  has  been  in  some  degree  dried  and  also  by  opening  the 
joints  of  the  voussoirs  at  one  end.     Instead  of  the  circular 
arch  therefore,  we  shall  in  this  place  give  an  investigation, 
founded  od  th^  true  principles  of  equilibrium,  of  the  only 
just  form  of  the  interior,- which  is  properly  adopted  to  the 
usual  sloped  roof. 

For  this  purpose,  put  a  ~  dk  the 
thickness  of  the  arch  at  the  top,  x  = 
any  absciss  dp  of  the  required  arch 
ADCM;  tt  =±=  KR  the  corresponding  \ 
absciss  of  the  given  exterior  line  ki, 
and  y  =  PC  c=  Ri  their  equal  ordi- 
nates.  Then  by  the  principles  of 
anihes,  in  my  tracts  on  that  subject  J^ 
it  is  found  that  ci  or  w  =  o  +  «  — 


tl  =£  Q    X 


X 


or  =  q  X  T^i    supposing  y  a  constant 

quantity,  and  where  a  is  some  certain  quantity  to  be  deter- 
mined hereafter.    But  kr  or  «  is  s^  fy,  if  t  be  pat  to  denot  ^ 


VOR.    II. 


S7 


tl;€ 
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(he  tangent  of  the  giren  angle  of  eleratien  kir,  to  radios  I  *, 

and  then  the  equation  is  w  =  o  +  x-^iy  ==  -r^- 

Nowy  the  fluxion  of  the  equation 
9sc=a  +  JT  —  <y,  isii^  i  —  <y 
and  the  2d  fluxion  is  w  =  x  ;  there- 
fore  the  foregoing  general  equation  ^^j 

becomes  "w  =  -:^  ;  and  hence  wi  ■■ 

^5r»  the  fluent  of  which  gires  w^  =     

-rj-i  but  at  D  th^  ralue  of  w  is  =  a,  and  w  =  0,  the  curve 
at  D  being  parallel  to  hi  ;  therefore  the  correct  fluent  is 

v«-o«  =  ^.    Hence  then^=^?!ii-,  or  v=-^;=^^-^ 
the  correct  fluent  of  which  gives  y  <==  v^  ^  X  hyp.  log.  of 

a 
Now,  to  determine  the  value  of  ^,  we  are  to  consider  that 
when  the  vertical  line  ci  is  in  the  position  il  or  mn  then 
w  s=  CI  becomes  <==  al  or  icif  »=  the  given  quantity  c  sup- 
pose, and  y  a=x  A^  or  ^M  =  6  suppose,  in  which  position  the 

last  equation  becomes  6  =:=  y^  ^  X  hyp.  log.^"''^^^  "^    ;  and 

hence  it  is  found  that  the  value  of  the  constant  quantity 

the  above  general  value  of  y,  that  value  becomes 

■^^        ^ a  .  y  1og»  ofw+^  (p^ — flg )— log.a 

^'  —  ^^j^     ^^cfV(c»-o«)  log.ofc  +  V  (<?,*-«,)- tog- « 

from  which  equation  the  value  of  the  ordinate  re  may  always 
be  found,  to  every  given  value  of  the  vertical  ci. 

-But  if,  on  the  other  hand,  re  be  given,  io  find  ci,  which 
will  be  the  more  convenient  way,  it  may  be  found  in  the 

following  manner  :  Pot  a  =  log.  of  a,  and  <?  =*  r  X  log.  of 

^T.  .^^  "  — ;  then  the  above  equation  gives  cy  +   a  ==  log. 

of  w  +  \/  (w^  —  a*)  ;  again,  put  n  =  the  number  whose  log. 
is  cjf  +  A  ;  then  n  ==  w  -f  ^  (w>  —  a^)  ;  ^od  hence  w  «= 

■ ==  CI. 

2n  • 

Now,  for  an  example  in  numbers,  in  a  real  case  of  this 

nature, 


/^a—  a) »  which  being  substituted  for  it,  in 
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Tiatare,  let  the  foregoing  figure  represent  a  tranavene  rertical 
flection  of  a  magazine  arch  balanced  in  all  its  parts,  in  which 
the  span  or  width  am  is  20  feet,  the  pitch  or  height  d^  is 
10  feet,  thickness  at  the  crown  dk  =^  7  feet,  and  the  angle 
of  the  ridge  lks  IW  ST,  orthe  half  of  it  led  =  fie^'  18'|, 
the  complement  of  which,  or  the  elevation  xir,  is  33^  41'^^, 
^he  taneent  of  which  is  =  },  which  will  therefore  be  the 
▼alue  of  t  in  the  foregoing  investigation.  The  values  of  the 
other  letters  will  be  as  follows,  viz.  DK=:a=7  :  Aq=B  =s  10  ; 
0^=^=10  ;  AL  =  c=10|=y  ;  A  =  log.  of  7  =  8460980  ; 


c  =  --  X  log.  of 


1  0 


c+^-a^  =  ,V  log.  Of  '±t^  =  ,^ 

log.  of  2-66207   =    -0408691  ;    cy    +  a    =*=   -040859  ly   + 
-8460980  a^  lo^.  of  n.     From  the  general  equation  then,  viz. 

<;i  =  w  =s    "oi~*  ^  a"    "^  i^»  ^y  assuming  y  suocessively 

equal  to  1 ,  2,  3,  4,  &c.  thence  finding 
the  corresponding  values  of  cy  +  a  or 
*0408691y  +  -8460980,  and  to  these, 
as  common  logs,  taking  out  the  corres- 
poiffling  natural  numbers,  which  will 
he  the  values  of  n  ;  then  the  above 
theorem  will  give  the  several  values  of 
V  or  CI,  as  thej  are  here  arranged  in 
the  annexed  table,  from  which  the 
figure  of  the  curve  is  to  be  constructe<f, 
by  thus  finding  so  many  points  in  it. 

(Mherwiie,  Instead  of  making  n 
the  number  of  the  log.  cy  +  a,  it  we 
put  m  ==  the  natural  number  of  the  log. 

cy  only  ;  then  m  ==  r * ,  and  am  —  i»  =  ^  (w»  - 

a*),  or  by  squaring,  &c.  a^m^  —  2ainw+w*  =  »■  —  b^,  an4 


Val.ofji 

Val.  of  « 

or  cp. 

or  ci. 

1 

7-0309 

2 

7-1243 

3 

7-2806 

4 

7-6016 

6 

7-7888 

6 

8-1462 

7 

8-6737 

8 

9-0781 

9 

9-6628 
10-3333 

10 

hence  w  s 


ma -hi 

2m 


X  a  :  to  which  the  numbers  being  applied, 


the  very  same  conclusioas  result  as  in  the  foregoing  calculation 
and  table. 


PROBLBM  Vm. 

To  eou$truct  Powder  Magazines  with  a  Parabolical  Arch. 

It  has  been  shown,  in  my  tract  on  the  Principles  of  Arches 
of  Bridges,  that  a  parabolic  arch  is  an  arch  of  equilibration, 
when  its  extrados,  or  form  of  its  exterior  covering,  v^  the 
very  same  parabola  as  the  lower  or  inside  curve.  Hence  then 
a  parabolic  arch,  batii  for  the  inside  and  outer  f^rm,  will  be 
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very  proper  for  the  structure  of  a  powder  maie^azine  For^ 
the  inside  parabolic  abape  will  be  very  codv enienl  as  to  room 
for  stowage :  2dly ,  the  eiterior  parabola,  every  where  parallel 
to  the  inner  one,  will  be  proper  enough  to  carry  off  the  rain 
fvater  :  3dly,  the  structure  will  be  in  perfect  equilibrium  : 
and  4th]y,  the  parabolic  curve  is  easily  constructed,  and  the 
structure  erected 

Put,  as  beforet,  a  ==  kd,  A  =  dq,  K 

h  =  A^,  X  =  OH,  and  y  =  pc  or  ri.  ..<£rf?^^5!^>Nv I 

Then,  by  the  nature  of  the  parabola 

ADC,  6»  :  y*   : :  A :  X  =  ~-  ;    hence 

J"  ,  2Aq_ 

constant.     Then  ci  =  -rr  X  ^  is  =  -^  =  a  constant  quan- 

y  00      ' 

tity  =  a,  what  it  is  at  the  vertaz  ;  that  is,  ci  is  every  where 
equal  to  kd. 

Consequently  kr  is  =  op  ;  and  since  ri  is  =  pc,  it  is  evi- 
dent that  Ki  is  the  same  parab<  lie  curve  with  dc,  and  maj 
be  placed  any  height  above  it,  always  producing  ah  arch  of 
^(juilibratioD^  and  very  commodious  for  powder  magazines. 


THEORY  AND  PRACTICE  OF  GUNNERY. 


In  the  Doctrine  of  Motion,  Forces,  &c.  have  been  giveu 
several  particulars  relating  to  this  subject  Thus,  in  props. 
19,  20,  21,  22,  is  given  all  that  relates  to  the'parabolic  theory 
of  projectiles,  that  is,  the  mathematical  principles  which 
ivould  take  place  s^nd  regulate' such  projects  if  they  were  not 
impeded  and  disturbed  in  their  motions  by  the  air  in  which 
they  move.  But  from  the  enormous,  resistance  of  that  me- 
dium, it  happens,  that  many  military  projectiles,  especially 
the  smaller  balls  discharged  with  the  higher  velocities,  do 
not  range  so  far  as  a  20tb  part  of  what  they  would  naturally 
do  in  empty  space  !  That  theory  therefore  can  only  be  use- 
ful in  some  few  cases,  such  ^s  in  the  slower  kind  of  motions, 
not  above  the  velocities  of  2,  3,  or  400  feet  per  second,  when 
the  path  of  the  projectile  differs  but  little  perhaps  from  the 
curve  of  a  parabola. 

Again.at  art  104, &c.  of  same  doctrine,  are  given  several  other 
practical  rule9  imd  calculations^  depending  partly  on  the  fore- 
^    *  going 
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going  parabolic  theory,  and  partly  on  the  results  of  certain 
experiments  performed  with  cannon  balls. 

Again,  in  prop  68,  Statics,  are  delivered  the  theory  and 
ealculatioDS  of  a  beautiful  military  experiment,  invented  by 
Mr.  Robins,  for  determining  the  true  degree  of  velocity  with 
which  balls  are  projected  from  guns,  with  any  charges  of 
powder.  The  idea  of  (his  experiment,  is  simply,  that  the 
ball  is  discharged  into  a  very  large  but  moveable  block  of 
wood,  whose  small  velocity,  in  consequence  of  that  blew,  can 
be  easily  observed  and  accurately  measured  Then,  from 
this  small  velocity,  thus  obtained,  the  great  one  of  the  ball  is 
immediately  derived  by  this  simple  proportion,  viz  as  the 
weight  of  the  ball,  is  to  the  sum.  of  the  weights  of  the  ball 
and  the  block,  so  is  the  observed  velocity  of  the  last,  to  a  4th 
proportional,  which  is  the  velocity  of  the  ball  sought. — It  is 
evident  that  this  simple  mode  of  experiment  will  be  the  source 
of  numerous  useful  principles  as  results  derived  from  the 
experiments  thus  made,  with  all  lengths  and  sizes  of  guns, 
with  all  kinds  and  sizes  of  balls  and  other  shot,  and  with  all 
the  various  norts  and  quantities  of  gunpowder  ;  in  short,  the 
experiment  will  sqpply  answers  to  all  enquiries  in  projectiles, 
excepting  the  extent  of  their  ranges  ;  for  it  ivill  even  de- 
termine the  resistance  of  the  air,  by  causing  the  ball  to  strike 
the  block  of  wood  at  different  distances  from  the  gun,  thus 
showing  the  velocity  lost  hy  passing  through  those  different 
spaces  of  air  ;  all  which  circumstances  are  partly  shown  in 
my  4to  vol  of  Tracts  published  in  1786,  and  which  will  be 
completed  in  my  new  volumes  of  miscellaneous  tracts  now 
printing. 

Lastly,  in  prob.  17,  Prac.  Ex.  on  Forces,  some  results  of  the 
same  kind  of  experiment  are  successfully  applied  to  deter- 
mine the  curious  circumstances  of  the  first  force  or  elasticity 
of  the  air  resulting  from  fired  gunpowder,  and  the  velocity 
with  which  it  expands  itself.  These  are  circumstances  which 
have  never  before  been  determined  with  any  precision.  Mr. 
Robins,  and  other  authors,  it  may  be  said,  have  only  guessed  at, 
rather  than  determined  them.  That  ingenious  philosopher,  by 
a  simple  experiment,  truly  showed  that  by  the  firing  of  a  par- 
cel of  gunpowder,  a  quantity  of  elastic  air  was  disengaged, 
which,  when  confined  in  the  space  only  occupied  by  the  pow- 
der before  it  was  fired,  was  found  to  be  near  S60  times  strong- 
er than  the  weight  or  elasticity  of  the  common  atmospheric  air. 
He  then  heated  the  same  parcel  of  air  to  the  degi^ce  of  red  hot 
iron,  and  found  it  in  that  temperature  to  be  about  4  times  as 
strong  as  before  ;  whence  he  inferred,  that  the  first  strength  of 
the  inflamed  fluid,  must  be  nearly  1000  times  the  pressure  of 

the 
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the  atmosphere.  Bat  this  was  merely  gaessiog  at  the  degree 
of  heat  in  the  inflamed  fluid,'  and  conseqaeptlj  of  its  first 
strength^  both  which  in  fact  are  found  to  be  much  greater.  It 
is  trae'that  this  assamed  degree  of  strength  accorded  pretty 
well  with  that  author's  experiments ;  but  this  seeming  a- 
greement,  it  may  easily^r  be  shown,  coutd  only  be  owing  to 
the  inaccuracy  of  his  own  further  experiments  ;^  and,  in  fact, 
with  far  better  opportunities  thein  fell  to  the  lot  of  Mr.  Rob- 
ins, we  have  shown  that  inflamed  gunpowder  is  about  dou- 
ble the  strength  that  he  has  assigned  to  it,  and  that  it  ex- 
pands itself  with  the  velocity  ^  about  5000  feet  per  se- 
cond. 

Fully  sensible  of  the  importance  of  experiments  of  this 
kiiid,  tirst  practised  by  Mr.  Robins  with  musket  balls  only, 
my  endeavours  for  many  years  were  directed  to  the  prosecu- 
tion of  the  same,  on  a  larger  scale,  with  cannon  balls  ;  and  I 
having  had  the  honour  to  be  called  on  to  give  my  assistanoe  at 
several  courses  of  such  experiments,  carried  on  at  Woolwich 
by  the  ingenious  officers  of  the  Royal  Artillery  there,  under 
the  auspices  of  the  Masters  General  of  the  Ordnance,  I  have 
assiduously  attended  them  for  many  years.  The  first  of  these 
courses  was  performed  in  the  year  1 775,  being  %  years  after 
my  establishment  in  the  Royal  Academy  at  that  place  :  and  in 
the  Philos.  Trans,  for  the  year  1 778  I  gave  an  account  of 
these  experiments,  with  deductions,  in  a  memoir,  which  was 
honoured  with  the  Royal  Soiiiety's  gold  medal  of  that  year, 
in  conclusion,  from  the  whole,  the  following  important  deduc- 
tions were  fairly  drawn  and  stated,  viz. 

\st^  It  is  made  evident  by  theae  experiments,  that  gun- 
powder ^v^^  almost  instantaneously.  Sc^/j^,  The  velocities 
communicated  to  shot  of  the  same  weight,  wiUi  diflerent 
charges  of  powder,  are  nearly  as  the  square  ro6ts  of  those 
charges.  3c//y,  And  when  shot  of  diflerent  weights  are  fired 
with  the  same  charge  of  powder,  the  velocities  communicated 
to  them,  are  nearly  in  the  inverse  ratio  of  the  square  roots 
of  their  weights.  4<^y,  So  that,  in  general,  shot  which  are 
of  diflerent  weights,  and  impelled  by  the  firing  of  diflerent 
charges*  of  powder,  acquire  velocities  which  are  directly  as 
the  square  roots  of  the  charges  of  powder,  and  inversely  as. 
the  square  roots  of  the  weights  of  the  shot,  blihhiy  It  would 
therefore  be  a  great  improvement  in  artillery,  occasionally  to 
make  use  of  shot  of  a  long  shape,  or  of  heavier  matter,  as 
lead ;  for  thus  the  momentum  of  a  shot,  when  .discharged 
with  the  same  charge  of  powder,  would  be  increased  in  the 
ratio  of  the  square  root  of  the  weight  of  the  shot ;  which 
would  both  augment  proportionally  the  force  of  the  blow  with 
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which  it  would  strike,  and  the  extent  of  the  range  0  which 
it  would  go.  6^^,  It  would  also  be  aa  improvement,  to 
diminish  the  windage  ;  since  by  this  means,  one  third  .or  more 
of  the  quantity  «f  powder  might  be  saved.  7^/i/y,  When  the 
improvements  mentioned  in  the  last  two  articles  are  consider^ 
ed  as  both  taking  place,  it  appears  that  about  half  the  quantity 
of  powder  might  be  saved.  But,  important  as  the  saving  may 
be,  it  appears  to  be  still  exceeded  by  that  of  the  guns  :  for 
thus  a  small  gun  may  be  made  to  have  the  effect  and  execution 
of  another  of  two  or  three  times  its  size  in  the  present  way, 
by  discharging  a  long  shot  of  2  or  3  times  the  weight  of  its 
usual  ball,  or  round  shot ;  and  thus  a  small  ship  might  em- 
ploy shot  as  heavy  as  those  of  the  largest  now  in  use. 

Finally,  as  these  experiments  ^prove  the  regulations  with 
respect  to  the  weight  of  powder  and  shot,  when  discharged 
from  the  same  piece  of  ordnance  ;  so,  by  making  similar  ex- 
periments with  a  gun  varied  in  its  length  by  cutting  off  from 
it -a  certain  part,  before  each  set  of  trials,  the  effects  and  ge- 
neral rules  for  the  different  lengths  of  guns,  may  be  with 
certainty  determined  by  them.  In  short,  the  principles  on 
which  these  experiments  w^re  made,  are  so  frqitful  in  con- 
sequences, that,  in  conjunction  with  the  effects  of  the  resist- 
ance of  the  medium,  they  appear  to  be  sufficient  for  answering 
all  the  inquiries  of  the  speculative  philosopher,'  as  well  a» 
those  of  the  practical  artillerist. 

Such  then  was  the  summary  conclusion  from  the  first  set 
of  experiments  with  cannon  balls,  in  the  year  1775,  and  sucb 
were  the  probable  advantages  to  be  derived  from  them.  I  am 
not  aware  however  that  any  alterations  were  adopted  from 
them  by  authority  in-  th^  public  service  :  unless  we  are  to  ex- 
cept the  instance  of  carronades,  a  species  of  ordnance  that  was 
afterwards  invented,  and  in  some  degree  adopted  in  the  public 
service  ;  for,  in  this  instance,  the  proprietors  of  those  pieces 
by  availing  themselves  of  the  circumstances  of  large  balls,  and 
very  small  windage,,  have,  with  small  charges  of  powder,  and 
at  little  expense,  been  enabled  to  produce. very  considerable 
and  useful  effects  with  those  light  pieces. 

The  2d  set  of  these  experiments  extended  through  most 
part  of  the  summer  seasons  of  the  years  1783,  1784,  1785, 
and  some  in  1786.  The  objects  of  this  course  were  nume- 
rous and  various  :  but  the  principal  articles  as  follow  :  1 .  The 
velocities;  with  which  balls  are  projected  by  equal  charges  of 
powder,  from  pieces  of  equal  weight  and  calibre,,  but  of  dif- 
ferent lengths.  2.  The  velocities  with  different  charges  of 
powder,  the  weight  and  length  of  the  guns  being .  equaU 
3.  The  greatest  velocities  due  to  the  different  lengths  of  guns,, 
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to  be  ascertained  by  saccessively  iDcreaaing  the  charge,  tilt 
the  bore  should  be  filled,  or  till  the  velocity  should  decrease 
agaiD.  4.  The  effect  of  varying  the  weight  of  the  piece  ; 
every  thing  else  being  the  same.  5  Thj^  penetration^  of 
balls  into  blocks' of  wood  6.  The  ranges  ai^]  times  of  flight' 
of  balls  ;  to  compare  them  with  their  first  velocities,  for  ascer^* 
taining  the  resistance  of  the  medium.  7.  The  effect  of  wads  ; 
of  different  degrees  of  ramming,  or  compressing  the  charge  ; 
of  different  degrees  of  windage  ;  of  different  positions  of  the 
vent ;  of  chambers  and  trunnions,  and  every  other  cir- 
cumstance necessary  to  be  known  for  the  improvement  of  ar- 
tillery. 

An  ample  account  is  given  of  these  experiments,  and  the 
results  deduced  from  them  in  my  volume  of  Tracts  published 
in  1786  ;  some  few  circumstances  only  of  which  can  be  noted 
here.  In  this  course,  4  brass  guns  were  employed,  verj 
nicely  bored  and  cast  on  purpose,  of  different  lengths,  bat 
equal  in  all  other  respects,  viz.  in  weight  and  bore,  &c.  The 
lengths  of  the  bores  of  the  guns  were, 

the  gun  n^  1,  was  15  calibres,  length  of  here  28*5  inc. 

.     .     .     n*  2,    .     20  calibres, 38'4 

.     .     .     n®  3,    .     30  calibres,     .     .     .     .  ^  67*7 
.     .     .     n^  4,    .     40  calibres,     ....   *  802. 
the  calibre  of  each  being  2^^  inches,  and  the  medium  weight 
of  the  balls  16.  oz.  13  drams. 

The  mediums  of  all  the  experimented  velocities  of  the 
balls,  with  which  they  struck  the  pendulous  block  of  wood^ 
placed  at  the  dista|ice  of  32  feet  from  the  muzzle  of  the  gun. 
for  several  charges  of  powder,  were  as  in  the  folio wing^ table, 


Table  of  j 

Initial  Felocities. 

1 

Powder 

The  GuBS. 

oz. 

No.  1. 

No.  2. 

No.  3.  No.  4. 

2 

780 

835 

920        970 

4 

1100 

U80 

1300 

1370 

6 

1340 

1445 

1590 

1680 

,8 

1430 

1500 

1790 

1940 

12 

1436 

1640 

• 

• 

14 

• 

1660 

• 

• 

16 

. 

. 

2poa 

• 

18      ^     .        1 

. 

J  22   01 

placed  in  the   1st  column,  for  all  the  four  guns,  thd  num- 
bers denoting  so  many  feet  per  second.     Wlpence  in  general 

it 
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it  appears  how  the  yelocities  increase  with  the  charges  of 
powder,  for  each  gun,  and  aUo  how  they  increase  as  the  guns 
are  longer,  with  the  same  charge,  in  every  instance. 

By  increasing  the  quantity  of  the  charges  continually,  for 
each  gun,  it  was  found  that  the  relocities  continued  to  increase 
till  they  arrived  at  a  certain  degree,  differebt  in  each  gun  ;  after 
which,  they  constantly  decreased  again,  till  the  bore  was  quite 
jUled  with  the  charge.  The  charges  of  powder  when  the 
velocities  arrived  at  their  maximum  or  greatest  state,  were 
various,  as  might  be  expected,,  according  to  the  lengths  of  the 
guns ;  and  the  weight  of  powder,  with  the  length  it  extended 
in  the  bore,  and  the  fractional  part  of  the  bore  it  occupied, 
are  shown  in  the  following  table,  of  the  charges  for  the  greats 
est  effect 


Gun, 
n«. 

1 
2 
3 

4 

Length 
of  the 
Bore 

The  Chaise. 

Weight, 
oz. 

Length. 

Inches. 

Part  of 
whole 

28*6 
38*4 
67-7 
80-2 1 

12 
14 
16 
18 

8*2 

9-6 

10-7 

121 

iV 

A 
A 

Some  few  experiments  in  this  course  were  made  to  obtaiii 
the  ranges  and  times  of  flight,  the  mediums  of  which  are  ex- 
hibited in  the  following  table. 


Guns. 

Pow- 
der 

Bal 

Weight. 

Is. 
Diam. 

Elevat. 
gun. 

Time 
of  flight. 

Range. 

First 
veloc. 

oz. 

oz.  dr. 

inch. 

• 

sees. 

feet. 

feet. 

n?2. 

2 

16  10 

1-96 

46<> 

21-2 

5109 

863 

do. 

2 

16     6 

1-96 

15 

9-2 

4130 

Q66 

1  do. 

4 

16     8 

1-96 

Id 

9-2  ^ 

4660 

1234 

1  do. 

8 

16  12 

1-96 

15 

14-4 

6066 

1644 

1  do. 

12 

16  12 

1-96 

15 

15-6 

6700 

1676 

1   n*>3. 

8 

16     8 

1-96 

15 

101 

5610 

1938 

In  this  table  are  contained  the  following  concomitant  data, 
determined  with  a  tolerable  degree  of  precision  ;  viz.  the 
weight  of  the  powder,  the  weight  and  diameter  of  the  ball, 
the  initial  or  projectile  velocity,  the  angle  of  elevation  of  the 
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PtneiratumM  of  BaUs  into 
iolid  EUm  wood. 

Powder  2 

4 

8  oz. 

7 

16-6 
13-5 

18-9 
21-2 
181 
20-8 
20-6 

^Meaos    7 

16 

20 

gon,  the  time  in  seconds  of  the  ball's  flight  throQgh  the  air^ 
and  its  range,  or  the  distance  where  it  fell  on  the  horizontal 
plane.  From  which  it  is  hoped  that  some  ajd  may  be  derived 
towards  ascertaining  the  resistance  of  the  medium,  and  its 
effects  on  other  elevations,  &c.  and  so  afford  some  means  of 
obtaining  e^sy  mles  for  the  cases  of  practical  gannerjr. 
Though  the  completion  of  this  enquiry,  lor  want  of  time  at 
present,  nrast'  be  referred  to  another  work,  where  we  maj 
have  an  opportunity  of  describing  another  more  extended 
eooTse  of  experiments  on  this  subject,  which  have  never  yet 
been  given  to  the  pubKfc. 

An^er  subject  of  enquiry 
in  the  foregoing  experiments, 
was,  how  far  the  balls  would 
penetrate  into  solid  blocks  of 
elm  wood,  fired  in  the  direc- 
tion of  the  fibres.  The  an- 
nexed tablet  shows  the  results 
of  a  few  of  the  trials  that 
were  made  with  the  gun  n*  2, 
with  the  most  frequent  charges 
of  2,  4,  and  8  ounces  of  pow- 
der ;  and  the  mediums  of  the 
penetrations,  as  placed  in  the 
last  line,  are  found  to  be  7, 16, 

and  20  inches,  with  those  charges.    These  penetrations  are 
nearly  as  the  numbers 

2,  4,  6,  or  1,  2,  3 ;  but  the  charges  of  powder  are  as 
2,  4,  8,  or  1,  2,  4  ;  so  that  the  penetrations  are  propor- 
tional to  the  charges  as  far  as  to  4  ounces,  but  in  a  less  ratia 
at  8  ounces  ;  whereas,  by  the  theory  of  penetrations  the 
depths  ought  to  be  proportional  to  the  charges,  or  which  is 
the  same  thing,  as  the  squares  of  the  velocities.  So  that  it 
seems  the  resisting  force  of  the  wood  is  not  uniformly  or  con- 
stantly the  same  but  that  it  increases  a  little  with  the  mcreased 
velocity  of  tlie  ball.  This  may  probably  be  occasioned  by 
the  greater  quantity  of  fibres  driven  before  the  ball ;  which 
may  thus  increase  the  spring  and  resistance  of  the  wood,  and 
prevent  the  ball  from  penetrating  so  deep  as  it  otherwise 
might  do. 

From  a  general  inspection  of  this  second  course  of  these 
experiments,  it  appears  that  all  the  deductions  and  observa- 
tions made  on  the  former  course,  are  here  corroborated  and 
strengthened,  respecting  the  velocities  and  weights  of  the 
balls,  and  charges  of  powder,  &c.  It  further  appears  also 
that  the  Telocity  of  the  ball  increases  with  the  increase  of 
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charge  only  to  a  ccrtua  point,  which  is  pecolitr  to  eaoh  gun, 
where  it  is  greatest :  mod  that  hjr  further  inereaaing  the 
charge,  the  Telocity  gradaally  dimiaishes,  till  the  hore  is 
quite  fall  of  powder.  That  this  chiycge  for  the  greatest  ve- 
locity is  greater  as  the  goD  is  longer,  hot  yet  oot  grHtter  is 
io  high  a  proportion  as  the  length  of  the  gun  is' ;  so  that  the 
part  of  the  bore  filled  with  powder*  bears  a  less  proportion  to 
the  whole  bore  in  the  long  guns,  than  it  does  in  the  shorter 
ones  ;  the  part  which  is  filled  being  indeed  nearly  in  the  in- 
verse ratio  of  the  square  root  of  the  empty  part. 

It  appears  that  the  velocity,  with  equal  charges,  always 
increases  as  tiie  gun  is  longer  ;  though  the  increase  in  velo- 
city is  Ot>ut  very  small  in  comparison  to  the  increase  in  length  ; 
the  velocities  being  in  a  ratio  somewhat  less  than  diat  of  the 
square  roots  of  the  length  of  the  bore,  but  greater  than  thai 
of  the  cube  roots  of  the  same,  and  is  indeed  nearly  in  the  mid- 
dle ratio  between  the  two. 

It  appears  from  the  table  of  ranges,  that  the  range  increa- 
ses in  a  much  lower  ratio  than  the  velocity,  the  gun  and  ele- 
vation being  the  same.  And  when  this  is  compared  with  the 
(proportion  of  the  velocity  and  length  of  guni  in  the  last  para- 
graph, it  is  evident  that  we  gain  extremely  lltde  in  the  range 
by  a  great  increase  in  the  length  of  the  gun,  with  the  same 
charge  of  powder.  In  fact  the  range  is  nearly  as  the  5th  root 
of  the  length  of  the  bore  :  which  is  so  small  an  increase,  as 
to  amount  only  to  about  a  7th  part  more  range  for  a  double 
length  of  gun. — From  the  same,  table  it  also  appears,  that  the 
time  of  the  ball's  fiighHis  nearly  as  the  range ;  the  gun  an^ 
elevation  bein^;  the  same. 

It  has  been  found,  by  these  experiments,  that  no  difference 
is  caused  in  the  velocity,  or  range,  by  varying  the  weight  of 
the  gun,  nor  by  the  use  of  wads,  nor  by  lUfferent  degrees  of 
ramming,  nor  by  firing  the  qharge  of  powder  in  different 
parts  of  it.  But  that  a  very  great  difference  in  the  velocity 
arises  from  a  small  degree  in  the  windage  :  indeed  with  the 
usual  established  windage  only,  viz.  about  ^  of  the  calibre, 
no  less  than  betwen  ^  and  j-  of  the  powder  escape^  and  is 
lost :  and  as  the  balls  are  often  smaller  than  the  regulated 
size,  it  frequently  happens  that  half  the  powdel"  is  lost  by  un- 
necessary windage. 

It  appears  too  that  the  resisting  force  of  wood,  to  balls 
fired  into  it,  is  not  constant  :  and  that  the  depths  penetrated 
by  balls,  with  different  velocities  or  charges,  are  nearly  as  the 
logarithms  of  the  charges,  instead  of  being  as  the  charges 
themselves,  or,  which  is  the  same  thing,  as  the  square  of  the 
velocity.— -Lastly,  these  and  most  other  experiments,  show, 

that 
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that  balls  are  greatly  deflected  from  the  direction  in  which 
they  are  projected  ;  and  that  as  mach  as  300  or  400  yards  in 
a  range  of  a  mile,  or  almost  |th  of  the  range. 

r^e  have  before  adverted  to  a  third  set  of  experiments,  of 
more  importance,  with  respect  to  the  resistance  of  the 
medium,  than  any  of  the  former  ;  bnt,  till  the  publication  of 
those  experiments,  we  cannot  avail  ourselves  of  all  the  disco- 
Tehes  they  contain  In  the  mean  time  however  we  may  ex- 
tract from  them  the  three  following  tables  of  resistances,  for 
three  different  sizes  of  balls,  and  for  velocities  between  100 
feet  and  2000  feet  per  second  of  time. 


Table  I.  | 

Reiistancet  to  a  ball  of  1*965 
incV«  diameter t  and  16  oz 
13  dr»  weight. 


Vel  iResistances. 


ozs. 

2i 
11 

35 
45 

72 

107 

151 

-05 

271 

350 

443 

546 

661 

785 

916 

;051 

)]86 

(319 

•447 

1569 


fe»'t 

lbs.  1 

100-  017 

200  0  69 

.SCO  1-56 

400i  2  81 

500  450 

600^  6  69 

700|  9  44 

800:  12  81 

900  16  94 

1000  21*88 

100 

27-63 

UOO 

3413 

loOO 

4131 

1400 

49  05 

1500 

57  25 

If  00 

65  69 

1700 

74-13 

1800 

82*44 

1900 

9044 

2000 

98*06' 

iDif 


81 

14 

20 

27 

35 

44 

54 

66 

79 

92 

104 

115 

124 

131 

135 

135 

133 

128 

122 


2dDit. 


H 

6 

7 

8 

9 
10 
12 
13 
13 
12 
11 

9 

7 

4 

0 
-2 
-5 


Tablv  II. 

RftiatQnce%  to  a 
baliy^^iaudkm. 
and  3  lb.  weight. 


Vtl.  iKe»  DitB 


feet 
900 
950 
1000 
1050 
1100 
1150 
1200 
1250 

iroo 

1360 
1400 
1450 
1500 
1550 
1600 
1650 
17iO 
1750 
1800 


IbA 

35 

41 

47 

53 

60 

67 

74 

82 

91 
101 
112 
122} 
1324 
141 1 
150 
158 
165 
171 
176 


6 

6 

6 

7 

7 

7 

8 

9 
10 
11 
lOi 
10 

9 

Bi 

8 

7 

6 

5 


Table  III. 

BeHat.  to  a  ball 
3*55  in-  diom,  and 
6lb'  loZ'  Sdr.  wt. 


Vel.  Kes.    Difs. 


feet 

1200 

1250 

1300 

1350 

1400 

1450 

1600 

1550 

1600 

1650 

1700 

1750 

1800 


lbs. 

115 

124 

133 

142 

152 

162 

1721 

184 

197 

211 

226 

242 

359 


9 

9 

9 
10 
10 
101 

n* 

13 
14 
15 
16 
17 


PROBLEM  I. 


To  dttermint  ike  Re»istance  of  the  Medium  agairnt  a  Ball 
or  any  other  eize^  moving  with  any  of  the  Felocitiet  given  in  the 
or^oing  Tahlei, 


i 


The  analogy  among  the  numhers  in  all  these  tables  is 
very  remarkable  and  uniform,  the  same  general  laws  running 
^  through 
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through  them  all.  The  same  laws  are  also  obserrahle  as  in 
the  table  of  resistaDces  in  page  412  of  this  volume,  parti- 
cularly the  1st  and  Sd  remarks  immediately  following  that 
table,  viz.  that  the  resistances  increase  in  a  higher  proportion 
than  the  square  of  the  velocities,  with  the  same  body  ;  and 
that  the  resistances  also  increase  in  a  rather  higher  ratio  than 
the  surfaces,  with  different  bodies,  but  the  same  velocity.  Yet 
this  latter  case,  viz.  the  ratios  of  the  resistances  and  of  the 
surfaces,  or  of  the  squares  of  the  diameters  which  is  the  same 
thing,  are  so  nearly  alike,  that  they  may  be  considered  as 
equal  to  each  other  in  any  calculations  relating  to  artillery  prac- 
tice. Fcr  example,  suppose  it  were  required  to  determine 
what  would  be  the  resistance  of  the  air  against  a  24lb  ball  dis- 
charged with  a  velocity  of  2000  feet  per  second  of  time. 
Now,  by  the  1st  of  the  foregoing  tables,  the  ball  of  1*965 
inches  diameter,  when  moving  with  the  velocity  2000,  suffer- 
ed a  resistance  of  981b  :  then  since  the  resistances,  with  the 
same  velocity,  are  as  the  surfaces  ;  and  the  surfaces  are  as 
the  squares  of  the  diameters  ;  and  the  diameters  being  1*966 
and  5*6,  the  squares  of  which  are  3*86  and  31  36,  therefore  as 
3*86  :  31*36  :  :  981b  :  7961b  ;  that  is,  the  24lb  hall  would  suf- 
fer the  enormous  resistance  of  7961b  in  its  flight,  in  opposition 
to  the  direction  of  its  motion ! 

And.  in  general,  if  the  diameter  of  any  proposed  ball  be 
denoted  by  rf,  and  r  denote  the  resistance  in  the  1st  table 

due  to  the  proposed  velocity  of  the  1*965  ball ;  then  r—  will 

denote  the  resistance  with  the  same  velocity  against  the  ball 
whose  diameter  is  d  ;  or  it  is  nearly  |d*r  which  is  hut  the  28th 
part  greater  than  the  former. 


PROBLEM  n. 

To  astign  a  Rule  for  determining  the  Resistance  due  to  any 
Indeterminate  Felocity  of  a  Given  Ball. 

This  problem  is  very  difficult  to  perform  near  the  truth, 
on  account  of  the  variable  ratio  which  the  resistance  bears  to 
the  velocity,  increasing  always  more  and  more  above  that  of 
the  square  of  the  velocity,  at  least  to  a  certain  extent  ;  and 
indeed  it  appears  that  there  is  no  single  integral  power  what- 
ever of  the  velocity,  or  no  expression  of  the  velocity  in  one 
term  only,  that  can  be  proportional  to  the  resistances  through- 
out It  is  true  indeed  that  such  an  expression  can  be  assigned 
by  means  of  a  fractional  power  of  the  velocity,  or  rather  one 

whose  index  is  a  mixed  number,  viz.  i^^  or  2*1 ;  thus  777:77=== 

the 
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the  resistance,  is  a  formula  in  one  term  onl)r«  which  will 
answer  to  all  the  namhers  in  the  first  table  of  resistances  rery 
nearly,  tfkid  consequently,  by  means  of  the  ratio  of  the  squares 
of  the  diameters  of  the  balls,  for  any  other  balls  whatever. 
This  formnla  then,  though  serving  quite  well  for  some  par* 
ticiilar  resistance,  or  even  for  constructing  a  complete  series 
or  table  of  resistances,  is  not  proper  for  the  use  of  problems 
in  which  fluxions  and  fluents  are  concerned,  on  account  of  the 
mixed  number  2^^,  in  the  index  of  the  velocity  v. 

We  must  therefore  have  recourse  to  an  expression  in  two 
terms,  or  a  forqiula  containing  two  integral  powers  of  the 
velocity,  as  v^  and  i,  the  first  and  2d  powers,  affected  with 
general  coefficients  m  and  n,  as  mv'  -^^  nv  ^=^  r  the  resist- 
ance. Now,  to  determine  the  general  numerical  values  of 
the  coefficients  m  and  n,  we  must  adapt  this  general  ex- 
pression mv'  +  nv  =^r^  to  twp  particukr  cases  of  velocity 
at  a  convenient  distance  from  each  other,  in  one  of  the  fore- 
going tables  of  resistances,  as  the  first  for  instance.  Now, 
after  making  several  trials  in  this  way,  1  have  found  that  the 
two  velocities  of  600  and  1000  answer  the  general  purpose 
better  than  any  other  that  has  been  tried.  Thus  then,  em- 
ploying these  two  cases,  we  must  first  make  v  s  600,  ao4 
r  =  4^lb,  its  correspondent  resistance,  and  then  again  v  = 
1000,  and  r  ==  21 '681b,  the  resistance  beloQging  to  it ;  this 
will  give  two  equation!,  by  which  the  general  value  of  m  and 
•f  n  will  be  determined.     Thus  then  the  two  equations  being 

600«m+    600fi=:4-6, 
and  1000>m  +  lOOOn  =  21-88  ; 
dividing  the  Ist  by  600,  and  the  i    600m  -|-  n  =  -009, 

2d  by  1000,  they  |re     .     .     ^  1000m  +  »  =  -02188  ^ 
the  dif.  of  these  is   .....     600m  =  01288, 
and  therefore  div.  by  600,  gives  m  =:  -00002676  ; 
hence  n  ^  009  —  600m  s=  '009  —  -01288  3=  »  -00388  =  n. 
Hence  then  the  general  formula   will  be   -00002676v'  -~ 
'00388  V  =  r  the  resistance  nearly  in  avoirdupois  pounds,  in  all 
cases  or  all  velocities  whatever. 


Now, 


OF  GUNNERY. 


465 


Veloc*. 
or  V, 


Comput 
resists 


Exper. 
i^esists 


lOOl  —-IS 

—•26 

1'16 


«00 
300 
400 
600 
600 
700 


2-67 
4-50 
6-94 
9-90 


l 


8001  13-38 
17-37 
21-88 
26-90 
32*44 
38-49 
HOOl  46  06 
1600|  6214 
69  74 
67-85 
76-48 
65-62 
2000    96-28 


•17 

•69 

1-66 

2-81 

4-60 

6  69 

9-44 

1281 

16-94 

21-88 

27-63 

34  13 

41-31 

4906 

67-26 

65-69 

7413 

82-44 

90-44 

9806 


Now«  t<f  find  how  near  to  the 
truth  this  theorem  comes,  ia 
every  iostance  in  the  tahle,  by 
snbstitatinf  for  t,  in  this  formula, 
all  the  several  velocities,  100, 
200,  300,  &c  to  2000,  these  give 
the  correspondeot  values  of  r,  or 
the  resistances*  as  in  the  2d  co- 
lumn of  the  annexed  table,  their 
velocities  being  in  the  first  co- 
lumn ;  and  the  real  experimented 
resistances  are  set  opposite  to 
them  in  the  3d  or  last  column  of 
the  same.  By  the  comparison  of 
the^  numbers  in  these  two  co- 
lumns together,  it  is  seen  that 
there  are  no  where  any  great  dif- 
ference between  them,  being 
sometimes  a  little  in  excess,  and 
again  a  little  in  defect,  by  very 
small  differences  ;  so  that,  on  the 
whole,  they  will  nearly  balance 
one  another,  in  any  particular  in- 
stance of  the  range  or  flight  of 
a  ball,  in  all  degrees  of  its  velocity,  from  the  first  ot 
greatest,  to  the  smallest  or  last.  Except  in  the  first  two  or 
three  numbers,  at  the  beginning  of  the  table,  for  the  veloci- 
ties 100,  200,  300,  for  which  cases  another  theorem  may  be 
employed.  Now,  in  these  three  velocities,  as  well  as  in  all 
that  are  smaller,  down  to  nothing,  the  theorem  '0000172&d9 
=  r  the  resistance,  will  very  well  serve,  as  it  brings  out  for 
the  first  three  resistances  -17  and  69  and  1*55^,  differing 
in  the  last  only  by  a  very  small  fraction. 

Corol.  1.  The  foregoing  role  -000025761)*  —  -0038817  «  r, 
denotes  the  resistance  for  the  ball  in  the  first  table,  whose 
diameter  is  1-965,  the  sqoare  of  which  is  3*86  or  almost  4  ; 
hence  to  adapt  it  to  a  ball  of  any  other  diameter  d,  we  have 
only  to  alter  the  former  in  proportion  to  the  squares  of  the 

diameters,  by  which  it  becomes  jg-  (-00Q02576iJ* — •00388r) 

rss  (00000667P*  —  -00lr)d*  =  (-OOOOOfp*  -.•00lT))rfa,  which 

is  the  resistance  for  the  ball  whose  diaipeter,  is  d^  with  the 
velocity  v. 


CoroU  2.    And,  in  a  similar  manner,  to  adapt  the  theorem 
'00001725V*  SK  r,  for  the  smaller  velocities,  to  any  other  size 

•  of 
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of  ball,  we  must  multiplj  it  by  r— r  « the  ratio  of  the  surfaces; 

by  which  it  becomes  •00000447d«i>*  =  r. 

We  shall  soon  take  occasion  to  idake  some  applications  in 
.the  use  of  the  foregoing  formulas,  after  considering  the  effects 
of  such  velocities  in  the  cases  of  nonresistances. 

PROBLEM  m. 

To  determine  the  Height  to  which  a  Ball  will  rise,  when 
fired  from  a  cannon  Perpendicularly   UpTKmrde  wth  a  Given 
Felocityy  in  a  J^onresisting  Medium^  or  euppoeing  no  Rem- 
ta^ce  in  the  Air. 

By  art  73,  Motion  and  Forces,  this  vol.  it  appears  that  any 
body  projected  upwards,  with  a  given  velocity,  will  ascend  to 
the  height  due  to  the  velocity,  or  the  height  from  which  it 
must  naturally  fall  to  acquire  that  velocity  ;  and  the  spaces 
fallen  being  as  the  square  of  the  velocities  ;  also  16  feet  being 
the  space  due  to  the  velocity  32  ;  therefore  the  space  due  to 
any  proposed  velocity  v,  will  be  found  thus,  as  32'  :  16  :  :  v*:s 
the  space  or  as  64  :  1  : :  d'  :  ^  v^^^t  the  space,  or  the  height 
to  which  the  velocity  v  will  cause  the  body  to  rise  independ- 
ent of  the  air's  resistance. 

^  Exam.  For  eiample,  if  the  first  or  projectile  velocity,  be 
2000  feet  per  second,  being  nearly  the  greatest  experimented 
velocity,  then  the  rule  -^y^  =  $  becomes  ^  X  2000*  =  62&00 
feet  =  1 1|  miles  :  that  is,  any  body,  projected  with  the  ve- 
locity 2000  feet,  would  ascend  nearly  12  miles  in  height,  with- 
out resistance. 

CoroL  Because,  by  art.  88  Projectiles  this  vol.  the  greatest 
range  is  just  double  the  height  due  to  the  projectile  velocity, 
therefore  the  range  at  an  elevation  of  45^,  with  the  velocity 
in  the  last  example,  would  be  23|  miles  in  a  nonresisting  me- 
dium. We  shall  now  see  what  the  effects  will  be  with  the 
resistance  of  the  air. 

problem:  iv. 

To  determine  the  Height  to  which  a  Ball  projected  UpTvardi, 
as  in  the  last  problem,  will  ascend,  being  Resisted  by  ^  AtmoS' 
phere. 

Putting  X  to  denote  any  variable  and  increasing  height'  as- 
cended by  the  ball;  v  its  variable  and  decreasing  velocity  there; 
d  the  diameter  of  the  ball,  its  weight  being  tx; ;  m  «=  *00000}, 
and  n=  *001,  the  co- efficients  of  the  two  terms  denoting  the 
law  of  the  air's  resistance.     Then  (mv^  —  nv)d^ ,  by  cor.  1  to 

prob. 
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prob.  2,  will  be  the  rcsij^tance  of  the  air  against  the  ball  ia 
afoirdupois  pounds  :  to  which  if  the  weight  o?  the  hall  be  add- 
ed, then  {mv^ — nv)'i^  +  w  will  be  the  whole  resistance  to  the 
balfs  motion' ;  this  divided  by  w,  the  weight  of  the  ball  in 

motion,  gives --     =  r-  a'+  1  =i/the  retard- 

ing  force.     Hence  the  general  formula  vi  =  ^gfjp  (theor.  10 

pa.  3'?9  this  volume)  becomes  —  I^l,  =  2gx  X -^ 

making  v  negative  because  n  is  decreasing,  where  g  =  16  ft. ; 
and  hence 


X 


2g        (mv^  —  nv)d*  +  w      3fmcf>  , !L «  -1-   ^ 

Now,  for   the    easier  finding  the  fluent  of  this,  assume 
V !L  =  jf  ;  then  r  =  z  +  --,  and  »»  =  z*  +  — ^ar  -{-  —— 

and  w=>  zz  +  ^z ,  and  v*  —  —  v  +  ^  =  2r«,  and  v'  — 

—  V  =  29 --;  these  being  substituted  in  the  above  valu^ 

of  x»  it  becomes  x  ^= 


^         4?iia"''mja  md*     ^ 

putting  p  =  ^~,  and  ,«  =  -^_p»,orp»  +  ?«  =  ^. 

Then  the  general  fluents,  taken  by  the  8th  and  11th  forms 
of  the  table  of  Fluents  .give  x=  ^f^  X  [Jlog.  (z*  +  y^)  +  A  x 

arc  to  rad.  q  and  tan.  z]  =  .^^X  [ilog.  (i^«-  %  +  ^ J  + 

4"  X  arc  to  rad  q  and  tang,  v  —  jj].     But,  at  the  beginning 

of  the  motion,  when  the  first  velocity  is  v  for  instance,  and  the 
space  X  is  =  0,  thLi  fluent  becomes 

o  =  -::5  x[Jiog(v»-.— v+-2L)  +  4-  ^  ^«^  '^^^^^  J 

tan.  V  —  ».]     mnce  by  subtraction,  and  taking  v  =  0  for 
the  end  o\  the  motion,  the  correct  fluent  becomes 

x  =  ^'!^X[ilog.(v»-^v  +  -^.)-4l«g-  -^  +  4-  ><(W 
tan.,  v  —  p  —  arc  tan.  — p  to  rad  9)]. 

But  as  part  of  this  fluent,  denoted  by  ^  X  the  dif  of  the  two 

^rcs  to  tans,  v  -  p  and  —  p,  is  always  very  small  in  com- 
VoL.  11.  *9  parisoB 
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parison  ^tb  the  other  pFecedlog  terms,  they  liiay  te  omitted 
without  material  error  in  aoy  practical  instance  ;  ahd  then  iSit 

flaent  is  x  =7^  X  hyp.  log 2 —,  for  the  ut- 

fidost  height  to  which  the  ball  will  ascend,  when  its  motioiK 
ceases,  and  is  stopped,  partly  by  its  own  gravity,  bnt  chie^ 
by  the  resistance  of  the  air.  , ,  ., 

But  now,  for  the  numerical  value  of  the  general  coefficient 

^    ,  and  the  term  -^  ;  because  the  mass  of  the  ball  to  the 


diameter  d,  is  '6236d3,  if  its  specific  gravity  be  «,  its  weight 
will  be  'B1tSQ$d^  »  vf ;  therefore  ^  ^  •623a«(l,  and  ~  ==£ 

Or  WMi* 

t8546»<l,  this  divided  by  4^  or  64  it  grvrt  r~     =    r227-2ta 

ibrthe  value  of  the  general  coefficient,  to  any  diameter. d 
and  specific  gravity  9,  And  if  we  further  suppose  the  baU 
to  be  cast  iron,  the  specific  gravity^  or  weight  of  one  cubic 
inch  of  which  is  *2S85B,  it  becomes  dSOd,  for  that  coeffi- 
cient;  also  785409(2=21090(2  ==  J^,  and  "    =   150.     And 

hence  the  foregoing  fluent  becomes  330(2  X  hyp.  log. 

T»-150v +210901*    ^  .^-    .  ^     ^      ,       vs  -  15Qv  +  ^090<f 

^,^/". or  760(2  X  com.  log.  ■   ■ -T 

21090(2  ^  21090t2 

changidg  the  hyperbolic  for  the  common  logs.  And  this  is 
a  genend  eipression  for  the  altitude  in  feet,  ascended  by  any 
iron  ball,  whose  diameter  is  d  inches,  discharged  with  any 
velocity  v  feet  So  that,  substituting  any  values  of  (2,  and  9, 
the  particular  heights  will  be  given  to  which  the  balls  witt 
ascend,  which  it  is  evident  will  be  nearly  in  proportion  to  the 
diameter  (2. 

.  Ekam.  1.  Suppose  the  ball  be  that  belonigiQg  to  flie  fiii^t 
table  of  resistances,  its  weight  being  16  oz.  13  dr.  or  1*05  (b» 
and  its  diameter  1*965  inches,  when  discharged. wifh  the  Ve- 
locity 2000  feet,  b^ing  nearly  the  greatest  charge  for  any  iron 
ball.  The  calculation  being  made  with  these  valoes  of  d  and 
v,  the  height  ascended  is  found  to*be  2920  feet,  or  little  more 
than  half  a  mile;  though  found  to  be  almost  12  miles  with- 
out the  air*s  resistance.  And  thus  the  height  tnay  be  fouAd 
for  any  other  diameter  and  velocity. 

Exam,  2.    Again,  for  the  24  lb  ball,  with  the  bame  velo- 
city 2U00,  its  diameter  being  6*6  «  d.    Here  760(2  =  4266.; 

*^^ 21090(2      X     -  Uil'  "^^  '^8-  of^hich  IS  1*60968  j 

theref. 


OF  qU^lNERT.  459 

tbe^ef.  1*50958  X  4256  ^  6424  =r  x  the  height,  being  a  lit- 
^e  more  Ulian  a  niile. 

We  may  now  examine  wh&t  wi)1  b.e  the  height  ascendec), 
conaideriog  the  resistance  always  as  the  square  of  the  velocity. 

PROBLEM  V. 

To  determine  the  Height  oucended  hy  a  Ball  projected  as  in 
the  two  foregoing  problems  ;  supposing  ^  Resistance  of  the  Air 
to  be  as  the  Square  of  the  f^eloctty* 

^ere  it  will  be  proper  to  oommence  with  selecting  some 
experimented  resistance  corresponding  to  a  medium  kind  6t 
Telocity  between  the  first  or  greatest  velocity  and  nothing, 
from  which  to  compute  the  other  general  resistances,  by  c6n- 
flidering  them  as  the  squares  of  the  velocities.  It  is  proper 
to  assume  a  near  medium  velocity  and  its  resistance,  because, 
if  we  assume  or  commence  with  the  greatest,  or  the  velocity 
of  projection,  and  compute  from  it  downwards,  the  resistances 
win  be  every  where  too  great,  and  the  altitude  ascended  much 
less  than  lust ;  and.'^on  the  other  hand^  if  we  assume  or  conif- 
mence  with  a  small  resistance,  and  conlpute  froda  it  all  the 
others  upwards',  they  willte  much  too  little,  and  th^  conf- 
puted  alafade  far  too  great.  £at,  commencing  with  a  me- 
dium degree,  as  for  instance  that  which  has  a  resiiltanoe 
about  the  half  of  the  first  or  greatest  resistance,  or  ra(her  k 
little  more,  and  computing  from  that,  then  all  those  computed 
resistances  above  that,  will  be  rather  too  little,  but  all  those 
below  it  too  great  ;  by  which  it  will  happen,  that  the  defect  of 
the  one  side  will  be  compensated  by  the  excess  on  the  othei^, 
^nd  the  final  conclusion  must  be  near  the  trath. 

Thus  then,  if  we  wish  to  determine,  in  this  way,  the  alti- 
tude ascended  by  the  ball  employed  in  the  1st  table  of  resis* 
tances  when  projected  with  2000  feet  velocity  ;  ^e  perdeiv^ 
by  the  table,  that  to  the  Velocity  2000  corresponds  the  re- 
sistance 981b ;  the  half  of  this  is  49  to  which  resistance 
corresponds  the  velocity  1400,  ih  the  table,  and  the  next  * 
greater  velocity  1600,  with  its  resistance  57},  which  will  be 
properest  to  be  employed  here.  Hence  then,  for  any  other 
velocity  v,  in  general,  it  will  be,  according  to  the  law  of  the 

squares  pf  the  velocities,  as  1500^   :  v^   :  :  57|  :    --^  = 

•0000«5Jr«  =  ai»»,  putting  a  =  -OOOOSSI,  which  will  denote 
the  air's  resistance  for  any  velocity  v^  very  nearly,  counting 
from  2000. 

Now  let  X  denote  the  altitude  ascended  when  the  velocity^ 
is  77,  and  v  the  weight  of  the  ball :  then.,  as  above,  av',  is  the 

resistance 
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resistance  from  the  air,  hence  av*  +  miB  the  whole  resisting 
force,  and  =/  the  retarding  force  ; 

therefore  —  Ti  =  24/-^  =  ?;^^  X  2^i  ; 


and  hence  i  =  ~x  ■  =  -r —  X- 


a 
the  fluent  of  which,  by  form  8,  is  ^  X  h.  log.  (i>*+^  * 
which  when  :r  =  0,  and  v  =  v  the  first  or  projectile  velocityy 
becomes  0  =  7— X  h.  1.  (v«  -1 )  ;  theref  by  sabtracting 

the  correct  fluent  is  jr  sa  —  X  h  1.  ^\  .  ^,   the   height  x 

when  the  velocity  is  reduced  to  v  ;  and  when  v  =  0,  or  the 

Telocity  is  quite  eihausted,  this  becomes—    X  h.  1. ^^^ 

for  the  whole  height  to  which  the  ball  will  ascend. 

Ex.  1.  The  values  of  the  letters  being  w  =  lOSlb,  4^=64, 
«  ^  *000085^,  the  last  ezpreBsion  becomes  645  X  hyp.  log. 
va-f41i66  -.o^    xy  1       v«+4,>66        ....  ^, 

— ^;^^  ->  OJ"  1^*84    X  com.  log  — , .  ,^    .     And  here  the 

41-266  ®       4Uo6 

first  velocity  v  b^ing  2000,  the  same  expression  1484  X  log. 

3^~£-  becomes  1484  X  log.   of  97-93  =  -2956  for   the 
41266  ® 

height  ascended,  on  this  hypothesis  ;  which  was  2920  by  the 

former  problem,  being  nearly  the  same. 

£x   2.  Supposing  the  same  ball  to  be  projected  with  the 

Telocity  of  only  1600  feet      Then  taking  1 100  velocity,  whose 

tabular  resistance  is  27*6,  being  next  above  the  half  of  that 

for  1600.     Hence,  as  nOO«  :v'  :i  27-6  ;  •00002376p»=ar*. 

I'his  value  of  a  substituted  in  the  theorem  — --  X  h.  1. — 

4ga  w 

also  1500  for  v,  and  1  05  for  w^  it  brings  out  x  =  2728  for 

the  height  in  this  case,  being  but  a  little  above  the  ratio  of 

tjie  square  roots  of  the  velocities  2000  and  1500,  as  that  ratio 

would  give  ool^y  2560. 

Ex,  3.  To  find  the  height  ascended  by  the  first  ball  pro- 
jected ^ith  860  feet  velocity.  Here  taking  600,  whose  re-w 
aistance  6*69  is  a  near  medium  ;  then  as  GOO*  :  6*69  : :  1  : 

•0000186  =  a.  Hence  ~  X  h.  1.  21*  t-  =  2334  the  height  ; 

64a  jBf 

which  is  less  than  half  the  range  (5100)  at  45*  elevation,  but 
more  than  half  the  range  (4101))  at  15^  elevation,  art  105  of 
Mot  and  Forces^  being  indeed  nearly  a  medium  between 
the  two, 

Er. 
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Ex.  4.    With  the  same  hall,  and  1640  velocitj.     Assume 
1200,  whose  resistance  34*13  is  nearly  a  medium.     Then  as 

1200»  :  34-13  :  :  1  :  0000237  =  o.     Hence  ^  Xh.l.  ^l!±? 

64a  Vf 

=  2^54  ;  again  le^s  than  half  the  range  (6000)  bj  experiment 
in  this  Tol.  even  with  15^  elevation. 

Er,  6.     For  any  other  bail  whose  diameter  is  d,  and  its 

weight  w,  the  resistance  of  the  air  being  -—  s=         - — bd*v* 

1                                                            bd^v^4'W 
putting  b  =  155^1  the   retarding  force  will  be . 

thence  —  w^  2gx  X ^j^,  and  x=~^^  ^ti^^'f:^'  *°'' 

the  cor.  flu.  x  =  r — -j-  X  h.  l-rT^-r^— =7-7:=  Xh.  1. 

for  the  whole  height  when  v  ^  0.  Now  if  the  ball  be  a  24 
pounder,  whose  diameter  is  5*6,  and  its  square  31-36  ;  then 

W'  =  S=  •««*"««•  »^^^  =  6Si  =  i&=  "«*  ' 

jp  =  1794  X  h.  1.  —  =   1794  X  3  67888  =  6420  ;  being 

more  tl^^n  double  the  height  of  that  of  the  small  ball,  or  a  little 
more  than  a  mile,  and  very  nearly  the  same  as  in  the  2d  ex- 
ample to  prob.  4. 

PROBLEM  VI. 
To  determine  ^  THme  of  the  BaWs  aecending  to  the  Height 
determined  in  the  Uut  prob.  by  the  same  Projectile  Felocity  ae 
there  given.  * 

By  that  prob.  ^J  =:r!!:x--2i— ,ther.i  =  ^==?X— i-  ; 

*  T*  +  —  **  !>•+-    . 

a  ^o  » 

the  fluent  of  which,  by  form  11,  is  --—  ^  -    X    arc    to 

•^  2ga  ^    w 

radius  1  tang.  — -=!IL^  -  X  arc  tan. ;    or    by    cor- 

w      Mg  ^   a  w 

^  a  ^  a 

rection  t  =  — */—  X  (arc  tang. —  arc  tan.  — ?V  the 

:    a  ^  o 

lime  in  general  when  the  first  velocity  v  is  reduced  to 
?.     And  when  v  =  0,  or  the  velocity  ceases,  this  becomes 

1         W  V 

*  =  5"%/-  X  arc  to  tang. for  the  time  of  the  whole 

^« 

ascent.  Now, 
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^ow,  as  io  the  Uft  prob.  ts  ^QOO,  «  =  |  '0#,  9  s  •p0Q0f6f 

y  • 

—  Gr=  98*445  the  tangent,  to  which  coiretponds  the  arc 

of  eO^"  25',  whose  lengdi  is  1-5606  ;  then  ^  X  203-14  X 

1-5606  ^  ??2±!2i££^  =  9"-91,  the  whole  time  of  ascent 

Remarkm  The  time  ot  fredy  ascending  to  the  same  height 
2955  fe^t,  thai  is,  without  the  air's  resistance,  would    he 

^firr  -:j^2955  =  13"  -59  ;   and  the  time  of  frttly  as- 
cending, commencing  with  the  tuune  velocity  2000,  would  be 

2^      32  '  * 

PBOBLISM  Vn. 

7\>  d&lermine  the  $ame  (u  in  prob.  r,  taking  into  ike  oe- 
count  the  Decrease  of  Density  in  the  Air  as  the  Ball  mcends  in 
the  Atmosphere, 

In  the  preceding  problems,  relating  to  the  be^ht  apd  time 
of  balls  ascending  in  the  atmosphere,  the  decrease  of  density 
in  the  upper  parts  of  it  has  been  neglected,  the  whol^  height 
ascending  bj  the  ball  bein^  supposed  in  air  of  the  same  den- 
sity as  at  the  earth's  sumce.  But  it  i^  w,ell  known  that  the 
atmosphere  must  and  does  decrease  in  density  upwards,  in  yi 
very  rapid  degree  ;  so  much  so  indeed,  as  to  decrease  in  geo- 
metrical progression  :  at  altitudes  which  rise  only  in  arithme- 
tical progressiop  :  by  which  it  happens,  that  the  altitudea 
ascended  are  proportional  only  to  the  logarithms  of  the  de- 
crease of  density  there.  Hence  it  results,  that  the  balls  must 
be  alwaya  less  and  less  resisted  in  their  ascent,  with  the  same 
velocity,  and  that  they  must  consequently  rise  to  greater 
heights  before  they  stop.  It  is  now  therefore  to  be  consi- 
dered what  may  be  the  difference  resulting  ftom  this  circum- 
stance. 

Now,  the  nature  and  measure  of  this  decreasing  density,^ 
of  ascents  in  the  atmosphere,  has  been,  explained  and  deter- 
mined in  prop.  76,  Pnuemsttics.  It  is  there  shown,  that 
if  D  denote  the  air's  density  at  the  earth's  surface,  and 
d  ipi  density  at  any  altitude  a,  or  x  then  is  x  =  63551  X 

log.  of-  in  feet,  when  the  temperature  of  the  air  i^  55^  ;, 

and  60000  X  log.  ^  for  the  temperature  of  freezing  cold; 

we 
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We  iray  th^refo^e  asgume  for  the  medidm  s  ss  62000  X  Idg.^ 

for  a  mean  degree  bietween  the  two. 

JBut  to  get  an  etpre^sion  for  the  density  d,  in  terms  of  x 
odt  of  logt^rithmt,  Without  which  it  could  not  be  introdaced 
ibto  the  measure  of  the  ball's  resistance,  in  a  managed>ie  form 
we  find  in  the  first  place,  by  a  neat  approxilbate  expression 

for  the  natural  number  to  the  log.  of  a  ratio  -,  whose  termt 

d6  not  greatly  differ,  tnyented  by  Dr.  Halley,  and  explained 

iWthe  Introduction  to  our  Logarithms,  p.  110,  tHftt  -^^  X  1> 

nearly,  is  the  number  answering  to  the  log.  I  of  the  ratio^ 
where  n.  denotes  the  modulus  *43429446  Lq,  of  the  common 
logarithms.    But,  we  before  found  that  xd=z  62000  X  log.  of  ^* 

or  v^r^is  the  log.  of  -^  which  log.  was  denoted  by  I  in  tl^e 
expression  just  abore,  for  the  number  whose  log.  is  /  ov 
r^- ;  substituting  therefore,  ^rrr  for  i,  in  the  expression 

X 

n— - 


n— "V  124000 

-j-3^X  D,  it  gives  the  natural  number -* X  o  =  d  or, 

^124000 

rr.— ^t:— 7—  =  djthiedensity  of  the  "air  at  the  altitude  x,«ut- 

ihig  D  =A  1  the  density  at  the  Surface.    Now  put  124000it  or 

iiekrly  64000  =  c  ;  then  •—-  will  be  the  density  of  the  air 

at  aQy  general  height  x. 

But,  in  the  5th  prob.  it  appears  that  av*  denotes  the  re- 
sistance to  the  velocity  v,  or  at  the  height  x,  for  (he  density 
of  air  the  same  as  at  the  surface,  which  is  too  great  in  the 

ratio  of  c  +  « to  c  —  a;  ;  therefore  av»  X  — r-  will  be  the 

c+x 

resistance  at  the  height  or,  to  the  Telocity  v,  where  a  e= 

•000025^.    To  this  adding  w,  the  weight  of  the  ball,  gives 

av*  X  -<7—  -4-  w  for  the  whole  resistance,  both  from  the  air 

and  the   balFs  mass  ;    conseq.  —  X'  ~ — (-  —will  denote 

the  accelerating  force  of  the  ball.    Or,  if  we  include  the 

small   part  -or  1,  within  the  factor  —— »  t^hich  will  make 
«f  e+x 

no  sensible  difference  in  the  result,  but  be  a  great  deal  simpler 

is 
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in  the  process,  then  is X  ^~  =  /  the  acceleratiog 

force.     Conseq.  —  ui  =  2gfx  =  Zgx  X  ^—^  x  ^I^J"-?,  and 


hence  ^-r-  x  =-^+--r^^ — »  ®'  ^J  division,  —  jt  + 


i  =  —  X      ^'^ 

32a  Of 

t>«  +   — 

a 

Now  the  flaent  of  the  first  side  of  this  equation  is  evi- 
dently —  a;  +  2c  X  h.l.  {c+x)  ;  and  the  fluent  ot  the  latter 

side,  the  same  as  in  prob.  6,  is  ^r—  X  h.  1.  (b*  +  -);  there- 
fore the  general  flnentia]  equa.  is  —  x  +  2c  X  h.  1.  (c+-z*)== 
^  X  h.  1.  (v^  +-).    But  when  «  =  0,  and  v  =v  the  initial 

velocity,  this  becomes  0+2cXh.  1.  c  =gT-  X  h.  I  (▼•  H — )  ; 

theref.  by  subtraction  the  correct  fluents  are-  x  +  2c  X  h.  L 

^3l5=^  X  h.  1.  ^    ■;     »  when  the  first  velocity  v  is  dimi* 

nisbed  to  any  less  one  v  ;    and  when  it  is  quite  extinct,  the 

state  of  the  fluents  becomes  —  x  +  2c  X  h.  1.  ^^  s  J^   x 

c        64a 

h.  1.  ''^       -  for  the  greatest  height  x  ascended. 
w 

Here,  in  the  quantity  h.  1.  ,  the  term  x  is  always  small 

in  respect  of  the  other  term  c  ;  therefore,  by  the  nature  of 
logarithms,  the  h.  1.  of  —  is  nearly  =  ■-jr7i^''2c+  *  tbercf. 
the  above  fluents  become  —  x  +--t-  =  -o   .  ^    =  x 

=  —  X  h.  1.  ^^—.    Now  the  latter  side  of  this  equation  is 
64a  Vf 

the  same  value  for  x  as  wns  found  in  the  5th  problem,  wlvich 
therefore  put  =  6  ;  then  the  value  of  x  will  be  easily  found 

from  the  formula  — r-  x  =  6,  by  a  quadratic  equation.     Or, 

still  easier,  and  sufficiently  near  the  truth,  by  substituting  6 

for  X  in  the  numerator  and  the  denominator  of  -"^     then 

2c-l-x 

7];  «"  =  ^>  and  hence  x  =  - — -  6,  or  by    proportion,  as 

2c  —  6  :  2c  +  ^  '  •  ^  '•  ^  ;  that  is,  only  increase  the  value   of 
X,  fouRd  by  prob.  6,  in  the  ratio  of  2c  —  6  to  2c-|-6. 
Now,,  in  the  first  example  to  that  prob.  the  value  of  x  or 

(was 
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b  irai^bere  fonod  =s  2966 ;  and  ie  being  =  lOSOdO,  theref! 
2c— 6  =s  106045,  and  2c  +  (  =  110955.  then  as  106045 : 
110955  :  :  2965  :  3121  =  the  ralue  of  the  height  ^  in  this 
oase,  being  only  166  feet  or,  ^th  part  more  than  before. 

Abo,  for  the  2d  example  to  the  6th  prob.  where  x  was  ea 
6420  ;  therefore  as  2c-  (  :  2e  +  fr  or  as  106045  :  119056 
6420  :  6780  the  height  ascended  in  this  example,  being  also 
the  18th  part  more  than  before.    And  so  on,  for  any  other  ex- 
amples ;  the  Talae  of  2e  being  the  coastant  number  108000. 

PBOBLfiM  ynt 

To  determine  ike  i*ime  of  a  BalVi  Ascending,  considering  the 
Deereoiing  Detmiy  of  the  Air  as  in  the  last  prob, 

• 

The  fluxion  of  the  time  is  r  =  ^*  But  the  general  equa- 
tion of  the  fluxions  of  the  space  x  and  relociiy  v,  in  the  last 
prob.  was  -t-jp  =  o^X— — -  ;  ther.  x  ==«5+rr;X  "TniL* 

hence  i  =  *  =  J^  X  *^  X  -^=^.    But  x,  which  is  al- 

»        32        c—*       av^-^w 

ways  small  in  respect  of  c,  is  nearly  =  ^  as  determined  in  the 
last  problem  ;  theref.  — -r  may  be  substituted  for  --^  with- 

out  sensible  error  ;  and  then  !  becomes  =---X^      ^    ^* 


32  c^b  a«»f«* 
Now,  this  fluxion  being  to  that  in  prob.  6,  in  the  constant  ratio 
of  c— «fr  to  c  4-  6,  their  fluents  ivill  be  also  in  the  same  con- 
stant ratio.  But,  by  the  last  prcA.  c  r=s  64000,  and  b  ^s  2966 
for  the  first  example  in  prob.  6  ;  therefore  c— 6  ^  51046,  and 
c  4*  6  ==  56966,  also,  the  time  in  problem  6  was  9"-91 ;  there- 
fore as  61046  :  66955  : :  9"'91  : 1 1 '04  for  the  time  in  this  cas«i 
being  r'-13  more  than  the  former,  or  nearly  the  9th  part  more ; 
which  is  nearly  the  double,  or  as  the  square  of  the  diflerence, 
in  the  last  prob.  in  the  height  ascended. 

PROBLEM  IX. 

To  determiiu  the  circumstances  of  ^pace.  Time,  and  Veloci" 
ty%  of  a  Ball  Descending  through  the  Atmosphere  by  its  own 
Weight. 

It  is  here  meant  that  the  balls  are  at  least  as  heavy  as  cast 
iron,  and  therefore  their  loss  of  weight  in  the  air  insensible  ; 
and  that  their  motion  commences  by  their  own  g^rayity  from  a 
state  of  rest  The  first  object  of  enquiry  may  be,  the  utmost 
degree  of  velocity  any  such  ball  acquires  by  thus  descending. 
Now  it  is  manifest  that  the  ball's  motion  is  commenced,  and 
uniformly  increased,  by  its  own  weight,  which  is  its  constant 
urging  force,  being  always  the  same,  and  producing  an  equal 

Vol.  II.  60  increase 
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increase  of  velocity  in  equal  times,  eicepting  for  tlie  diminu- 
tion of  motion  by  the  air's  resistance.  It  is  also  evident  (hat 
tbis  resistance,  beginning  from  nothing,  continually  increasest 
in  some  ratio,  luth  the  increasing  velocity  of  the  ball.  Now, 
as  the  urging  force  is  constantly  the  same,  and  the  resisting 
force  always  increasing,  it  mast  happen  that  the  latter  will  at 
length  become  equal  to  the  former* :  when  this  happenfl, 
there  can  afterwards  be  no  farther  acceleration  of  the  motion, 
the  impelling  force  and  the  resistance  being  equal,  and  the  ball 
must  ever  siler  descend  with  a  uniform  motion.  It  follows 
th'^refore  that,  to  answer  the  first  enquiry,  we  have  only  to  de- 
termine when  or  what  velocity  of  the  ball  will  cause  a  resist- 
ance just  equal  to  its  own  weight. 

Now,  by  inspecting  the  tables  of  resistances  preceding  prob. 
1,  particularly  the  first  of  the  three  tables,  the  weight  of  the 
ball  being  1  *05  lb.  we  perceive  that  the  resistance  increases 
in  the  2d  column,  till  0*69  opposite  to  200  velocity,  and  1  -56 
answering  to  300  velocity,  between  which  two  the  proposed 
resistance  1  05,  and  the  correspondent  velocity,  fall.  But,  in 
two  velocities  not  greatly  different,  the  resistances  are  very 
nearly  proportional  to  the  squares  of  the  velocities.  There- 
fore, having  given  the  velocity  900  answering  to  the  resistance 
0*69,  to  find  the  velocity  answering  to  the  resistance  1  '05,  we 
mast  say,  as  0*69  :  1  05  :  :  200*  :  v*  =  60870,  theref.  v  = 
^  60870  =  246,  is  the  greatest  velocity  this  ball  can  acquire  ; 
after  which  it  will  descend  with  that  velocity  uniformly,  or 
at  least  with  a  velocity  nearly  approaching  to  246. 

The  same  greatest  or  uniform  velocity  will  also  be  directlj 
found  from  the  rule  '00001 725v'  =  r,  near  the  end  of  pro- 
blem 2,  where  r  is  the  resistance  to  the  velocity  v,  by  making 

1'05 

105  =  r  ;  for  then  v*  =  .00Q01725  ~  ^^^^^»  ^^  **»«  ^"^o® 
for  v^  as  before. 

Bat  now,  for  any  other  weight  of  baH  ;  as  the  weights  of 
the  balls  increase  as  the  cubes  of  their  diametei^^,  and  their 
resistances,  being  as  the  surfaces,  increase  only  as  the  squares 
of  the  same,  which  is  one  power  less  ;  and  the  resistances 
being  also  in  (his  case,  as  the  squares  of  the  velocities,  we 
must  therefore  increase  the  squares  of  the  velocity  in  the 
ratio  of  the  diameters  of  the  balls  ;  that  is,  as  1*965  :  d  :  z 

246'  ti 

»462  :  p^-^rf  =  v^  and  hence  t>  =  246  ^  ^  =  M&i  ^  d. 

If  we  take  here  the  3lb  ball,  belonging  to  the  2d  table  of 
resistances,  whose  diameter  d  is  ss  2-80  ;  then^2'80sst-673, 
and  175^  X  1  67  =  294,  is  the  greatest  or  uniform  velocity' 
with  which  the  31b  ball,  will  descend.     And  if  we  take  the 

•  rhi»  reason iTi|f  is  not  conclusive.    The  velocity  of  the  descending 
body  increases  continuadly,  but  never  becomes  equal  to  a  certain  de- 
minate  velocity. 

61 


OF  GUNNERY. 


467 


Iwt  iDiam. 
'  lbs.    iDch. 


1 


1 

2 

3 

4 

6 

9 
12 
18 
24 
32 
36 
42  I 


1-94 
2-46 
2-80 

3  08 
3-63 

4  04 
4-46 
509 
6-60 
6*1? 
6-41 
6-76 


Teria. 

Veloc. 

feet. 


iniiht 

due  to 
v,  feet. 


61b  ball,  whole  diameter  is  3-63  ioches,  as  in  the  3d  table  of 
resiiUnces  :  then  ^  3-53  =  1  88,  and  175}  X  1*88  =  330, 
beiog  the  greatest  velocity  that  can  be  acquired  by  the  61b 
ball,  and  with  which  it  will  afterwards  uoiforralj  descend. 
For  a  91b  ball,  whose  diameter  is  4*04,  the  velocity  will  be 
17^  X  201  s=:  363,  And  so  on  for  auy  other  size  of  iron 
ball,  as  in  the  following  table.  Where  the  first  coluom  con- 
tainfl  the  weight  of  the  balls 

in  lbs  ;  the  24  their  diame- 
ters in  inches  ;  the  3d  their 

Telocities    to    which  they 

nearly  approach,  as  a  limit* 

and  therefore  called  their 

terminal  or  last  velocities, 

with  which  they  afterward 

descend  uniformly  ;  and  the 

4^h    or    last     column     the 

heights  due  to  these  veloci- 
ties,   or   the  heights    from 

which  the  balls  must  descend 

in  vacuo  to  acquire  them. 
But  it  is  manifest  that  the 

balls  can  never  attain  eiactly 

to  these  relocities   in  any 

finite  time  or  descent,  being 


244 

276 

294 

308 

330 

353 

370 

396 

415 

436 

444 

456 


930 
1182  J 
1260 
1482 
1701 
1958 
2139 
24d0  I 
2691 
2790 
3080 
Si 4'^  ^ 


only  the  limits  to  which  they  continually  approach,  without 
ever  really  reaching,  though  they  arrive  very  nearly  at  them 
in  a  short  space  of  time  ;  as  will  appear  by  the  following  cal- 
culation. 

To  obtain  general  expressions  for  the  space  descended,  and 
the  time  of  the  descent,  in  terms  of  the  velocity  v  :  put  t  ^s; 
any  space  descended,  t  =^  its  time^  and  v  the  velocity  ac- 
quired, the  weight  of  the  ball  v  ^  1-05.  lb.  Now,  by  the 
theorem  near  the  end  of  prob.  2,  which  is  the  proper  rule  for 
this  case,  the  velocity  being  small,  -000017259^  =  cv>  k  the 
resistance  due  to  the  velocity  v ;  tberef  w— cv*  is  the  impelling 

force,  and  -r  - —  =/  the  accelerating  force  ;  conseq.  vv  or 
^fx  =  ^jcX    ^"^   ,  and  X  =  r-  X  — "-"^^  the  correct  flu- 


cr» 


«nt  of  which,  by  the  8th  form,  is  x  2=  ^—  X  h.   !• 

the  general  value  of  the  space  x  descended. 

Here  it  appears  that  the  denominator  w—cv'  decreases  as 
V  increases  ;  conseq.  the  whole  value  of  x^  the  descent,  in- 
creases with  V,  till  it  becomes  infinite,  when  the  re.«istance 
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ev^  IS  imw  the  weight  of  the  ball,  when  the  motion  becomes 
uniform  as  before  remarked.  We  may  however  etolj  asaigift 
the  talue  of  x  a  little  before  the  velocitj  becomes  uniform, 
or  before  co^  becomes  =  v.  Thus,  when  cf  =  9,  then 
t>  =  246,  as  found  in  the  beginning  of  this  problem.  Assume 
therefore  v  %.  little  less  than  that  greatest  velocity,  as  for  in- 
stance 240  :  theb  this  value  of  v  substituted  in  the  general 
formula  forop  above  deduced,  gives  x  =  2781  feet,  a  little 
before  th^  motion  becomes  uniform,  or  when  the  velocity  has 
arrived  at  240,  its  maximum  being  246. 

In  like  manner  is  the  space  to  be  computed  that  will  be 
due  to  any  other  velocity  less  than  the  greatest  or  terminal 
velocity.    On  the  contrary,  to  find  the  velocity  due  to  any 

proposed  space  or,  from  the  formula  i  =  -^    X  h.    1. 


Here  x  is  given,  to  find  v.    First  then  -^f?'=h.  1. — 5! —  ; 
take  therefore  the  number  to  the  hyp*  log.  of  -^ — ,   which 

Ml 

number  call  ir ;  then  n  s: .   ;  conseq.  mv  —  ncv^  =  w. 


N— 1 

and  N9— w  s=  irci>s,  and  v  =  ^ w,  a  general  theorem 

for  the  value  of  v  due  to  any  distance  x.     Suppose^  for  in- 
stance, X  is    1000.     Now  4g  being  =  64, »  =   1*06,  and 

c  =     00001726  ;    theret  ^%  «=  10614,  and  the  natural 

number  belonging  to  this,    considered   as  an  hyp.   Ipg.   is 

2*8617  s  N ;  hence  then  v  =  ^ w  s=  199,  is  the  velo* 

IXC 

city  due  to  the  space  1000,  or  when  the  ball  has  descended 
1000  feet.     ' 

Again,  for  the  tim«  <  of  deacent :  bere  i  —  -\  bat 
the  fluent  of  which  i«  j*  \/  ^  X  h.  1.       ^        ,  the  general 

V '^ 

c 
value  of  the  time  i  for  any  value  of  the  velocity  t> ;  which 

value  of  ^evidently  increases  as  the  denominator  */  -^  —  v 

c 

decreases,  or  as  the  velocity  v  incrtases  ;  and  consequently 
the  time  is  infinite  whep  that  denominator  vanishes,  wMch 

is 


value  O'  Tj:  ^/  —  —  54"  v^  -00001725  "^  "ST  ""  sJ 
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ii  when  V  s  ^  — ,  or  cv*=  «,  the  resiatance  eqnal  to  the 

ball's  weight,  being  the  same  case  aa  when  the  space  x  be- 
comes infinite,  as  above  remarked.  But,  like  as  was  done 
for  the  distance  x  as  above,  we  may  here  also  find  the  value 
of  i  corresponding  to  any  value  of  v,  less  than  its  maximum 
246,  and  consequently  to  any  value  of  x,  as  when  v  b  240  for 
instance,  or  x  =  2781,  as  determined  above.  Now,  by  sub- 
stituting 240  for  V,  in  the  general  formula. 

*~-hy/  -  >^  !>•  * .  >t  brings  out  t  =  16"'675  ;  bo 

that  it  would  be  nearly  16|  seconds  when  the  velocity  arrives 
at  240,  or  a  little  less  than  the  maximum  or  uniform  degree, 
viz.  246,  or  when  the  space  descended  is  2781  feet. 

Also,  to  determine  the  time  corresponding  to  the  same,  or 
when  the  descent  is  1000  feet,  or  the  velocity  199  :  find  the 

1       .«_1      ,        105        _346_m        ^^^ 

__i_  =  Hl*H:!i!?  :^  ^ ;  the  hjp.  log.  of  which  is  2-2479. 
'/-  — 

Hence  2-2479  X  —  =  ^'64,  the  time  of  descending  1000 

feet,  or  when  the  velocity  is  199. 

See  other  speculations  on  this  problem,  in  Prob.  22,  Pro- 
jectiles, as  determined  from  theory,  viz.  without  using  the 
experimented  resistance  of  the  air. 

PROBLEM  X. 

To  determine  the  Cireumttance$  of  the  Motion  of  a  Ball  pro' 
jetted  Horizontally  in  the  Air ;  cSntraeted  from  iti  Vertical 
Descent  by  its  Gravitation. 

Putting  d  for  the  diameter,  and  m  the  weight  of  the  ball/ 
V  the  velocity  of  projection,  and  v  the  velocity  of  the  bait 
after  having  moved  through  the  space  x     Then  by  corol.  ] 
to  prob.  2,  if  the  velocity  is  considerable,  such  as  usual  jq 
practice,  the  resistance  of  the  ball  moving  with  the  velocity 

fnw9<w  AMI 

V,  is  (mp«  — fir)  d*,  and  therefore rfa  is  the  retardi^e 

fff 

force/;  hence  the  common  formula  vv  =  ^gfx,  is  —  vp  = 


-  =  jrr: —  X ,  the  fluent  of  which  is  obviously 

71        32a>m  n  ^ 


m 

V  — — 
m 
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:-~-<r  X  —  brp.  log.  of  v—  --,  and  by  the  correction  bv  the 


n 

T  — — 


first  velocity  v,  it  becomes  x  =^— jj    X  b.    log. !?,  the 

m 
general  ibnnnlft  for  the  distance  passed  over  in  terras  of  the 
velocity. 

Now,  for  an  application,  let  it  be  required  first,  to  deter- 
mine in  what  space  a  24lb  ball  will  have  its  velocity  reduced 
from  1780  feet  to  1500»  that  is  losing  SCO  feet  of  its  first 
velocity.     Here,  d  =  6*6,  »  =  24,  v  =:  1780,  and  v  =s  1500  ; 

also  -  =  160.     Hencer^  ==  3687  4,  then  x  =  3687-4  X 

^-  '•  TZUo  =  ^^^^'^  ^  ^-  ^'  Ts5o  =^^^^'^  ^^-  ^135  = 

676  feet,  the  space  passed  over  when  the  ball  has  lost  280  feet 
of  its  motion. 

Again  to  find  with  what  velocity  the  same  ball  will  move, 
after  having  described  1000  feet  in  its  flight.     The  above. 

theorem  is  x  or  1000  =  3687  4  X  h.  1.  — ^  =  3687-4   X 

^     ^      1630  10000       ,     ,      1630        .    ^  ^.  .... 

'•  ^'  z:risd^  ^^  8587i  =  ^-  ^-  v-Zlsb  5  **"*  ^^  """"^^^^  *0  *^ 

10000.    -  ---^  ..  1630 

^y^'  ^^*  35874  w  ^'^^^^  ==  "  suppose ;  then  =  —-^  •  and 

Kv—  160N  =  1630,  or  nv  =  1630  +  IfiOir,  and  «  =  —  — 

» 

160  =  936  _  160  =  786,  the  velocity,  when  the  ball  has 

moved  1000  feet. 

Next,  to  find  a  theor.  for  the  time  of  describing  any  space, 

or  destroyiqg  any  velocity  :  Here  ;  =  i  =  - -?>^  x  '^^   ^ 

m 

the  fluent  of  which,  by  the  9th  form  is  I  =  -- — -~    X  —  X 

h.  1.  — - —  =;;;r3:  X  h.  1. ,  and  by  correction 

tn  m 


n 
m  m 


t  =  s^  X  (h.  1.— .^I h.  1.— ^— )=:s-^  Xhyp.  log. 

32iu/>         ^  n  n'     32iii/»        ^*^    ^*^ 


32im/» 
V  — — 


—I-—;  -«  puttiDg  V  for  the  first  velocity,  and  160  for  — 

V  •-  150  V  tn 

its  value,  as  before. 
Now.  to  4ake  for  an  example  the  same  ^Ib  ball,  and  its 

^  projected 
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projected  velocity  1780,  as  before  ;  let  it  be  required  to  find 

in  what  time  this  velocity  will  be  reduced  to  786.     Here  tbeh 

T  =  1780,  V  =  786,  w  =  24,  d  =  56,  d^  =  31-36,  n-=001  ; 

.  w  750  oofltis  J   v-150     V    '     1630^ 

^»ce  ^rr-:!  =  r--ri  =  83*916  ;  and  — 73-  .  -  =  --r^-  X 

32n<f*         31*36  '  V— 151)     v  63b 

•1099  «s  r  628,  tbe  time  re<)uired. 

For  another  example,  let  it  be  required  to  find  when  the 
velocity  will  be  reduced  to  1000,  or  780  destroyed.     Here 

V  =  1000,  and  all  the  other  quantises  as  before.     Then 
V-.150  ^   V        1630  ^  1000        1630    ^,      .  ,  r     i_-  l  • 
r.-Tro   ^  ^  =  850"  ^  1780  =  1513'  *^^  *^yP-  ^^«-  ^^^*"^^  '' 
•07449  ;  theref.  31-36  X  07449  =  r -78,  is  the  time  sought 

On  the  other  hand^  if  it  be  required  to  find  what  Will  be 
the  Telocity  after  the  ball  has  been  in  motion  during  any  given 
time,  as  suppose  2  sebohds,  we  must  reverse  the  cakulation 

thus  :  I  *=  2"  being  =  j^  X  h.  1.  ^^=^ .  -=  23-916  X 

h.  1.    —^  .  -^  ;  theref.  -r^-,  =  083626  is  the  hyp.  log.  of 
•—150     V   '  :i3*916  ''^      • 

V  —1 SO       »» 

— —  .  — ,  the  number  aasweriiig  to  which  is  1*08726  =»  zr 
suppose,  that  is,  ii  =  — — .  — ,     Hence  nvu— 160  hv  = 

tcn«         J  ^^0^'^  290290  net     *u  i 

vv— 160»,  and  v  =  - — ; s&  r-r- --  =951,  the  velo- 

150  -^  Nv-v        305*305  * 

city  at  the  end  of  2  seconds. 

The   foregoing  calculations  serve *only  for  the  higher  Velo- 

oities,  such  as  eiceed  200  or  300  feet  per  second  of  time. 

But,  for  those  that  are  below  300,  the  rule  is  simpler,  as  the 

resistance  is  then,  by  cor.  2  prob.  2,  •00000447d»i;*  =  ed^v», 

where  d  denotes  the  diameter  of  any    ball.     Hence  then, 

employing  tbe  same  notation  as  before,  — ^  =/,  and  —  :n/  = 
32/i=:  32i  X  ^^  ;  theref.  i  =  -J5L  x  =i., the  correct 

iuent  of  which  is  x  =  -- —  X  h.  1.  -. 

Now,  for  an  example,  suppose  the  first  velocity  to  be 
300  =:  V,  and  the  last  r  =  100  for  a  24lh  ball.  Then 
Hr=:  24,  rf  =s  6-6,  ci*  =  31-36,  c  «=  -00000447  ;  therefore 

hTi?^i2^=^^^^^'  ^~^r  =  i55  =  ^'  *^^  ^J^p-  *^- 

•f  which  is  1*0986  ;  theref.  1  0986  X  5360  =  5878  =  x,  is 
tHe  distance.«-^If  the  first  velocity  be  only  200  =  v  j  thea 
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I  =  2,  the  hyp.  log.  of  which  is  -69316,  therefore.  69316  X 

6550  s=  3708  =  x,  the  distance. 

And  coDTenely,  to  find  what  Telocity  will  remain  after 

passing  over  any  space,  as  4000  feet  the  first  velocity  being 

«^      «        *u    u       1         /•  V  .      «         4000       400 
T  s=s  200.    Here  the  hvD.  losr.  of  —  is ^  -^ — r-  ^  rr- 

80 

=  ~  =s  •74766,  the  natural  nnmber  of  which  is  2*1120, 
107 

_  ▼  200 

thati«,2118  =  -;  tberefore»«5:jj5  =  jj^j=947,  the 
Telocity. 

'  Again,  for  the  time  t  :  since  x  =  s^^  ^  "^  »  therefore 
J  — -  JLsss  ;>^  X  ^,  the  correct  flaent  of  which  is 
t  =  5;?^  X  (^—  i)  =  r^  X  ^^ — So,  for  example 

S^eda        S         ▼'        32crf«  v«  "^ 

if  ▼  =  300,  and  v  =  100  ;  then  ^^  =  -^^  =  —  ;  then 

u    ▼  *7W,  auu  V  *wv  ,    wcu     ^  30000  300  *  - 

~-  or  5350  X  r^  =  35"  I  .  t,  the  time  of  reducing  the 

300  Telocity  to  100,  or  of  passing  oTer  the  space  5878  feet. 
And,  reversing,  to  find  the  Telocity  v,  answering  to  any 

given  time  t :    Since  t  =  ^^  X  (-^  —  7)  =   *350    x 
(J.  —  1)  theref.  v  =  ^,f^,^    .    Here,if  ^be  given  =  30", 

^v  r^  5350-fiv  **  ' 

J  <i/w>     *u  SSSOv  535   ^  .-^       32100 

and  V  ss  300  :  then  v  = =s  -— "—  *X  300  =>  — r— s= 

,  uicu  1.        5350+9000       1435  28r 

1 12,  the  velocity  sought 

CoroL    The  same  form  of  theorem,  x  =^^  ^  X  h.  1.— 

as  above,  is  brought  out  for  small  velocities,  will  also  serve 
for  the  higher  ones,  if  we  emplov  the  medium  renistance  be- 
tween the  two  proposed  velocities,  as  was  done  in  prob.  6. 
Thus,  as  in  the  first  eiample  of  this  problem,  where  the  two 
velocities  are  1780  and  1600,  the  resistance  due  to  the  velo-^ 
cfty  1700,  in  the  first  table  of  resistances,  being  74*13,  say  as 
]700>  :  1780'  :  :  7413  :  81-27,  the  resistance  doe  to  the  ve* 
locity  1780  ;  then  the  mean  between  81*27  and  57  25,  due 
to  1500  velocity,  is  69*26,  or  rather  take  69^.  Again,  as 
y/  65*7  :  v^  69^  : :  1600  :  1646,  the  velocity  due  to  the  me-  ' 
dium  resistance  69^.  Hence,  as  in  prob.  5,  as  1646^  :  v>  :  : 
69^  :  '00002565d'  «=  suppose  av'^  the  resistance  due  to  any 

velocity 
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velocity  V,  between  Y780  and  1600;  for  the  l*05lb  ball.  And 
as  1  96.ja  :  56«  : :  a»»  :  81^4aD>  =»  OOOa0838i7«=  6p»  iup- 
pofle,  the  resiBtadce  dae  to  the  same  relocitj,  with  the  24lb 

•bail.  Therefore  -j  =«:/,  and  —  t-J  =  S2/x  =  ^hv'i^  and 
jj  =  .^-^,  the  correct  flaent  of  which  i«   rr^^h.  1. -  =  -- 

Adv  46  V         49 

X  h  1,  '4^=1^  X  h,  1,  •  =  3600  X  171148  =  616  the 
Telodtj  sought. 

PROBLEM  XL 
To  deUtmine  the  Ranges  of  ProjeetiUi  in  the  ^ir. 

To  determine  bj  theoir,  the  trajectory  a  proiectile  de- 
icribep  in  the  air,  is  one  of  the  most  difficnlt  problems  in  the 
whole  course  of  dynamics,  even  when  assisted  by  all  the  ex- 
periments that  have  hitherto  been  made  on  this  branch  of 
physics  ;  and  is  indeed  mach  too  difficult  for  this  place,  in 
the  full  extejit  of  the  problem  :  the  consideration  of  it  must 
therefore  be  reserved  for  another  occasion  when  the  nature 
ef  the'  air's  resistance  can  be  more  amply  discursed.  Even 
the  solutions  cif  Newton,  of  Bernoulli,  of  Euler,  of  Borda^ 
&c.  &c.  after  the  mo«t  elaborate  investigations,  assisted  by  all 
the  resources  of  the  modern  analysis,  amount  to  no  more 
than  distant  approxinrtations,  that  are  rendered  nearly  useless, 
eren  to  the  speculative  philosiopher,  from  the  assumption  of 
a  very  erroneous  law  of  resixtaiice  in  the  air,  and  much  more, 
so  to  the  practical  artillerij^t,  both  on  that  account,  and  from 
the  very  intricate  process  of  calculation,  which  is  quite  inap- 
plicable to  actual  service.  The  bolution  of  this  problem  re- ' 
ouires,  as  an  indispensible  datum,  the  perfect  determination 
by  experiment  of  the  natu  e  and  laws  of  the  air's  resistance 
at  different  altitudes,  to  balls  of  ditferent  sizes  and  densities, 
moving  with  all  the  osual  degrees  of  celerity.  Unfortunately 
however,  hardly  any  experiments  of  this  kind  have  been* 
made  excepting  those  which  on  some  octasions  have  been 
published  by  myself,  as  in  my  tracts  of  17li6,  as  well  as  in 
my  Dictionary,  some  few  of  ivtiicb  are  also  given  in  art  105  of 
Mot.  and  Forces,  with  some  practical  inferences.  And 
though  1  have  many  more  yet  to  publish,  of  the  same  kind, 
much  more  extensive  and  varied,  1  cannot  yet  undertake 
to  pronounce  that  they  are  fully  adequate  to  the  purpose  in 
band. 

All  that  can  be  here  done  then,  in  the  solution  of  the  pre  • 
sent  problem,  besides  what  is  delivered  in  this  volume,  is 
to  collect  together  some  of  the  best  practical  ralesf  ibnnded 
Vol.  II.  61  partly 
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partly  oo  theory,  and  partly  on  practice.^  1.  In  the  first  place 
then,  it  may  he  remarked,  that  the  initial  or  first  velocity  of 
a  ball  may  be  directly  computed  by  prob.  17,  page  393  of 
thin  volume  ;  having  given  the  dimensions  of  the  piece,  the 
iveight  of  the  hall,  and  the  charge  of  powder  Or  otherwise, 
the  same  may  be  made  out  i rom  the  table  of  experimented 
tanges  and  velocities  in  pa.  HI  of  this  volume,  by  this  rule, 
that  the  velocities  to  di£ferent  balls,  and  difierent  charges  of 
powder,  are  as  the  square  roots  of  the  weights  of  the  powder 
directly,  and  as  the  square  roots  of  the  weights  of  the  balls  in* 
Tersely.  Thus,  if  it  be  enquired,  with  what  velocity  a  24lb 
ball  will  be  discharged  by  81b  of  powder.  Now  it  appears  io 
the  taible,  that  8  ounces  of  powder  discharge  the  lib  ball  with 
1640  feet  velocity  ;  and  because  81h  are  =  128  ounces  ; 
therefore  by  the  rule,  ^  y/  {  :  y/  ^*  :  :  1640  :  1640^^^^ 
=^  1640^^1  »  1339,  the  velocity  sought  Or  otherwise, 
by  rule  1,  p.  142  of  this  vol  as  v^  24  :  y^  16  : :  1600  :  1306, 
the  same  velocity  nearly.  But  when  the  charges  bear  the 
same  ratio  to  one  another  as  the  weight  of  the  balls,  that  is 
when  the  pieces  are  said  to  be  alike  charged,  then  the  veloci- 
ties will  be  equal.  Thus,  the  lib  ball  by  the  2  oz  charge  be- 
ing the  8th  part  of  the  weight,  and  the  24lb  hall,  with  31b  of 
i>owder,  its  8th  part  also,  will  have  the  same  velocity,  viz. 
86(»  feet  In  like  manner,  the  1230  tabular  velocity,  answer- 
'  ing  to  4  oz  of  powder,  the  4th  part  of  the  ball,  will  equally 
belong  to  the  24lb.  ball  with  61b  of  powder,  being  i^  4th  part 
and  the  tabular  velocity  1640,  answering  to  the  8oz  charge, 
which  is  ^  the  weight  of  ball,  will  equally  belong  to  the  24lb 
ball  with  121b  of  powder,  being  also  the  ^  of  its  weight 

2.  By  prob.  9  will  be  found  what  is  called  the  terminal  ve* 
lociiy,  that  is,  the  greatest  velocity  a  ball  can  acquire  by  des- 
cending in  the  air  ;  indeed  a  table  is  there  gi?en  of  the  seve- 
ral terminal  velocities  belonging  to  the  diierent  balls,  with  the 
heights,  in  an  annexed  column,  due  to  those  velocities  in  vacuOj 
that  is  the  heights  from  which  a  body  must  fall  in  vacuo,  te 
acquire  those  velocities. 

3.  Given  the  initial  velocity,  to  find  the  elevation  of  the 
piece  to  have  the  greatest  range,  and  the  extent  of  that  range. 
These  will  be  found  by  means  of  the  annexed  table,  aliarei 
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Table  of  EUvattonM  giving  tkt^ 
GreateH  Range 


initial  vel 
div.  by  V* 


0*6910 
09445 
M980 
1*4515 
1-7050 
1*9585 
2  21^0 
2  46.^^5 
2-7190 
2-9725 
32260 
34795 
3-7330 
3-9865 
4-2400 
4-4935 
4-7470 
5-0000 


by  a 


44*» 

43 
42 
41 
41 
40 
39 
38 
38 
37 
36 
35 
35 
34 
33 
32 
32 
31 


0^ 
15 
30 
45 

0 
15 
30 
45 

0 
15 
30 
45 

0 
15 
30 
45 

0 
15 


iVoin  Professor  Robisoo's 
io  the  Eocyclopedia  Bri- 
taiinira,  and  fouDded  on  an 
approximation  of  Sir  I. 
Netvtoo's.  The  nambers 
in  the  first  column,  mnlti- 
plied  liy  the  terminal  velo- 
city of  the  ball,  ^ve  the 
initial  velocity  ;  and  the 
numbers  in  the  la^t  co- 
lumn, being  multiplied  by 
thp  heifi^bt,  give  the  great- 
est ranges  ;  the  middle  co-i 
lumn  showing  the  elevations 
to  produce  those  ranges- 

To  use  this  table  then, 
ilivide  the  given  initial  ve- 
locity by  the  terminal  ve- 
locity peculiar  to  the  ball^ 
found  in  the  table  in  prob. 
9,  and  look  for  the  quo- 
tient in  the  first '  column 
here  annexed.  Against 
this,  in  the  2d  column  will 
be  found  the  elevation  to 
give  the  greatest  range ;  and  the  number  in  the  3d  column 
multiplied  by  a,  the  altitude  due  to  the  terminal  velocity, 
also  found  in  the  table  in  problem  9,  will  give  the  rangeji 
nearly. 

£x.  1.    Let  it  be  required  to  find  the  greatest  range  of  a 

24lb  ball,  when  dischai^ged  with  1610  feet  velocity,  and  the 

^corresponding  angle  to  produce  that  range.     By  the  table  in 

prob.  9,  the  terminal  velocity  of  the  24lb  ball  is  415,  and  its 

1640 
producing  altitude  2691  :    hence  -777-=  3  95,  nearly  equal  to 

4io 

3-9865  in  the  1st  column  of  our  table,  to  which  corresponds 

thekngle  34^  15',  being  the  elevation  to  produce  the  greatest 

range  ;    and  the  corresponding    number  2*9094,  in  the  3d 

column,  multiplied  by  2t>9r,  gives  7829  teet,  for  the  greatest 

range,  being  nearly  a  mile  and  a  half. 

Eram.  2.  In  like  manner,  the  same  balls  discharged  with 
the  velocity  860  feet,  will  have  for  its  greatest  ran s;e  3091 
feet,  or  nearly  }  of  a  mile,  and  the  elevation  producing  it 
^9^  55'. 

These  examples,  and   indeed  the  whole  table  in  the  9th 

problem. 


0-3914 
0-5«50 
07787 
0-9724 
1  1661 
1 -34)98 
1  5535 
1-7472 
1  -9409 
2-1346 
2-32t:3 
2-5220 
2-7157 
2-9094 
3-1031 
3-2968 
}  3-4905 
I  3-6842  J 
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probfeiDi  are  onlj  adapted  to  the  use  of  cannon  ballt.  But 
It  is  not  usual  and  indeed  not  easily  practicable,  to  discharge 
cannon  shot  flt  such  eleTationiii,  in  tne  British  service,  that 
practice  being  the  peculiar  office  of  mortar  shells.  On  this 
account  then  it  will  be  necessary  to  make  out  a  table  of  ter<^ 
mioal  velocities,  and  altitudes  due  to  tbem,  for  the  different 
sizes  of  such  shells.  The  several  kinds  of  these  in  present 
iise,  are  denominated,  from  the  diameters  of  their  mortar 
borea-  in  inches,  being  the  five  following,  vis.  the  4*6,  the 
6*8,  the  8,  the  10,  and  the  13  inch  mortars,  as  in  the  first 
oolumn  of  the  following  table.  But  the  outer  diameters  of 
the  shells  are  somewhat  smaller,  to  leave  a  little  room  or 
ffpace  as  windage,  as  contained  in  the  U  column. 


I 


Table  of  dimentiotu,  ^e.  of  Mori^r  SkeU$» 


Diam  of 
Mortar. 


I 


inctk 
4-6 
58 
8 
10 
13 


D  am.  of 
shells. 


'  inch* 
4-53 

7-90 

9*84 

12  80 


Weight 

wf  ShelU 

filled. 


Ibt. 

9 

18 

47 

9li 

201 


Weigh 
of  equal 
solid. 


lbs. 
12J 

67 
130 

286. 


Rttiio  of 
hell  to 
»ol'd. 


1-42 
142 
I  42 
1  42 
1  42 


rerminal 
velocity 


I 


feet. 
314 
362 
414 
462 
627 


Alt.  a 
(iue  t(> 
V'loc. 


icfi. 


The  3d  column  contains  the  weight  of  each  shell  when  the 
hollow  part  is  filled  with  powder  :  the  diameter  of  the  hollow 
is  usually  -^  of  that  of  the  mortar  :  the  weight  of  the  shells 
empty  and  when  filled,  with  other  circumstances,  may  be  seen 
at  quest  63,  in  Mensuration,  end  of  vol  1,  On  account  of  the 
▼acuity  of  the  shell  being  filled  only  with  the  gunpowder,  (he 
weight  of  the  whole  so  filled,  and  contained  in  column  3,  is 
much  less  than  the  weight  of  the  same  size  of  solid  iron,  and 
the  correspondit^  weights  of  stich  equal  solid  balls  are  con- 
tained in  col.  4.  The  ratio  of  these  weights,  or  the  latter  di- 
vided by  the  former,  occupies  the  6th  column. 

Now  because  the  loaded  or  filled  shells  are  of  less  specific 
gravity,  or  less  heavy,  than  the  equal  solid  iron  balls,  m  the 
ratio  of  1  to  1*42,  as  in  column  6,  the  former  will  have  less 
power  or  force  to  oppose  the  resistance  of  the  air,  in.  that 
same  j>roportion,  and  the  terminal  or  greatest  velocity,  as 
determined  in  tb^  9th  prob.  will  be  correspondently  "less, 
therefore,  instead  of  the  rule  there  given,  viz.  176'^^  d^  for 

tbs^t  velocity,  the  rule  must  now  be  1 76-6^-~  ss  I413y/d=^v^ 

"the 
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Ike  diameief  of  the  shell  beint;  d ;  that  is«  th^  terminal  telo« 
cities  will  be  all  less  in  the  ratio  of  1473  ^o  176  6.  Now, 
computing  these  seyeral  relocities  hy  this  role,  to  all  the  dif- 
ferent  diasaeters,  they  are  found  as  placed  in  the  6th  col.  ; 
and  in  the  7th  or  last  colamn  are  set  the  altitode  which 
woald  produce  these  relocities  in  racno*  as  computed  from 

this  theorem  —• 

Having  now  obtained  these  terminal  velocities,  and  their 
prodticing  altitudes,  for  the  shells,  we  can«  from  them  and 
the  former  table  of  ranges  and  elevations,  easily  compote  the 
greatest  range,  and  the  corresponding  angle  of  elevation,  for 
any  mortar  and  shell,  in  the  same  way  as  was  done  for  the 
balls  in  this  problem.  Thus,  for  example,  to  find  the  great- 
est range  and  elevation,  for  the  13  inch  shell,  when  projected 
with  the  velocity  of  SOOO  feet  per  second,  being  nearly  the 
greatest  velocity  that  Imlls  can  be  discharged  with.     Now, 

2OOO 
by  the  method  before  used  — —  —  3-796  ;  epposite  to  this, 

found  in  the  first  column  of  the  table  of  ranges,  corresponds- 
54*49'  lor  the  elevation  in  the  2d  column,  and  the  number 
2-764  in  the  3d  column  ;  this  multiplied  by  the  altitude  4340, 
gives  11995  feet,  or  >  more  than  2^  miles,  for  the  greatest 
range.  »« 

This  however  is  much  short  of  the  distance  which  it  is  said 
the  French  have  lately  thrown  some  shelb  at  the  siege  of 
Cadiz,  viz.  3  miles,  which  it  seems  has  been  efiected  by 
means  of  a  peculiar  piece  of  ordnance,  and  by  loading  or  fill-* 
ing  the  cavity  of  the  shell  with  lead  to  render  it  heavier,  and 
thus  make  it  fitter  to  overcome  the  resistance  of  the  air.  Let 
us  then  examine  what  will  be  the  greatest  range  of  our  13 
inch  shell,  if  its  usual  cavity  be  quite  filled  with  lead  whea 
discharged,  with  the  projectile  velocity  of  2000  feet. 

.  Now  the  diameter  of  the  cavity,  being  about  /,  o^  that  of 
the  mortar  13,  will  be  nearly  9  inches!  And  the  weij^ht  of 
a  globe  of  lead  of  this  diameter  is  I39*3lb  ;  which  added  to 
187-8,  the  weight  of  the  shell  empty,  gives  3271b,  the  whole 
weight  of  the  shell  when  the  cavity  is  filled  with  lead,  whidN 
was  found  286  when  supposed  all  of  solid  iron,  their  ratio  or 
quotient  is  *8783.     Then,  as  before,  the  theorem   will  be 

175-6  ^  ^~  =  187  3v/rf  for  the  terminal  velocity  ;  which, 

when  d  s=    12-8,  becomes   670  for  the  terminal  velocity  ; 

therefore  its  producing  altitude  is  -~  =  7014.     Then,  by 

*  2000 

Ihe  same  method  as  before,  -—    =?  2-985 ;    which    number 

'    '  found 
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foand  in  the  first  colamo  of  the  tahle  of  raoces,  the  'opposite 
number  in  the  2d  col.  is  37^  16'  for  the  elevation  of  the  piece* 
and  in  the  3d  column  t  14,  multiplied  by  7014,  gives  15010 
feet,  or  nearly  3  mili'«.  So  that  our  13  inch  shells,  discharged 
at  an  elevation  of  about  37|  degrees,  wpuld  range  nearly  the 
distance  mentioned  by  the  French,  when  filled  with  lead,  if 
they  can  be  projected  with  so  much  as  2000  feet  velocity,  or 
upwards.  This  however  it  is  thought  cannot  possibly  be 
effected  by  our  mortars  ;  and  that  it  is  therefore  probable  the 
French,  to  give  such  a  velocity  to  tbo^e  shells,  roust  have 
contrived  some  new  kind  of  large  cannon  on  the  occn^ion 

4.  Having  shown  in  the  preceding  abides  and  problems* 
how,  from  our  theory  of  the  air^s  resintance,  can  t>e  iound, 
first  the  initial  or  projectile  velocity  of  shot  and  shells  ;  2dly, 
the  terminal  velocity,  or  the  greatest  velocity  a  ball  ran  ac- 
quire by  descending  by  its  own  weight  in  the  air  ;  3dly.  the 
height  a  ball  will  ascend  to  in  the  air,  l>eing  projected  verti- 
cally with  a  given  velocity,  also  the  time  of  that  ascent ;  4thlj, 
the  greatest  horizontal  ranges  of  given  shot,  projected  with  a 
given  velocity ;  as  also  the  particular  angle  of  elevation  of 
the  piece,  to  produce  that  greatest  range.  It  remains  then 
now  to  inquire,  what  laws  and  regulations  can  be  given  re- 
specting the  ranges,  and  times  of  flight,  of  projects  made  at 
other  angles  of  elevation. 

Relating  to  this  inquiry,  the  Encyclopedia  Britannica 
mentions  the  two  following  rules  :  1st.  ^^  Balls  of  equal  den- 
sity projected  with  the  same  elevation,  and  with  velocities 
which  are  as  the  square  roots  of  their  diameters,  will  describe 
similar  curves.  This  is  evident,  because  in  this  case,  the 
resistance  will  be  in  the  ratio  of  their  quantities  of  motion  ; 
therefore  all  the  homologous  lines  of  the  motion  will  be  in 
the  proportion  of  the  diameters.'*  But  though  this  'may  be 
nearly  correct,  yet  it  can  hardly  ever  be  of  any  use  in  prac- 
tice, since  it  is  usual  and  proper  to  project  small  balls,  not 
with  a  less,  but  with  a  greater  velocity,  than  the  larger  ones. 
2dly,  the  other  rule  is,  *'  If  the  initial  velocities  of  halls,  pro- 
jected with  the  same  elevation,  be  in  the  invene  subduplicate 
.,^io  of  the  whole  resistance,  the  ranges,  and  all  the  homo- 
logous lines  in  their  track,  will  be  inversely  as  those  resist- 
ances." This  rule  will  come  to  the  same  thing,  as  having 
the  initial  velocities  in  the  inverse  ratio  of  the  diameters,  as 
distant  perhaps  from  fitness  as  the  former.  Two  tables  are 
next  given  in  the  same  place,  for  the  comparison  of  ranges 
and  projectile  velocities,  the  numbers  in  which  appear  to  be 
much  wide  of  the  truth,  as  depending  on  very  erroneous 
effects  of  the  resistance.     Most  of  the  accompanying  remarks, 

however, 
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iiowever,  are  very  ingenious,  judicious,  and  philosophical, 
and  Tery  ju!>tlj  recommending  the  making  and  recording  of 
good  experiments  on  the  ranges  and  times  of  flight  of  pro- 
jects, of  various,  sizes,  made  with  different  velocities,  and  at 
yarious  angles  of  elevation. 

Besides  the  ahove,  we  find  roles  laid  down  hy  Mr.  Robimi 
and  Mr.  tSimpson.  for  computing  the  circumstances  relating 
to  projectiles  as  affected  by  the  resistance  of  the  air.  Those 
of  the  former  respectable  author,  in  his  ingenious  Tracts  oo 
Gunnery,  being  founded  on  a  quantity  which  he  calb  f» 
(answerinig;  to  our  letter  a  in  the  foregoing  pages),  I  find  to  be 
almost  uniformly  double  of  what  it  ought  to  be,  owing  to  hii 
improper  measures  of  the  air's  resistance  ;.  and  therefore  the 
conclusions  derived  by  means  of  those  rules  must  needs  be 
▼ery  erroneous.  Those  of  the  very  ingenious  Mr.  Simpson^ 
contained  in  his  Select  Elzercises,  being  partly  founded  on 
experiment,  may  bring  out  conclusions  in  some  of  the  cases 
not  very  incorrect ;  while  some  of  tbem  particularly  those 
relating  to  the  impetus  and  the  time  of  flight,  mu^t  be  very 
wide  of  the  truth.  We  must  therefore  refer  the  student^ 
for  more  satisfaction,  to  our  rules  and  examples  before  given 
in  pa.  142  this  vol.  kc.  especially  for  the  circuipstances  of  dif- 
ferent ranges  and  elevations^  &c.  after  having  determined,  as 
above,  those  for  the  greatest  ranges,  founded  on  the  real  mea-r 
sqre  of  the  resistances* 
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STATICS,  DYNAMICS,  UTDR08TATJCS,  UTIIRAUUCS^  PROi^ 
JECTILKS,  Sto.  bo» 


PROBUSML 


Let  AB  and  ac  he  two  inclined  ofanet,  whou  c&mnum  altitude 
AD  is  given  =?  64  feet:  and  their  lengths  nicA,  that  a  heekx>y  body 
%$  2  ucande  of  time  longer  in  descending  through  ab  than  through 
AC,  by  the  force  of  gravity  ;  and  if  two  balls,  the  one  weighing 
3  and  the  other  z/6,  be  connected  by  a  thread  qnd  laid  on  the 
planes,  the  thread  sliding  freely  over  the  vertex  a,  they  wili  mu- 
tually sustain  each  other*    ^uere  the  lengths  of  the  two  planes, 

Tbe  lengths  of  the  planes  of  the  same  height  being  as  the 
times  of  descent  down  them  (art  133  this  vol.),  and  also  as  the 
Weights  of  bodies  inutdally  sustaining  each  other  on  them 
(art.  122),  therefore  the  times  must  be  as  the  weights  ;  hence 
as  1,  the  di&ereoce  of  the  weights,  is  to  2  sec.  the  diff.'of 

times,  :  :  J  g  !  4  '^^  (  ^^^  **"*®'  of  descending  down  the  two 

planes.  And  as  y''  16  :  y'  64  :  :  |  sec.  :  2  sec.  the  time  of  de- 
scent down  the  perpenmcular  height  (art  70,).     Then  by  the 

laws  of  descenU  (art.  132),  as  2  sec.  :  64  feet  ^  ^  *^^^  ;  j|^  | 

feet,  tbe  lengths  of  the  planes. 

Tiote.  In  this  solution  we  have  colksidered  16  feet  as  the 
Space  freely  desended  by  bodies  in  the  1st  second  of  lime, 
and  32  feet  as  the  velocity  acquired  in  that  time,  omitting 
the  fractions  1^  and  j-,  to  render  the  numeral  calcuiatioog 
simpler  as  was  done  in  the  preceding  chapter  on  projectiles, 
and  as  we  shall  do  also  in  solving  the  following  questions, 
wherever  such  numbers  occur. 

Another  Solution  by  means  of  Algebra. 

Put  X  =  the  time  of  descent  down  the  less  plane  ;  then 
will  X  +  2  be  that  of* the  greater,  by  the  question.  Now 
the  weights  being  as  the  lengths  of  the  planes,  and  Ihese 
again  as  the  times,  therefore  as  2:  d::«:«-j-2;  hence 
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tx  -{-  4  =»  3x,  aod  x  =  4  sec«  Then  the  lengths  of  the 
planes  are  found  as  in  the  last  proportion  of  the  former  sela- 
tion. 

PROBLEM  S. 

If  an  eiaitic  ball  fall  from  the  height  of  50  feet  above  the 
plane  of  the  horizon^  and  impinge  on  the  hard  surface  of  a 
plane  inclined  to  it  in  an  angle  of  15  degrees  ;itis  required  to 
find  what  part  of  the  plane  it  must  strike^  so  that  after  reflectionf 
it  mayfaU  on  the  horizontcd  plane ^  at  the  greatest  di8tas^ce  potsi" 
bU  beyond  the  bottom  of  the  inclined  plane  ? 

Here  it  is  manifest  that 
the  ball  most  strike  the  ob- 
lique plane  continoed  on  a 
point  somewhere  below  the 
horizontal  plane  ;  for  other- 
wise there  conld  be  no  maii- 
mom.     Therefore  let  ac  be  /^  M 

the  inclined  plane,  coo  the  horizontal  one,  b  the  point  on 
which  the  ball  impinges  after  felling  from  the  point  ▲,  beoi 
the  parabolic  path,  e  its  vertex,  bh  a  tangent  at  b,  being  the 
direction  in  which  the  ball  is  reflected  ;  and  the  other  lines  sui 
are  evident  in  the  figure.  Now,  by  the  laws  of  reflection* 
the  angle  of  incidence  abc,  is  equd  to  the  angle  of  reflection 
HBM,  and  therefore  this  latter,  as  well  as  the  former,  is  equal 
to  the  complement  of  the  ^c  the  inclination  of  the  two  planes  ; 
but  the  part  ibm  is  =  ^c,  therefore  the  angle  of  projection 
HBi  is  =  the  comp.  of  doable  the  ^c,  and  being  the  comp.  of 
BBK,  theref.  /1hbk:=  2  Zc  Now,  pata=M=sAD  the 
height  above  the  horizontal  line,  t  =3:  tang,  ^dbo  or  76^  the 
complement  of  the  plane's  inclination,  r  =  tang,  hbi  or  ^h 
=  fiO"*  the  comp.  of  2  ^c,  «  =  sine  of  2  ^hbi  »  120<'  the 
double  elevation,  or  =»  sine  of  4  ^c  ;  also  x  =»  ab  the  impe* 
tus  or  height  fallen  through.     Then, 

Bi  =:  4jui  ^  2«jr,  by  the  projectiles  prop.  21» 

^nd  ^  ""^"^  T  ?^  "^^  ^  *7*     \  \  by  trigonometry ; 
J  CD  =  <  X  BD  =  <  (« — a).  J    -^      *  -^  * 

also,  KD  =  Bjc  —  BD  =>  \sr%  —  X  -f"  «>  sud  KB  =5  |bi  «  sx  ; 

ihen,  by  the  parabola,  y(^  bk  :  y^  ok  :  :  mb  t  ro  ^s  ke  X. 

ftb  ^  (ar-6>«s),  putting  b  =  sine  of  2  2I0  =»  sine  of  30<^. 
Hence  CO  =  CD  +  »'  ±  Fo==<x-to  +  *«±  26  v^foac  *-&*«• ) 
a  mazimumy'the  fluxion  of  which  made  :^  0,  and  the  equa- 

iion  redaced,  gives  x  —^'X'  (I  ±  v^^J+iJJ)' "'**"*  "^  * 
Vbt.  \\.  6?  + 1, 


48i  PROMISCUOUS  ^ERCISBS. 

-)-  ty  and  the  double  sign  it  answers  to  the  two  roots  of  f«i- 
lues  of  X,  or  to  the  two  points  g»  g,  where  the  parabolic  pat|i 
cuts  the  horizontal  line  co,  the  one  in  ascending  and  the  other 
in  descending. 

Now,  in  Uie  present  case*  when  die  ^c  «  16«,  t  =  tang. 
^50  =  2  +  y(f  3,  T  =r  Ud  60*»=v^  3,  t  =  sin.  60»=iv^  3, 6= 

■|n.30O;=i,n=:«  +  <=:?+|^3;  then |^  =  ?a=:  100, an4 

=:=  100  X  (1  ±  J  v'i^52e?)=lOOX(l±-994l4)=:  199-414 

or  '686  ;  but  the  fortfier  must  be  taken.  Hence  the  body 
must  %trike  the  inclined  plane  at  149*414  feet  below  the  h<& 
rizontal  line  ^  and  its  path  after  reflection  will  cut  the  99^ 

line  id  two  points  ;  or  it  will  touch  it  when  ^  =  tt«    Hen^c; 

also  the  greatest  distance  co  required  is  896*9916  feet 

CoroL  If  it  were  required  to  find  co  ot  tx-  ta  '\'  »x  ^i 
96y/^ax— ^x^)  ssga  given  quantity,  this  eqnatioB  wouM 
giye  the  yalue  oix  by  soiting  a  quadratic. 

V9DBhEM$. 

.  Suppose  a  ship  to  lat/  faom  the  Orkney  blan4Si  in  lotiiui4 
69^  3*  norths  on  a  n.  n.  £.  course^  at  <^  rWLi  of  I9  mles  0% 
hour  ;  it  is  requiredf  to  deiefynine  km  long  it  will  be  before  she 
arrives  at  the  pol^^  the  distance  she  will  hav^  sailed^  and  the  difr 
ffirence  of  longit^de  ffte  will  haije  tirade  phen  she  arrives  thfrq  t 

Let  ABC  represent  part  of  the  equator  ; 
e  tbe  pole  ;  Amrp  a  loiodromic  or  rhumb 
Miie,  or  the  path  of  the  ship  continued  to  the 
ecjuator  ;  pb»  i^c,  any  two  mj^iidians  indefi- 
nitely near  each  other  ;  nr,  or  nU^  the  part 
of  a  parallel  of  latitude  intercepted  between 
(hem.  ^ 

Put  c  for  the  cosine,  and  t  for  the  tangent 
pf  the  course,  or  angle  fimr  to  the  radits  r ; 
.Am,  any  variable  part  of  the  rhumb  from  the  eqoatotf  ^  v  ; 
tbe  latitude  Btn  s  v  ;  its  sine  jt,  and  cosine  y  ;  and  ab,  the 
dif*  of  longitude  from  a,  =  2.  Then,  since  the  elementarr 
triangle  mnr  may  be  considered  as  a  right-angled  plane  tn*- 
angle,  it  is,  as  rad.  r  :  c  =  sin*  ^mm  : :  1;  ==  mr  :  w  r?  nm 

: :  9  ^  »  ;  theref.  ev  =  rw,  or  «  ^  — =  — ^,  by  putting  •  for 

the  secant  of  the  ^fimr  the  ship's  course.    la  like  man* 

aer^ 


B«r,  if  #  ^  itij  other  latitode,  and  v  its  cotr^ponding  fengifli 
of  the  rhamb  ;     then  ▼  «  —  ;  and  hence  v-  t>  =  r  X . 

•r  D  =  -r,  by  putting  d  =  v«->  v  the  distance,  and  d  =:  w  —  # 

ibe  dtf.  of  latitode  ;  which  in  the  common  nile. 

The  same  ii  evident  without  dnxions  :  for  since  the  Z,  "im 
is  the  same  in  whatever  point  of  the  path  xmrf  the  point  m 
is*  taken,  each  indefinitely  small  particle  of  ^mrp,  mtist  ho  to 
ihe  corresponding  indefinitely  small  part  of  am,  in  the  con- 
stant ratio  of  radius  to  the  cosine  of  the  coorse  :  and  there- 
fore the  whole  lines,  or  any  correspondini^  parts  of  theiii,  must 
b6  in  the  same  ratio  al<40,  as  above  determined.  In  the  sanae 
manner  it  is  proved  that  radius  :  sine  of  the  course  : :  dis- 
tance :  the  departure. 

Again,  as  the  radius  r  :  t  :=  tang,  nmr  :  :  ^  ^=s  mn  :  fir  Sr  tni, 
and  as  r  :  y  :  :  PB  :  pm  : :  z  =  ac  :  irU  ;  hence,  as  the  extreme^ 
of  these  proportions  are  the  same,  the  rectangles  of  the  means 

must  be  e^ual,  yiz.  yz=^tw  =^  ^  because  n^—hj    thf^ 

property  of  the  circle  ;  theref.  i  =  -i  =  ^  •*—  ;  the  general 

fluents  of  these  are  jr  =  t  X  hyp.  log.^^^ — ?  -f  c  ;  which 
corrected  by  iiupposiog ;;  •»  0  whenx  »  a,  are  gsst  X  (byp; 
i'>e^^/~L-  hyp-  lo«V7^)  ;  but  r  X  (hyp.  log.  ^  '"+* 

—  hyp.  log.  y/  ^^)  is  the  meridional  patts  of  the  dif.  of  the 
latitudes  whose  sines  are  x  and  a,  which  call  b ;  theo  is 
jr  =  L,  the  same  as  it  is  hf  itfercator*s  sailing. 

Further,  putting  m  =  2*71828  the  number  i^hose  hyp.  log. 
is    1,  and  n  =  —  ;  then,  w'henz  begins  at  a,  ?»"=—  and 


theref.  x  =  r  X       .—,=*•—  —7^  •  bence  it  appears  that 

as  m*,  or  rather  n  or  2  increases  (s<ince  m  is  constant),  that  x 

approximates  to  an  equality  with  r,  because  decreases  or 

converges  to  0,  which  is  its  limit ;  consequently  r  is  the 
limit  or  ultimate  value  of  x  :  but  when  x  =  r,  the  ship  ;will 
be  at  the  pole  ;  theref.  the  pole  must  be  the  limit,  or  eva- 
nescent state,  of  the  rhumb  or  course  :  so  that  the  ship  may 
be  said  to  arrive  at  the  pole  afler  making  an  infinite  number 

•f  revolutions  round  it  ;  for  )be  above  expression      j-i  van- 

fshet 
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iibet  when  n,  and  cooseqaently  21^  is  iDfimte,  in  which  ca9e  or 
Is  s=  r. 

Now,  from  the  equation  d  =s=  —  =  ~,  it   is  found,  thai 

C  T 

when  d  =3  30O  ST*,  thecomp.  of  the  given  lat.  69®  3',  ai^d  c  = 
line  of  67^,  30  the  comp  of  the  course,  i>  will  be  =^  901O 
geographical  miles,  the  required  ultimate  distance  ;  which, 
at  the  rate  of  10  miles  an  hour,  will  be  passed  ever  in  20 1 
hours,  or  8|  days.  The  dif  of  long,  is  shown  above  to  be  in- 
finite. When  the  ship  has  made  oae  revolution,  she  will  be 
but  about  a  yard  from  the  pole,  considering  her  as  a  point- 

When  the  ship  has  ai*rived  infinitely  near  the  pole,  she  will 
gp  round  in  the  manner  of  a  top,  with  an  infinite  velocity'; 
which  at  once  accounts  for  this  paradox,  viz.  that  though  she 
make  an  infinite  number  of  revolutions  round  the  pole,  yet 
her  distance  run  will  have  an  ultimate  and  definite  value,  as 
above  determined  :  for  it  is  evident  that  however  great  the  num- 
l>er  of  revolutions  of  a  top  may  be,  tbe  space  passed  over  h% 
lis  pivot  or  bottom  point,  while  it  continues  on  or  nearly  on  the 
same  point,  must  be  infinitely  small  or  less  than  a  certain  as* 
signable  quantity. 

raOBLEM4. 

A  current  ef  water  is  discharged  by  three  equal  opentngs. 
or  sluices^  in  the  folUming  shapes :  the  first,  a  rectangle,  &e 
second  a  semicircle,  and  the  third  a  parabola,  having  their 
amtudes  equal  and  their  bases  in  the  same  horizontal  line,  and 
the  water  level  with  the  tops  of  the  arches :  on  this  suppositioti, 
it  is  required  to  show  what  may  be  the  proportion  of  the  quantities 
discharged  by  these  sluices. 

Let  VB  be  half  the  parallelogram,  atc 
half  the  semicircle,  and  avd  half  the  pa- 
rabola, that  is,  the  halves  of  the  respective 
sluices  or  gates.  Put  a  =  av  the  common 
altitude,  and  e  =  -7854  :  then  is  ca^  the  P 
area  of  each  of  the  figures  ;  also  ca  =  ab, 
a^^  AC,  and  ^ca  =  ad  ;  also  pat  x  =  vp 
any  variable  depth,  and  i  =  pp.  Then,  the  water  discharged, 
at  any  depth >,  being  as  the  velocity  and  aperture,  and  the 
"Telocity  being  in  all  the  figures  as  ^  x,  therefore  x  y/xY.  pq, 

«nd  xy/x  X  PB,  and  X  v^  *  ^  ^s*  or  ctfx^i,  andxxv^(2<i — x), 
and  |cy^aXxx,  are  proportional  to  the  fluxions  of  the  quan- 
tity of  water  discharged  by  the  said  figures  or  sluices  re- 
spectively ;  the  correct  fluents  of  which,  when  x  =  a,  are 

y^^,  and  Aa*(8y^  2  —  7),  and  J ca*,  the  2d  fluent  being 
round  by  art.  60  pa,  336  of  this  voL     Hence  the  quantities 

of 
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^f  water  discharged  by  the  rectangle,  the  semicircle,  and  the. 
parabola,  are  respectively  as  f  c,  and  t^(8  ^  2  —  7),  and  |c,  or 

9$  I,  and  ^(8v^2— 7),  and  |,  or  as  1,  and  l*09a47»  and  fJ^. 


5c 


PROBUBM  5. 


711^  inittal  velocity  of  a  24/6  ball  of  catt  tron,  iMch  is  pro-^ 
jeded  in  a  direction  perpendicular  to  the  horizon^  being  sup- 
posed 1200  feet  per  second  ;  and  that  the  resistance  of  the  me- 
dium  is  constantly  as  the  square  of  the  velocity  ^  and  every  where 
of  the  same  density  :  requnred  the  time  of  flighty  and  the  height 
to  which  it  will  ascend 

Ansvoer.  By  problems  6  and  6,  of  the  last  chapter,  tb6 
ascent  will  be  found  =  5337  feet  and  the  time  of  the  ascent 
28  seconds. 

PROBLBK  6. 

To  determine  ihe  same  as  in  the  last  q%testiony  supposing  the 
density  of  the  atmosphere  to  decrease  in  ascending  after  the  viual 
way? 

Jins,  By  probs.  7  and  8,  the  height  will  be  5614  feet,  arid 
the  time  34  seconds. 

FRQBLBM  7. 

h  is  required  to  find  the  diameter  of  a  eirevdar  parachute,  by 
means  of  which  a  man  of  1 50/5  weigM  may  descend  on  the  earthy 
from  a  6€Uloon  at  a  height  in  the  atr,  with  the  velocity  of  only  10 
feet  in  a  second  of  time,  being  the  velocity  acquired  by  a  body 
freely  descending  through  a  space  ofonl^  1  foot  6}  inches ,  or 
of  a  man  jumping  down  from  a  height  o^  18}  inches  :  the  para- 
chute being  made  of  such  materials  and  mickness,  that  a  circle  of 
it  of  50  feet  diameter y  weighs  only  150/5,  and  so  in  proportion 
more  or  less  according  to  the  area  of  the  circle. 

If  a  falling  body  descend  with  a  uniform  Telocity,  it  must 
necessarily  meet  with  a  resistance,  from  the  medium  it  de- 
scends in,  equal  to  the  whole  weight  that  descends.  Let  jp 
denote  the  diameter  of  the  parachute,  and  a  =  *7854  ;  then 
ax^  will  be  its  area,  and  as  50*  :  x*  : :  160  :  ^x>  the  weight 
of  the  same,  to  which  adding  1501b,  the  man's  weight,  the 
sum  -^x'  +  1 50  will  be  the  whole  descending  weight.  Again, 
in  the  table  of  resistances  (in  the  scholium  to  prop.  22^  mot,  of 
bod.  in  Fluids),  we  find  that  a  circle  of}  of  a  square  foot  area, 
mpying  with  10  feet  velocity,  meets  with  a  resistance  of  *57 
ounces  3=  *0475  lb;  and  the  resistances,  with  the  same  Telocity, 

being 
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being  as  the  irarfmces,  therefore,  as  f  :  '0475  : :  4ttc^' :  'tlWSax^ 
==•  16788x>  the  resistance  of  the  air  to  the  parachute,  to  whicb 
the  descending  weight  must  be  equal  ;  that  is,  '1678tx'  =: 
^x«  +  160;  hence  •I0788x^=  150,  or  ««  =    1390-6,  an^ 
hence  jr  =  37f  feet,  the  diameter  pf  the  parachute  required. 

PROBLEM  a. 
To  deltrmine  the  effects  of  Pile-Enginei. 

The  form  of  the  pile-engine,  as  used  by  the  ancieiits,  is  not 
known.  Many  have  been  invented  and  described  by  the 
modems.  Among  all  these,  that  appears  to  be  the  best  which 
was  indented  by  Vaulone,  as  described  by  Desaguiiers,  and 
was  used  at  piling  the  foundations  at  building  Westminster 
Bridge.  Its  chief  properties  are.  that  the  ram  or  weight  he 
raised  with  the  least  expence  of  force,  or  with  the  fewest 
men ;  that  it  fall  freely  from  its  greatest  height ;  and  that» 
having  fallen,  it  is  presently  laid  hold  of  by  the  forceps,  and 
so  raised  up  to  its  height  again.  By  which  means,  in  the 
shortest  time,  and  with  the  fewest  men,  or  the  least  folxre,  the 
most  piles  can  be  driven  to  the  greatest  depth. 

Belidor  has  given  some  theory  as  to  the  effect  of  the  pile* 
engine,  but  it  appears  to  be  founded  on  an  erroneous  ptm* 
ciple  :  he  deduces  it  from  the  laws  of  the  collision  of  bodies. 
B^ut  who  does  not  perceive  that  the  rules  of  collision  suppose 
a  free  motion  and  a  con-resisting  medium  ?  It  cannot  there- 
'fore  be  applied  in  the  present  case,  where  a  very  great  re- 
sistance is  opposed  to  the  pile  by  the  ground.  We  shall 
therefore  here  endeavour  t#  explain  another  theory  of  this 
machine. 

Since  the  percussion  of  the  weight  acts  on  the  pile  during 
^e  whale  time  the  pile  is  penetrating  and  sinking  in  the 
earth,  by  each  blow  of  the  ram,  during  which  time  its  whole 
force  is  spent ;  it  is  manifest  that  the  effect  of  the  blow*  is  of 
that  nature  which  requires  the  force  of  the  blow  to  be  esti- 
mated by  the  square  of  the  velocity.  But  the  square  of  the 
Telocity  acquired  by  the  fall  of  the  ram,  is  as  the  height  it 
falls  from  ;  therefore  the  force  of.  any  blow  vriJl  be  as  th» 
height  fallen  through.  But  it  is  also  more  or  less  in  propor* 
tion  to  the  weight  of  the  ram  ;  consequently  the  effect  or 
force  of  each  blow  most  be  directly  in  the  compound  ratio  of 
both,  viz.  as  aiv,  where  w  denotes  the  Weight,  and  a  the  alti- 
tude it  falls  from  ;  or  it  will  be  simply  as  the  altitude  a^  vrhen^ 
the  weight  w  is  constant. 

Again,  the  force  of  the  blow  is  opposed  by  the  mass  of  the 
pile,  and  by  the  consistence  of  the  e^^h  penetrated  by  the 

point 
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SiDt  pf  the  {ule,  and  alio  by  the  frictioD  of  the  earth  againit 
e  sarJSace  or  sides  of  the  pile  that  have  penetrated  .below  the 
lurface.  Consequently  the  effect  of  the  blow,  or  the  depth ' 
penetrated  by  the  pile,  will  be  inversely  in  the  compound 
l^tio  of  these  three,  viz,  inversely  as  fnif,  where  m  denotes 
(he  mass  of  the  piie,^^  the  tenacity  or  cohesion  of  the  earthy 
and /the  friction  of  the  surface  penetrated  in  the  earth.  Bnt^ 
in  the  saipe  soil  and  with  the  saqie  pile,  m  and  t  are  both 
CQBstanti  in  which  case  the  depth  of  penetration  will  be  io^ 
tersely  only  as  /the  friction.  On  all  accounts  then  the  pe- 
netration will  be  as  ^u  or  simply  as  j  only,  for  the  sami^ 
wei^t  apfd  pile  and  soil. 

3b  dtiermine  the  depA  sunk  by  ike  pile  at  eaeh  Oroke  ofUie  raii^. 

After  a  few  strokes,  so  as  to  give  the  pile  a  little  hold  is 
ihe  ground,  to  make  it  stand  firmly,  the  blows  of  the  ram 
may  be  considered  as  commencing  and  causing  the  pile  to 
sink  a  little  at  every  stroke,  by  which  small  successive  sink- 
ings of  the  pile,  the  space  the  ram  Daiils  through  will  be  suc- 
cessively increased  by  these  small  accessions,  and  the  force  ot 
the  successive  blows  pro|>ortionally  increased.  But  these,  on 
the  other  hand,  are  resisted  and  opposed  by  the  friction  of 
Uie  part  of  the  pile  which  has  been  sunk  beiore,  and  which 
alko  sinks  at  each  stroke  ;  and  as  the  quantities  of  these  rub- 
bing surfaces  increase  in  a  greater  ratio  to  each  other,  than 
the  heights  fallen  through,  that  is,  the  resisting  forces  in- 
creasing faster  than  the  impeUing  forces,  it  is  manifest  that 
the  depths  successively  sunk  by  the  blows  must  gradual^ 
decrease  by  little  and  little  every  time  ;  which  is  also  found 
to  be  qnite  conformable  to  experience.  Thus  then  the  sue-* 
cessive  sinkings  will  proceed  gradually  diminishing,  till  they 
become  so  small  as  to  be  almost  imperceptible. 

Now  it  was  found  above  that  -  is   as  the  penetration  by 

any  blow  of  the  ram,  by  the  same  pile  in  the  same  soil,  that  is, 
as  the  height  fallen  directly,  and  as  the  resistance  or  friction 
in  the  earth  inversely.  Let  a  denote  any  other  and  greater 
height,  by  an  after  stroke,  and  f  its  friction  ;  also  r  the  pene- 
tation  by  the  former  blow,  and  p  that  by  the  latter,  which 
«lust  be  the  smaller :  then,   by    the   foregoing    principlev 

-^z  -  :  :  F  :  p  ;  hence  a  :  ▲  '  :  fa  :  Fp,  which  is  a  general 

AeoreBir 
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But  now,  with  respect  to  the  quantity  of  friction  from  an;f 
blow,  though  it  be  not  known  from  eiperiment  that  the  fric- 
tion is  exactly  proportional  to  the  rubbing  surface,  there  ii 
great  reason  to  believe  that  it  must  be  at  least  very  nearly 
so  :  there  is  also  equal  reason  to  conclude  that  the  effect 
or  resistance  from  that  rtibbing  surface  must  be  nearly 
or  exactly  as  the  length  of  space  it  moves  over,  that  is  by  th6 
penetration  of  the  pile  by  any  blow.  Now,  if  d  denote  the 
depth  of  the  pile  in  the  ground  before  any  new  blow  is  struck 
hj  the  ram,  and  h  the  depth  or  penetration  produced  by  the 
blow,  then  the  length  of  the  rubbing  surface  will  be  e{  -f  ^  6  ; 
for,  the  length  ef  the  rubbing  surface  is  only  d  at  the  begin- 
ning of  the  motion,  and  it  is  e{  -f  6  at  the  end  of  it,  the  me- 
dium of  the  two,  or  ct  +  i  h^  is  therefore  the  due  length  of 
the  surface,  and  the  space  or  depth  it  moves  over  is  h  ;  there- 
fore the  whole  resistance  from  the  friction  is  {d-\'\h)b  If 
D  then  denote  any  other  depth  of  the  pile  in  the  earth,  and 
ft'  the  next  penetration,  then  (d  +  i  h)  b'  will  be  its  friction. 
Substituting  now  b  for  f,  and  b*  for  p,  also  d  +  ^  b  for  /,  and 
p  -j-  ^  6'  for  F,  in  the  general  theorem  a  :  a  :  :/p  :  Fp,  it  be- 
comes a  :  A  :  :  (d[-|-^6)6  :  (D-fi&')6',  for  the  general  relation^ 
Wween  the  heights  fallen  and  the  resistatice  and  penetration* 

This  theorem  will  very  conveniently  give  the  series  of  ef- 
fects^  or  successive  sinkings  of  the  piles,  by  the  bldws  of  the 
ram.  Thus,  after  the  pile  has  been  properly  fixed,  or  indeed 
driven  to  any  depth  in  the  earth,  denoted  by  (/,  then  to  giveu 
a  blow,  the  ram  falls  from  the  height  a.+  d^  and  thereby 
sinks  the  pile  the  space  b  suppose  ;  hence  fol*  the  next  stroke^ 
the  fall  will  be  a  '\- d  +  b  =rAin  the  theorem  above,  and 
i>+|6  =  (2+^+  ib\  the  next  penetration  or  sinking  being 
i'  ;  theref.  a+ d  :  a  +  d +b  : :  (d  +  ^6)*  :  {d  +  b+ibyb'; 
a  proportion  which  gives  the  quadratic  equa.  b'a+^b'^d+b)  ^ 

?i^  X  (2<i  +  6)6,  the  root  of  which  is  6'  =  -  {d+b)  + 
Jlid+tyV^'x  (2^+6)61  =  i±l±.*  X  ±±^  d- 

iieariy,  or  indeed  =  -77—  b  nearly,  because  b  is  small  in  cods* 

d+d  ^ 

parison  with  a  +  <'• 

Now,  for  an  example  in  numbers,  suppose  0  =  5  feet  s: 
60  inches,  d  =  10,  ft  =3,  that  is  a  a  60  the  height  of  the 
ram  above  the  top  o(  the  pile  before  this  enters  the  ground  ; 
d  =    10,  after  being  fixed  in  the  ground  ;  and  6  =  3  the 

sinking  by  the  next  blow  :  then  '^:^6r=~X3=«-66=6, 

the 
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Specimen  of   the  St" 

riet  of  the  Suceemve 

vcUuei  of  dy  6,  6. 

d 

b 

i' 

10 

9 

2*66 

13 

2*66 

2-48 

16-66 

2*49 

2  32 

1814 

2-32 

2  19 

20-46    2-19 

2  08 

the  2d  fltroke.  Next,  sabstitating 
d'\-'b  for  d,  and  b'  for  6,  the  same 
theorem  gives  24*8  for  the  next 
sinking,  er  the  next  ralae  of  b\ 
And  so  on  continuallj,  by  which 
means  the  series  of  the  snccessiye 
corresponding  ralaes  of  the  letters 
will  be  as  in  the  margin,  the  last 
column  showing  the  sereral  sue- 
cessure  sinkings,  of  the  pile  bj  the 
repeated  strokes  of  the  ram. 


Scholium.  Thus  then  it  appears  that  the  effect  of  any  ope* 
ration  of  pile-driring  may  be  determined.  It  is  manifest  ailso 
that  the  greater  a  is,  or  the  higher  the  top  of  the  machine  is 
where  the  ram  falls  from,  above  the  top  of  the  pile  at  first, 
the  greater  will  be  every  stroke  of  the  ram,  and  conseqaeatly 
the  fewer  the  strokes  requisite  to  drive  the  pile  to  the  requi- 
site depth.  But  then  every  stroke  will  take  a  longer  time, 
as  the  ram  will  be  both  longer  in  falling  and  longer  in  rais- 
ing :  so  that  it  may  be  a  question  whether  on  the  whole  tha 
business  may  be  affected  in  the  Jess  time  by  a  greater  height 
of  the  machine,  or  whether  there  i>e  any  limit  to  the  height, 
so  as  to  produce  the  greatest  effect- in  a  given  time. 

To  answer  this  question,  let  x  denoted  the  indeterminate 
height  from  which  any  weight  w  is  to  fall,  m  the  time  of  rais« 
ing  it  after  a  fall,  which  time  is  supposed  to  be  as  Uie  height 
X  to  which  it  is  raised,  also  m  the  given  time  of  producing  % 
proposed  effect ;  then  ^  ^  ap  =  the  time  of  the  weight  fall- 
ing ;  therefore  |  ^  x  -{-  ^  «=  the  whole  time  of  one  stroke  $ 


oonseq. . — -; — or  r — rr-  is  the  number  of  strokes  made  in 

the  given  time  m,  and  hence  — -rr"  "^  ^^  whole  force  or 

effect  in  the  time  m.  Now  this  effect  or  fraction  increases  con- 
tinually as  X  increases,  because  the  numerator  increases  &ster 
than  the  denominator,  since  the  former  increases  as  x,  while 
in  the  latter  though  the  one  term  z  increases  as  x,  yet  the 
other  term  ^  x  only  increases  as  the  root  of  x.  So  that,  on 
the  whole,  it  appears  that  the  effect,  in  any  given  time,  in- 
creases more  and  more  as  the  height  is  increased. 


Vol.  If. 


«3 


TBOBUM 
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FROBLEM  9. 

To  determine  how  far  a  man^  who  pushes  with  the  force  of 
100/6,  can  force  a  sponge  into  a  piece  of  ordnance,  whose  di^ 
amiter  is  6  tnches,  and  length  tenfeet^  when  the  barometer  stands 
at  30  inches :  the  vent,  or  touch-hole^  being  stopped,  and  th6 
sponge  having  no  windage,  that  is,JUiing  the  bore  quite  dose  ?^ 

A  colomD  of  qukksilrer  30  inches  high,  and  5  in  diameter^ 
is  6«  X  30  X  -7864  =  68906  inches  ;  which,  at  8- 102  oz. 
each  inch,  weighs  4772*4^  6z  or  2^8-2815,  which  is  the  pres- 
sure of  the  atmosphere  alone,  heing  equal  W  the  elasticity  of 
the  air  in  its  natural  state  ;  to  this  adding  the  lOOlb,  gives 
398*281b,  the  whole  external  pressure.  Then,  as  the  spaces 
which  a  quantity  of  air  possesses,  under  different  pressures, 
are  in  the  reciprocal  ratio  of  those  pressures,  it  will  be,  as 
398-28  :  .29('28  :  :  10  feet  or  120  inches  :  90  inches  nearly^ 
the  space  occupied  by  the  air  ;  theref.  120—90  =z  30  inches  j 
is  the  distance  sought. 

PROBLEM  10. 

To  assign  the  Cause  of  the  DefUetion  of  Military  Projectiles^ 

It  having  been  surmized  that  in  the  practice  of  artillery, 
the  deOexion  of  the  shot  in  its  flight,  to  the  right  or  left,  from 
the  line  or  direction  the  gun  is  laid  in,  chiefly  arises  froQv  the 
motion  of  the  gun  during  the  time  the  shot  is  passing  out  of 
the  piece  ;  it  is  required  to  determine  what  space  an  18  pound- 
er will  recoil  or  fly  back,  while  the  shot  is  passing  out  of  the 
gun  ;  supposing  its  weight  to  be  48001b  that  of  the  carriage 
24001b,  the  quantity  of  powder  81b,  the  length  of  the  cylinder 
108  inches,  that  of  the  charge  13  inches,  and  the  diameter  of 
the  bore  6*13  inched  ;  supposing  also  that  the  resistance  froiri 
the  friction  between  the  platform  and  carriage  is  equal  to 
36001b  ^ 

It  is  well  known  that  confined  gunpowder,  when  fired^ 
immediately  changes  in  a  great  measure  into  an  elastic  air, 
which  endeavours  to  expand  in  all  directions.  Now,  in  the 
question,  the  action  of  this  fluid  is  exerted  equally  on  the 
bottom  of  the  bore  of  the  gun  aud  on  the  ball,  during  the 
passage  of  the  latter  through  the  cylinder  ;  the  two  bodies 
therefore  move  in  opposite  directions,  with  velocities  which 
arc  at  all  times  in  the  inverse  ratio  of  the  quantities  of  matter 
movedk  Now  let  x  be  the  space  through  which  the  gun  re- 
coils ;  then,  as  the  charge  occupies  13  inches  of  the  barrel, 
and  the  semidiameter  of  the  barrel  is  2-6669  the  space  moved 

through 
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diroagh  by  the  ball  when  it  quits  the  piece,  is  108  ^  13  -«r 
!l«565  -  X  ^  92*435  —  x  :  and  as  the  elastic  fluid  expand/i 
iQ  both  directions,  the  quantity  which  advances  towards  the 
muzzle,  is  to  Uiat  which  retreats  from  it,  as  92'43&  «•  j^  to  x  : 

conseq.  ^rr— ^  and         J*    ,  X  8   are  the  quantities   of  the 

powder  which  move,  the  former  with  the  gun,  and  the  latter 
with  the  ball ;  besides  these,  the  weight  of  ball  thai  moves 
forwards  being  181b,  and  of  the  weights  and  resistance  back- 
wards 4800  +  2400  +  3600  =  108001b,  hence  the  whole 

weights  moved  in  the  two  directions  are  10800  +  Zo^s    *°^- 

,«     ,      92-435 -X  ^  .         998298+8*       ,  2403-3  l  —  8x  ^. 

18  +  ■      ■    ^^      X  8,  or   -7rr-Tv—  a^^  — i^T-r— »  ^r  as  the 
^       92*435  '  92  435  92*415      ' 

numerators  of  these  only.  But  when  the  time  and  moving 
force  are  given,  or  the  same,  then  the  spaces  are  invei'sely 
as  the  quantities  of  matter ;  therefore  x  :  92*435  —  x  :  : 
2403-31 -Sx  :  998298  +  8jr,orby  composition,  x  :  92*435  : : 
2403-31-8X  :  1000701-31,  and  by  div.x:  1  : :  2403-31— 8x: 
10826,  theref,  10826x=2403-31— 8x,or  10834x  =  2403-31, 
and  hence  x  =  -2218  inch  =  }  of  an  inch  nearly,  or  the  re- 
coil of  the  gun  is  less  than  a  quarter  of  an  inch. 

Henc^  it  may  be  concluded,  that  so  small  a  recoil,  straight 
backwards,  can  have  no  effect  in  causing  the  ball  to  deviate 
from  the  pointed  line  of  direction :  and  that  it  is  very  pro- 
bable we  are  to  se«^  for  the  cause  of  this  effect  in  the  ball 
striking  or  rubW^g  against  the  sides  of  the  bore,  in  its  passage 
throiwJ*  «^  especially  near  the  exit  at  the  muzzle  ;  by  which 
It  must  happen,  that  if  the  ball  strike  against  the  right  side» 
the  ball  will  deviate  to  the  left  ;  if  it  strike  on  the  left  side, 
it  must  deviate  to  the   right  ;  if  it  strike  against  the  under 
side,  it  must  throw  the  ball  upwards,  and  make  it  to  range 
farther ;  but  if  it  strike  against  the  upper  side  it  must  beat 
the  ball  downwards,  and  cause  a  shorter  range :  all  which 
irregalarities  are  found  to  take  place,  especially  io  guns  that 
have  much  windag^^y  or  which  have  the  balls  too  small  for 
the  bore. 

VEOBl£M  11. 

A  br^  9f  ^^d,  of  4  inche$  diameter,  is  dropped  from  the  top 

^a^^er^rfes  yards  high,  and  falls  into  a  cistern  full  ofrva- 

^^.at  th4i  bottom  of  the  tower,  •/20J  yards  deep  :  it  is  required 

0  determine  the  times  of  falling,  both  to  the  surface  and  to  the 

bottom  of  the  water. 

The  fall  in  air  is  195  feet,  and  in  water  60}  feet.     By  the 
common  rules  of  descent,  as  y^  16  ;  ^z  195  : ;  1 " ;  i  ^  195  ==' 

3-49' 
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5*49  seconds*  the  time  of  descending  in  air.  And  as  ^  16  : 
^  \Wlf  :j  32  :  8  vf  196  ==  11 1-71  feet,  the  Telocity  at  the  end 
•f  that'fime,  or  with  which  the  bail  enters  the  water. 

Again,  by  prob.  22  of  this  Tol.  art.  2,  the  space  «  s=-^  Xhyp. 

)og.  of  -£~»  or  rather  —  X  hyp.  log.  of -7—  (the  Telocity 

being  decreasing  and  e*  greater  than  a)  =rT-  X  com.  log.  of 

-^ — ^  where  h  =  11525  the  density  of  lead,  »  =:  1000  that 
of "i^ater,  a  =  ^^^''-">  i^p^^^  x\V^\  the  velocity 

It  entering  the  water,  and  v  the  velocity  at  any  time  after- 
wards, also  d  the  diameter  of  the  ball  =  4  inches,  and  m  =s 
it  30X^85  the  hyp.  log.  of  10. 

Hence  then  n  »  11325,  n  =  1000,  n  —  n  =  10325,  d  = 

4          1      ..                  256«/(^-fi)        256.10325  ^^-„  , 

-^  s=  - ;  then  a  s= ^  s=  .  :=    2934.    and 

^_  3ii      9«      9000  _   15  _  I  ,         .,  ,,,  «, 

^=83;==8l?="9U6Ci0-'m=l0°|^*'^^-     Alsos=in.7l; 

therefore  «  5=  60}  =  :^  X  log.  of '-^^  s  5m  X  log.  ^* """ 


^^6  •       «a— a  *•!,«—«• 

This  theorem  will  give  «  when  v  is  given,  and  by  reverting 
it  will  give  o  in  terms  of  t  in  the  following  manner. 

Dividing  by  5i»,  gives  ~  =  log.  of  ^-*,r^^  =  «*,  by  putting 
%-ss.  — ;  therefore,  the  natural  number  is  10"',  •*  t^^a ^ 

5fn  »*^.a* 

hence  tj«  -a  =  -jj^,  and  r  =  v'  (a  +  ^jjj?)*  which,  by  sub- 
stituting the  numbers  above  mentioned  for  the  letters,  gives 
X  =.  17-134  for  the  last  velocity,  when  the  space  s  =  60j,  or 
when  the  ball  arrives  at  the  bottom  of  the  water. 

But  now  to  hnd  the  time  of  passing  through  the  water, 
putting  t  =  any  time  in  motion,  and  t  and  v  the  correspond- 
ing space  and  velocity  the  general  theorem  for  variable  rorces 

gives  i  =  •^.  But  the  above  general  value  ol «  being  —  x 
hyp.  log.  ^^^  or  5  X  hyp.  log.  *^^,  therefore  h  fluxion 
;  -  r±^,  conseq.  i  ori-  =  ^^,  the  correct  flue*  ^f 

which  is  —  X  hyp.  log.  {^^  X  ^i^^)  =  i  the  tinae, 

which  when  v  =  17'134,  or  j  =  60|  gives  2-6542  seconds, 
for  the  time  of  descent  through  the  water.  pbQBIXM 
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PROBLEM  iS. 

Required  to  determine  what  muH  be  the  diameter  of  a  tva- 
ier'-^heel,  to  at  to  receive  the  greatest  effect  from  a  stream  of  wa- 
ter of  n  feet  fall? 

In  the  case  of  an  ODderebot  wheel 
put  the  height  of  the  water  ab  =  12 
feet  =  a,  and  the  radius  bc  or  cd  of 
the  wheel=jr,  the  water  falliog  perpen- 
dicularlj  on  (he  extremity  of  the  radius 
CD  at  D.  Then  ac  or  AD^^a— x,  and  the 
velocity  doe  to  this  height,  or  with  which 
the  water  strikes  the  wheel  at  d,  will  be- 
as^  (a  —  x),  and  the  effect  on  the  wheel  being  as  the  velocity 
and  as  the  length  of  the  lever  cd,  will  be  denoted  by 
Xy^(a — x)  or  y^(ax*— «'),  which  therefore  must  be  a  maxi- 
mum, or  its  square  ax*  —  x'  a  maximum.  In  fluxions 
^axx  —  Sx'x  s=  0  ;  and  hence  x  =  }asrs  8  feet,  the  radius^ 

But  if  the  water  be  considered  as 
conducted  so  as  to  strike  on  the  bottom 
of  the  wheel,  as  in  the  annexed  figure, 
it  will  then  strike  the  wheel  with  its 
greatest  velocity,  and  there  can  be  no 
limit  to  the  size  of  the  wheels  since  the 
greater  the  radius  or  lever  bc,  the 
greater  will  be  the  effect. 

In  the  case  of  an  overshot  wheel, 
a-2x  will  be  the  fall  of  water,^(a— 2x) 
as  the  velocity,  and  x  ^  (a  —  2x)  or 
y/{ax*  -2x3) the  effect,  then  ax»  -2x» 
is  a  maximum,  and  2axx  —  6x'x  «=  0  ; 
hence  x  =  ^^  »=  4  feet  is  the  radius  of 
the  wheel. 

But  all  t|iese  calculations  are  to  be  considered  as  independ- 
ent  of  the  resistance  of  the  wheel,  and  of  the  weight  of  the 
water  in  the  buckets  of  it. 

PROBLEM  la. 

What  angle  must  a  projectile  make  with  the  plane  of  tlie 
horizon^  discharged  TSfim  a  given  velocity  v,  so  as  to  describe 
in  itsjiight  a  parabola  including  the  greatest  area  possible  ? 

By  the  set  of  theorems  (in  art.  92  Projectiles)  for  any 
proposed  angle,  there  can  be  assigned  expressions  for  the 
horizontal  range  and  the  greatest  height  the  projectile  rises 
^,  that  is  the  base  and  axis  of  the  parabolic  trajectory.  Thus, 
putting  s  and  c  for  the  sine  and  cosine  of  the  angle  of  eleva- 
tion ; 
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tioD  ;  then,  by  the  first  line  of  those  theorems,  the  Telocity 
being  v^  the  horizoDtal  range  r  is  =  ^scv*  ;  and,  by  the  4th 
or  last  line  of  theorems,  the  greatest  height  h  is  =  ^  s^v^  ^ 
But,  by  the  parabola,  \  of  the  product  of  the  base  or  range 
and  the  height  is  the  area,  which  is  now  required  to  be  the 
greatest  possible.  Therefore  r  X  h  =  -^sffb^  X  ^s*v'  must 
be  a  maximum,  or,  rejecting  the  constant  factors,  s^c  a  maxi- 
mum. Eut  the  cosyie  c,  of  the  angle  whose  sine  is  «,  is 
^(l-*a)  ;  therefore  sH=s^  ^(i-,2)  —  ^  (*•-*')  "  ^^ 
maximum,  or  its  square  5*— t'  a  maximum.  In  fluxions 
6s^i  -8«^i  =?  0  =  3  -  4s*  ;  hence  4»»  =  3,  or  t «  =  |,  and 
«  =r  ^  y/  3  s=  •8660254,  the  sine  of  60^,  which  is  the  angle  of 
elevation  to  produce  a  parabolic  trajectory  of  the  greatest 
area* 

PROBLEM  li. 

Suppose  a  cannon  were  discharged  cU  a  point  x  ;  it  is  re- 
qtdred  to  determine  how  high  in  the  air  the  point  c  must  be 
raised  above  the  horizontal  line  ab,  so  that  a  person  tU  c 
letting  faU  a  leaden  btdUt  at  the  moment  of  the  cannon's  ex- 
plosiony  it  may  arrive  at  ^  ai  the  saine  instant  as  he  hears  the 
report  of  the  cannon^  but  not  tUl  ^j^th  of  a  second  after  the  sound 
arrives  at  u  :  supposing  the  velocity  of  sound  to  be  1 140  feet  per 
second  f  and  that  the  bullet  falls  freely  without  any  resistance  fr^m. 
the  air? 

Let  X  denote  the  time  in  which  the 
sound  passes  to  c  ;  then  will  or  .  y^  be 
the  time  in  passing  to  b,  and  x  the  time 
also  the  bullet  is  falling  through  cb. 
Then,  by  uniform  motion,  1 140x  =  ac, 
and  1 140x  — ^1 14  r=3  ab,  also  by  descents 
of  gravity,  P  :  x*  :  :  16  :  16x*=2Bc.  Then,  by  right-angled 
triangles,  ac'— bc*=ab>,  that  is  1 140>x>~16*x«  =»  1140>a:> 
—224  X  1140jr+   114",  hence  224  X  1140ar—    I6»x*  «= 
114*,  or  1016«3x  —  X*  =  60-77,  the  root  of  which  equa.  is 
X  ==  10*03  seconds,  or  nearly  10  seconds  ;  conseq.  bc  =  16x^ 
3=  1610  feet  nearly,  the  height  required. 

FHOBLEM  15. 

Required  the  quantity^  in  cubic  feet,  of  light  earth,  necessary 
to  form  a  bank  on  the  side  of  a  canal,  which  will  just  support, 
a  pressure  of  water  6  feet  deep,  and  300  feet  long.  And  what 
wtll  the  carriage  of  the  earth  cost,  at  the  rate  of  1  shilling  per 
ton  ? 

This. 
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This  question  may  be  considered  as 
relating  either  to  water  sustained  by  a 
solid  wall,  or  by  a  bank  of  loose  earth. 
In  the  former  case,  let  abc  denote  the 
wall,  sustaining  the  pressure  of  the  water 
behind  it  Put  the  whole  altitude  ab 
=  A,  the  base  bc  or  thickness  at  bottom 
:=  &,  any  variable  depth  ad  =  x^  and 
the  thickness  there  i>k,  =  y.  Now  the  effect  which  any  num- 
ber of  particles  of  the  fluid  pressing  at  d  hare  to  break  the 
wall  at  B,  or  to  overturn  it  there,  is  as  the  number  of  particles 
AD  of  X,  and  as  the  lever  bd  =  a  ~  ar :  therefore  the  fluxion 
of  the  efiiect  of  all  the  forces  is  (a-^x)xx  =  axx^x*  a:%  the 
fluent  of  which  is  ^ax*  ^\x^^  which,  when  x  =  a,  is  ^a>  for 
the  whole  efiiect  to  break  or  overturn  the  wall  at  b  ;  and  the 
efiects  of  the  pressure  to  break  at  b  and  d  will  be  as  ab^  and 
ad'.  But  the  strength  of  the  wall  at  d,  to  resist  the  fracture 
there,  like  the  lateral  strength  of  timber,  is  as  the  square  of 
the  thickness,  de*.  Hence  the  curve  line  aec,  bounding 
the  back  of  the  wall,  so  as  to  be  every  where  equally  strong, 
is  of  such  a  nature,  that  x'  is  always  proportional  to  ^,  of  y 

as  X' ,  and  is  therefore  what  is  called  the  semicubical  parabola. 

Now,  to  find  the  area  abc,  or  content  of  the  wall  bounded 

by  this  convex  curve,  the  general  fluxion  of  all  are  as  yi  be- 

tomes  x*i^  the  fluent  of  which  is  f x^  =a  \xx^  =  fxy,  that 
is  f  of  the  rectangle  ab  X  bc  ;  and  is  therefore  less  than  the 
triangle  abc,  of  the  same  base  and  height,  in  the  proportion 
of  f  to  ^,  or  of  4  to  6. 

Bat  in  the  case  of  a  bank  of  made 
earth,  it  would  not  stand  with  that 
concave  form  of  outside,  if  it  were  ne- 
cessary, but  would  dispose  itself  in  a 
straight  line  ac,  forming  a  triangular 
bank  abc  And  even  if  this  were  not 
the  case  naturally,  it  would  be  proper 
to  make  it  such  by  art  ;  because  now         o  £ 

neither  is  the  bank  to  be  broken  as  with  the  efiect  of  the 
lever,  or  overturned  about  the  pivot  or  point  c,  nor  does  it 
resist  the  fracture  by  the  efiect  of  a  lever,  as  before  ;.  but,  on 
the  contrary,  every  point  is  attempted  to  be  pushed  horizon- 
taUy  outwards,  by  the  horizontal  pressure  of  the  water,  and 
it  is  resisted  by  the  weight  or  resistance  of  the  earth  at  any 
part  de.  Here  then,  by  hydrostatics,  the  pressure  of  the 
water  against  any  point  d,  is  as  the  depth  ad  ;  and,  in  the 
triangle  of  earth  ade,  the  resisting  quantity  i«  db  is  as  de, 

which 


496  PROMISCUOUS  EXERCISES* 

which  is  also  proportional  to  ad  bj  similar  triangles.  S« 
that,  at  every  point  d  in  the  depth,  the  pressure  of  the  water 
and  the  resistance  of  the  soil,  by  means  of  this  triangular 
form  increase  in  the  same  proportion,  and  the  water  and  the 
earth  will  every  where  mntoally  balance  each  other,  if  at  any 
one  point,  as  b,  the  thickness  sc  of  earth  be  taken  snch  as  to 
balance  the  pressure  of  the  water  at  b,  and  then  the  straight 
line  AC  be  drawn,  to  determine  the  outer  shape  of  the  earth. 
All  the  earth  that  is  afterwards  placed  against  the  side  ac,  for 
a  convenient  breadth  at  top  for  a  walking  path,  &c«  will  also 
give  the  whole  a  sufficient  security. 

But  now  to  adapt  these  principles  to  the  numeral  calcQla^ 
tion  proposed  in  the  question  ;  the  pressure  of  water  against 
the  point  b  being  denoted  by  the  side  ab  s=  5  feet,  and  the 
weight  of  water  being  to  earth  as  1000  to  1984,  therefore  as 
1984  :  1000  : :  6  :  f*52  sr  bc,  the  thickness  of  earth  which 
will  just  balance  the  pressure  of  the  water  there  ;  hence  the 
area  of  the  triangle  abc  ass  |ab  X  bc  3=  S|  x  2*62  s=  6*3 ; 
this  mult,  by  the  length  SOO,  gives  \B9iO  cubic  feet  for  the 
quantity  of  earth  in  the  bank  ;  and  this  multiplied  by  1984 
ounces,  the  weight  of  1  cubic  foot,  gives,  for  the  weight  of  it, 
3749760  ounces  =  2S4360lbs  =  104*625  tons  ;  the  expense 
of  which,  at  1  shilling  the  ton,  is  51,  4«.  7^</. 

:     PROBLEM  It 

A  periwi  $tanding  at  the  distance  of  fO  fketfram  fte  heiUmi 
hf  a  wall^  which  is  supposed  perfectly  smooth  and  hard^  desires 
to  know  in  what  direction  he  must  throw  an  elastic  ball  arainsi 
tt,  mth  a  velocity  of  80  feet  per  second^  so  that^  after  reaction 
from  the  tDall^  it  may  fall  at  the  greatest  distance  possible  frmn 
the  bottom  on  the  horizantal  plane^  which  is  2}  Je€t  belom  '^^ 
hand  discharging  the  ball  ? 

In  the  annexecil  figure  let  dr 
be  the  wall    against  which    the 
ball  is   thrown,  froni  the  point  q. 
A,    in  such  a  direction,    that  it  3X 

shall  describe  the  parabolic  curve     ^ 

AC  belore  striking  the  wall,  and  "  D 
afterwards  be  »o  reflected  as  to  describe  the  curve  x^.  Now 
if  F.S  be  the  tangent  at  the  point  e,  to  the  curve  ae  describ- 
ed before  the  reflection,  and  ep  the  tangent  at  the  same 
point  to  the  curve  which  the  ball  will  describe  after  re- 
flection, then  will  the  angle  rep  be  =  ces  ;  and  if  the  curve 
PF.  be  produced,  so  as  to  have  gf  for  its  tangent,  it  will  meet 
AC  produced  in  b,  making  bg  =  ac,  and  the  curve  as  will  be 

similar 
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similar  and  equal  to  the  portion  be  of  the  parabola  bep,  but 
turned  the  contrary  way.  Conceiving  either  the  two  curves 
AE  and  EF,  or  the  continued  curve  bep,  to  be  described  by 
a  projectile  in  its  motion,  it  is  manifest  that,  whether  thci 
greater  portion  of  the  curve  be  described  before  or  after  the 
ball  reaches  the  wall  na,  will  depend  on  its  initial  velocity, 
ahd  on  the  distance  ac  or  bc,  and  on  the  an^e  ofprojectioni 
The  problem  then  is  now  reduced  to  this,  viz.  To  find  the 
angle  at  which  a  ball  shall  be  projected  from  b,  with  a  given 
impetus,  so  thai  .the  distance  op,  at  which  it  falls,  from  the 
given  point  d  on  the  plane  dp,  parallel  to  the  horizon,  shall 
be  a  maximum. 

Now  this  problem  may  be   P  ^  ..^.^ ^^^''^ 

constructed  in  the  following 
manner  :  From  any  point  b 
in  the  horizontal  line  oc,  let  -n 
fall  the  indefinite  perp.  eg,  on  ^ 
which  set  off  eb  =  the  impe-  A 
tos  corresponding  to  the  given 
velocity,  and  bi  =:  2  4  the  distance  of  the  horizontal  {Jane 
below  the  point  of  projection  ;  also,  through  i  draw  ap  paral- 
lel to  oc.  From  the  point  b  set  off  bp  =  be  +  ei,  and 
bisect  the  angle  ebp  by  the  line  bh  :  then  will  bh  be  the  re- 
quired direction  of  the  ball,  and  if  the  maximum  range  on  the 
plane  ap. 

'  For,  since  the  ball  moves  from  the  point  b  with  the  velo- 
city acquired  by  falling  through  eb,  it  is  manifest,  from  p.  136 
this  vol.  that  dc  is  the  directrix  of  the  parabola  described  by 
the  ball.  And  since  both  b  and  p  are  points  in  the  curve, 
each  of  them  must,  from  the  nature  of  the  parabola,  be  as  far 
from  the  forces  as  it  is  fr6m  the  directrix  ;  therefore  b  and  p 
will  be  the  greatest  distance  from  each  other  when  the  focus 
F  is  directly  between  them^  that  is,  when  bp  =^  be  +  cp. 
And  when  bp  is  a  maximum,  since  bi  is  constant,  it  is  obvious 
that  IP  i^  a  maximum  too.  Also,  the  angle  fbh  b^ing  =»  Eim, 
the  line  bh  is  a  tangent  to  the  parabola  at  the  point  b,  and 
consequently  it  is  the  direction  necessary  to  give  the  range  ip. 

Cor.  1.  llf  hen  b  coincides  with  i,  ip  will  be  =»  b^  =  be 
+  EI  ss=  2Ef,  and  the  angle  ebh  will  be  45*  :  as  is  also  mani- 
fest from  the  common  modes  of  investigation. 

Cor.  2.  When  the  impetus  corresponding  to  the  initial  ve- 
locity of  the  bail  is  very  great  compared  with  ac  or  bc  (fig.  1), 
then  the  part  ae  of  the  curve  will  very  nearly  coincide  with 
its  tangent,  and  the  direction  and  velocity  at  a  may  be  account- 
ed the  same  as  those  at  e  without  any  sensible  error,     in  this 

Vol.  n.  64  case 
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case  too  the  ipapetus  be  ^6f.  2)  will  be  ybtj  ^at  cQiopare4 
with  Bi,  and  roDsetjuently,  b  and  i  nearly  coi^p^ciding,  tbe  an- 
ffl^  EBH  wi)l  differ  bat  little  from  45^. 

Gdofl.  Froip  the  foregojog  constructioii  the  calcnlatioii 
will  bp  ve^  ea9y.     Thus,  &e  fir^t  veloci^  ^»ng  ^^  f^^^  =t  'o 

then  (vt.  9«  Proj^tilas)  ^  ^  ?g^  ;f  09-48  W6  ^  »s  the 

impetos  ;  hence  ei  =?  fp  =  ]or98186,  ^nd  bp  =  be  +  i^i== 
2Qj*46372l  Now,  in  the  ri^ht-angled  triangle  bip,  the  aides 
1^1  and  BP  are  knpwo,  hence  ip  =  201*4482,  and  the  ani^e 
IBP  =  B9^  17  SO*  :  half  the  snppL  of  this  angle  is  45«21'2tf^ 
=  EBB.  And,  in  fig.  1,  ip  ^  id  =  20V4482  _  IQ  ss 
191*4482  =3-  0P  ;  the  distance  the  ball  ^4^  from  th^  wall  after 
reflection. 

FBOBLKM  17. 

From  what  height  ahovt  the  given  point  a  must  an  ekietic  hmU 
be  suffered  to  descend  freely  by  gravity ^  so  that,  afier  striking 
the  hard  plam  at  b,  it  may  be  rmeeted  back  again  to  the  point 
A,  in  lAe  least  time  possible  fro^  me  instfifnt  of  dropping  it  r 

Let  c  b^  the  point  required  ;  ^d  pat  ac  ^^  x,  and 
iB  =  a  ;  then  |\/  cb  » ^^  ^  (^+'5  u  ^^  ^^^  >■  ^^9 
<nd  ^  v^  CA  ==  }.  ^  X  is  the  time  in  ca  ;  therefore 
i  ^  {a'\'x)  r-  ^  y/  X  is  t^e  tim^  down  k^^  pr  the  time 
of  rismg  from  9  to'  a  again  :  hence  the  Whole  tiipe  of 


iallip^  through  cb  and  r^tiimiqg  to  a,  is  4  y/  (a+x) 
—  jL  y/  X,  which  9iust  be  a  ipin.  or  2  ^  (0+*)  -  v^« 

a  minimum,  in  fexio^if  ;;^^^  -?  5—  =i  *    W*    Vw^ 
X  s=  ^Ay  that  is,  AC  ss  ^ab\ 


B 


FROBLEM   la. 


Gwen  the  height  of  an  inelit^plane  ;  teqmreAits  iength^  $0 
that  a  given  power  aetmg  on  a  given  weighs,  in  a  Uteetion  fa^ 
raliel  to  the  piemen  may  d»v»  it  vp  in  the  least  time  possible* 

Let  a  denote  the  height  of  the  phine,  s  its  length,  p  the 
powev,  and  w  the  weight.    Now  the  lendeacj  doita  the  plane 


IS  — -r,  hence/} — --  «»'  the  motire  force,  and f  = 

7^^  =  ^e  acce]eratin||^force/f  hence,  by  the  theorems  for 
constant  forces  (See  Introduc.  to  Prac.  Ex.  on  Forces)/*^-^"" 
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V-^^  iWMt  be  t  miDioMiiii,  o* a  miii.  i*iH  flntiotti, 

i(jue'^aw)xx  —  px'i  =  b,  or  px  =:   Saw,  and  hence  jp  : 
»  :  :  2a  :  X  : :  double  ihe  height  of  the  plane  to  its  length. 

PR0B1£M  19. 

A  cylinier  of  oak  u  depressed  in  Vfftier  till  its  top  is  ju^L 
level  with  the  sutfaee^  and  then  is  sneered  to  ascend  ;  it  is 
rtquired  to  determine  the  greatest  altitude  to  which  it  will  me, 
and  the  time  of  its  ascent. 

Let  a  =  the  length,  and  b  the  area  or  base  of  the  cylinder, 
fH  the  specific  gravity  of  oak,  that  of  watef  being  1,  aUo  t 
any  yanabie  height  through  which  the  cylinder  has  ascended. 
Then,  a  —  x  being  the  part  still  immersed  in  the  water, 
(a  —  x)  X  6  X 1  s=  (a  —  x)  6  is  the  force  of  the  water  opwards 
to  raise  the  cylinder  ;  and  a  X  6  X  m  =  abm  is  the  weight 
of  the  cylinder  opposing  its  ascent  ;  therefore  the  efficacioaft 
force  to  raise  the  cylinder  is  (a  —  x)  b  ^  abm  ;  and,  the  mass 
being  abm,  the  accelerating  force  is 

(a  —  xV>^a6m     a  — -r  —  * :?«     an  -.  x      - 
■■■     .         ,  -"^s  ..—        I     ■  — /• 

abm  a-rpi  «ni  " 

putting  n  =  1  —  m  the  difference  between  the  specific  gra- 
tities  of  water  and  oak. 

Now  if  V  denote  the  velocity  of  ascent  at  the  same  time 
wheibi  X  sp9Lce  is  ascended,  then  by  ihe  theorems  for  ?ariabl4| 

32 

forces,  vi  ==  sy^b  =fc  —  X  (ani  —  jti)y  therefbrft 

on 

i>«  •■  —  X  (2ofWP  —  ar"),  and  t  i=  *  v^  ^^*  ^  t  but  #hea 

am        ^  ^«« 

the  cylinder  has  acquired  its  greatest  ascent,  v  and  v^  ==  0y 
therefore  tanx  — .  x*  =:  0,  and  hence  x  =  tan,  the  part  of  the 
cylinder  that  rises  out  of  the  water,  being  s=  ^isa  or  ^  oi" 
its  length. 

To  find  when  the  velocity  is  the  greatest,  the  factor  ianx 
—  x^  in  the  velocity  must  be  a  ipax.  then  tani  — *  2xx  =  0, 
and  x  aB=  an,  being  the  height  above  the  water  when  the  ve- 
locity is  the  greatest,  and  which  it  appears  is  just  equal  to  the 
half  of  tan  above  found  for  the  greatest  rise,  when  the  ap 
ward  motion  ceases,  and  the  cylinder  descends  again  to  the 
same  depth  %s  at  first,  after  which  it  again  returns  ascending 
as  before  ;  and  so  on,  continually  playing  up  and  down  to  the 
sam6  highest  and  lowest  points,  like  the  vibrations  of  a  pen- 
dulum, the  motion  ceasing  in  both  cases  in  a  similar  man- 
ner at  the  extreme  points,  then  returnii^,  it  gradually  acce- 
lerates till  arriving  at  the  middle  point,  where  it  i4  the 
greatest,  then  gradually  retarding  all  the  way  ^o  the  next 

extremity 
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extremity  of  the  vibration,  thus  making  all  the  yibrations  iu 
equal  times,  to  the  same  extent  between  the  highest  and 
lowest  points,  except  that,  by  the  small  tenacity  and  friction 
&c.  of  the  water  against  the  sides  of  the  cylinder,  it  will  be 
gradually  and  slowly  retarded  m  its  motion,  and  the  extent 
of  the  vibrations  decrease  till  at  length  the  cylinder,  like  the 
pendulum,  come  to  rest  in  the  middle  point  of  iti  vibrations, 
t^here  it  naturally  floats  in  its  quiescent  state,  with  the  part 
na  of  its  length  above  the  water. 

The  quantity  of  the  greatest  velocity  will  be  found,  by 
Bnbstituting  na  for  x,  in  the  general  value  of  the  velocity 

8  y/  — ^ — ,  when  it  becomes  Bn^  ~  =t  v^  a  very  nearly, 

the  value  of  m  being  -926,  and  consequently  that  of  n  =  1  -* 

To  find  the  time  t  answering  to  any  space  x.  Here 
i  =  5= 1 ^^y^y,  Ji j^.andbythc  13th 

form  the  fluent  is  f  =  |  y/Zma  X   a,  where  a  denotes  the 

circular  arc  to  radius  1  and  versed  sine  ^.     Now  at  the  mid- 

fta 

^i  #s^v 

die  of  a  vibration  xis  =  na,  and  then  the  vers.  —  a: —   =s   1 

na     na 

the  radius,  and  a  is  the  quadrantal  arc  =  1-5708  ;  then  the 
flu.  becomes  \  y/  2mo  X  1  5708  =  -17  y^o  X  l-670«=  267y/a 
for  the  time  of  a  semivibration  ;  hence  the  time  of  each  whole 
vibration  is  '534  ^  a  =  j^  y/  a,  which  time  therefore  depends 
pn  the  length  of  the  cylinder  a.  To  make  this  time  =  1 
second,  a  must  be  »  (  y  )«  very  nearly  =  3^  feet  or  42  inches. 
That  is,  the  oaken  cylinder  of  42  inches  length  makes  its 
vertical  vibrations  each  in  1  second  of  time,  or  is  isochronoos 
tvith  a  common  pendulum  of  S9|  inches  long,  the  extent  of 
each  yibration  of  the  former  being  6^  inches. 

PROBLEM  2a 

Requind  to  determine  the  quantity  of  matter  in  a  iphere^  the 
denrity  varying  ae  the  nth  power  of  the  distance  from  the  centre  ? 

Let  r  denote  the  radius  of  the  sphere,  d  the  density  at 
its  surface,  a  =»  3*  14 16  the  area  of  a  circle  whose  radios  is  1, 
and  X  any  distan<;e  from  the  centre.  Then  4ax*  will  be  the 
surface  of  a  sphere  whose  radius  is  x  which  may  be  consi- 
dered by  expanbion  as  generating  thie  magnitude  of  the  solid  : 
therefore  4ax*i  will  be  the  fluxion  of  the  magnitude  ;  bat 

as 
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9ar*  :  X*  :  :  d  ;  —  the  density  at  the  distance  x,  therefore 
4ax>:r  X =  — 2fILf.   =   the  fluxion  of  the  mass,   the 

iaent  of  which----— r-,  when  jp  =  r,  is  — -r-,  the  qnan- 

tity  of  the  matter  in  the  whole  sphere. 

Corol,  1.  The  magnitude  of  a  sphere  whose  radius  is  r 
being  ^ar^,  which  caU  m  ;  then  the  mass  or  solid  content  will 

be  --     X  m,  and  the  mean  density  is  —  . 
11+3  '  ^       w+J 

CoroL  2.  It  having  been  computed,  from  actual  eitperi- 
ments,  that  the  medium  density  of  the  whole  mass  of  the 
earth  is  about  twice  the  density  d  at  the  surface,  we  can 
now  determine  what  is  the  exponent  of  the  decreasing  ratio 
of  the  density  from  the  centre  to  the  circumference,  sup- 
posing it  to  decrease  by  a  regular  law,  viz.  as  r" ;  for  then  it 

3(1 
will  be  id  s=  ~TT'  ^^  hence  n  =  —  |.     So  that,  in  this 

n+3 

case  the  law  of  decrease  is  as  r    *.  or  as  — r  ,  that  is,  inverse- 
ly  as  the  fths  power  of  the  radius. 


PBOBLBM  21. . 

Required  to  determine  where  a  body  moving  down  the  convex 
tide  of  a  cycloid,  willfiy  off  and  quit  the  curve. 

Let  avbb  represent  the  cy- 
cloid, the  properties  of  which 
may  be  seen  at  arts.  146  and 
147  this  vol.  and  vdc  its  genera- 
ting semicircle.     Let  e  be  the 

point  where    the    motion  com-       *  cf  Bg- 

mences,  whence  it  moves  along  the  curve,  its  velocity  in- 
creasing both  on  the  curve,  and  also  in  the  horizontal  direc- 
tion DF,  till  it  come  to  such  a  point,  f  suppose,  that  the 
velocity  in  the  latter  direction  is  become  a  constant  quantity, 
then  that  will  be  the  point  where  it  will  quit  the  cycloid,  and 
afterwards  describe  a  parabola  fo,  because  the  horizontal  ve- 
locity in  the  latter  curve  is  always  the  same  constant  quantity, 
(by  art.  76  Projectiles.) 

Pot  the  diameter  vc  =  i,  vh  ==  «,  vi=  x\  then  vd  =  ^  dx, 
and  ID  =  ^  {dx — ^x*).  Now  the  velocity  in  the  curve  at  p 
in  descending  down  ef,  being  the  same  as  by  falling  through 
m  or  X  —  a,  by  art.  139,  will  be  =  8  ^  (x  —  «)  ;  but  this  ve- 

*  locity 
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locity  in  the  carve  -At  r,  k  to  the  horizontal  Telocity  there, 
M  TD  to  ID,  becafne  irn  16  patvllel  t»  the  carre  6r  to  the 
tangent  at  f,  that  ib  ^  rfx  :  ^  (dx  —  x*)  : :  8  V'  (*  —  a)  : 
8^Cx^a)^^^(^.,.x)^  ^j^.^j^  .^  ^^^^  horizontal  Telocity  at  f, 

where  the  body  11  tnppoied  to  baTe  that  Telocity  a  toilitaMrt 
inantity  ;  therefore  also  ^  (x— a)  X  y^  (<'—•*')»  as  well  as 
^P--a)  X  (d— xj  =  flx  +  dx-^ad—x*  i«  a  coostant  qoan- 
\xy,  and  also  ox  +  dt  ^  ±*  :  bat  the  flaxi6n  of  a  constant 
qnantity  is  equal  to  DOthing,  that  is  ai  ^  dJc  ^  txx  =  0  ^=^ 
a  +  d  —  2x,  and  hence  x  as  |«  -f-  |il  =s:  |rl|  the  arithmetical 
mean  between  tr  and  ve. 

If  the  motion  shontd  commence  at  t»  then  x  of  vt  would 
be  ==  ^d^  and  i  would  be  the  centre  of  the  f emicfrcl^. 


t^Bt^BLSSl  98. 

^  a  h»dff  hmn  fo  move  from  a,  laMi  a  given  velocity^  ^dffng 
the  qvtadrant  of  a  circle  ab  ;  tl  it  required  to  ^om  at  wA«U  point 
it  willjly  tfffhnn  the  curve* 

Let  D  denote  the  point  where  the 
body  quits  the  circle  ax>b,  and  then  de- 
icribes  the  parabola  bi:.  Draw  the  or- 
dinate^ df,  and  let  ga  be  the  height 
producing  the  Telocity  at  a.  Put  ga  =  a, 
AC  or  CD  =  r,  AF  =  X  ;  then  the  Telo- 
city in  the  curTe  at  d  will  be  the  same 
as  that  acquired  by  falling  through  of 
or  a  +  X,  which  is,  as  before,  8^(a-|-x)  ; 
but  the  Telocity  in  the  cunre  is  to  the  horizontal  Telocity  ad 
Dn  to  mm  or  as  en  to  cf  by  similar  triangtes,  that  is,   a* 

r  :  r— -a  : :  8  ^  (^+«)  :  8  y/  (x+a)  X  ^ -^  whkh  ia  to' 

r 

be  a  constant  quantity  where  the  6ody  leaTes  the  circle, 

therefore  also  (r— -x)  ^  C*"^**)  ^^^  ('"  ""  *)*  ^  C'+^O  *  ^^^^ 
stant  quantity  ;  the  tfuxion  of  whicn  made  to  tanisll»  giTes 

Hence,  if  a  =  0,  or  the  body  only  cbmmeoce  motion  at  Ai^ 
then  X  =:  j^r,  or  af  =  ^ac  when  it  quits  the  circle  at  n.  But 
if  a  or  oa  were  =^  \r  or  \  ac,  then  r-*  £a  =  0,  and  the  body 
would  instantly  quit  the  circle  at  the  Terfez  a,  and  describe 
a  t>arabola  circumscribing  it^  and  haTing  the  same  Tertez  a. 


tVLOBi^M 
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PBOBLEIf  Sa. 

To  determine  the  p^^<m  ^  akara^  (earn  a9»  being  ^^pifarU4 
in  equilibrio  by  two  €qr4$  40,  9Q,  hai^fig  their  twnf^eiUU  f^ei  tii 
the  beam,  at  a  and  b. 

By  Mt.  210  Stitics  the  position 
wiU  be  9«cli,  tkal  iti  ceatre  of  gra< 
vity  o  will  be  in  the  perpendiciilar 
or  pluQb  line  co. 

CoroL  1 .  Draw  gd  parallel  to  the 
cord  AC.  Then  the  triangle  cod, 
having  its  three  sides  in  the  directions 
of,  or  parallel  to,  the  three  forees,  riz. 
the  weight  of  the  beam,  and  the  ten- 
sions of  the  two  cords  ac,  bc,  these  three  forces  will  be  pro- 
portional to  the  three  sides  co,  on,  cd,  respectively,  by  art. 
44  ;  that  is,  CO  is  as  the  weight  of  the  beam,  on  as  the  ten- 
sion or  force  of  ac,  md  cd  as  the  tension  or  force  of  bc. 

CoroL  2.  If  two  planes  iaf,  hbi,  perpendieolar  te  the 
two  cords,  be  substituted  instead  of  diese,  the  bean  wiN  be 
still  supported  by  the  two  planes,  just  the  same  as  before  by 
the  cords  because  the  action  of  the  planes  is  in  the  diFeclioif 
perpendicular  to  their  surface  ;  and  the  pressure  on  the  planet 
will  be  just  eq;ua]  to  the  tension  or  force  of  the  respeetiT*  . 
cords.  So  that  it  is  the  very  same  thing,  whether  the  body 
is  Qustaiued  by  the  two  cords  ac,  bc,  or  by  the  two  planee 
EF,  HI ;  the  mrection?  and  quantities  of  the  forces  acting  al 
A  and  b  being  the  same  iu  both  cases. — Also,  if  the  body  be 
ms^de  to  vibrate  about  the  point  c,  the  points  ▲,  b  will  de-  ' 
scribe  circular  arcs  coinciding  with  the  touching  planes  at  a, 
b  ;  and  moving  the  body  up  and  down  the  planes,  will  be  jnst 
the  same  thing  as  malting  it  vibrate  by  the  cords  9  consequent- 
ly the  body  can  only  rest,  in  either  case,  when  the  centre  ef 
gravity  is  in  the  perpendicular  cg. 

PROBLEM  24. 

To  determine  thepositum  of  ihe'bean^  ab,  hanging  by  one  cord 
acb,  having  its  end$  fattened  at  a  and  b,  and  dimng  freely  aver  a 
't(Uk  or  pvlley  fixed  at  c. 

o  being  the  centre  of  gravity  of  the  b^am,  co  will  be  per- 
pendicular to  the  horizon,  as  in  the  last  problem     Now  as 

the 
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the  cord  aob  moyes  freely  about  the  point 
c,  the  tension  of  the  cord  is  the  same  in 
every  part,  or  the  same  both  in  ac  and  bc. 
Draw  OD  parallel  to  ac  :  then  the  sides  of 
the  triangle.  COD  are  proportional  to  the 
three  forces,  the  weight  and  the  tensions 
of  the  string ;  that  is,  cd  and  dg  are  as 
the  forces  or  tensions  in  cb  and  ca.  Bat 
these  tensions  are  equal  ;  therefore  cd  s=  dg^  and  coiiseq. 
the  opposite  angles  dco  and  doc  are  also  equal ;  but  the  an- 
gle DOC  is  s=:  the  alternate  ang^e  aco  ;  theref.  the  angle  aco 
=  BCG  ;  and  hence  the  line  cg  bisects  the  vertical  angle*  ac», 
and  conseo.  ac  :  cb  : :  ao  :  ob. 


PROBLEM  S5. 


7*0  determine  the  position  of  the  beam  ab,  moveaUe  €tbatU  die 
end  B,  and  suitained  hy  a  given  weight  at^  htrnging  by  a  cord  ACg, 
going  over  apuUey  at  c,  and  fixed  to  the  ether  end  a. 

Let  V  =  the  weight  of  the  beam^ 
and  o  denote  the  place  of  its  cen- 
tre of  gravity.  Produce  the  direc- 
tion of  the  cord  ca  to  meet  the 
horizontal  line  be  in  d  ;  also  let 
fall  AE  perp.  to  be  :  then  ac  is  the 
direction  of  the  weight  of  the  beam,  and  da  the  direction  of 
the  weighty,  the  former  acting  at  o  by  the  lever  bg,  and 
the  latter  at  a  by*  the  lever  ba  ;  theref.  the  intensity  of  the 
former  is  «v  X  bg  and  that  of  the  latter  g  X  ba  ;  but  these 
are  also  proportional  to  the  sines  of  their  angles  of  direction 
with  4B,  that  is,  of  the  angles  bae,  and  bad  ;  therefore  the 
whole  intensity  of  the  former  is  »  X  bg  x  sin.  bae,  and  of 
the  latter  it  is  g  X  ba  X  sin.  bad.  But,  since  these  two 
forces  balance  each  other,  they  are  equal,  viz.  «  X  bg  X  sin. 
bae  =  g  X  ba  X  sin.  bad,  and  therefore  w  :  g  : :  ba  X  sin. 
BAD  :  bo  X  sin.  bae,  or  w  X  bg  :  ^  X  iA  :  :  sin.  bad  : 
sin  BAE. 


PROBLEM  8S. 

To  determine,  thepontion  of  the  beam  ab,  sustained  by  the  given 
weights  m,  n,  by  means  of  the  cords  Actii»  BDfi^  going  over  the  fix- 
ed  pulleys  c,  D. 

Let 
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tiet  o  be  the  pisce  of  the  centre 
of  gravity  of  the  beam.  Now  the 
effect  of  the  weight  m,  is  as  m, 
and  as  the  lever  ao,  and  as  the 
sine  of  the  angle  of  direction  a  ; 
and  the  effect  of  the  weight  n,  i^ 
as  n,  and  as  the  lever  bo  and  as 
the  sine  of  the  angle  of  direction  b  ;  bat  these  two  effects 
are  eqoal,  because  they  balance  each  Other  ;  that  is,  m  X  ao 
X  sin.  A  =  n  X  BO  X  sin.  b  ;  theref.  m  X  ao  :  n  X  bo  : : 
sin.  b  :  sin.  a.  ^ 

PROBLEM  87. 

To  determine  ike  po$itian  of  the  two  po9t$  ad  and  be,  nip* 
porting  the  beam  ab,  so  (hat  the  beam  may  rest  in  equilibrio. 

Throiigh  the  ceptre  of  gravity 
c  of  the  beam,  draw  co  perp.  to 
the  horizon  ;  •  frooi,  any  point  c 
in  which  draw  cad,  cbe  through 
the  eitremities  of  the  beam  ;  theii 
AD  and  BE  will  be  the  positions^ 
of  the  two  posts  or  props  re- 
quired, so  as  AB  may  be  sustained 
in  equilibrio ;  because  the  three 
forces  siistaining  any  body  in  such  a  state,  notust  be  all  directed 
'  to  die  same  point  c. 

CoroL  If  OF  be  drawn  parallel  to  co  ;  then  the  quantities 

of  the  three  forces  balancing  the  beam,  will  be  proportional 

to  the  Uiree  sides  of  the  triangle  cor,  yiz.  co  as  the  weight 

of  the  beam,  cr  as  the  thrust  er  pressure  in  be,  and  fo  asthct 

^thrust  or  pressure  in  ad. 

• 

SehoiiUm,  The  equilibrium  m^y  be  equally  maintained  by 
the  two  posts  or  props  ad,  be,  as  by  the  two  coi'ds  ac,  bc, 
or  by  two  planes  at  a  atid  b  perp.  to  those  cords.-— It  does  not 
always  happen  that  the  centre  of  gravity  is  at  the  lowest  place 
to  which  it  can  get,  to  make  tfn  equilibrium  ;  for  here  when 
the  beam  ab  is  supported  by  the  posts  da,  eb,  die  centre  of 
gravity  is  at  thehighest  it  can  get ;  and  being  in  that  posi- 
tion, it  is  net  disposed  to  move  one  way  more  than  another, 
and  therefore  is  as  truly *in  equilibrio,  as  if  the  centre  was  at 
the  lowest  point.  It  is  true  this  is  only  ai  tottering  equili- 
brium, and  any  the  least  fbrce  will  destroy  it ;  and  then,  if 
ihe  beam  aiul  posts  be  moveable  aboof  the  angles  a,  b^  d,  e» 

Vof..Ih  66  which 
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nliich  is  all  along  auppoted,  the  b««m  wilt  dewebd  tSt  it  i» 
below  the  points  a,  e.  and  gain  each  a  pmition  ai  ii  described 
in  prob.  36,  supposing  the  cords  fixed  at  c  aad  d,  in  the  ig. 
to  that  prob.  and  then  o  wiH  be  at  the  lowest  paint,  comn^ 
diere  to  an  eciinlibrtam  again.  In  planes,  the  centre  of  gra- 
Tity  a  may  be  either  at  its  highest  or  lowest  point.  And 
there  are  cases/ when  that  centre  is  neither  at  itohigbeet  nor 
fowest  point,  as  maj  happen  in  the  case  of  prob.  84. 

Suppoting  tSe  beam  ab  hanging  fty  a  join  at  a,  and  lying  on  tkt 
wU  AC  ;  it  it  re^trad  to  tUUrmine  ikiforcu  or  pruiurtt,  at 
lhtptHnt$  A  and  B,  and  their  direetionn 

Draw  jtt>  perp.  to  n,  and  through 
0,  the  centre  of  gravity  of  the  beam, 
draw  oD  perp.  to  the  horizon  ;  and 
join  BD.  Then  the  weight  of  the 
beam,  and  the  two  forces  or  prei- 
tnres  at  *  and  a,  will  be  in  the  di- 
rections of  the  three  sides  of  the 
triangle  ado  ;  or  in  thC  directiona 
of,  and  proportional  to,  the  three 
sides    of  the    triangle    odb,    having  _ 

drawn  GR  parallel  to  bo  ;  riz.  the  weight  of  the  beam  as  od, 
the  presaore  at  a  ai  bd,  and,  the  pressure  a  as  oh,  and  ja 
Aese  directions 

For,  the  action  of  the  beam  is  in  the  direction  gd  ;  antt 
the  action  of  the  wall  at  a,  is  in  the  perp.  ad  ;  conseq.  the 
strefis  on  the  piu  at  b  must  be  in  the  direction  bd,  becanse 
all  the  three  furces  sustaining  a  body  in  eqailibrio,  most  tend 
to  the  same  point,  as  n. 

Corot.  I.  If  the  beam  were  supported  by  a  pin  at  a,  and' 
kid  upon  the  wall  a(  a  ;  (be  like  construction  must  be  made 
at  B,  as  has  been  done  at  a,  and  then  the  forces  and  their 
directions  will  be  obtained. 

Carol  i.  It  is  all  the  same  thing,  whether  the  beam  is 
sustained  by  the  pin  a  and  the  wall  ac,  or  by  two  cords  be, 
AF,  acting  in  the   directions  bd,  da,   and  with  the   forces 

HG,    HD. 


To  dtUrmine  tht  Quoniih'ei  and  Direetion$  of  1A«  Forcet 
txtned  by  a  heavy  btatn  ab,  at  itt  tno  EjtremUitt  and  tit 
Centre  of  Gravity,  bearing  againit  a  ptrp  vail  at  iU  itpper 
end  B. 

From. 
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From  B  draw  bc  perp.  to  the  hce  of 
the  wall  BE,  which  will  be  the  direction 
of  the  force  at  u  ;  also  through  o,  the 
centre  of  gravity,  draw  cod  perp.  to  the 
horizontal  line  ae,  then  cd  is  the  direc- 
tion of  the  weight  of  the  beam  ;  and  be- 
canse,  these  two  forces  meet  in  the  point 
c,  the  third  force  or  push  a,  mu»t  be  in  ca,  direcCTj  from  c  ; 
so  that  the  three  forces  are  in  the  directions  gd,  bc,  ca,  or  in 
the  directions  cd,  da,  ca  ;  and,  these  last  three  forming  a  tri- 
angle, the  three  forces  are  not  only  in  those  directions,  but 
are  also  proportional  to  these  three  lines  ;  viz.  ihe  weight  in 
or  on  the  beam,  as  the  line  cd  ;  the  push  against  the  wall  at 
B,  as  the  horizontal  line  ad  ;  and  the  thrust  at  the  bottom,  as 
the  line  ac. 

Some  of  the  foregoing  prohlems  will  be  found  useful  in  dif- 
ferent cases  of  carpentry,  especially  in  adapting  the  framing 
of  the  rooft  of  huildings,  so  as  to  be  nearest  in  equilibrio  in 
all  their  parts.  And  the  last  problem,  in  particular,  will  be 
very  useful  in  determining  the  push  or  thrust  of  any  arc^ 
against  its  piers  or ,  abutments,  and  theBce  to  assign  their 
thickness  necessary  to  resist  that  push.  The  following  pro- 
blem will  aiso  be  of  great  use  in  adjusting  the  form  of  a 
mansard  roof,  or  of  an  arch,  and  the  thickness  of  every  part, 
«o  as  to  be  truly  balanced  in  a  state  of  just  equilibrium. 

PROBLEM  SO. 


Let  there  he  any  number  of  lines^  or  bartj  or  learns^  ab,  bc„ 
CD,  DB,  4*0.  all  in  the  icune  vertical  plane^  connected  together 
and  freely  moveable  about  thejointt  or  anglee  a,  b,  c,  d,  e,  j^c. 
and  kept  in  equilibrio  by  their  oTtm  weights^  or  by  weights  only 
laid  on  the  angles :  It  is  required  to  assign  the  proportion  of 
those  weights ;  as  also  the  force  or  push  in  the  direction  of  the 
said  lines  ;  and  the  horvHMtdl  thrust  at  every  angle. 

Throiigh  any 
point,  as  d,  draw 
a  vertical  line 
ai>ng^  <ic.  :  to 
which,  from  any 
point,  as  c,  draw 
lines  in  the  direc- 
tion off  or  paral- 
lel to,  the  given  lines  or  beams,  viz.  ca  parallel  to  ab,  and  cb 
parallel  to  bc^  and  cc  to  pe;  and  cf  to  ef,  and  c^  to  fg,  &c.  ^ 


608  PROMISCUOUS  EXERCISES. 

also  cH  parallel  to  the  horizon,  or  perpendicular  to  the  yer-' 
tical  line  avg^  in  which  also  all  these  parallels  terminate. 

Then  will  all  those  lines  be  exactly  proportional  to  the 
forces  acting  or  exerted  in  the  directions  to  which  they  are 
parallel,  and  of  all  the  three  kinds,  viz.  vertical,  horizontal, 
and  oblique.  Thtiit  is,  the  obliqae  forces  or  thrusts  in  direc- 
tion of  the  bars       *  AB,  BC,  CD,  DE,  £F,  FG, 

are  proportional  to  their  parallels  ca,  c&,  cd,  c^,  c/*,  eg  ; 

and  the  vertical  weights  on  the  angles    b,    c,    o,    e,    f,  £c. 
are  as  the  parts  of  the  vertical  .     <t6,  6d,  De,  ef,  fgy 

and  the  weight  of  the  whole  frame        abcdefo, 
18  proportional  to  the  sum  of  all  the  verticals,  or  to  ag  ;  also 
the  horizontal  thrust  at  every  angle,  is  every  where  the  same 
constant  quantity,  and  is  expressed  by  the  constant  horizon- 
tal line  cu. 

Demonstration,  All  these  proportions  of  the  forces  derive 
and  follow  immediately  from  the  general  well-known  pro- 
perty, in  Statics,  that  when  any  forces  balance  and  keep  each 
other  in  equilibrio,  they  are  respectively  in  proportion  as  the^ 
lines  drawn  parallel  to  their  directions,  and  terminating  each 
Other. 

'  Thus,  the  point  or  angle  b  is  kept  in  equilibrio  by  three 
forces,  VIZ.  the  weight  laid  and  acting  vertically  downward 
on  that  point,  and  by  the  two  oblique  forces  or  thrusts  of  the 
two  beams  ab,  cb,  and  in  these. directions.  But  ca  is  pa^ra]le]L 
to  ab,  and  c6,  to  bc,  and  a6,  to  the  vertical  weight  ;  these 
three  forces  are  therefore  proportional  to  the  three  lines  aby 
ca,  cA.     • 

In  like  manner,  the  angle  c  is  kept  in  its  position  by  the 
weight  laid  and  acting  vertically  on  it,  and  by  the  two  oblique 
forces  or  thrust  in  the  direction  of  the  bars  ^bc,  cd  :  conse- 
quently these  three  forces  are  proportiopal  to  the  three  lines 
oi),'c6,  CO,  which  are  parallel  to  them. 

Also,  t)ie  three  forces  keeping  the  point  d  in  its  position, 
are  proportional  to  their  three  parallel  lines  d«,  cd,  ce.  And 
the  three  forces  balancing  the  angle  e,  are  proportional  to 
their  three  parallel  lines  ef^  ce,  </.  And  the  three  forces 
balancing  the 'angle  f ,  are  proportional  to  their  three  parallel 
lines ^,  cf,  eg:  And  so  on  continually,  the  oblique  forces 
Or  thrusts  in  the  directions  of  the  bars  or  beams,  being  always 
proportional  to  the  parts  of  the  lines  parallel  to  them,  inter- 
cepted by  the  common  vertical  line  ;  while  the  vertical  forces 
or  weights,  acting  or  laid  on  the  angles,  are  proportional  to 
the  parts  of  this  vertical  line  intercepted  by  the  two  lines  pa- 
lullel  to  the  lines  of  the  corresponding  angles. 
^  As^D>  with  regard  to  the  horizontal  forpe  or  thrust  :  since 

■  the 
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« 

tlie  line  dc  represents,  or  is  proportional  to  the  force  in  the 
direction  dc,  arising  from  the  weight  or  pressure  on  the  angle' 
D  ;  and  since  the  obliqne  force  dc  is  equivalent  to,  and  re- 
solves into,  the  two  dh,  hc^  and  in  those  directions,  bj  the 
resolution  of  forces,  viz  the  vertical  force  dh,  and  the  hori- 
zontal force  Rc  ;  it  follows,  that  the  horizontal  force  or  thrust 
at  the  angle  d,  is  proportional  to  the  line  ch  ;  and  the  part  of 
the  vertical  force  or  weight  on  the  angle  d,  which  produces 
the  oblique  force  dc,  is  proportional  to  the  part  of  the  vertical 
line  dh. 

Id  like  manner,  the  oblique  force  c6,  acting  at  c,  in  the 
direction  cb,  resolves  into  the  two  6h,  hc  ;  therefore  the  hori- 
zontal force  or  thrust  at  the  angle  c,  is  expressed  by  the  line 
CH,  the  very  same  as  it  was  before  for  the  angle  d  ;  and  the 
vertical  pressure  at  c,  arising  from  the  weights  on  both  d  and  c, 
is  denoted  by  the  vertical  line  6h.   ' 

Also,  the  oblique  force  ac,  acting  at  the  angle  b,  in  the 
direction  ba,  resolves  into  the  two  oh,  hc  ;  therefore  again 
the  horizontal  thrust  at  the  angle  b,  is  represented  by  the  line 
(jH,  the  very  same  as  it  was  at  the  points  c  and  d  ;  and  the 
vertical  pressure  at  b,  arising  from  the  weights  on  b,  c,  and  d, 
is  expressed  by  the  part  of  the  vertical  line  oh. 

Thus  also,  the  oblique  force  ce,  in  direction  de,  resolves 
into  the  two  ch  ne,  being  the  same  horizontal  force  with  the 
vertical  ue  ;  and  the  oblique  force  c/*,  in  direction  .t:F,  re- 
aolves  into  the  two  ch,  p/;  and  the  oblique  force  eg,  in 
direction  fg,  resolves  into  the  two  ch,  h^  ;  and  the  oblique 
force  eg,  in  direction  fg,  resolves  into  the  two  cr,  Bg  ;  and 
so  on  continually,  the  horizontal  force  at  every  point  being 
expressed  by  the  same  constant  line  ch  ;  and  the  vertical 
pressures  on  the  angles  by  the  parts  of  the  verticals,  viz.  oh 
the  whole  vertical  pressure  at  b,  from  the  weights  on  the 
angles  b,  c,  d  :  and  bn  the  whole  pressure  on  c  from  the 
weights  on  c  and  d  ;  and  dh  the  part  of  the  weight  on  d 
causing  the  oblique  force  dc  ;  and  He  the  other  part  o{  the 
weight  on  d  causing  the  oblique  pressure  de  ;  and  b/  the 
whole  vertical  pressure  at  e  from  the  weights  on  d  and  e  ;  and 
Hg  the  whole  vertical  pressure  on  f  arising  from  the  weights 
laid  on  d,  b,  and  f      And  so  on. 

So  that,  on  the  Whole,  an  denotes  the  whole  weight  on  the 
points  from  d  to  a  ;  and  Bg  the  whole  weight  on  the  points  from 
i^  to  G  ;  and  ag  the  whole  weight  on  all  points  on  both  sides  ; 
while  abt  60,  dc,  ef,fg  express  the  several  particular  weights, 
laid  on  the  angles  b,  c,  d,  e,  f. 

Also,  the  horizontal  thrust  is  every  where  the  same  con- 
stant quantity,  and  is  denoted  by  the  hne  ch. 

Lastly, 
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Lafltly,  the  seveni  oblique  forcet  or  thrusts,  in  the  direct 
tioDs  AB,  Bc,  CD,  DE,  EF,  Fo,  are  expressed  bj,  or  are  pro- 
portional to,  their  Gorresponding  parallel  iioes,  ca,  cb^  cv,  ce» 

CoroL  1.  It  is  obvious,  and  remarkable,  that  the  lengths 
of  the  bars  ab,  bc,  &c.  do  not  effect  or  alter  the  proportions 
of  any  of  these  loads  or  thrusts  ;  since  all  the  lines  ca,  c6,  ab^ 
&c.  remain  the  same«  whatever  be  the  leni^hs  of  ab,  bc,  kc. 
The  positions  of  the  bars,  and  the  weight*  on  the  angles  de- 
'  pending  mutually  on  each  other,  as  well  as  the  horizontal 
and  objiaue  thrusts.  Thus,  if  there  be  given  the  position  of 
DC,  and  the  weights  or  loads  laid  on  the  angles  d,  c,  b;  set  these 
on  the  vertical,  dh,  d6,  6a,  thenc6,  cagive  the  directions  or 
positions  of  cb,  ba,  as  Well  as  the  qua'ntity  or  proportion  ch  of 
the  constant  horizontal  thrust. 

CoroL  2.  If  GH  be  made  radius  ;  then  it  is  evident  that 
Ha  is  the  tangent,  and  ca  the*  recant  of  the  elevation  of  ca  or 
ab  above  the  horizon  ;  also  h6  is  the  tangent  and  c6  the  se- 
cant  of  the  elevation  of  cb  or  cb  ;  also  hd  and  cd  the  tangent 
and  secant  of  the  elevation  of  cd  ;  also  He  and  ce  the  tangent  . 
and  secant  of  the  elevation  of  g«  or  de  ;  also  h/*  and  cf  the 
tangent  and  secant  of  the  elevation  of  ef  ;  and  so  on  ;  also 
the  parts  of  the  vertical  a6,  6d,  eft  fg^  denoting  the  weights 
laid  on  the  several  angles,  are  the  differences  of  the  said  tan- 
gents of  elevations.     Hence  then  in  general, 

lat.  The  oblique  thrusts,  in  the  directions  of  the  bars,  are 
to  one  another,  directly  in  proportion  as  the  secants  of  their  <* 
angles  of  elevation  above  the  horizontal  directions  ;  or,  which 
is  the  same  thing,  reciprocally  proportional  to  the  cosines  of 
the  same  elevationSi  or  reciprocally  proportional  to  the  sinef 
of  the  vertical  angles,  a,  6,  d,  «,  /,  g,  &c.  made  by  the  ver- 
tical line  with  the  several  directions  of  the  bars  ;  because  the 
secants  of  any  angles  are  always  reciprocally  in  proportion  as 
their  cosines. 

2.  The  weight  or  load  laid  on  each  angle,  is  directly  pro- 
portional to  the  difference  between  the  tangents  of  the  ele- 
vations above  the  borizony  of  the  two  lines  which  form  the 
angle. 

3.  The  horizontal  thrust  at  every  angle^  is  the  same  con- 
stant quantity,  and  has  the  same  proportion  to  the  weight  on 
the  top  of  the  uppermost  bar,  as  radius  has  to  the  tangent  of 
the  elevation  of  that  bar.  Or,  as  the  whole  vertical  og,  is  to 
the  line  ch,  so  is  the  weight  of  the  whole  asseipblage  ot  bars, 
to  the  horizontal  thrust.  Other  properties  also,  concerding 
the  weights  and  the  thrusts,  might  be  pointed  out,  but  they 
are  less  simple  and  elegant  than  the  above,  and  are  therefore 

omitted  ; 
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omitted;  the  following  only  excepted,  which  are  inserted 
here  on  account  of  their  usefalness. 

CoroL  3.  It  may  hence  be  deduced  also,  that  the  weight 
or  pressure  laid  on  any  angle,  is  directly  proportional  to  the 
continual  product  of  the  sine  ot  that  angle  and  of  the  secants 
of  the  elevations  of  die  bars  or  lines  which  form  it.  Thus, 
in  the  triangle  6cd,  in  which  the  side  6d,  is  proportional  to 
the  weight  laid  on  the  angle  c,  because  the  sides,  of  any  tri- 
angle are  to  one  another  as  the  sines  of  their  opposite  angles, 
Iherefbre  as  sin.  d  :  c6  :  :  sin.  6co  :  &d  ;  th&t  »,  6i>  is  as 

'i^j — ?  X  cb ;  biit  the  sine  of  angle  d  is  the  cosine  of  the 
■in .  D 

elevation  dcr,  and  the  cosine  of  any  angle  is  reciprocally 
proportional  to  the  secant,  therefore  on  is  as  sin.  6cd  X  sec. 
i^cu  X  ch ;  and  cb  being  as  the  secant  of  the  angle  bca  of 
the  elevation  of  6c  or  bc  above  the  horizon,  therefore  br>  is 
as  sin.  ben  X  sec  6ch  X  sec.  dch  ;  and  tiie  sine  of  6cd 
being  the  same  as  the  sine  of  its  supplement  bcd  ;  therefore 
the  weight  on  the  angle  c,  which  is  as  6d,  is  as  the  sin  bso 
X  sec.  DCH  X  sec.  6ch,  that  is,  as  the  continual  product  ot 
the  sine  of  that  angle,  and  the  secants  of  the  elevations  of  its 
two  sides  above  the  horizon, 

C^rol.  4.    Farther,  it  easily  appears  also,  that  the  same, 
freight  on  any  ai^e   c,  is  directly  proportional  to  the  sine  of 
that  angle   bcd,  and  inversely  proportional  to  the  sines  of 
the  two  parts  bcp,  dcp,  into  which  the  same  apgle  is  divided 
by  the  vertical  line  cp.    For  the  secants  of  Ragles  are  reci- 
procally proportional  to  their  cosines  or  sines  of,  their  com- 
plements :  but  BCP  =  t6H,  is  the  complement  of  the  eleva- 
tion 6cH,  and  dcp  is  the  complement  of  the  elevation  dch  ; 
therefore  the  secant  of  6c  a  X  secant  of  dch  is  reciprocally 
as  the  sin.  dcp  x  sin.  dcp  ;  also   the  sine  of  6cd  is  =•  the 
Sine  of  its  supplement  bcd  ;  consequently  the  weight  on  the . 
angle  c,  whioh  is  proportioBal  to  sin.  6cd   X  sec.  6ch  X 

sec.  Doa,  is  abo  proportioiial  to  1.--; ,  when  the 

■^    "^  t.n.  BCP  X  ■»«>•  DCP 

whole  frame  or  series  of  angles  is  balanced,  or  kept  in  equi- 
tibrio,  by  the  weigfhts  on  tiie  angles  ;  the  same  as  in  the  pre- 
ceding propositioD. 

Scholium.  The  foregoing  proposition  is  very  fruitful  itf 
its  practical  consequences,  and  contains  the  whole  theory  of 
arches,  which  may  be  deduced  from  the  premises  by  sup^ 
posing  the  constituting  bars  to  become  very  short,  like  arch 
stones,  so  as  to  form  the  curve  of  an  arch.  It  appears  too, 
that  the  horizontal  thrust,  which  is  constant  or  uniformly  the 
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tame  throughout,  is  a  proper  measuring  unit,  by  meant  of 
which  to  estimate  the  other  thrusts  and  pressures,  as  thej 
are  all  determinable  from  it  and  the  given  positions  ;  and  the 
value  of  it,  as  appears  above,  may  be  easily  computed  from 
the  uppermost  or  vertical  part  alone,  or  from  the  whole  aa- 
aemblage  together,  or  from  any  part  of  the  whole,  counted 
from  the  top  downwards. 

The  solution  of  the  foregoing  proposition  depends  on  thia 
consideration,  viz.  that  an  assemblage  of  bars  or  beams*,  being 
connected  together  .by  joints  at  their  extremities,  and  freely 
moveable  about  them,  may  be  placed  in  such  a  vertical  posi- 
tion, as  to  be  exactly  balanced  6r  kept  in  ^quilibrio,  by  their 
^lutual  thrusts  and  pressures  at  the  joints  ;  and  that  the  effect 
will  be  the  same  if  the  bars  themselves  be  considered  as  with- 
out weight,  and  the  angles  be  pressed  down  by  laying  on 
them  weights,  which  shall  be  equal  to  the  vertical  pressurea 
at  the  same  angles,  produced  by  the  bars  in  the  case  when 
they  are  considered  as  endued  with  their  own  natural  weights. 
Ana  ^as  we  have  found  that  the  bars  may.  be  6f  any  lengthy 
without  affecting  the  general  properties  and  proportions  of 
the  thrusts  and  pressures,,  therefore  by  supposing  them  to 
1>ec6me  short,  like  arch  stones,  it  is^lain  tlrnt  we  shall  then 
have  the  same  principles  and  properties  accommodated  to  a 
i^eal  arch  of  equilibration,  or  one  that  supports  itself  in  a  per- 
fect balance.  It  may  be  further  observed  that  the  conclu- 
sions here  derived,  in  this  proposition  and  its  corollaries, 
exactly  agree  with  those  derived  in  a  very  different  way,  in 
my  principles  of  bridges,  viz.  in  propositions  1  and  2,  and 
iheir  corollaries. 

PROBLEM  31. 

♦    _       ■ 
If  the  whole  figure  in  the  last  problem  he  inverted^  or  turn- 
ed round  the  horizontal  line  ao  m  an  axity  till  it  be  eompletely 
reversed^  or  in  the  same  vertical  plane  below  the  first  position^, 
each  angle  d,   c<,  ^c.  being  in  the  saine  plumb  line  ;  find  if 
ibeights  t»ky  /,  m,  n,  which  are  respectively  equal  to  the  weighti 
hid  on  the  dfiglei^  a,  c,  D,  e,  r,  of  t^  first  figure ^  be  now  fii«-. 
fended  by  threads  from   the  corresponding  angles  &,  c,  d,  e,  /, 
of  the  lower  figure  ;  it  is  required  to  show  viat  those  weights  keep 
Aif  figure  in  exact  equUibriOf  the  samt  as  the  former  and  all  the 
tensions  or  forces  in  the  latter  case^  whether  vertical  or  horizontal 
.  or  MiquCf  will  be  exactly  equal  to  the  eorretponding  forces  of 
'  weight  or  pressure  or  thrust  im  ihe  like  directions  ef  the  first 
figure. 

Thia 
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This  neceMftrily  happens,  from  the  eqaalitj  of  the  weight^i 
and  the  Bimilaritj  of  the  positions,  and  actions  of  the  whole 
in  both  cases  Thas,  from  the  equality  of  the  correspoodiog 
weights,  at  the  hke  angles,  tlie  ratios  of  the  weights,  ab,  bd; 
dh^  he,  &c.  in  the  lower  figure,  are  the  very  same  as  those  ab^ 
^D,  DH,  He,  kc.  in  the  upper  figure  ;  and  from  the  equality 
of  the  constant  horizontal  forces  en,  cA,  and  the  similarity 
of  the  positions,  the  corresponding  vertical  lines,  denoting 
the  weights,  are  equal,  namely,  ab  ==:  a6,  bn  »  bd^  dh  =  dh^ 
&c.  The  same  may  be  said  of  the  oblique  lines  also,  ca^  cb^ 
k.c,  which  being  parallel  to  the  beams  a6,  6e,  &c.  will  denote 
the  tensions  of  these  in  the  direction  of  their  length,  the 
same  as  the  oblique  thrusts  or  pushes  in  the  upper  figures. 
Thus,  all  the  corresponding  weights  and  actions  and  posi- 
tions, in  the  two  situations,  being  exactly  equal  and  similar, 
changing  only  drawing  and  tension  for  pushing  and  thrusting, 
the  balance  and  equilibrium  of  the  upper  figure  is  still  pre- 
served the  same  in  the  hanging  festoon  or  lower  one. 

Scholium.  The  same  figure,  it  is  evident,  will  also  arise* 
if  the  same  weights,  t,  k^  /,  m,  it,  be  suspended  at  like  dis- 
tances, ▲6,  bc^  &c.  on  a  thread,  or  cord,  or  chain,  &c.  having 
in  itself  little  or  no  weight.  For  the  equality  of  the  weights, 
and  their  directions  and  distances,  will  pot  the  whole  line, 
when  they  come  to  equilibrium,  into  the  silme  festoon  shape 
of  figure.  So  that,  whatever  properties  are  inferred  in  the 
eorollaries  to  the  foregoing  prob.  will  equally  apply  to  the  (es- 
toon  or  lower  figure  hanging  in  equilibrio. 

This  is  a  most  use  Ail  principle  in  all  cases  of  equilibriums, 
especially  to  the  mere  practical  mechanist,  and  enables  him 
in  an  experimental  way  to  resolve  problems,  which  the  best 
mathematicians  have  found  it  no  easy  matter  to  effect  by  mere 
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compntatioD.    For  thus,  iq  a  simple  and  easy  way  he  obtain^ 
the  shape  of  an  equilibrated  arch  or  bridge  ;  aod  thus  also 
he  readilj  obtains  the  positions  of  the  rafters  id  the  frame  of 
an  equilibrated  eurb  or  mansard  roof;  a  single  instance  of 
which  may  serve  to  show  the  extent  and  uses  to  which  it  may 
be  applied.     Thus,  if  it  should  be  required  to  make  a  curb 
frame  roof  baring  a  given  width 
AE,  and  consisting  4>f  four  rafters 
AB,  Bc,  CD,  DE,  wfiich  shall  either 
be  equal  or  any  gven  proportion 
to  each  other.     There  can  be  no 
doubt  but  that  the  best  form  j>f 
the  roof  will  be  that  which  puts 

all  ita  parts  in  equilibrio,  so  that  there  may  be  no  unbalanced 
parts  which  may  require  the  aid  of  ties  or  stays  to  keep  the 
frame  in  its -position.  Here  the  mechanic  has  nothing  to  do 
but  to  take  four  like  but  small  pieces,  that  are  either  equal 
or  in  the  same  given  proportions  as  those  proposed,  and  con- 
nect them  closely  together  at  the  joints  a,  b,  c,  d,  c,  by  pins 
or  strings,  so  as  to  be  freely  moveable  about  then  ;  tbea 
suspend  this  from  -two  pins  o,  e, 
fixed  in  a  horizontal  line,  and  the 
chain  of  the  pieces  will  arrange 
itself  in  such  a  festoon  or  forrn^ 
iibcde^  that  all  its  parts  will  come 
-to  rest  in  equilibrio.  Then,  by 
inverting  the  figure,  itywill  ex- 
hibit the  form  and  frame  of  a 
curb  roof  oCy^e,  which  will  also 
be  in  equilibrio,  the  thrusts  of  the 
pieces  now  balancing  each  other, 
in  the  same  manner  as  was  done  by4he  motoal  polls  or  ten- 
sions of  the  hanging  festoon  a  b  c  d  e.  By  varyii^  the  dis- 
tance ae,  of  the  points  of  suspension,  moving  them  nearer 
to,  or  farther  off,  the  chain  will  take  difierent  forms ;  then 
the  frame  abcdc  may  be  made  similar  to  that  fonn^  which 
has  the  most  pleasing  or  convenient  shape,  fovmi.  above  as 'a 
model. 

Indeed  this  principle  is  exceeding  fruitful  in  its  practical 
consequences.  It  is  easy  to  perceive  that  it  contains  the 
wbole  theory  of  the  construction  of  arches  :  for  each  stone  of 
an  arch  may  be  considered  as  one  of  the  rafters  or  beams  in  • 
the  foregoing  frames,  since  the  whole  is  sustained  by  the  mere 
principle  of  equilibration,  and  the  method,  in  its  applicatioD, 
"  will  alTord  some  elegant  and  simple  solutions  of  the  most  diffi* 
tult  cases  of  this  important  problem^ 

PROBLEM 
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PROBLEM  dS. 

Of  all  Hollow  Cylinders^  vhou  Lengihs  and  tkt  DiavM- 
itT$  of  the  Inner  and  Outer  CircleB  continue  the  eame^  it  i$ 
required  to  $how  what  xgiU  be  the  Poiition  of  the  Inner  drck 
when  the  Cylinder  ti  the  Strongeet  LateraUy. 

Since  the  magnittide^  of  this  two  circles  are  coDstaDt,  the 
area  of  the  solid  space  iocladed  between  their  two  circuia- 
fereQces,  will  be  the  same,  whatever  be  the  positioo  of  the 
iDoer  circle,  that  is,  there  is  the  same  number  of  fibres  to  be 
broken,  and  in  this  respeot  the  strength  will  be  always  tlie 
same.  The  strength  then  can  only  vary  according  to  the 
fituation  of  the  centre  of  gravity  of  the  solid  part,  and  this 
again  will  depend  on  the  place  where  the  cylinder  must  first 
break,  or  on  the  manner  in  which  it  is  fixed. 

Now,  by  cor.  8  art.  251  S{a- 
tic8,  the  cylinder  is  strongest 
when  the  hollow,  or  inner  cir- 
cle, it  nearest  to  that  side 
where  tiife  fracture  is  to  end, 
that  is,  at  the  bottom  when  it 
breaks  first  at  the  upper  side, 
or  when  the  cylinder  is  fixed 
only  at  one  end  as  in  the  first 
figure.  But  the  reverse  will  be 
the  case  when  the  cylinder  is 
fixed  at  both  ends  ;  and  con- 
sequently when  it  opens  first  below,  or  ends  above,  as  in  th« 
2d  figure  annexed. 


PBOBLEU  S$. 


To  determine  the  Dimensiont  of  ihe  Strongest  Octangular  Beam, 
that  eon  be  cut  out  of  a  Given  Cylinder, 
Let  AB,  the  breadth  of  the  required 
beam,  be  denoted  by  6,  ad  the  depth  by 
<2,  and  the  diameter  ac  of  the  cylinder 
by  D.  Now  when  ab  is  horizontal,  the 
lateral  strength  is  denoted  by  6^^  (by  art. 
248  Statics),  which^  to  be  a  maximum. 
But  AD*  =  Ac=  —  AB^,  or  J*  =^  D* — b^  ; 
theref.6<f*  =(d«  —  6« )6=:d*6  -  fc'is  a  max- 
imum :  in  fluxions  d*(»  — 36*6  =  0  =  d«  —  36*,  or  d*  .=  S6«  ; 
also  d*  s=  D*  —  6*  =  36  —  6»  =d*26*.  Conseq.  A*  :  rf»  :  d»  ;  ; 
1  :  S  :  3,  that  is,  the  squares  of  the  breadth,  and  of  the 
d^pth,  and  of  the  cyliuder*s  diameter,  arc  to  one  another 
respectively  as  the  three  numbers^  1,  2,  3, 

CoroL 
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CoroL  1.  Hence  re^nlts  this  easy  prac- 
ti«al  construction  :  divide  the  diameter  ac 
into  three  equal  part«,  at  the,  points  b,  r  ; 
erect  the  perpendimlars  eb.  fd  ;  and  join 
the  points  b,  d  to  the  extremities  of  the 
diameter  :  so  shall  abcd  be  the  rectangu- 
lar end  of  the  beam  as  required.  For, 
because  ae,  ab,  ac  are  in  continued  pro- 
portion (theor.  87  Geom.),  theref.  ae  :  ac  :  :  ab*  :  ac'  ;  and 
in  like  manner  af  :  ac  :  :  ad'  :  ac'  ;  hence  ae  :  af  :  ac  :  : 
ab*  :  ad'  :  ac'  :  :  1  :  2  :  3. 

CoroL  2.  The  ratios  of  the  three  6,  d^  d,  being  as  tbe 
three^  1,  v^2, y^3,  oras  1,  1-414  I -732,  are  nearly  as  the 
three  6,  7,  8  6,  or  more  nearly  as  12,  17,  20*8. 

CoroL  3  A  square  beam  cut  out  of  the  same  cylinder, 
would  have  its  side  =  d^|=-jd^2.  And  its  solidity  would 
be  to  that  of  the  strongest  beam,  8#  |d'  to  ^d'  ^^  2,  or  as 
3  to  2^/2,  or  as  3  to  2  828  ;  while  its  strength  would  be  to  that 
of  the  strongest  beam,  as  (n^/J)'  to  d^|  X  |i>*,  or  as  i  y/ 2 
to  1^3,  or  as  9^/2  to  8^3,  or  nearly  as  101  to  1 10.  • 

Corol  4.  Either  of  these  beams  will  exert  the  greatest 
lateral  strength,  when  the  diagonal  of  its  end  is  placed  verti- 
cally, by  art   262  Statics  ' 

Cornl.  6.  The  strength  of  the  whole  cylinder  will  he  to 
that  of  the  square  beam,  when  placed  with  its  diagonal  ver- 
tically, as  the  area  of  the  circle  to  that  of  its  inscribed  square. 
For.  the  centre  of  the  circle  will  be  the  centre  of  gravity  of 
both  beams,  and  is  at  the  distance  of  the  radius  from  the 
lowest  point  in  each  of  them  ;  conseq.  their  strengths  will 
be  as  their  areas,  by  art.  243  Statics. 

/  FfiOBLEM  Si. 

To  determine  the  Difference  in  the  Strength  of  a  Triangu- 
lar Bearn^  according  as  it  lie$  with  the  Edge  or  with  ifie  Flat 
Side  Upwards, 

In  the  same  beam,  the  area  is  tbe  san(ie,  and  therefore  the 
strength  can   only  vary  with  the  distance  of  the  centre  of 
gravity  from  the  highest  or  lowest  point ;  but  in  a  triangle,  the 
distance  of  the  centre  of  gravity  from  an  angle,  is  double  of 
its  distance  from  the  opposite  side  ;  therefore  tbe  strength  of 
the  beam  will  be  as  2  to  1  with  the  different  sides  upwards, 
under  different  circumstances,  viz.  when  the  centre  of  gra- 
vity is  farthest  from  the  place  where  fracture  ends,  by  art  243 
St^Up^i  tb&t  is,  with  the  aogle  upwards  when  the  beam  is 

Bupporte4 
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•up|>orted  at  both  ends  ;  but  with  the  side  upwards,  when  it 
18  supported  ooly  at  one*end,  (art  252  Statics),  because  in  the 
former  case  the  beam  breaks  first  below,  but  the  reverse  in 
the  latter  case. 

PROBl£M  35. 

Given  ike  Length  and  Weight  of  a  Cylinder  or  Prism  ^ 
placed  HorizmUally  with  one  end  firmly  fixed,  and  will  just 
support  a  given  weight  at  the  other  end  without  breaking  ;  it 
is  required  to  find  the  Length  of  a  Similar  Prism  or  Cyliu" 
der  which^  when  supported  in  like  ftianner  at  one  end.  shall 
just  bear  witiwut  breaking  another  given  weight  at  the  unsupport- 
ed end. 

Let  /  denote  the  length  of  the  given  cylinder  or  prism,  d 
the  diameter  or  depth  of  its  end,  w  its  weight,  and  u  the 
weight  hanging  at  the  unsupported  end  ;  also  let  the  like 
capitals  l,  d,  w,  u  denote  the  corresponding  particulars  of 
the  other  prism  or  cylinder  Then,  the  weights  of  similar 
solids  of  the  same  matter  being  as  the  cubes  of  their  lengths, 

as  /^  :  l'  : :  -yrw,  the  weight    of  the  prism  whose  length 

is  L  Now  ^vol  will  be  the  stress  on  the  iirst  beam  by  its  own 
weight  w  acting  at  its  centrf^  of  gravity,  or  at  half  its  length  ; 
and  lu  the  stress  of  the  added  weight  u  at  its  extremity,  their 
shm  {^w  -I-  u)l  will  therefore  be  the  whole  stress  on  the  given 
beam  :    in  like  manner  the  whole  stress  on  the  other  beam^ 

whose  weight  is  w  or  —w,  will  be  (iw+u)L  or  ( — w  +  v)l. 

But  the  lateral  strength  of  the  first  beam  i^  to  that  of  the 
second,  as  d^  to  o^  (art.  S16  Statics),  or  as/'  to  l^  ;  and  the 
strengths  and  stresses  of  the  two  beams  must  be  in  the  same 
ratio,  to  answer  the  conditions  of  the  problem  ;  therefore  as 

L' 

(Jw+ii)/  :         w+u)l  : :  l^  :  L»  ;  this  analogy,  turned  into 

vf  ^  2'/  2 

an  equation,  gives  l» -^— /l*  +-  /*  u  =  0,  a  cubic  equa- 
tion from  which  the  numeral  value  of  l  may  be  easily  deter- 
mined, when  those  of  the  other  letters  are  known. 
^     Carol,    1.     When  u  vanishes,  the  equation  gives  l'    =, 
w+2u.  ^                wh2u ,      , 
— - — IL^ ,  or  L  =» /,  whence  w  :  w+Zu  : :  I  :  l,  for  the 

length  of  the  beam,  which  will   but  just  support  its   own 
weight 

Corol.  2.  If  a  beam  just  only  support  its  own  weight, 
when  fixed  at  one  end  ;  then  a  beam  of  double  its  length 
fixed  at  both  ends,  will  also  just  sustain  itself :  or  it  the  one 
just  break,  the  other  will  do  the  same. 

PROBLEM 
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PBOBLBM  96; 

Given  the  Length  and  Weight  of  a  Cylinder  or  Frismy  fixed 
Horizontally  as  in  the  foregoing  problemt  and  a  weight  whi^h^ 
Tvhen  hung  at  a  given  pointy  Brooke  the  Prism ;  it  is  required 
to  determine  how  mucf^  longer  the  Pritm^  of  equal  Diame  ter  or 
of  equal  Breadth  and  Depths  may  be  ex^nded  before  it  Breaks 
either  by  ite  own  weight,  or  by  the  addition  of  any  other  advenU' 
tious  weight. 

Let  /  denote  the  length  of  the  f^ren  prism,  w  ita  weight, 
and  u  a  weight  attached  to  it  at  the  distance  d  fron  the  fixed 
end  ;  klso  let  l  denote  the  required  length  of  the  other  prisar, 
and  u  the  weight  attached  to  it  at  the  distance  d.  Now  the 
strain  occasioned  hy  the  weight  of  the  first  beam  is  ^w/,  and 
that  by  the  weight «  at  the  distance  d,  is  dtc,  their  sum  ^wi 
-f  du  being  the  whole  strain.     In  like  manner  ^wl  +  t>v  it 


the  strain  on  the  second  beam  ;  bat/  :  l  :  :  v  :  —  =  w  the 

mgia 

weight  of  this  beam,  theref.  +  du  =  its  strain.  But  the 
strength  of  the  beam,  which  is  just  sufficient  to  resist  these 
strains,  is  the  same  in  both  cases  ;  therefore  -^r-  -{-  dv  =i 
^wl  4"  du,  and  hence,  by  redaction,  the  required  lengfli 

Qorol,  1.     When  the  lengthened  beam  jost  breaks  by  its 
own  weight,  then  u  »  0  or  vanishes,  and  the  required  length 

becomes  l  =  ^{l  X : — ). 

Corol,  2.    Also  when  v  vanishes,  if  d  become  as  /,  then 
I.  z=:  I  ^  •— iJ!  jj  the  required  length. 


PROBLEM  37. 


Let  AB  he  a  beam  inffoeable  abcmt  the  end  a,  so  as  <d 
make  any  angle  bac  with  Ute  plane  of  the  horizon  ac  :  it  is 
required  to  determine  the  position  of  a  prop  or  supporter  db 
of  a  given  length,  which  shall  sustain  it  wUh  the  greatest  ease 
in  any  given  position ;  also  to  ascertain  the  angle  bac  when 
the  least  fsree  which  can  sustaits  ab,  is  greater  thass  the  least 
force  in  any  other  positiosL 

Let 
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tH 


Let  o  be  the  centre  of  grarity  of  the 
beam  ;  and  draw  om  perp.  to  ab,  on  to 
ACf  nm  to  ^m,  and  afh  to  i>c.  Put 
r  =  Ao,  ^  =s  DB,  tv  =  the  weight  of  the 
beam  AB,  and  Afi  ae  x.  Then  by  the 
nature  of  the  parallelogram  of  forces, 
on  :  om,  or  bj  sim.  triangles,  ao  =  r  : 

•jf::w: — ,  the  force  Which  actii^ 


An 


at  o  in  the  direction  ma^  is  sufficient  to  sustain  the  beam  ; 


WJT 


and  by  the  nature  of  the  lerer,  ab  :  ao  =&  r  : :  «—  the  re- 


AG 


quisite  force  ato  :  — ,  the  force  capable  of  supporting  it  at  k 

in  a  direction  perp.  to  ab  or  parallel  to  mo ;  and  again  as 

AF  :  AE  : :  —  :  — •  the  force  or  pressure  actually  sustained  by 

tile  gif  en  prop  de  in  a  direction  perp.  to  af.  And  this  latter 
force  will  nianiiestly  be  the  least  possible  when  the  perp.  af 
upon  DE  is  the  greatest  possible,  whaterer  the  angle  bac  may 
be,  which  is  when  the  triangle  ade  is  isosceles,  or  has  tlie 
side  AD  ^  ab,  by  an  obrious  corol.  from  the  latter  part  of  prob. 
6f  Dirision  of  Surfaces,  rol.  1. . 

Secondly,  for  a  solution  to  the  latter  part  of  the  problem, 

we  have  to  find  when  —  is  a  maximum  :  the  angles  d  and 

m  being  always  equal  to  each^^tlher,  while  they  Tary  in  mag- 
nitude by  the  change  in  the  position  of  ab.  Let  af  produced 
meet  on  in  a  :   then,  in  the  siinilar  triangles  aof,  Ann,  it 

•will  be  aF  :  A»  rs  X  : :  DF  ss  ip  :  an,  hence  —  =  7-,  wd 

^  AF       4^, 

conseq.  -  X  w  =  —  X  v.  But,  by  theor.  83  Geom.  and 
comp.  AO  +  An  =s  f  +  a?  :  An  ==  X  :  :  OH  =  ^  (r«  — .  jr*)  : 
Hn  f=  —  y/  (r*  — x«  )  =:  X  ^  -— :  consequently  the  force 

-^   X  w,  acting  on  the  prop,  is  also  truly  expressed  by 

rr^^^T^*    Then  the  'fluxion  of  this  made  to  ranish  inTes 


V5--1 

2 


T  the  COS.  angle  BAG  ss  5i»  5(/,  the  hicIinatioQ 


jrequilred. 
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PROBLEM  58. 

Suppose  the  Beam  as,  instead  of  being  moveable  about  ihi 
centre  a,  as  in  the  last  problem^  to  be  svpported  in  a  given 
position  by  tneans  of  the  given  prop  de  :  it  is  required  to  de^ 
termine  the  position  of  that  prop^  so  that  the  prismatic  beam  AG 
on  which  it  stands ^  may  be  the  least  liable  to  breakings  this  lotted 
beam  being  only  supported  at  its  two  ends  a  and  c. 

Put  the  base  ac  "^  b^  tbe  prop  de  =  p, 
AG  a  r,  the  weight  of  ab  =  w,  «  and  c  the 
sine  and  cosine  of  ^a,  x  =.  sin  ^  e, 
y  :=  sio.  j^  D,  and  z  =  ae.     Then,  by 

trigon.   z    :   y  :  :  p  :  #,  or  -  =    ,  And 

ad  =  £^;  also  ew  =  the  force  of  the  beam     A     B  /> 

at  o  in  direction  om.  Let  f  denote  the  forced  sastaining  the 
beam  at  e  in  the  direction  ed  :  then,  because  action  and  re- 
action are  equal  and  opposite,  the  same  force  will  be  exerted 
at  D  in  tiie  direction  or  :  therefore  ag  .  cw  =  fzx,  and 


Ti' 


9  =  — .    Again,  the  vertical  stress  at  d,  will  be  aa  f  X  sine 

D  X  AD  .  DC  =  FV  .  AD  .  DC  =5  ^^   X  ^  (6  —  ^)    =     (sub- 

stitutiDg  -  for  its  equal  -)  X  ^  X   — -   =  rem   X 

^  p  ^       z^    px  #  t 

*^^  =  —t.  X  (—  —  a:)  =  a  minimum  by  the  problem. 

CoDseq. X  is  a  minimum,  or  Jt  a  maximum,  that  is, 

X  =  1,  and  the  angle  t:  is  a  right  angle.     Hence  the  point  e 
is  easily  found  by  this  proportion,  sin.  a  :  cos.  a  : :  ed  :  ka^ 

Problem  59.    . 

To  explain  the  Disposition  of  the  Parts  ofMachines, 

When  several  pieces  of  timber,  iron,  or  any  other  materialtf, 
are  employed  in  a  n^achine  or  structure  of  any  kibd,  all  the 
parts,  both  of  the  same  piece,  and  of  the  different  pieces  in 
the  fabric,  ought  to  be  so  adjusted  wit^  respect  to  magnitude, 
that  the  strength  in  every  part  may  k>e,  as  near  as  possible,  in 
a  constant  proportion  to  the  stress  or  strain  to  which  tbey 
will  be  subjected  '  Thus,  in  the  construction  of  an}  engine, 
the  weight  and  pressure  on  every  part  should  be  investigated 
and  the  strength  apportioned  accordingly  All  levers,  for 
instance,  should  be  made  strongest  where  they 'are  most 
•trained :  viz.  levers  of  the  first  kind,  at  the  fulcrum  ',  levers 

of 
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.  of  tbe  second  kiod,  where  the  weight  acts  ;  and  those  of  the 
third  kind,  wh^re  the  power  is  applied.  The  asles  of  whe^ 
and  poUeys,  the  teeth  of  wheels,  also  ropes,  kc.  mast  be  made 
stronger  or  weaker,  as  thej  are  to  be  more  of  less  acted  on. 
The  strength  allotted  shoald  be  more  than  fully  competent 
to  the  stress  to  which  the  parts  can  ever  be  liable ;  bat  with- 
out allowing  the  sarplos  to  be  extravagant  (or  an  over  ex- 
cess of  strengUi  in  any  part,  instead  of  being  serviceable; 
would  be  very  injurious,  by  increasing  the  resistance  the  ma- 
chine has  to  overcome,  and  thus  eocuml)ering,  impeding,  and 
Of  ea  preventing  the  requisite  motion ;  while,  on  the  other 
hand,  a  defect  of  strong  in  any  part  will  cause  a  failure 
there,  and  either  render  the  whole  useless,  or  demand  very 
frequent  repairs. 

PBOBLEM  40. 
To  tueertain  Ae  Sireng&i  of  Farious  Substances, 

T-he  proportions  that  we  have  given  on  the  strength  and 
etress  of  materials,  however  true,  according  to  the  principles 
assumed,  are  of  little  or  no  use  in  practice,  till  tbe  compara- 
tive strength  of  different  substances  is  ascertained  :  and  even 
then  they  will  apply  more  or  less  accurately  to  different  sub- 
stances. Hitherto  tliey  have  been  applied  almost  exclusively 
to  the  resisting  force  of  beams  of  timber ;  though  probably 
no  aiaterials  whatever  accord  less  with  the  theory  than  timber 
of  all  kinds.  In  the  theory,  the  resisting  body  is  supposedl 
to  be  perfectly  homogeneous,  or  composed  of  parallel  fibres, 
equally  distributed  round  an  axis,  and  presenting  uniform  re- 
sistanoe  to  rupture.  But  this  is  not  the  case  in  a  beam  of 
timber :  for,  by  tracing  the  process  of  vegetation,  it  is  readily 
seen  that  the  ligneous  coats  of  a  tree,  fotrned  by  its  annual 
growth  are  almost  concentric;  being  like  so  many  hoUow 
eylinders  thrust  into  each  other,  and  united  by  a  kind  of  me- 
dullary substance,  which  offers  but  little  resistance  :  these 
hollow  cylinders  therefore  furnish  the  chief  strength  and 
resistance  to  the  force  which  tends  to  break  them. 

Now,  when  the  trunk  of  a  tree  is  squared,  in  order  that  it 
may  be  converted  into  a  beam,  it  is  plain  that  all  the  ligneous 
cylinders  greater  than  the  circle  inscribed  in  the  square  or 
^.rectangle,  which  is  the  transverse  section  of  the  beam,  are 
cut  off  at  the  sides  ;  and  therefore  almost  the  whole  strength 
or  resistance  arises  from  the  cylindric  trunk  inscribed  in  the 
solid  part  of  the  beam  ;  the  portions  of  the  cylindric  coats, 
situated  towards  the  angles,  adding  but  little  comparatively 
to  the  strength  and  resistance  of  the  beaoL  Hence  it  follows 
that  we  cannoty  by  legitimate  comparison^  accurately  deduce 
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the  strength  of  a  joidt,  cat  from  a  small  tree,  hy  ezperimebtiB 
on  another  which  has  been  sawn  from  a  much  larger  tree  ot 
block  As  to  the  concentric  c^Hnders  above  mentioned,  they 
are  evidently  not  all  of  equal  strength  :  those  nearest  the 
centre,  being  the  oldest,  are  also  the  hardest  and  strongest ; 
which  again  is  contrary  to  the  theory,  in  which  they  are  sup- 
posed uniform  throup:hout.  But  yet,  after  all  however,  it  is 
itill  found  that,  in  some  of  the  mo^t  important  problems,  the 
results  of  the  theory  and  well-conducted  experiments  coin- 
cide, even  with  regard  to  timber  :  thus,  for  example,  the  ex- 
periments on  rectangular  beams  afford  results  deviating  bat 
in  a  very  slight  degree  from  the  theorem,  that  the  strength 
is  proportional  to  the  product  of  the  breadth  and  the  square 
of  the  depth. 

Experiments  on  the  strength  of  different  kinds  of  wood, 
are  by  no  means  so  numer6u8  as  might  be  wished  :  the  most 
useful  seem  to  be  those  made  by  Muschenbroek,  Buffon, 
Emerson,  Parent,  Banks,  and  Girard.  But  it  will  be  at  all 
times  highly  advantageous  to  make  new  experiments  on  the 
same  suQect ;  a  labour  especiallj^  reserved  for  engineers  wh» 

rsess  skill  and  zeal  for  the  advancement  of  their  |>rofes8ioD. 
has  been  found  by  experiments,  that  the  same  kind  of 
wood,  and  of  the  same  shape  and  dimensions,  will  bear  or 
break  with  very  different  weights :  that  one  piece  is  moch 
stronger  than  another,  not  onlj  cut  out  of  the  same  tree,  hnt 
out  of  the  same  rod  ;  and  that  even,  if  a  piece  of  any  length, 
planed  equally  thick  throughout,  be  separated  into  three  or 
ibar  pieces  of  an  equal  length,  it  will  often  be  found  that 
these  pieces  require  different  weights  to  break  them.  Emer- 
son observes  that  wood  from  the  boughs  and  branches  of  trees 
is  far  weaker  than  that  of  the  tronk  or  body  ;  tiie  wood  of 
the  large  limbs  stronger  than  that  of  the  smaller  ones  ;  an4 
the  wood  in  the  heart  of  a  sound  tree  strongest  of  all  ;  though 
some  authors  differs  on  this  point,  it  is  also  observed  that  a 
piece  of  timber  which  has  borne  a  great  weight  for  a  short 
time,  has  broke  with  a  far  less  weight,  when  left  upon  it  for 
a  much  longer  time.  Wood  is  also  weaker  when  green,  and 
strongest  when  thoroughly  dried,  in  the  course  of  two  or 
three  years,  at  least.  Wood  is  often  very  much  weakened  by 
knots  in  it  ;  also  when  cross-grained,  as  often  happens  in 
sawing,  it  will  be  weakened  in  a  greater  or  less  degree,  ac- 
cording as  the  cut  rans  more  or  less  across « the  grain.  From 
all  which  it  follovirs,  that  a  considerable  allowance  ought  to  be 
made  for  the  various  strength  of  wood,  when  appli^  to  any 
use  where  strength  and  durability  are  required. 

Iron  is  much  more  aniform  ia  its  strength  than  wood.    Yet 

experiments 
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experiments  show  that  there  is  some  difference  arising  from 
different  kinds  of  ore  :  a  difference  is  alpo  found  not  only  in 
iron  from  different  farnaces,  bat  from  the  same  furnace,  and 
e^en  from  the  same  melting  ;  which  may  arise  in  a  great  mear 
sure  from  the  different  degrees  of  heat  it  has  when  poured 
into  the  mould. 

Every  beam  or  bar,  whether  of  wood,  iron,  or  stone,  is 
more  eaily  broken  by  any  transverse  strain,  while  it  is  also 
suffering  any  very  great  compression  endways  ;  so  much  so 
indeed  that  we  have  sometimes  seen  a  rod,  or  a  long  slender 
beam  when  used  as  a  prop  or  shoar,  urged  home  to  such  a 
degree  that  it  has  burst  asunder  with  a  violent  spring.  Se- 
veral experiments  have  been  made  on  this  kind  of  strain  :  a 
piece  of  white  marble,  {  of  an  inch  square,  and  3  inches  long, 
bore  S8lbs  ;  but  when  compressed  endways  with  30Qlbs,  it 
broke  with  14^1bs.  The  effect  is  much  more  observable  in 
timber,  and  more  elastic  bodies  ;  bat  is  considerable  in  all. 
This  is  a  point  therefore  that  must  be  attended  to  in  all  ex- 
periments ;  as  well  as  the  following,  viz  that  a  beam  support- 
ed at  both-ends,  will  carjry  almost  twice  as  muqh  when  the 
the  ends  beyond  the  props  are  kept  from  rising,  as  when  the 
beams  rest  loosely  on  the  props. 

The  following  list  of  the  absolute  strength  of  several  ma- 
terials, is  extracted  from  the  collection  made  by  professor 
Robison,  from  the  experiments  of  Moschc^broek  and  other 
experimentalists.  The  specimens  are  supposed  to  be  prisms 
or  cylinders  of  one  square  inch  transverse  area,  which  are 
stretched  or  drawn  lengthways  by  suspended  weights,  grada<- 
ally  increased  till  the  bars  parted  or  were  torn  asunder  by  the 
number  of  avoirdupois  pounds,  on  ^  medium  of  many  trials, 
set  opposite  each  name. 

Ist  Mbtals. 


Gold,  cast 
Silver,  cast 
Copper,  cast 
Iron,  cast  . 
iron,  bar   . 
Steel,  bar 


lbs.  lb. 

22,000  Tin,  cast     ....  5,000 

42,000  Lead,  cast   ....  860 

34,000  Regulus  of  Antimony  1,000 

50,000  Zinc 2,600 

70,000  Bismuth       ....  2^900 
135,000 


It  is  very  remarkable  that  almost  all  the  metallic  mixtures 
are  more  tenacious  than  the  metals  themselves.  The  change  of 
tenacity  depends  much  on  the  proportion  of  the  ingredients  ; 
and  yet  the  proportion  which  produces  the  mo^t  tenacioufe 
mixture,  is  different  in  the  different  metals.    The  proportion 

of 
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of  ingredients  here  selected,  is  that  ^hich  prodiice9  ihe  gre^ft^ 
est  strength. 


-  -  ■                  ^ 

lbs. 

lbs/ 

2  parts  gold  nith  1 

Brass,  of  copper  and  tb  51  .OGk) 

silver    .... 

28,000 

3  tin,  1  lead     .      .      10,200, 

5  pts  gold,  1  copper 

50,000 

8  tin^  1  zinc      .      .      10,000 

6  silver,  1  copper   . 

48,500 

4  ti6,  1  regnl.  antim.     12,000 

4  silver,  1  tin      ... 

41,000 

8  lead,  1  zinc    .      •      4,500 

i  copper,  1  tin   .     . 

60,000 

4  tin,  Head,  1  zinc      13,000 

These  numbers  are.  of  considerable  ufe  in  the  arts.  The 
mij^tures  of  copper  and  tin  are  particularly  interesting  in  the 
fabric  of  great  guns.  By  mixing  copper,  whose  greatest 
strength  does  not  exceed  37,000,  with  tin  which  does  not  ex- 
ceed 6000,  is  produced  a  metal  whose  tenacity  is  almost  double, 
at  the  same  time  that  it  is  harder  and  more  easily  wrought : 
it  is  however  more  fusible.  We  see  also  that  a' very  small 
addition  of  zinc  almost  doubles  the  tenacity  of  tin,  and  in- 
creases the  tenacity  of  lead  5  times  ;  and  a  small  addition  of 
lead  doubles  the  tenacity  of  tin.  These  are  economical  mix* 
tures  ;  and  afford  valuable  information  to  plumbers  for  aug- 
menting the  strength  of  water-pipes  Also,  b^  having  re- 
course to  these  tables,  the  engineer  can  proportion  the  thick- 
ness of  his  pipes,  of  whatever  metal,  to  the  pressures  they 
are  to  suffer. 


Locust  tree 
Ji:()eb   •    • 
Beech,Oak 
Orange 
Alder    . 
Elm 

lHulberry 
Willow 
Ash 

Plum    . 
Elder    . 
pomegranate 
Lemon .     . 


2d.  Woods,  &c. 
lbs. 


lbs, 
8,750 


20,100  Tamarind    ,    .    .    . 

18,500  Fir    ....     .     .  8,330 

17,300  Walnut 8,130 

15,500  Pitch  pine  ....  7,650 

13,900  Quince 6,750 

13,200  Cypress       ....  6,000 

12,500  Poplar 5,500 

12,500  Cedar    .    .     .     .     ;  4,880 

12,000  Ivory     .....  16,270 

11,800  Bone      .....  5,250 

10,000  Horn           .    •    •    .  8,750 

9,760  Whalebone.    .         .  7,500 

9,250  Tooth  of.sea-calf .     .  4,075 


It  is  to  be  observed  that  these  numbers  express  something 
more  than  the  utmost  cohesion  ;  the  weights  being  such  as 
will  ^ery  soon  perhaps  in  a  minute  or  two,  tear  the  rods 
asunder.  It  may  be  said  in  general,  that  |  of  these  weights 
will  sensibly  impair  the  strength  after  acting  a  considerable 
^hile,  and  that  one-half  is  the  utmost  that  can  remain  per- 
manently 
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■Mmentty  tqapeoded  at  the  rods  with  safetjr ;  and  it  is  this 
last  allotment  that  the  engineer  should  reckon  npon  in  his 
constructions.  There  is  howerer  considerahle  difference  in 
this  respect :  woods  of  a  very  straight  fibre,  such  as  fir,  will 
be  less  impaired  by  any  load  which  is  not  sufiicient  to  break 
them  immediately.  According  to  Mr*  Emerson,  the  load 
which  may  be  safely  suspended  to  an  inch  square  of  various 
materials,  is  as  follows 


lbs. 

Iron 76,409 

Brass    .     •    •     .     •  35,600 

Hempen  rope      .     .  19,600 

Ivory 16,700 

Oak,  box,  yew,  plum  7,850 

Elm,  ash,  beech  •    .  6,070 

Y^alnut,  plumb    .     •  5,360 


Red  fir,  holly,  elder, 
plane .    .     •    . 

Cherry,  hazle  .     • 

Alder,  asp,  birch, 
willow     •     •    * 

Freestone    .    •    . 

Lead 


lbs. 


5,000 
4,76Q 


4,«90 
914 
430 


cwts. 

He  gives  also  the  practical  rule,  that  Iron  .  •  .  .  135d' 
a  cylinder  whose  diameter  is  d  inches,  Qood  rope  22rfs 
loaded  to  ^  of  its  absolute  strength.  Oak  .  .  .  .  '  14d^ 
will  carry  permanently  as  here  an-  Fir  •  •  .  .  9d^ 
nezed. 

Experiments  on  the  transverse  strength  of  bodies  are  easily  ^ 
made,  and  accordingly  are  very  numerous,  especially  those 
made  on  timber,  being  the  most  common  and  the  most  in- 
teresting. The  completest  series  we  have  seen  is  that  given 
by  Belidor,  in  his  Science  des  Ingenieurs,  and  is  exhibited  in 
the  following  table.  The  first  column  simply  indicates  Ihe 
number  of  the  experiments  ;  the  colunm  b  shows  the  breadth 
of  the  pieces,  in  inches  ;  the  column  d  contains  their  depths  ; 
the  column  I  shows  the  lengths  ;  and  column  /6t  shows  the 
weights  in  pounds  which  broke  them,  when  suspended  by 
their  middle  points,  being  the  medium  of  3  trials  ef  each 
piece ;  the  accompanying  words,  Jixed  and  looie  denoting 
whether  the  ends  were  firmly  fixed  down,  or  simply  lay  loose 
on  the  supports. 


No. 

b 

d 

/ 

lb9. 

1 

A 

1 

18 

406    loose. 

2 

1 

1 

18 

608    fixed. 

3 

S 

1 

18 

805    loose. 

4 

1 

2 

18 

1580    loose. 

5 

1 

1 

36 

187     loose. 

6 

1 

1 

36 

283    fixed. 

7 

ft 

2 

36 

1585    loose. 

1     8 

,'i 

n 

36 

1660    loose.  1 

B/ 


BfS 


PROMTSCUOtFS  EXERCIStt. 


By  comparing  eTperimentB  1  and  3,  the  strength  appears 
proportional  to  the  breadth. 

Experiments  3  and  4  show  the  strength  to  be  as  the  breadth 
multiplied  by  the  square  of  the  depth. 

Experiments  1  and  5  show  the  strength  nearly  in  the  inverse 
ratio  of  the  lengths,  but  with  a  sensible  deficiency  in  the  longer 
pieces:  ' 

Experiments  5  and  7  show  the  strength  to  be  proportional  to 
the  breadth  and  the  square  of  the  depth. 

Experiments  1  and  7  show  the  same  thing,  compounded  with 
the  inverse  ratio  of  the  length  ;  the  deficiency  of  whioh  is  n«t 
ao  remarkable  here. 

Experiments  1  and  2,  and  experiments  5  and  6,  show  the  in- 
crease of  strength,  by  fastening  down  the  ends,  to  be  in  the  pro* 
portion  of  2  to  3  ;  which  the  theory  states  as  2  to  4,  the  dif- 
ference being  probably  owing  to  the  manner  of  fixing. 

Mr.  Boffon  made  numerous  experiments,  both  on  small 
bars,  and  on  large  ones,  which  are  the  best.  The  following 
is  a  specimen  of  one  set,  made  on  bars  of  sound  oak»  clear  of 
knots. 


Broke 

Length 

Weight 

with 

Bent 

Time. 

feet. 

lbs. 

lbs. 

inch. 

mio. 

7 

$  60 

5350 

35 

29' 

)  66 

5275 

4-5 

22 

8 

\    68 

4600 

3-75 

15 

I    63 

4500 

4-7 

13 

9 

)  77 

4100 

4-85 

14 

1 

i   .71 

3950 

5-5 

12 

10 

i    84 

3625 

5-83 

15 

• 

I    82 

3600 

6-6 

15 

12 

\  100 

3050 

7 

}    98  2925 

8  ' 

^ 

Column  1  shows  the  length  of  the  bar,  in  feeU  clear  be- 
tween the  supports. — Column  2  is  the  weight  of  the  bar  in 
lbs,  the  2d  day  after  it  was  felled. — Column  3  ,  shows  the 
number  of  pounds  necessary  for  breaking  the  tree  in  a  few 
minutes. — ^Col.  4  is  the  number  of  inches  it  bent  down  before 
breaking  —»Col  5  is  the  time  at  which  it  broke  — The  parts 
next  to  Hie  root  were  always  the  heaviest  and  strongest. 

The  following  experiments  on  other  sizes  were  made  in  the 
same  way  ;  two  at  least  of  each  length  being  taken,  and  the 
table  contains  the  mean  results.  The  beams  were  all  squared, 
and  their  sides  in  inches  are  placed  at  the  top  of  the  columns, 

their 
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Ibeir  lengths  in  feet  being  in  the  first  column.  The  numbers 
in  the  other  columns,  are  the  pounds  weight  which  broke  the 
pieces. 


4 

6 

6 

7 

8 

A 

7 

631f 

11626 

18950 

^2200 

47649 

11626 

8 

4650 

9787 

16626 

26060 

.'^9760 

10085 

1^ 

4026 

8308 

13160 

22360 

J2800 

8964 

10 

3612 

7126 

11260 

19476 

27760 

8068 

12 

2d87 

6076 

9100 

16176 

23460 

6723 

14 

6300 

7476 

13226 

19776 

6763 

10 

4360 

6362 

tiooo 

1^376 

6042 

18 

3700 

6662 

9245 

13200- 

4482 

20 

3226 

4950 

8376 

11487 

4034 

22 

2976 

3H67 

«4 

2162 

336^2 

28  1    1 

1775 

2881  1 

Mr.  Bufibn  had  found,  by  many  trials,  that  oak  timber 
lost  much  of  its  strength  in  the  course,  of  seasoning  or  drying  ; 
and  therefore,  to  secure  uniformity,  his  trees  were  all  felled 
in  the  same  season  of  the  year,  were  squared  the  day  after, 
and  the  experiments  tried  the  third  day.  Trying  tkem  in  this 
green  state  gave  him  an  opportunity  of  obserring  a  very  cu- 
rious phenomenon.  When  the  weights  were  laid  quickly 
on,  nearly  sufficient  to  break  the  beam,  a  very  sensible  smoke 
was  observed  to  issue  from  the  two  ends  with  a  sharp  hissing 
sound  ;  which  continued  all  the  time  the^tree  was  bending 
and  cracking.  This  shows  the  great  effects  of  the  compres- 
sion, and  that  the  beam  is  strained  through  its  whdle  length, 
which  is  shown  ako  by  its  bending  through  the  whole 
length. 

Mr.  Buffon  considers  the  experiments  with  the  6-inch  bars 
as  the  standard  of  comparison,  having  both  extended  these  to 
greater  lengths,  and  also  tried  more  pieces  of  each  length. 
Now,  the  theory  determines  the  relative  strength  of  bars,  of 
the  same  section,  to  be  inversely  as  their  lengths  :  but  most 
•f  the  triak  show  a  great  deviation  from  this  rule,  probably 
owing,  in  part  at  least,  to  the  weights  of  the  pieces  them- 
selves. Thus,  the  6-inch  bar  of  28  feet  long  should  have 
half  the  strength  of  that  of  14  feet  or  2650,  whereas  it  is 
»nly  1775  ;  the  bar  of  14  feet  should  have  half  the  strength 
of  that  of  7  feet,  or  576'f ,  but  is  only  5300  ;  and  so  of 
others.  The  column  a  is  added,  to  show  the  strength  that 
each  of  the  6-inch  bars  ought  to  have  by  t,hc  theory. 

Mr. 


V 
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Mr.  Banks,  an  ingenious  l^ctorer  on  natural  (^liiloBOiAy^ 
hag  made  many  experiments  on  the  strength  of  oak,  deal,  and 
iron.  He  found  that  the  worst  or  weakest  piece  of  dry  heart 
of  oak,  1  inch  square,  and  1  foot  long,  broke  with  602lbs,  and 
the  strongest  piece  with  974lbs  :  the  worst  piece  of  deal  broke 
with  464lbs,  and  th^  best  #ith  6901bs.  A  like  bar  of  the 
worst  kind  of  cast  iron  2190lb8.  Balrs  of  iron  set  up  in  posi- 
tions oblique  to  the  horizon,  showed  strengths  nearly  propor- 
tional to  the  sines  of  elevation  of  the  pieces.  Equal  bars 
placed  horizontally,  on  supports  3  feet  distant,  bore  Sf,  cwt ; 
the  same  at  3^  feet  distance  broke  only  with  &  cwt. — ^An  arch^ 
ed  rib  ot  td\  feet  span,  and  1 1  inches  high  ia  the  centre,  sup- 
ported 99^  cwt ;  it  sank  in  the  middle  3]-  inches,  and  rose 
again  |  on  removing  the  load.  The  same  rib  tried  without 
abutments,  broke  with  55H:wt.^-Another  riby  a  segment  of  a 
circle^  29j^  feet  span,  and  3  feet  high  in  the  middle  bore  100^ 
cwt,  and  sunk  1|%  in  the  middle.  The  same  rib  without  abut- 
ments^ broke  with  64|  cwt. 

Mr.  Banks  made  also  experiments  at  another  foundry,  on 
like  bars  of  1  inch  square,  each  yard  in  length  weighing  91b8, 
the  props  at  3  feet  asundeh  ^ 

The  1  St  bar  broke  with    .    < 963  lUt. 

The  2d  ditto 958 

the  3d  ditto 9§4 

Bar  made  from  the  cupola,  broke  with     ...     864 
Bar  equally  thick  in  the  middle,  but  the  ends 
shaped  into  a  parabola,  and  weighed  6^  lbs, 

broke  with 874 

Prom  these,  and  many  other  experitaaents,  Mr.  Banks  con- 
dudes,  that  cast  iron  is  from  34  to  A\  times  stronger  than 
oak  of  the  same  dimensions,  and  from  5  to  6|  times  stronger 
than  deal. 

Some  ExampUifor  Practice, 

The  theory,  as  has  been  before  mentioned,  is,  That  the 
strength  of  a  bar,  or  the  weight  it  will  bear,  id  directly  as 
the  breadth  and  square  of  the  depth  divided  by  the  length* 
So  that,  if  b  denote  the  breadth  of  a  bar,  d  the  depth,  /  the 
length,  and  w  the  weight  it  will  bear  ;  and  the  capitals  a,  n, 
X.,  w  denote  the  like  quantities  in  another  bar  ;  then,  by  the 

rule  -Y'  :  tp  : : :  w,  which  gives  this  general  equation. 

6J3lw==bd>/w,  from  which  any  1>ne  of  the  letters  is  easily 
found  when  the  rest  are  given. 

Now,  if  we  take,  for  a  standard  of  comparison,  this  expe- 
riment of  Mr.  Banks;  that  a  bar  of  oak  an  inch  s^are  and  a 

foot 


PROMISCUOUS  EXERCISES.  52$ 

foot  in  laogth,  lying  ob  a  prop  at  each  end.  and  its  strength, 
or  the  utmost  weight  it  can  bear,  on  its  middle,  660lbs  :  here 
b=z  1,  d  =  1,  /  =  1,  w  -  660 ;  thede  snbsiitnted  in  the  abore 
equation,  it  becomes  lw  =3  660bd*,  from  which  any  one  of 
the  four  quantities  Ly  w,  b,  o,  may  be  found,  when  th<e  other 
three  are  given,  irhen  the  calculation  respects  'oak  timber. 
But  for  fir  the  like  rule  will  be  lw  ss  400bo>9  and  for  iron 

Eaam,  1.  Required  the  utmost  strength  of  an  oak  beam, 
of  6  inches  saoare  and  8  feet  feng,  8upporte<l  at  each  end,  or 
the  weight  to  break  it  in  the  middle  ? 

Here  are  given  b  =»  6,  d  s  6^  i»  =&  a,  to  find  w  s:  .   ■  "P * 

8 

Exam.  2.  Required  the  depth  of  an  oak  beam,  of  the 
same  length  and  strength  as  above,  but  only  3  inches  breadth  ? 

Here,  as  3  :  6  : :  36  :  d>  =  72,theref.  i>«=  ^  72  »  a-488 
the  depth. 

This  last  beam,  though  as  strong  as  the  former,  it  bat  little 
more  than  f  of  its  size  or  Quantity.  And  thus,  by  mabingf 
joists  tfhfnner,  a  great  part  of  the  eipence  ia  swed,  as  in  the 
modern  style  of  flooring,  &e. 

Exam.  3.  To  determine  the  utmost  strength  of  a  deal 
joist  of  2  inches  thick  and  8  inches  deep,  t^  beaijtig  or 
breadth  of  the  room  being  12  feet  ?-*Here  b  =  2,  d  =  8» 

L  =  12  ;  then  the  rule  lw  =  440Boa  gifes  w  =lli?i!L5£l  cs 

440X2x64^  440X32  ^^g^3^ 
12  3 

Exam.  4.    Required  the  depth  of  a  bar  of  iron  2  inches 

broad  and  8  foet  long^  to  sestain  a  load  of  20,00(Mbs  ? — Here 

B  =1  2,  L  3=  8,  and  w  ==  20,000,  to  find  d  from  the  e^ietioii 

aoAn.     •      •       »  —    i*^  8x20000        1000      „  _   . 

LW  =  2640BD',  VIZ.  D*  =e  —— -  =  -5—     ^    =  -^_sd0*3, 

'  2640b  2640X2  :^  * 

and  D  =  ^  30*3  =s  5^  inches  the  depth. 

Exam,  6.  To  find  the  length  of  a  bar  of  oak,  an  inch 
square,  so  that  when  ciupported  at  both  ends  it  may  just  break 
by  its  own  weight  ? — Mere  according  to  the  notation  and 
calculation  in  prob.  36,  /  =  1,  w  =  f  of  a  lb,  the  weight  of 

1  foot  in  length,  and  u  =:  6601bs.    Then  l  »  /  ^  YL±J!^  a 

^3301  =  57-46  ffet,  nearly; 

Exam,  6.  To  find  the  length  of  an  iron  bar  an  inch  square, 
that  it  may  break  by  its  own  weight,  when  it  is  supported  at 
both  ends.— Here  as  before  /  ss  1,  w  =  3]b9  nearly  the 

VdL.  II.  68  weight 
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weight  of  1  foot  in  length,  also  u  =  2640.    Therefore  l  = 
/  V^^i^^t-i"  =  4 1  -97  feet  nearly. 

JVbte.  It  might  perhaps  have  heen  supposed  that  this  last 
result  should  eiceed  the  preceding  one  :  but  it  roust  be  con- 
sidered that  fvhile  iron  is  only  about  4  times  stronger  tham 
oak,  it  is  at  least  8  times  heavier. 

Exam,  7.  When  a  weight  w  is  suspended  from  e  on  the 
arm  ot  a  crane  abode,  it  is  required  to  find  the  pressure  at 
the  end  d  of  the  spur,  and  that  at  b  against  the  upright 
post  AC. 

Here,  by  the  nature  of  the  lever  — w  = 

^  CD 

the  pressure  at  d  in  the  vertical  direction 
DF  :  but  this  pressure  in  df  is  to  that  in  db 

^  4.  •  CE  CE    DB__ 

as  DF  to  db,  viz.  Dr.:  db  : :  —  w  : w 

CD  DF.CD 

tiie  pressure  in  db  ;  and  again,  db  :  fb  or 

ce.db         cb  cb      .. 

CD  : : w  :  — w  =  —  w  the  pressure 

DFCO  DF  bc  ^ 

against  b  in  direction  fb. 
Thus,  for  i^iample,  if  ce  s=  16  feet,  bc  s  6,  cd  =  8, 

•D  =  10,  and  w  =.  3  tons  ;  then  S!-!?w  =^f  -^®  X  3  =  !• 

'  bc     CD  6.8 

tons  for  the  pressure  on  the  sjpur  db     Also  —  ^  *^  "g"     ^ 

3=8  tons,  the  force  tending  to  break  the  bar  ac  at  b. 

» 

PHOBLBM  41. 

To  determine  the  eireunutancet  of  Space  t  Penetration^  Vdo- 
city^  and  Ttme,  arising  firom  a  Ball  morning  with  a  Given 
Vetociti  and  Striking  a  moveable  Block  of  Wood,  or  other  euk- 
etance. 


Let  the  ball  move  in  the  direction  ab  passing  through  the 
centre  of  gravity  of  the  block  b,  impinging  on  the  point  c  ; 
and  when  the   block  has  moved  through  the  space  cd  in 
eonsequence  of  thc^blow,  let  the  ball  have  penetrated  to  the 
depth  PE. 
,  Let  B  =  the  mass  or  matter  in  the  blocks 
^  ss  the  same  in  the  ball, 
$  sz  o  the  space  moved  by  the  block,  x  s; 


:  i  the  fir-t  .eUKjy^,  baU  at .,         .^^.,t. 


sal 


.  -  the  time  of  ?«»«'    ,  ^^e  wood. 

V  .1 '  be  the  accelerating 
The»Aa«i^'"  ,     .ofthehaU. 

,  »•  the  retaraVng  force  of  th  ^  to  the 

*"    *  .he    momentuo.  ««  .  ^omm  h^  ^,„  „.„ely 

u»-    becau«  P*.  ?-t  which  »»  lo*^^?     j^.    Bat  when 
^S*„  the  ume  «.  «  »*»**  V  ,  ,nd  bu  =  -     w-  _-r)  ;  or 
*^?"t£Ufore  .i  * 'b^<»rrecti«8.  •J'^Xothi  mo- 

^e  momeotnn.  <>f^*^n      Aod  w^«  I^U  becomes  b«  g^ 

rigtiig  fo«e  »f  **     g    Forces),  it  - '^    "^     •  _ 

Again,  (by  P«»^-   .  •  ,„^ction.  «*  -  ^  " 

V:is,     HencethepenetraUono--^^^^*^;^,^^. 
V  +/^;  ==  „,  by  .«^tit«u.«^^rt^ .  ^^  ^  again. 

V,  writing  -6  f«;r  ^*i^  ^t  -  ^)-    ^^' 
t«6onx  =  4«-(rfI)    r^.  •„  foed,  or  infinitely  «^t ' 

«i  to  521  when  Ibe  Woci^  ia«  ^y^i  .  i«  very 

•"      ^':er,  nearly  e.--^  to  the  «-.^«^ 

is  always  very  "       '  - 

Hences  +  x-    4r^^,t,,,...+'.«'-*^ 

And therer » +  J*.«^  *  ^„d,  it 

.nd.-^*  =  *^;+'^U  is  iron,  and  «e.8»«     ^„etrat^. 
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pMBoetrates  eltn  ftbout  13  inches  wben  it  tiaoret  with  a  Telo- 
city of  IdOO  feel  per  secood,  in  which  case, 

1  =  fl  .  _i|22^--  =  ^  -  =  32284  ne»ly. 
*        ^^       ^X^^tV^H        1WX13  -^ 

When  B  =  6001b,  and  ft  =  1  ;  thenil  =  ~  =  ^^  =  3 

feet  nearly  per  second,  the  velocity  of  the  block. 

Also  ff  SB  ...^ss-^ .  — — ^  =s part  of  a  foot,  or  i^ 

of  an  inch,  which  is  the  space  moved  by  the  block  when  the 
ball  has  completed  its  penetration. 

2     ,26 


2t+2x       4611*18         6+13.331  I  ^      - 

•V  1500  6 .  231  .  1500        692  *^     w    «  p^ 

cond,  the  time  of  penetration. 

PBOBLEM  42. 

Ts  find  ike  Felocky  md  Time  of  p,  Heavy  Body  deicmduig 
damn  ike  Ar^  of  a  Circle^  or  vihtakug  in  ^  Arc  by  «  JUmefixed 
in  the  Onfrc. 

Let  p  be  the  beginning  of  the  descent, 
c  the  centre,  and  a  the  lowest  point  of  the 
ciEcle  ;  draw  x>s  and  '^  perpendioolar  to 
AC  Then  the  velocity  in  p  being  the  same 
as  in  q,  by  falling  throogh  t^,  it  will  be 
v=2y/(g  X  E^)=8  ^  (fl— «),  when  0= AE, 

B«t  the  flux,  of  the  time  /  is  =  i^^,  and  ap  =*  —r^ ^, 

where  r = the  radius  ac.  Theref.  i  =  1  x '^ — ; =, 

V  8      ^(2r*-a«K^  («--*) 

a 

where  d  ==  2r  the  diameter. 

n^'       —  ii/d^  i  ,-  ,x  ,  l.S*»   ,   1  .3.5*3, 

by  developing  v^  ( 1  —  j)  *"  *  series. 

But  the  fluent  of-— --ris  -   X    arc  to  radios    4a  and 

^(fl*— jca)     a  ■ 

vers.  X,  or  it  is  the  arc  whose  rad.  is  1  and  vers.  -^  :  which 

a 

call  A      And  let  the  fluents  of  the  succeeding  terms,  without 
the  coefficients,  be,  b,  c,  d,  e,  &c.  Then  will  the  fluxion  of  any 

one 
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•M,  u ^,  at  n  distance  from  a,  b«  4*=^*"  a  ■<>  'p>  which 
mppoae  als*  «*  the  fbax.  af  br-dt*-*  y/  (ax—x*)  sc  (p  ^ 

Hence,  by  equating  tbe  coefficients  of  the  like  ternfs, 

,        1       ,        2ft-l  •  (3ii-l)aP-2jp»»-»^(ax— xa) 

^^Z  •  * iT*'  and^  =  ^ 2j ^— . 

Which  being  Bobstitnted,  the  fluential  (enns  become  ^  X 

10 

1      a»— 2^(ag~.««)      1 .3       3<ib  —axy  (o»~  x*  ) 
*-^:f   .  ?25=l2*«£(f£ri22_ &c).    Or  the  same  flaents 

3.4. 6^3  6  ' 

will  be  found  b  j  art.  80  Fluiiona. 
But  whpn,  X  ==  a,  those  terms  become  barely ^^   X 

^•(.l^lif-ilii*^-?!:^:?!!!  _  Uc)  ;   which  being 

^  i^i       9S.4»i/»        2s.4*.6«rf3  '•  • 

subtracted,  and  x  taken  »  0,  there  arises  for  the  whole 
time  of  desceadin((  down  da,  or  the  corrected  value  of  t  as 

When  the  arc  is  small,  as  in  the  Tibration  of  the  pendu- 
Inai  of  a  clock,  all  the  terms  of  the  series  may  be  omitted 
after  tbe  second,  and  then  the  time  of  a  semi-vJjbratioB  t  is 

nearly  =  i:^  ^  |  x  (1  +  f ).    And  theref.  the  times  of 

vibration  of  a  pendnlnm,  in  different  arcs,  are  as  8r  +  «,  or  8 
times  tbe  radios  added  to  the  versed  sine  of  the  arc* 

If  D  be  the  degrees  of  the  pendulum's  vibration,  on  ^ch 
side  of  the  lowest  point  of  the  small  arc,  the  radius  being  r, 
the  diameter  d,  and  3*1416  s=p  :  then  is  the  length  of  that 

arc  A  =  7^  =  ^.  But  the  versed  sine  in  terms  of  the 
,rcis«=*^.^  +  &c.«^.A!  +  &c.  Therefore 
^  =  ^— il  +  &c.  =  ^!-^^£^^  +  &c.  or  only  ^^!^ 

d        rf«      3d4  ^  ^  360*      3-360*  ^  ^        360» 

the  first  term,  by  rejecting  all  the  rest  of  the  terms  on  ac- 
count of  their  smallness,  or  ^==^  nearly  acr  JL- .      This 

d      2r  ^       13131 

value  then  being  substituted  for  -  or  «-    in    the  last  n^ar 

tf       2r 

yaluo  of  the  time,  it  becomes  t  =  — -  y/ 1  X  (I  +  ^sr) 

*  nearly. 
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nearly.  And  therefore  the  times  of  vibratioD  in  differeDt 
finall  arcs,  are  as  52624  -^  d^^ot  as  52624  added  to  the  square 
of  the  number  of  deg;ree8  in  the  arc.  * 

Hence  it  follows  that  the  time  lost  in  each  second,  by  ri- 

brating  in  a  circle,  instead  of  the  cycloid,  is  ,         ;    and  con- 

sequently  the  time  lost  in  a  whole  day  of  24  hours,  or  24  X 
60  X  60  seconds,  w  f  d>  nearly.  Inlike  manner,  the  seconds 
lost  per  day  by  vibrating  in  the  arc  of  ^  degrees,  is  f  A'. 
Therefore,  if  the  pendulum  keep  true  time  in  one  of  these 
arcs,  the  seconds  lost  or  gained  per  day,  by  vibrating  in  the 
other,  will  be  f  (d*  —  A').  So,  for  example,  if  a  pendulum 
measure  true  time  in  an  arc  of  3  degrees,  it  will  lose  llf  se- 
conds a  day  by  vibrating  4  degrees  ;  and  26|  seconds  a  day  by 
vibrating  4  degrees  ;  and  so  on. 

And  in  like  manner,  we  might  proceed  for  any  other  curve, 
as  the  ellipse,  hyperbola,  parabola.  &c. 

Sckolinm.  By  comparing  this  with  the  resnlts*  of  the  pro* 
blems  13  ahd  14,  Prac.  Ex.  on  Forces,  it  will  appear  that  t^e 
times  in  the  cycloid,  and  in  the  arc  of  a  circle,  and  in-any  chord 
of  the  circle,  are  respectively  as  the  three  quantities. 

]    1  4-  .^^  and     . 

»      ^   8r^  '7654 

or  nearly  as  the  three  quantities  1,  I  +  ^,  1*27324;  the  first 

and  last  being  constant,  but  the  middle  one,  or  the  time  in  the 
circle,  varying  with  the  extent  of  the  arc  of  vibration.  Also 
the  time  in  the  cycloid  is  the  least,  but  in  the  chord  the 
greatest ;  for  the  greatest  value  of  the  series,  in  this  prob. 
when  a=^r^  on  the  arc  ad  is  a  quadrant,  is  1*18014  ;  and  in 
that  case  the  proportion  of  the  three  times  is  as  the  nnmbers 
1,  1*18014,  1*27324.  Moreover  the  time  in  the  circle  ap- 
proaches to  that  in  the  cycloid,  as  the  arc  decreases,  and  they 
are  very  nearly  equal  when  that  arc  is  very  small. 

PROBLEM  43. 

To  find  the  time  and  Velocity  of  a  CTiain^  consisting  of  very 
small  links,  descending  from  a  smooth  horizontal  plane  ;  the 
Chain  being  100  tnc^  long,  and  one  inch  of  it  hanging  iff  the 
Plane  at  the  commencement  of  Motion, 

Put  a  =  1  inch,  the  length  at  the  beginning  ; 

/  ^  100  the  whole  length  of  the  chain  ; 

X  =  any  variable  length  of  the  plane. 
Then  x  is  the  motive  force  to  move  the  body, 

and  -  =  /  the  accelerative  force. 

h  Hence 
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%Sb 


Hence  vi^2gfs^2gX  jXi  =.?^. 


The  fluents  give  v 


a-.Si'*' 


/ 


But  V  =  0,  when  x  a  a. 


»»-ai 


theref.  by  correction,  v^  =  2^  X ,  and  v^^{2g  X  — ■^) 

the    velocity  for  any  length  x.     And  when  the  chain  just 
quits  the  plane,  x  =  1,  and  then   the  greatest  velocity  is 
/a.^a.  ,  lOOa^lt^  386x9999 

196-46902  inches,  or  16-371585  feet,  per  second. 
Again  "i  or  i  ^  \/  tt  ^  -7"~i — 5^  »  *^«  correct  fluent  of 

which  is  I  =  ^  r-  ^  ^^'  ""    »  the  time  for  any 

length  X  And  when  ac  =  /  =  100,  it  is  <  =  v^  g^  X  log. 
100-h^9999  _  2.69676  seconds,  the  time  when  the  last  of  the 
chain  just  quits  the  plane. 


PROBLEM  U. 


To  find  the  Time  and  Velocity  of  a  Chadn^  of  very  emdU 
Linkt^  auiUing  a  PtdUy^  byoasnng  freely  aver  U :  tke  whole 
Length  being  200  Inches,  ana  the  one  End  hanging  2  indus  6e- 
low  the  other  at  the  Beginning, 

Put  a  =  2,  /  =  200,  and  x  =  bd  any  variable  A 

difierence  of  the  two  parts  ab,  ac.     Then 

J"  =/,  and  ri  or  24/;  =   2^.^.1^=^! 
Hence  the  correct  fluent  is  r«  =  gX — - — ,  and 


R 


'  =  ^(^x' 


I 


-},the  geoenl  expression  for  the 


D 

B 


veloc.    And  when  x  =  /,  or  when  c  arrives  at  a,  it 

^  (386  x'.2^)=^?2^  =   ,9e.4680« 

inches,  or  16-371585  feet  for  the  greatest  velocity 
when  the  chain  just  quits  the  pulley. 


A 


c 


Again,  ?  orl  =  ^  =  ^- X -^-^. 

rect  fluent  is  <  =  v^  i  X  log.  ^+^(^'-^'>, 

eKprei9sion  for  the  time.    And  when  x  =  /,  it  become  i  = 


And  the  cor- 
the    general 
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,  '  V  1«„  ^4-^(P-'^)  _     ,  200       .„300+vr(a00«~8«)_ 

»/  ^  X  1(9»  *i5±^??2H.  a=  2  69876  Ncondi:  the  wJwIe 

fime  when  the  chaio  just  qaits  the  pulley. 

So  that  the  velocity  and  time  at  quitting  the  pulley  in  liib 
prob.  and  the  plane  ia  the  last  pr^b-  are  the  same  ;  the  dia« 
tapce  descended  9d  being  the  same  in  both.  Ppr  though 
the  weight  /  moved  in  this  latter  case,  be  double  of  what  it 
was  in  the  fofmer,  the  moving  force  x  w  also  double,  because 
l^ere  the  one  end  of  the  chain  shottens  at  much  as  the  other 
end  lengthens,  so  that  the  space  descended  \x  is  doubled, 

and  becomes  x  ;    and  hence  the  accellerative  force  -^  of  /  is 

the  same  in  both  ;  and  of  course  die  velocity  and  time  tile 
skme  for  tiie  same  distance  descended. 

PROBLEM  45. 

to  find  ihf  Number  of  FibroUionf  mado  h^  two  Wnghifi^, 
connected  by  a  very  fine  Thread,  pauing  freely  over  a  Tack  or 
a  PuUey^  whUe  the  less  Weight  t»  dnnnm  up  to  it  6y  the  Deecent 
of  the  heavier  Weight  at  the  other  End, 

Suppose  the  motion  to  commence  al  equal  difn 
tjnicee  below  the  pulley  at  b  ;  and  that  the  weiglils 
are  1  and  2  pounds. 
Put  a  =>  AB,  half  the  length  of  the  thread ; 

h  ^^  39}  inc.  or  3|f  ieet,  the  second*rpend. 
X  =  Bw  =  Bw,  any  space  passed  over  ; 
z  =  the  number  of  vibrations. 

Then  — ^   ^  /  ==  i  w  ^^  accelerating  force. 

And  hence  vox ^  Agf$  =  ^  4efx^  and  /  or  —  =  — '  ^  -, 
But  by  the  nature  of  pendulums,  ^  (a±')  -  y/b  : :  1  vibr. : 
's/—xr  ^^^  vibrations  per  second  made  by  either  weight, 

namely,  the  longer  or  shorter,  according  as  the  upper  or 
under  sign  is  used,  if  the  threads  were  to  contifiQe  of  thai 
length  for  1  second.     Hence,  then,  as 

Ii*.  .     h  .  •  Q   ■ h  -  .  it 

the  fluiion  of  the  number  of  vibrations. 


Now  when  the  upper  sign  -f  ukes  place,  the  fluent  is 


and 


9 
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b 

And  when  j?  =  a,  the  same  then  becomes  ^  ^  ^  -?  X  log. 

9 

l  +  v'2  =  \/^X»^-'+^  ^^^/  *-^  X  log.  1  +  v^2« 

'68861 1,  the  whole  number  of  yibrationt  made  by  the  descend* 
ing  weight. 

Bot  when  the  lower  sign,  or  -*,  takes  place,  the  fluent  is 

b  2x 

s/  •:— %  X  arc  to  rad.  1  and  vers.  — .    Which,  when  x  ==  a, 

,        s^       9tAto  ,3X39|.        3-1416    ^      ,1171 

gi.es  1;,^^=  3.1416  X  ^j^  =  -^--  X  v'i^f  === 

1*227091,  the  whole  number  of  vibrations  made  by  the  lesset 
or  ascending  weight. 

SchoL  It  is  eTident  that  the  whole  number  of  Yibrations, 
in  6ach  case,  is  the  same,  whatever  the  length  of  the  thread 
is.  And  that  the  greater  number  is  to  the  less,  as  1'5708  to 
the  hyp.  log-  of  1  +  y^  2. 

Farther,  the  number  of  vibrations  performed  in  the  same 
time  I,  by  an  invariable  pendulum,  constantly  of  the  same 

length  a,  is  v/ -7  =  '781190.  For,  the  tim^  of  descending 
the  space  a,  or  the  fluent  of  V  3= — fL-^    when  x  =  a,  is  I  ss 

^  — .    And,  by  the  nature  of  pendulums,  ^  a  i  ^  h  ii 

^^  b 

1  vibr.  :  ^-  the  number  of  vibrations  performed  in  1  se- 
cond ;  hence  \"  :  t  i  i  ^  -it  ^-  =  ^  --« the  constant  num- 
ber of  vibrations. 

So  that  the  three  numbers  of  vibrations,  namely,  of  the 
ascending,  constant,  and  descending  pendulums,  are  propor- 
tional to  the  numbers  1*6708,  1,  and  hyp.  log.  I  +  y^  2»  or  as 
1-6708,  1,  and  -88137  ;  whatever  be  the  length  of  the  thread. 


REMARK. 

The  solution  here  given  by  Dr.  Hutton  to  this  4%th  pro- 
blem, is  erroneous ;  one  of  his  errors  in  the  solution  consists, 
in  his  not  attending  to  the  difference  of  tension  in  the  pendu- 
lum as  it  ascends,  descends,  or  continues  of  an  invariable 
length ;  his  method  i#iU  give  vibrations  to  the  descending 
pendulum,  even  when  .the  tension  is  infinitely  small  or  noth- 
ing. A  true  investigation  of  the  problem  affords  several  cu« 
rious  results ;  but  tn  9tM  cases  we  are  led  to  veiy  tedious 
computations. 
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PROBLEM  46. 

To  determine  ihe  Circumtianees  of  the  Juent  and  Betee^ 
«/  two  uMquai  We%ght$f  suspended  at  the  two  Ewfi  pj  a 
Thread  passing  over  a  Pulley  :  the  Weight  of  the  Thread 
and  of  the  Ptdley  being  considered  in  the  SohUion, 

Let  /»  the  whole  length  of  the  thread;  ^(^-B 

a  :=  the  weight  of  the  aame  ; 

b  =  AW  the  dif  of  lengths  at- first ; 

d  sss,  w^^»  the  dif  of  the  two  weights  ; 

c  s=  a  weight  applied  tp  the  circumference,      ^ 
such  aa  to  be  equal  to  its  whole  wt.  and 
friction  reduced  to  the  circumference  ;  4w 

$  =  w+v4-tt4'<^  the  sum  of  the  weights  moved. 

Then  the  we^^ht  of  6  is  r»,  and  <i  —  y  is  the  inovii^  force 

al  first.  But  if  x  denote  any  Tariable  space  descended  bj  w^ 
or  ascended  by  w^  the  difference  of  the  fengths  of  the  thread 
will  be  altered  9x ;  so  that  the  difference  will  then  be  6-.2x, 

and  its  we^^ht  *.-  a;  conseq.  the  motive  force  there  will  be 
<-*:^ a  =±^,:»^Md  theref.^-2*«?f  =  y  the  ac- 

/  /  si  '^ 

celer^tiog  fence  there-     Hence  thee  vv  ^  2gfx  cs  f^gJi  x 

oros=2y/2£xv^  (ex+x*)  the  general  expression  for  the 

Telocity,  putting  e  =b  '"- .  And  when  x  3=  6,  or  w  becomea 
as  &r  below  »  aa  it  was  above  it  at  the  beginning,  it  is  barely 
9^^^— tor.  the  velocity  at  that  time.  Also,  when  tn, 
tte  weight  of  the  thread,  ia  nothing,  the  velocity  is  onlf 
|^;^,aa  it  ought 

Again,forthetimei\or^.  =  i^^X  -^^        the. 

ifluehta  of  which  give  t=^^^  X  log. ^(ft^^^^JL^  the   gp- 

neral  expresaion  for  the  time  of  descending  any  apace  x. 

And  if  the  radicala  be  expanded  in  a  aertea,  and  the  log. 
ef  it  be  taken,  the  aami^  tidie  will  become 

Which  therefore  becomea  barely  J^  ^  when  a,   the  weight 
of  the  thready  ia  nothing ;  aa  it  ought.  rilOBUM 
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PROBLEiM  V, 
To  fiiad  iht  Velocity  and  Time  of  Fihration  of  a  itnaU  Weif;ht, 
fixed  to  ^the  middle  of  a  lArte^  or  fine  Thread  void  of  Oravityi 
and  iiretched  by  a  given  Tention ;  the  extent  of  the  FilMriUion 
heing  very  kmall. 


t«et  /  =3  AC  half  the  leni^h  of  the  thread  ; 
tf  c=  CO  the  extent  of  the  vihration  ; 
or  =  CB  any  Variable  distance  fromf  c  ;    . 
«  s  vrt  of  the  smM  body  fixed  to  the  middle  ; 
w  =  a  wt.  which  hung  at  each  end  of  the  thread,  will, 
be  equal  to  the  constant  tension  at  each  ebd^  aciiqg 
in  the  direction  of  the  thread. 
Now,  by  the  nature  of  forces,  ae  :  ci  : :  w  the  force  ip 
direction  ea  :  the  force  in  direction  ec.     Or,  because  ac  i^ 
nearly  =s  ae,  the  vibration  being  very  small,  taking  ac  in* 

stead  of  ae,  it  is  ac  :  cb  :  :  w  :  —   the  force  in  ec  arising 

from  the  tension  in  ea.     Which  will  be  also  ^  Mne  fof 

that  in  eb.     Therefore  the  suoti  is  — -  =  the  whole  motiye. 

force  in  ec  arising  from  the  tensions  on  both  sides.    Conse- 

qnently  — *  =  /  the  accelerative  force  there.    Hence  the 

6^ati(m  of  file  iliixtonfl  vi  &t  %gft  a:  "*  ^^  *  ;  and  the  flos. 

if»  »—  ^^^i   But  when  at  =  a,  this  is  —- .'-^^,  al^d  should 

be  s  0  ;  theref.  the  correct  fluents  are  v^  3=  4gw  X     .  — , 

and  hence  v  =  ^  (4^  X        —  )  the  Telocity  of  the  little 

body  m  at  any  point  e.     And  when  x  =  0,  it  is  v  =3  2«  ^/^ 

for  the  greatest  velocity  at  the  point  c. 

Now  if  we  suppose  w  =3  1  grain,  w  3=  5lb  trojr,  or  28800 
grains,  and  2/ =  ab  =:  3  feet ;  the  velocity  at  c  becomes 

^^8xi6rtxi!52!>  =„,,,«.    So  that       ' 

if  (f  3s  ^y  inc.  the  greatest  veloc.  is  d^  ft.  per  sec. 
if  A  ^  1  inc.  the  greatest  veloc.  is  92  J}  ft.  per  sec. 
if  A  =s  6  inc.  the  greatest  v^oc.  is  665^  ft.  per  sec.    Te 
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To  find  the  time  <,  it  18  i  or  "^  =i  V'  —  ><     ..T* — rr. 

Hence  the  correct  flaent  isissl^  —  Xarc  to  cosine  —  and 
radins  1|  for  the  tim^  in  de.    And  when  x  =«  0,  the  whole 

10/ 

time  in  dc,  or  of  half  a  vihration,  is  *7854  ^  — -  \  and  conseq. 

Mil 

the  time  of  a  whole  yibration  through  nd  is  1'5708  y/  — • 

Using  the  foregoing  nambera,  namely  «r  =;=  ],  w  =s  28800, 

and  2i  ==^  3  feet ;  this  expression  for  the  time  gives  itit^  ■» 

353f ,  the  number  of  vibrations  per  second.  Bnt  if  w  =  $, 
there  would  be  250  vibrations  per  second  ;  and  if  v.  a=  100, 
there  would  be  S5^|  vibrations  per  second. 

PROBLEM  49. 

To  dLtUrmint  the  iame  at  in  ike  last  Problem^  when  the  Dis- 
toffictf  CD  heart  some  sensible  Proportion  to  the  Length  ab  ;  the 
Tension  of  the  Threud  however  being  still  supposed  a  Cq^staikt 
^mntity. 


•»•  't 


Using  here  the  same  notation  as  in  the  last  problem,  and 
taking  the  true  variable  length  ae  for  ac,  it  is'ae  or  eb  :  ce  : : 

2n  :  -^ s=  — TTTrri^  the  whole  motive  force  firom  the  two 
AE         VC**T^)  • 

equal  tensions  w  in  ae  and  eb  ;  and  thefef.  —  X — rr-— tx= / 
is  the  accelerative  force  at  e.     Theref.  the  floxional  equation 
i.  vv  or  igfi  =  ^><7^^  ■'  "•">  the  fluents  «»=?JSx 
—^(P  +«»).  Bat  when X  » a,  these  are  0=-2S   x  — 
</  (I*  +  o»)  ;  therefore  the  correct  fluents  are  v'  as  — ^X" 
[^  (l»  +  ««)  -^  (p  +  «»)]  *=  "S   X   (ad  -  ae).    And 

hence  v  =t  ^  [—^  x  (ad— ae)]  the  general  expression  for 

the  velocity  at  e.     And  when  e  arrives  at  c,  it  gives  the 

greatest 
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gjreatest  velocity  there  ess  <^[-^    x    (ad —  ac)].      Which 

when  w  s=  28800,  w  =  1,  2/  =  3  feet,  and  cd  =^  6  iDchei 

or  i  a  foot,  is  y/  (8X28800  X  je^VX  ^^"^  =  648^  .feet 

per  secood.  Which  came  out  hbh-^^  in  the  last  prohlem,  by 
QSiDg  always  ac  for  ae  id  the  value  of/.  But  when  the  ez- 
tept*  of  the  vibrations  is  very  small,  as  yV  ^^  '^^  inch,  as  it 
commonly  is,  this  greatest  velocity  here  will  be  y/  8X28800 
X  16|4  X  T^^iTir  ^  ^\  nearly,  which  in  the  last  problem  was 
9/^  nearly. 

To  find  the  time,  it  is  %  ox^^^  -5L  x— r — ='t,-7— Ti. 

making  c  =  ad  =  v^(/'  -f  a'  ).     To  find  the  flaent  the  easier, 
multiply  thenumer.  and  denom.  both  by  v»'[c+y^(/"+jp*),] 

•o,halIi  =  ^^^  X  ;^-^  X  ^  [.  +  •(/"+ .«)]. 

Expand  now  the  quantity  y/  [c  +  ^  (/«  +  ««)]  in  a  series, 

andpatrf  =«+i.«0  9hallf  =  ^  — X-^j^j^— j(l+^- 

3rf  + 1^.  .^  +2^+/'  ^.   40rf»+&f»?+  1M« +5<»  ^.^  .  Now 

the  flaent  of  the  first  term  — r— *— <.  is  =^  the  arc  to  sine  — 

and  radius  1 ,  which  arc  call  a  ;  and  let  p,  ^  be  the  fluents  of 
any  other  two  successive  terms*  without  the  coefficients,  the 
distance  of  ^  from  the  first  term  a  being  n ;  then  it  is  evi- 
dent that  Jj^=  Jp*  »  =  ^••a,  and  p  =  x***"^ i..  -Assume  theref. 
^  s=:  6p— ex**""*  ^(aa— jc«)  ;  then  is  q^orjc*  p  s=r6  t— (2n-  1) 

«jp«  p  =  6p  —  (2fl  —  1)  «a*  p  +  2ncjr»  p.  Then,  comparing  the 
coefficients  of  the  like  terms,  we  find  1   =  2fn,  and  b  =r 

(2n— l)sa^  ;  from  which  are  obtained  e  =s  --,and6=^^^  o«. 

Consequently  ^  =  ^ 212 i^the  general 

equation  between  any  two  successive  terms,  and  by  means  of 
which  the  series  may  be  continued  as  far  as  we  please.  And 
hence,  neglecting  the  coefficients,  putting  a  =  the  first  term, 

namely  the  arc  whose  sine  is  — ,  ands,  c,d,  &c.the  follow- 
tog  terms,  the  series  is  as  follows,  a  +         ^^^   "" — "^ 
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a^s^^sWl^-f^^Sa'c^-'A"-"}^^^  Now #!«<.»«»«. 

4  6 

this  Beries  ss  0  ;  and  when  x  ss  a,  the  seri^  becoOiea  \p  4^ 

??^+iifL»+52l5  &c.  where  p  =*  3-1^16,  or  the  series  i» 

2  4p  6 

So  that,  by  taking  in  the  coefficients,  the  general  time  of  patm^^ 
ing  over  any  distance  de  ivill  be 

^      Bvg  *'^        ^        4dl     '         32d><s      2  .  4 

a      4df  2  ^JsISV'  4 

And  hence,  taking  jt  cs  o,  and  donbling,   the  time    of  il 
whole  vibration,  or  double  the  time  of  passing  over  ci>  wilt 

be  equal  to  ip,/-^  X  (1  +  jj^-ia-  -  ^^  ^^^  + 
4<|i-f  2<tf4fi  1.3.5  ^  40</»  +Bd»t+l%ltt+Sl9  1.3.A    T  ,.    ^ 

tv/ 

Which,  when  a  n  o,  or  e  =  /,  becomes  only  ip  ^  — »    the 

Wy 

same  as  in  the  last  problem,  as  it  ought. 

Taking  here  the  same  ntimbers   as  in  the  last  problen» 
viz.  /  =r  I,  a  »s  j^,  tt  :s=  2,  w  »  28800,  g  =  16^  ;  thea 

iP^/—^~  =  0040614,  and  the  series  is  1  +  006762  •^ 

«000176  +  -000003,  &e.  ^  1*006590 ;  therefore  •0040514  X 

1-006590  =  0040965  —    .^-.  is  the  time  of  one  whole  ti- 

bration,  and  consequently  24df  vibrations  axe  performed  hi 
a  second ;  which  were  260  in  the  last  problem. 

FROBLEM  49. 

h  is  proposed  to  determine  the  Velocity^  and  ^  time  of  VUbrm* 
tion  of  a  Fluid  in  the  arms  of  a  CatttU  or  bmU  Tube. 

Let  the  tube  abcdep  have  its  two 
branches  ac,  ge  vertical,  and  the  lower 
part  CDC  in  any  position  whatever,  the 
whole  being  of  an  oniform  diameter  or 
width  throughout.  Let  water,  or  quick- . 
silver,  or  any  other  fluid,  be  poured  io» 
till  it  stand  in  equilibrio,  at  any  hori-  ^ 

zontal  line  sf.  Then  let  one  surface  be  pressed  or  pusbed 
down  by  shaking,  from  b  to  c,  and  the  other  will  asceiid 
through  the  equal  space  fo  ;  after  which  let  them  be  per- 

Hutted 
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sotted  ft^dj  to  retaro.  The  tuHacea  will  tliea  continually 
vibrate  in  e^aal  timet  between  ac  and  co.  The  velocity  and 
Ihnes  of  which  oacillationt  are  therefore  required 

When  the  aarfaces  are  any  where  out  of  a  horizontal  line, 
aa  at  P  and  ^,  the  parts  of  the  fluid  in  qdr,  on  each  side, 
l^low  ^a,  will  balance  each  other  ;  and  the  weight  of  the 

{art  in  m,  which  is  equal  to  2pf,  giv^a  motion  to  Uie  whole. 
0  that  the  weight  of  the  part  2pf  is  the  motive  fbrce  by 

which  the  whole  fluid  is  urged,  and  therefore  —^ — ^  is  the 

accelerative  force.  Which  weights  being  proportional  to 
their  lengths,  if  i  be  the  length  of  the  whole  fluid,  or  aiis  of 


tibe  tube  tilled,  and  a  =»  fo  or  bc  ;  then  is  -j  the  accelerative 
force^  Puttiog  theref.  j?  >=  gp  any  variable  distance,  v  the 
velocity,  and  t  the  time  ;  then  pf  ==  a  —  or,  and  ~-^  =»  / 

the  accelerative  force ;  hence  w  or  2gP  =  y  (ajp  —  xx)  ; 

the  fluent  of  which  give  v*  eaa  ^  ^«tax  -^  «*),  and  v  e^ 

v^  {^S  ^        J~~)  "  *^*  general  expression  for  the  velocity 

\  It 

at  any  term*    And  when  jr  «  a,  it  becomea  vsxfa^  =.  6^ 

tiiie  greatest  velocity  at  b  and  f. 

Again,  for  the  time,  we  have  /or  -^  » |  v^  —  X 


the  fluents  of  which  give  <»i\/~  Xarcto  versed  sine  — 
and  radius  1,  the  general  expression  for  the  time.    And 

when  jp  S3  a,  it  becooiet  i  s  \p^  —  for  the  time  of  moving 

s 

from  0  lo  r^  p  beings  31416,  and  consequently  ^p^ --^ 

the  time  of  a  whole  vibration  from.o  to  s,  or  from  c  to  a. 
And  which  therefore  is  the  same,  whatever  ab  is,  the  whole 
length  /  remaining  the  same.  » 

And  the  time  of  vibration  is  also  equal  to  the  time  of  the 
vibration  of  a  pendulum  whose  length  is  ^/,  of  half  the  length 
ef  the  axis  of  thj  fluid.  So  that,  if  the  length  /  be  78^  inches, 
it  win  oscillate  in  1  second. 

Scholium.  This  reciprocation  of  the  water  in  the  canal,  is 
•early  similar  to  the  motion  of  the  waves  of  the  sea.  For 
the  time  of  vibration  is«the  sapie,  however  short  the  branches 
«re  provided  the  whole  length  be  the  same,    So  thai  when 

the 
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the  height  iB  small,  in  proportion  to  the  length  of  the  canal, 
the  motion  is  similar  to  that  of  a  wave,  from  the  top  to  the 
bottom  or  hollow,  and  from  the  bottom  to  the  top  of  the 
next  wave  ;  being  equal  to  two  vibrations  of  the  canal ;  the 
whole  length  of  a  wave,  from  top  top,  being  double  the 
length  of  the  canal.  Hence  the  wave  will  move  forward  by 
a  space  nearly  equal  to  its  breadth,  in  the  time  of  two  vibra- 
tions of  a  pendulum  whose  length  is  {^i)  half  the  length  of 
the  canal,  or  one^ourth  of  the  breadth  of  a  wave,  or  in  the 
timf  of  one  vibir^tion  of  a  pendulum  whose  lengfh  is  the 
whole  breadth  of  the  wave,  since  the  times  of  vibration  are 
as  ttie  square  roots  of  their  lengths.  Consequently,  waves 
whose  breadth  is  equal  to  39|  inches,  or  3||  feet,  will  move 
over  dff  feet  in- a  second,  or  195f  feet  in  a  minute,  or  nearly 
2  miles  and  a  quarter  in  an  hour  And  the  velocity  of  greater 
•r  less  waves  will  be  increased  or  diminished  in  the  subdupU- 
•ete  ratio  of  their  breadths. 

Thus,  for  instance,  for  a  wave  of  18  inches  breadth,  aa 
^3^  :  39|  :  :  ^IB  :  ^^Sd^X  18)  =  |  ^313  =  26-6377 
Ihe  velocity  of  the  wave  of  18  inches  breadth. 

PBOBLEM  SO 

To  determine  ike  Time  of  emptying  any  Ditek,  or  Jbwndationf 
^c.  by  a  Cut  or  Notch^  from  the  Top  to  the  Bottom  of  it. 
Let  X  =s  AB  the  variable  height  of  water  at 
any  time ; 
ft  =  AC  the  breadth  of  the  cut ;   t 
d  s=  the  whole  or  first  depth  of  water  ; 
A  =  the  area  of  the  surface  of  the  water 

in  the  ditch ; 
g=l6j^  feet. 
The  velocity  at  any  point  fi,  is  as  y^  bd,  that  is,  as  the  ordi* 
■ate  DE  of  a  parabola  bec,  whose  base  is  ac,  and  altitude  ab. 
Therefore  the  velocities  at  all  the  points  in  ab,  are  as  all  the 
ofdinates  of  the  parabola.  Consequently  the  quantity  .of 
water  running  through  the  cut  abgc,  in  any  time,  is  to  the 
quantity  which  would  run  through  an  equal  ^  aperture  placed 
alf  at  the  bottom  in  the  same  time,  as  the  area  of  the  para- 
bola ABC,  to  the  area  of  the  parallelogram  abgc,  that  is,  as 
2  to  3. 

But  ^g  :  v'jr  :  :  ftg  :  Zy/gx  the  velocity  at  ac  ;  therefore 
}  X  S\/^^  X  ftx  =  ^bx  y/  gx'iathe  quantity  discharged  pejr 

second  through  abgc  ;  and  consequently  — r— ^   is  the  ve- 

w  A 

locity  per  second  of  the  descending  surface.    Hence  then 

'   ^        :  — X  : :  1"  :  ^  ^*    =  l  the  fluxion  of  the  time  of 

dtescending.  Now 
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Now  when  a  the  surface  of  the  water  is  coDStant,  or  the 
ditch  is  equally  broad  tbroughoat,  the  correct  fluent  of  this 

fluxion  arives  t  =  rr—  X  — T  ?if  for  the   general  time  of 

sinking  the  surface  to  any  depth  x»  And  when  x^O^  thiS' 
expression  is  infinite  ;  which  shows  that  the  time  of  a  com- 
plete exhaustion  in  infinite. 

But  if  i<  »  9  feet,  6^2  feet,  a  =^  21  X  1000  —  21()00» 
and  it  be  required  to  exhaust  the  water  down  to  ^  of  a  foot 
deep ;   then  x  ma  -^^   and  the  aboFe  expression  becomes 

3X210^  X  ^*  =  14400",  or  just  4  hours  for  that  time. 

And  if  it  be  required  to  depress  it  8  feet  or  till  1  foot  depth 
of  water  remain  in  the  ditch,  the  time  of  sinking  the  water 
to  that  point  will  be  43^  38". 

Again,  if  the  ditch  be  the  same  depth  and  length  as  before, 
but  20  feet  broad  bottom,  and  22  at  top  ;  then  the  descend* 
ing  surface  will  be  a  variable  quantity,  and,  (by  prob.  16  Prac 

904>x 
Ex.  on  Forces),  it  will  be  -^r-  X  20000  ;  hence  in  this  case  the 

m  M     .  .  -*A«  ,  ««500  90'^X     .  , 

flux,  of  the  time,  or--T- ,  becomes^--      X  — -t-  jc  ;  the 

correct  fluent  of  which  is  t  ■■  - —   X  (    'y^ ^^  for 

3b^g       ^   V*  V<^  ^ 

the  time  of  sinking  the  water  to  any  depth  x. 

Now  when  .r  «&  o,  this  expression  for  the  complete  ex- 
haustion becomes  infinite. 

But  if  .  .  X  =   1  foot,  the  time  t  is  42'  56"i. 

And  when  x  =  ^V  ^^^^^  ^^^  ^><ne  is  3^  60'  28' i. 

PBOBLEM  51. 

To  deiermme  the  Titne  of  filling  the  DUehes  of  a  Fortification 
6  Feet  deep  Tvith  xvater,  through  the  Sluice  of  a  Trunk  of  3  Feet 
Square f  the  Bottom  of  which  it  level  with  the  Bottom  of  the  Ditch, 
and  the  Height  of  the  supplying  Water  i$  9  Feet  iUfove  the  Bot- 
tom of  the  Vitch, 

Let  ACDB  represent  the  area  of  the  Vertical  sluice,  being 
^  square  of  9  square  feet,  and  ab  level  with  the  bottom  of  the 
ditch.  And  suppose  the  ditch  filled  to  any  height  as,  the  sur- 
face being  then  at  cp. 

Put  a  =  9  the  height  of  the  head  or  supply  ; 

i  =  3  =St  AB  =  AC  ;  . 

A  =  the  area  of  a  horizontal  section  of 

the  ditches ;  - 

X  s=:  a  —  AE,  the  height  of  the  head 
abore  ep. 
Vol,  it.  70 


64«  i;Roiinscuous  exercises. 

Then  y/g  :  ^/x  : :  %  :  ^y/gx  the  Telocity  with  which  thcf 
water  presses  through  the  part  aefb  ;  and  theref.  ^y/gx  X 
AEFB  =s  th  y/gx{a — x)  is  the  qHaotity  per  second  running 
thpough  AEFB.  Also,  the  quantity  running  per  second  through 
ECDF  is  ^y/gx  X  \\  ECDF  =  ^h  y/  gx  (6  —  0  +  x)  uearlj* 
Tor  the  real  quantity  is,  by  proceeding  as  in  the  last  prob. 
the  difference  between  two  parab.  segs.  the  ah.  of  the  one 
being  X,  its  base  6,  and  the  alt  of  the  other  a  ^  h  {  and  the 
medium  of  that  dif  between  its  greateiit  state  at  ab,  where  j^ 
is  i^AD,  and  its  least  state  at  cd,  where  it  is  0,  is  nearly  f^Eis 
Consequently  the  sum  of  the  two,  or  \hy/gx  (a  +  116— jr) 
is  the  quantity  per  second  running  in  by  the  whole  sluice 

ACDii.     Hence  then  \h  y/  gx  Ys  -^ =    n  is.  the  rate 

or    velocity    per  secon^^  with  which    the  water  rtaet   in 

ditches  ;  and  so  r  :  —  i  : :  1"  :  f  =  *.«f  =  II— .  x  — -- 

the  fluiion  of  the  time  of  filling  to  any  height  ae,  putting 
e  =  a-f  116. 

.    Now  when  the  ditches  are  of  equal  width  throughout,  ▲ 
18  a  "constant  quantity,  and  in  that  case  the  correct  fluent  of 

this  fluxion  is  ^  =  -^  X  log.  {^^^±^^.  X  ^"-^    the  ge- 

neral  expression  for  the  time  of  filling  to  any  height  ae,  or 
a  —  x»  not  ezceedrog  the  height  ac  of  the  sluice.    And 

when  x  =  AC=a-*6  =  d  suppose,  th^n  <  =  -t—-  X  log. 

CLIZ^  ,  >£fZ — )  18  the  time  of  filling  to  c»  the  top  of 

the  sluice. 

Again,  for  filling  to  any  height  gr  above  .the  sluice,  x  de^ 
noting  as  before  a  —  ao  the  height  of  the  head  above  ghv 
2  ^  gx  win  be  the  velocity  of  the  water  through  the  ^hole 
sluice  AD  :  and  therefore  26'  y/  gx  the  quantity  per  second^ 

tod :^=  V  the  rise  per  second  of  the  water  in  the  ditches  ; 

consequently  v  :  —  i  :  :  1"  :  f  =  —  -  =  --- —  x  -^    the 

^  V        2b*»/g         ^/9 

general  fluxion  of  the  time  ;    the  correct  fluent  ef  which 

being 0  when  x  =  a  —  6  =%  d,  is  <  ^k^ZT  (\/  ^  "  V^*)  ^^ 

time  of  filling  from  cd  to  oh. 

Then  the  sum  of  the  two  times,  namely,  that  of  filling 
from   AB    to   cs,    and   that   of  filling  from   cd   to    gh,    is 

time 
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time   required.      And,    using  the  nanabers    in    the  proh., 

th«  becomes  ^  -  [^-^^4-  --^  X  ••  (^413^7 :.-«i:7:'i 
3=  0'03577277a,  the  time  in  terms  ot  a  the  ar^a  of  the 
len^h  and  breadth,  or  horizontal  section  of  the  ditches. 
And  if  we,  suppose  that  area  to  be  200000  square  feet,  the 
time  required  will  be  7154',  or  1^  69'  14'' 

And  if  the  !<ides  of  the  ditch,  slope  a  little,  so  as  to  be  a 
little  narrower  at  the  bottom  than  at  lop,  the  process  will  be 
nearly  the  same,  substituting  for  a  its  variable  valne,  as  in 
the  preceding  problem.  And  the  time  of  tiiliug  will  be  tery 
nearly,  the  same  as  that  above  determined. 

PROBLEM  85. 

But  if  the  Water ^  from  which  the  Ditches  are  to  be  JUled^ 
.  he  the  fVfie,  Vfhich  at  Low4Vater  is  below  the  Bottom  o/*  the 
Trunks  and  rises  to  9  Feet  abooe  the  Bottom  of  it  by  a  re'^ular 
Rise  of  One  Foot  in  Half  an  H<)ur ;  it  is  required  to  ascertain 
ihe  Time  of  Filling  it  to  6  Feet  high,  as  before  in  the  last 
Problem. 

Let  AcoB  represent  the  sluice  ;  and  when  the^  tide  has  risen 
tp  any  height  oh,  below  en  the  top  of  the  sluice,  without  the 
ditches,  let  ef  be  the  mean  height  of  the  water  within. 
And  put  6  =  3  =  AB  =  AG  ; 

A  =  horizontal  section  of  the  ditches ; 


D 

H 
P 


X  =  Ao  ;  ^    C 

Theny'g  :  ^vlo  :  :  tg  :  %y/g  (x— z)  the  vclo-       -^ 

city  of  the  water  through  aefb  ;  and  '^         ^ 

\/g  •  v^Ko  w  \g  '  \y/  g{x — z)  the  mean  vel.  through  eghp  : 
theref.  26z  y/^(x— ^)  is  the  quantity  per  sec.  through  aefb  ; 
and  ^bijc^z)  y/ g{x — 2\  is  the  same  through  eghf  ; 
conseq  \by/  g  X  (2x  +  2r)y^x — z)  is  the  whole  through 
AGHB  per  second.     This  quantity  divided  by  the  surface  a, 

gives  -^  X  (2r  +  z)  y/  (x — z)  =  v  the  velocity  per  second 

ja  * 

with  which  ef,  or  the  surface  of  the  water  in  the  ditches, 
rises.     Therefore 


l'':;  =  ^=r^^^  X  * 


But,  as  GH  ri^es  uniformly   1  fDot  in  30'  or  1800'  there- 
fore 1  :  AG  : :  1800"  :   1800r  =  t  the  time  of  the  tide  rising 

through  AG  ;  conseq.  i  =  ISOOi  =  ^'  * 


ormz  ^=(2x-f-z)y/(jr-«-2r)  •  xis  the  fluxibnal  eqna.  expressing 
the  relation  between  J?  and  z  ;  where  m  =  ^ — : — ^  =  JLl— 
or  \m\  wheq  a  ^  200000  square  feet.  Npnt 
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Now  to  find  the  flaent  of  thil    equation,  aMome  z  ;^ 
A*' +  Bx*+  cx  ^  +D4f  ^  &c.   Se  shall 

find  mz  =s  ImAar^a-  4"  f  iiwx^x  +  y  mcx^x  +  V  »«>■«'  '  x  &c- 
Then  eqaate  the  coefficients  of  the  like  terms, 


so  shall 
imA  ^  2, 
|mB  =  O9 

^^mD^  —  JA*  -^|ab, 

and  consequently 

4 

^=5m' 
B  =  0, 

24 

^             275m:i' 
16 

"  "     srsm* ' 

&c. ; 

^c 

Which  values  of  a,  b,  c,  &c.  substituted  in  the  assumed 
value  of  Zf  give 

4      4  24        1*  16        V* 

5m        *       2751113'*  8r5«« 

4    * 

•  or  r  =  j-a*  very  nearly. 

And  when  x  =  s  =  ac,  then ;?  =  '886  of  a  foot,  or  1G| 
inches,  ^=^  ae,  the  height  of  the  water  in  the  ditches  when 
the  tide  is  at  cd  or  S  feet  hij;b  without,  or  in  the  first  hour  and 
half  of  time. 

Again,  to  find  the  time,  after  the  above,  when        1  ' 

iSF  arrives  at  cd,  or  when  the  water  in  the     O 
ditches  arrives  as  high  as  the  top  of  the  sluice.      C 

The  notation  remaining  as  before,  B 

then  26z^^(ar— z)  per  sec.  runs  through  af, 
and  {6(3 — z)^^(x--2)  per  sec.  thro' ed  nearly; 
therefore  |6v/gX(l2  -i-  z)^{x  -^  z)  is  the  wliole  per  second 

through  AD  nearly. 

conseq.  -^^  X  (12  +  zy^(x -^  z)  =^v  i»  the  Velocity  per 

second  of  the  point  e  ;  and  therefore, 

v;i::r'rt  =  *- = -i^  x-— ~f-r =1800i.or 

mz=  (12+r)y'(a:-.r)  .  x,  where  vi  =  — ^— =:  23  ^^ nearly. 

Assume 


F 
B 
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Astame  z  =  Aap*+Baf*+cx*+D«'  &c.     So  shall 

y/  X  4       A   *       A>4-4B    I       A3+4AB+8C    4,_ 

12+2  =.  12  +  AX^+Btt^+or^  Uc  ; 

(12+2)  .  ^{x^z)  .  x=12x*i-.6AX*x— (jA>  +  6B)xti&c  ; 

•Hz  =  |mAx'x+t»nBJ:'i+4mcx'i-&c. 

Then,  eqaating  the  like  terms,  &c.  we  have 

a  54  96  64  ,      , 

A=  -,  B  =  —  — -,c=  •-— ,  D  =:  r— r  nearly,  &c. 

XT  8  4      24    .,    96      4  ,     64       ,  ^ 

Hence  z  =  -x*  .-*«+^— x*+3 -x3  &c.     . 

Or  2  «*  — x^nearly. 

Bat,  hy  the  first  process,  when  x  =  3,  2  =  '  '886  ;  which 
suhstitated  for  them,  we;, have  2  =  886,  and  the  series  = 

1  '69  :  tberefpriB  the  corre^^  fluents  are 

z  -*.  »886  =  -  1-63  +  ix«  ^  — x<  &c. 

m  »»• 

,     -- .         8    }       24   .  . 
or  2  +  '774  s=»  c^*  —  -^x*  kc. 

And  when  2  =  3  =?  ac,  it  gives  x  =:  6*369  for  the  height 
of  the  tide  without,  when  the  ditches  are  filled  to  the  top  of 
the  sluice,  or  3  feet  high  ;  which  answers  to  3^  11'  4'^ 

Liastly,  to  find  the  time  of  rising  the  remainiug  3  feet  abpve 
the  top  of  the  sluice  ;  let 
9  =s  CO  (be  height  of  the  tide  above  f;D,  ( 

2  s=  CB  ditto  itt  the  ditches  above  cd  ;  ] 
and  the  other  dimensions  m  before.  { 

Then  v/ ^  :  \/  *o  J :  %  •  ^  v/f  (•«?-  ^)  ~  the 

velocity  with  which  the  water  runs  through  the 

whole  sluice  ad  ;  conseq.  ad  X2  y/  ^  (jp  — 2)  =     A  B 

18  y/  g{x  ^  2)  is  the  quantity  per  second  running  through  the 

sluice,  and  — ^^v'  (^  —  -2^)  =  ^  the  velocity  of  .2,  or  the  rise 
^  the  water  in  the  ditches,  per  second  ;  heoce  viz::  1^' :  } 

floxioDal  eqaation  ;  where  m  =  ^/"^  y=^- 


•  Note*  The  flaxioaal  equation  mH  ^i  %/(*-"«)  may  be  integrated 
vrithout  •ericfr— Edi  t  ok. 

To 


*  , 


i 
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To  find  the  flaent, 
Assume  x  =  Ar* +bj^+cx*+dx»  tc. 
Then  jr  —  r  =  x— ax*— bx«— ca:"  &c. 

jrv/(x  — ;r)=x'x  —  ir J?'x  -  — ^ — x'x  wc. 

mi  =  |nAX*i+  |iiBx*i+|ncx*x  &<:. 
ThcD  eqaatiog  the  like  terms  gives 

^  ■"  3b  '  """diS"'  ^""qo^'  """"slo^T'  *^- 

3'i  6'j»  9'jn«         810714 

But,  by  the  second  case,  when  z  :=  0,  x  =  3*369,  which 
being  used  in  the  series,  it  is  1  936  ;  therefore  the  correct 

fluent  is  2r  ~  —  1-936  +  — -x*  — r-i  x^  &c.    And  when 

:?  =  3,  X  f=  7  ;  the  heights  aboye  the  top  of  the  sluice  \ 
answering  to  6  and  10  feet  above  .the  bottom  of  the  ditches. 
That  is,  for  the  water  to  rise  to  tie  height  of  6  feet  within 
the  ditches,  it  is  necessary  for  the  tide  to  rite  to  10  feet  with- 
out, which  just  answers  to  5  hours;  and  so  long  it  would 
take  to  fill  the  ditches  6  feet  deep  with  water,  their  horizontal 
area  being  200000  square  feet. 

Farther,  when  x  =  6,  then  r  ^  2117  the  height  abore 
die  top  of  the  sluice  ;  to  which  add  3,  the  height  of  the  sluice, 
and  the  sum  5' 1 17,  is  the' depth  of  water  in  the  ditches  in 
4  hours  and  a  half,  or  when  the  tide  has  risen  to  the  height  of 
9  feet  without  the  ditches. 

Note,  In  the  foregoing  problems,  concerning  the  efflux 
of  water,  it  is  tal^en  for  granted  that  the  velocity  is  the  same 
as  that  which  is  due  to  the  whole  height  of  the  surface  of  the 
supplying  water  :  a  supposition  which  agrees  with  the  prin- 
ciples of  the  greater  number  of  authors  :  though  some  make 
the  velocity  to  be  that  which  is  due  to  the  half  height  only  : 
and  others  make  it  still  less. 

Also  in  some  places,  where  the  difference  between  two 
parabolic  segments  was  to  be  taken,  in  estimating  the  mean 
▼elocity  of  the  water  through  a  variable  orifice,  I  have  used 
a  near  mean  vahie  of  the  expression  ;  which  makes  the  ope- 
ration of  finding  the  fluents  much  more  easy»  and  is  at  the 
same  time  sufficiently  e^act  for  the  purpose  in  hand. 

We  may  further  add  a  remark  here  concerning  the  method 
of  finding  the  fluents  of  the  three  fluzional  forms  that  occur 
in  the  solution  of  this  problem,  viz.  the  three  forms  mz  ^=^ 
(2x  +  z)  -/  (x  —  z)i,  and  mi  =»  (12  +  ^)\/(*— '^)*?  ">^ 
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fii^  3s  ^  (jT—  z)x  the  fluents  of  which  are  foand  bj  assum- 
ing the  fluent  mz  in  an  intinite  series  ascending  in  terms  of 
X  with  indeterminate  coefficients  a,  b,  c,  &c.  which  coeffi- 
cienU  are  ailerwards  determined  in  the  usual  way.  by  equals 
ing  the  correspmding  terms  of  twt)  similar  and  equal  series, 
the  one  series  denoting  ohe  side  of  the  fluxional  equation,  and 
the  other  series  the  other  side  By  similar  series,  is  meant 
whea  IJbey  hare  equal  or  like  exponents  ;  though  it  is  not 
necessary  that  the  exponents  of  all  the  terms  should  be  like 
or  pairs,  but  only  some  of  them,  as  those  that  are  not  in  pairs 
will  he  cancelled  or  expelled  by  making  their  coefficients  =: 
0  or  nothing.  Now  the  general  way  to  make  the  two  series 
similar,  is  to  assume  the  fluent  2  equal  to  a  series  in  terms  of 
Xy  either  ascending  or  descending,  as  here 

z  as  x^  +  x^**  +  x*"***  &c  for  ascending, 
orz  =  -r*"  +  jc*^^  +  Jf*^**  &c.  for  a  descending 
ieries,  having  the  exponents  r,  r  ±:  9,  r  ±  ?#,  &c  in  arith- 
metical progression,  the  first  term  r,  and  common  difference 
f ;  without  the  general  coefficients  a,  b,  c,  &c  till  the  values 
of  the  exponents  be  determined  In  terms  of  this  assumed 
series  for  2,  find  the  values  of  the  two  sides  of  the  given  flux- 
ional  equation,  by  substituting  in  it  the  said  series  instead  of 
z ;  then  put  the  exponent  of  the  first  term  of  the  one  side 
equal  that  of  the  other,  which  will  give  the  value  of  the  first 
exponent  r ;  in  like  manner  put  the  exponents  of  the  two  2d 
terms  equal,  which  will  give  the  value  of  the  common  differ- 
ence 5  ;  and  hence  the  whole  series  of  exponents  r^r  ±i  a^  r 
±  2$  lie.  becomes  known. 

Thus,  for  the  last  of  the  three  fluxional  equations  above 
mentioned,  viz.  mi^^  y/  (x— z)i,  or  only  i  =  ^  (x  ^^i)  ; 
having  assumed  as  above  2  =  x^  +  x'**  &c.  and  talking  uie 
fluxion,  then  i  =  af^'  x  -^  af**"*  i  -f  &c.  omitting  the 
coefficients  ;   and  the  other  side  of  (he  equation  y/  (r-^2r)x= 

^  (x  —  x*"— X'**  &c)  =  x*x— x'-ii  &c.  Now  the  expo- 
nents of  the  first  terms  made  equal,  give  r  —  1  =:  4,  theref. 
r  ==  I  +  4  =  #  ;  and  those  of  the  2d  terms  made  equal, 
give  r+i— l=r — J^  theref  »—  1  r=  .«  ^,  and  j  =  1 — i  =  i: 
conseq.  the  whole  assumed  series  of  exponents  r,  r  -f-  s^ 
r  ^-  2«,  &c.  become  f  i  f «  ^*  &c.  as  assumed  above. 

Again,  for  the  ^d  equation  oiz  or  z  =  (12+^)  v'  (x— z)i 
=s  (a+z)  v/  (^— ^)x  ;  assuming  z  =  t^  +  x*"*'  &c  as  before, 

then  z  =  x»^»  «  +ac^*"*x  &c  and  y/{-r^  zYx  ==  x^i-  -  x^^'x 
kc.  both  as  above  ;  this  mult,  by  a  -f  z  or  a  4-  x''+x''^«  &c. 

fives  ox  ^dr  —  ax^ii  &c  :  then  equating  the  first  ilxponentt 
(ives  r— l=4or  r  =*  |,and  r  +  «-.l=r— i,  or  j=1  — i=J; 

hence 
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hence  the  series  of  eq)oneDt8  is  |,  |,  f ,  &c;  the  same  as  th^ 
former,  and  as  assumed  above. 

Lastly,  assuming  the  same  form  of  series  for  z  and  z  as  in 
the  above  two  cases^  for  the   1st  fluxional  eqaation  also,  vis. 

mi  =(2jr4-z)^(r— ^)i  :  then  v^(jr— ^)i=x*i-J?'-*i&c 

which  mult,  by  tx  +  *,  gives  ^x^x-^x^^x  kc. :  here  eqnat- 
ing  the  first  exponents  gives  r—  1  =:|orr  =  4,  and  eqaat- 
iDg  the  2d  exponents  gives  r  +  f—  i=:r  +  it  orf  =  fj 
hence  the  series  of  exponents  in  this  case  is  f ,  |,  y ,  &c.  as 
'  used  for  this  case  above.  Theti,  in  every  case,  the  general 
coefficients  a,  b,  c,  kc.  are  joined  to  the  assumed  terms  oe^, 
«*'*'',  &c.  and  the  whole  process  conducted  as  in  the  three 
series  just  referred  to. 

Such  then  is  the  regular  and  legitimate  way  of  proceedings 
to  obtain  the  form  of  the  series  with  respect  to  the  expo- 
nents of  the  terms.  But,  in 'many  cases  we  may  perceive  at 
sight,  without  that  formal  process,  what  the  law  of  the  ex- 
ponents will  be,  as  I  indeed  did  in  the  solutions  in  the  series 
above  referred  to  ;  and  any  person  with  a  little  {»ractice  may 
easily  do  the  same. 

PROBLEM  59. 

To  determine  the  fall  of  the  Water  in  the  Arches  of  a  Bridge, 

The  effects  of  obstacles  placed  in  a  current  of  water,  such 
as  the  piers  of  a  bridge,  are,  a  sudden  steep  descent,  and  an 
increaseof  velocity  in  the  stream  of  water,  just  under  the 
arches,  more  6r  less  in  proportion  to  the  quantity  of  the  ob- 
struction and  velocity  of  the  current;  being  very  small  and 
hardly  perceptible  where  the  arches  are  large  and  the  piers 
few  or  small,  but  in  a    high  and  extraordinary  degree  at 
London-bridge,  and  some  others,  where  the  piers  and  the 
sterlings  are  so  very  large,  in  proportion  to  the  arches.     This 
is  the  case,  not  only  in  such  streams  as  run  always  the  same 
way,  but  in  tide  rivers  also,  both  upward  and  downward,  but 
much  less  in  the  former  than  in  the  latter.     During  the  time 
of  flood,  when  the  tide  is  flowing  upward,  the  rise  of  the 
water  is  against  the  under  side  of  the  piers  ;   but  the  differ- 
ence between  the  two  sides  gradually  diminishes  as  the  tide 
flows  less  ^rapidly  towards  the  conclusion  of  the  flood.    When 
this  has  attained  its  full  height,  and  there  is  no  longer  any 
current,  but  a  stillness  prevails  in  the  water  for  a  short  time, 
the  surface  assumes  an  equal  level,  both  above  and  below 
bridge-     But  as   soon  as  the  tide  begins  to  ebb  or  return 
again,  th^  resistance  of  the  piers  against  the  stream,  and   the 
contraction  of  the  waterway,  cause  a  rise  of  the  surface  above 
and  under  the  arches,  with  a  full  and  a  more  rapid  descent  in 

the 
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Ae  contracted  stream  just  below.  The  quantify  of  this  rise» 
and  of  the  consequent  Telocity  below,  keep  both  gradually 
increasing,  as  the  tide  continues  ebbing,  till  at  quite  low 
water,  when  the  stream  or  natural  current  being  the  quick- 
est, the  fall  under  the  arches  is  the  greatest.  And  it  is  the 
quantity  of  this  fall  which  it  is  the  object  of  this  problem  to 
determine. 

Now,  the  motion  of  free  running  water  is  the  consequence 
of,  and  produced  by  the  force  of  gravity,  as  well  as  that  of  any 
other  falling  body.  Hence  the  height  due  to  the  velocity, 
that  is,  the  height  to  be  freely  fallen  by  any  body  to  acquire  th^ 
observed  velocity  of  the  natural  stream,  in  the  river  a  little 
way  above  bridge,  becomes  known.  From  the  same  velocity 
also  will  be  found  that  of  the  increased  current  in  the  narrow- 
ed way  of  the  arches,  by  taking  it  in  the  reciprocal  proportion 
of  the  breadth  of  the  river  above,  to  the  contracted  way  in  the 
arches  ;  viz.  by  saying,  as  the  latter  is  to  the  former,  so  is  the 
first  velocity,  or  slower  motion,  to  the  quicker.  Next,  from 
this  last  velocity,  will  be  found  the  height  due  to  it  as  before, 
that  is,  the  height  to  be  freely  fallen  through  by  gravity,  to 
produce  it.  Then  the  difference  of  these  two  heights,  thus 
freely  fallen  by  gravity,  to  produce  the  two  velocities,  is  the 
required  quantity  of  the  waterfall  in  the  arches  ;  allowing 
however,  in  the  calculation  for  the  contraction,  in  the  narrow- 
ed passage,  at  the  rate  as  observed  by  Sir  1.  Newton,  in  prop. 
^6  of  the  2d  book  of  the  Principia,  or  by  other  authors,  being 
nearly  in  the  ratio  of  25  to  21.  Such  then  are  the  elements 
and  principles  on  which  the  solution  of  the  problem  is  easily 
made  out  as  follows. 

Let  b  :=  the  breadth  of  the  channel  in  feet ; 

V  =  mean  velocity  of  the  water  in  feet  per  second  ; 
c  c=  breadth  of  the  waterway  between  the  obstacles. 

21 
Now  25  :  21  :  :  c  :  — -c,  the  waterway  contracted  as  above. 

21  25A 

And  --C  :  b  :  :v  i—v^the  velocity  in  the  contracted  way. 
Also  322  :  v3  :  :  16  :  ^,;9^  height  fallen  to  gain  the  velocity  v. 
And  32*  :(^-^t))«  :  :  16  :  {^y  X  ^x;« ,  ditto  for  the  vel.|^  r. 

Then  (^)«  X^-~  is  the  measure  of  the  fall  required. 

Or [(?£*)«  ^  1]  X-^ is  a  rule  for  computing  the  fall. 

Or  rather ^^  XT*  very  nearly,  for  the  fall. 

Vol.  II.  71  Et/ii- 
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ExAK.  1.    For  London-brie^e* 

By  the  observations  made  by  Mr.  Labelye  in  1746, 
The  breadth  of  the  Thames  at  London-bridge  is  926  feet ; 
The  sum  of  the  waterways  at  the  time  of  low- water  is  236  ft.  ; 
Mean  velocity  of  the  stream  just  above  bridge  is  3^  ft.  per  see- 
But  under  almost  all  the  arches  are  driven  into  the  bed  great 
numbers  of  what  are  called* dripshot  piles,  to  prevent  the  bed 
from  being  washed  away  by  the  fall.  These  dripstfot  piles 
still  farther  contract  the  waterways,  at  least  ^  of  their  measur- 
ed breadth,  or  near  39  feet  in  the  whole  ;  so  that  the  waterway- 
will  be  reduced  to  197  feet,  op  in  round  numbers  suppose  200 
feet. 

Then  b  =  926,  c  =  200,  i>  =  3J. 

lA2h9^ci       1217616—40000 

Hence = * — =  •4o. 

^  "«"^'^        ^c2  64X40000 

Andi;'  — -gr=  ^^iV- 

Theref  46  X  10^=4-73  ft.=4  ft.  8f  in.  the  fall  required. 
By  the  most  exact  observations  made  about  the  year  1736» 
(he  measure  of  the  fall  was  4  feet  9  inches. 

Exam.  2.     For  Westminster-bridge. 

Though  the  breadth  of  the  river  .at  Westminster-bridge  is 
1220  feet ;  yet,  at  the  time  of  the  greatest  fall,  there  is  water 
through  only  the  13  large  arches,  which  amount  to  b«t  820 
feet ;  to  which  adding  the  breadth  of  the  12  intermediate 
piers,  equal  to  174  feet,  gives  994  for  the  breadth  of  the 
river  at  that  time  ;  and  the  velocity  of  the  water  a  Uttle  above 
the  bridge,  from  many  experiments,  is  not  more  than  2^  fl. 
per  second. 

Here  then  b  =  994,  c  =  820,  ^  =  2i  =  J. 

1.42&a-c2      1403011-672400         \.«^^ 

Hence  — =  =  •01722. 

64c«  64x672400  V*  «^*. 

And  p»  =  — -  =  5J- 

Theref.  -01722  X  6,V  =  '0872  ft.=l  in.  the  fall  required  ^ 
which  is  about  half  an  inch  more  than  the  greatest  fall  ob- 
served by  Mr.  Labelye. 

And,  for  Blackfriar's-bridge,  the  fall  will  be  much  the  same 
as  that  of  Westminster. 
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JVew  method  of  determining  the  Angle  contained  hy  the  chords 
of  two  sides  of  a  l^herictA  Triangle, 

Ste  prob.  T.  page  77tToL  SL 


THEORSM. 


If  any  two  sides  of  a  Spherical  Triangle  be  produced  till  the 
contiooatioD  of  each  side  be  half  the  supplement  of  that 
side,  the  arc  of  a  great  Circle  joining  the  extremities  of  th^ 
sides  thus  produced  will  be  the  measure  of  the  Angle  con- 
tained bj  the  chords  of  those  two  sides. 


DEMONSTRATION. 


Let  the  two  sides  ab,  ac  of  the  spherical 
triangle  a^c  be  produced  till  they  meet  in 
o,  and  let  the  supplements  bo,  co,  be  bi- 
sected in  D  and  e,  also  let  the  chords  aitib, 
AfiG  of  the  arcs  ab,  ac  be  drawn  ;  and 
the  great  circular  arc  de  will  be  the  mea- 
sure of  the  rectilineal  angle  contained  by  the 
chords  AmB,  Anc. 

Let  the  diameter  ag  be  the  common  section  of  the  planea 
of  ABO,  AGO,  and  f  the  centre  of  the  sphere,  from  which  draw 
the  straight  lines  fd,  fb. 

Since,  by  hypothesis,  ge  is  the  half  of  oc,  therefore  the 
angle  at  the  centre  gfe  is  equal  to  the  angle  at  the  circumfe- 
rence GAnc  (theo.  49.  Geom.  k  and  therefore  Anc  and  fe,  being 
in  the  same  plane,  are  parallel  :  in  like  manner,  it  is  shown 
that  FD  and  AmB  are  parallel,  and  therefore  the  rectilineal 
angles  bag  and  dfe,  arc  equal,  and  consequently,  since  de  is 
the  measure  of  the  angle  dfe,  it  is  also  the  measure  of  the 
angle  contained  by  the  chords  Ams  and  Anc.  q.  e.  d. 

JVctw 
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New  nuihod  of  dUermining  ike  otcUhtiont  of  a  Variable 

PendtUum. 

The  principles  adopted  by  Dr.  Hatton  in  the  gelation  of 
his  45th  problem,  page  537,  toI  2,  are,  in  my  opinion,erroneoa8. 
He  supposes  the  nnmber  of  vibrations  made  in  a  given  parti- 
cle of  time  to  depend  on  the  length  of  the  pendulum  only, 
without  considering  the  accelerative  tension  of  the  thread  ;  so 
that  by  his  formula  vre  have  a  finite  nqmber  of  vibrations  per- 
formed in  a  finite  tii^e  by  the  descending  weight,  even  when 
the  ascending  weight  is  infinitely  small  or  nothing.  Besides, 
the  stating  by  which  he  finds  the  fluxion  of  the  number  of  vi- 
brations, is  referred  to  no  geometrical  or  mechanical  princi- 
i>le,  and  appears  to  be  nothing  but  a  mere  hypothesis.  The 
bllowing  is  a  specimen  of  the  method  by  which  such  prob- 
lems may  b^  solved  according  to  acknowledged  principles. 

FRQBLBM. 

|r  two  unequal  weighs  m  and  m'  cownecied  hy  a  thread  pas- 
eing  freely  oroer  a  puUyt  are  suspended  vertically ,  and  exposed 
to  the  action  of  common  gravity ,  it  is  required  to  investigate  ike 
number  of  vibrations  made  in  a  given  time  by  the  greater  weight 
m,  supposing  it  to  descend  from  the  point  of  sivaipemdofn^  andta 
make  indefiniUly  smaU  rempDols  from  the,  verikcil, 

SOLUTIOK. 

Let  the  summit  a  pf  a  yertical  abcob  ^e  the 
point  from  which  m  descends,  b  any  point  in  ae 
taken  as  the  beginning  of  the  plane  curve  amim 
described  by  m,  which  is  connected  with  fn'  by 
t))e  thread  xm.  Let  mc  be  at  right  angles  to  ae, 
and  put  AC  =  x,  cm  ==  y.  Am  =  r  ;  also  let  r,  ( 
and  T  be  the  times  of  the  descent  of  m  through 
the  vertical  spaces  ab,  ac,  and  bc  ;  g  =  32} 
feet,  =  the  measure  of  accelerative  gravity; 
/  ^  the  measure  of  the  retarding  force  which 
the  tension  of  the  thread  exerts  on  m  in  the  direction  mAr^nd 
c  :=  the  indefinitely  small  horizontal  velocity  of  m  at  b. 

As  r  :  X  :  :/;^  =  the  vertical  action  of  the  tension  oo  m  ; 

^  there£  g  -^i- = the  true  accelerative  force  with  which  ft 
is  urged  in  a  vertical  direction. 

Again, 
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Agaio,  r  :y:  :/:^=  the  horizontal  action  on  m '^pro^nced 

by  the  tension  of  the  thread  Am.  Thns  the  whole  accelerative 
forces  by  which  m  is  urged  in  directions  parallel  to  x  and  y, 

aregr-^»and— ,tbe  former  of  these  forces  tending  to  in* 

crease  x,  and  the  latter  to  diminish  y  ;  and  therefore  by  the 
general  and  well  known  theorem^  of  variable  motions  (See 
Mtc.  Cd.  B.  1,  Chap.  2),  we  ha?e'the  two  equations 

#t      *        r  fi  r 

But  by  hypothesis,  the  angle  mAc  is  indefinitely  small,  we  hare 
therefore  -=  l,and/=~^  =  a  given  quantity  ;  our  first 
inxional  equation  therefore  becomes 

of  which  the  proper  fluent  is  x  =  ^  (g  — ^ )  t^  :  and  by  substitu- 
ting for  X  the  raiue  just  found,  our  second  fluxional  equation 
becomes. 

Now  when  p  is  less  than  },  let.^  =  y/  ^  —  p,  and  in  this  case 
the  correct  fluent  of  the  equation-^  +/>y=0,  is  easily  found 
to  be  ' 

firom  which  equation  it  is  manifest  that  as  t  increases  y  also  in- 
creases, so  that  m  ne?er  returns  to  the  vertical,  and  there  are 
BO  vibrations.  Again,  when  p  =  |,  the  correct  fluent  of  the 
same  fluxional  equation  is 

7=\/^  •  1»JP-  Jog-  (;;)• 

So  that  in  this  case  also,  when  t  increases  y  increases,  and  the 
bodpr  m  never  returns  to  the  vertical.    Since  in  this  case  p  = 

7  =  \y  therefore  17m'  =  m,  and  therefore  by  this  case 

and  the  preceding,  there  are  no  vibrations  performed  by  the 
descending  weight  m  when  it  is  eaual  to  or  greater  than 
1 7  times  the  ascending  we^ht  m.        ■ 

But 
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But  whenp  is  greater  than  |,  put  n  =  ^p^^  and  in  thii 
case  the  correct  equation  of  the  fluents  is 

•i-= •  .  sin.  (n  .  hyp.  log.-). 

This  equation  shows  us  that  we  shall  hare  y  =  0  as  often  as 
n.  hyp.  log.  -  hecomes  equal  to  any  complete  number  of  semi- 
circumferences  :  if  therefore  9-=  3-1416,  and  n  =  any  num- 
ber in  the  series  1,  2,  3,  4,  5,  &ic,  we  can  have  9  =  0  only 

when  n.  hyp.  log.  -  =  rrar,  from  which  we  have  •     — , 

supposing  hyp.  log.  e  =  1 ,  and  therefore 

which  shows  the  relation  between  the  number  of  vibrations  n 
and  the  time  t  in  which  they  are  performed. 

Hence  it  is  manifest,  that  the  times  or  durations  of  the  seve- 
ral successive  vibrations  constitute  a  series  in  geometrical 
progression. 
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LOGARITHMS 
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NUMBERS 


FROH 


1  to  1000. 


N.  I  Log. 


I 

2 

3 

4 

5 

6 

7 

8 

9 

\0 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 


0-000000 

0*301030 

0*477 121 

0*602060 

0'698970 

0-778151 

0*845098 

0-903090 

0*954243 

1 '000000 

1 '04 1 393 

1'079181 

1'113943 

1-146128 

1-176091 

1-204120 

1-230449 

r-255273 

1-278754 

1-301030 

1-322219 

1-342423 

1-361728 

1-380211 

1-397940 


N.- 

Log. 

N. 

26 

1-414973 

51 

27 

1*431364 

55 

28 

1*447158 

53 

29 

1*462398 

54 

30 

1-477121 

55 

31 

1-491362 

56 

32 

1  505150 

57 

33 

1*518514 

58 

34 

1-531479 

59 

35 

1-544068 

60 

36 

1- 556303 

61 

37 

1-568202 

62 

38 

1-579784 

63 

39 

1-591065 

64 

40 

1-602060 

65 

41 

1-612784 

66 

42 

1-623249 

67 

43 

1-633468 

68 

44 

1*643453 

69 

45 

1-653213 

70 

46 

1.662758 

71 

47 

1-672098| 

72 

48 

1-661241 

73 

49 

1.690196' 

74 
75 

50 

l.698970l 

Log. 

1-707570 
1*7 16003 
1*724276 
1-732394 
1*740363 
1*748188 
1*755875 
1*763428 
1*770852 
1-778151 
1-785330 
1-792392 
1-799341, 
1-806180 
1-812913 
1-819544 
1-826075 
1-832509 
1-838849 
1-845098 
1-851258 
1-857333 
1-863323 
1-869232 
1-875061 


N. 

76 
77 
78 
79 
80 
81 
82 
83 
84 
85 
86 
87 
88 
89 
90 
91 
92 
93 
94 
95 
96 
97 
98 
99 
100 


Log. 


880814 
886491 
892095 
897627 
903090 
908485 
913814 
919078 
924279 
929419 
934498 
939519 
944483 
949390 
954243 
959041 
963788 
968483 
973128 
977724 
982271 
986772 
991226 
9956,35 
000000 


N.  B.  In  the  following  table,  in  the  last  nine  columns  of  each  page» 
where  the  first  or  leadinf;  fij^ares  change  from  9's  to  O's*  points  or 
dots  are  now  introduced  instead  of  the  0*a  through  the  rest  of  the 
line,  to  catch  the  eye,  and  to  indicate  that  from  thence  the  cor- 
responding natural  number  in  the  first  column  stands  in  the  next 
lower  line,  and  its  annexed  first  two  figures  of  the  Logarithm  in 
the  second  column. 
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S. 


100  000000 

101  4321 

102  8600 

103  012837 

104  7033 

105  021189 

106  5306 

107  9384 

108  033424 

109  7426 

110  041393 

111  5323 

112  9218 

113  053078 

114  6905 

115  060698 

116  4458 

117  8186 

118  071882 
il9   5547 

120  9181 

121  082785 

122  6360 
125   9905 

124  093422 

125  6910 

126  100371 
127 
128 
129 
130 
131 
132 
133 
134 
135 
136 
137 
138 
139 
140 
141 
142 
143 
144 
145 
146 
147 
148 
149 


3804 
7210 

1 10590 
3943 
7271 

120574 
3852 
7105 

130334 
3539 
6721 
9879 

143015 
6128 
9219 

152288 
5336 
8362 

161368 
4353 
7317 

170262 
3186 


1 

0434 

4750 

9026 

3259 

7451 

1603 

5715 

9789 

3826 

7825 

1787 

5714 

9606 

3463 

7286 

1075 

4832 

8557 

2250 

5912 

9543 

3144 

6716 

•258 

3772 

7257 

0715 

4146 

7549 

0926 

4277 

7603 

0903 

4178 

7429 

0655 

3858 

7037 

•194 

3327 

6438 

9527 

2594 

5640 

8664 

1667 

4650 

7613 

0555 


2 

0868 
5181 
9451 
3680 
7868 
2016 
612i 
•  195 
4227 
8223 
2^182 
6105 
9993 
3846 
7666 
1452 
5206 
8928 
2617 
6276 
9904 
:^503 
7071 
.611 
4122 
7604 
1059 
4487 
7888 
1263 
4611 
7934 
1231 
4504 
7753 
0977 
4177 
7354 
508 
3630 
6748 
9835 
2900 
5943 
8965 
1967 
4947 
7908 
0848 
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1301 
5609 
9876 
4100 
8284 
2428 
6533 

600 
4628 
8620 
2576 
6495 

380 
4230 
8046 
1829 
5580 
9298 
2985 
6640 

266 
3861 
r426 

963 
4471 
7951 
1403 
4828 
8227 
1599 
4944 
8265 
1560 
4830 
8076 
1298 
4496 
7671 

822 
3951 
7058 

142 
3205 
6246 
9266 
2266 
5244 
8203 
1141 
4060 


1734 
6038 
300 
4521 
8700 
2841 
6942 
1004 
50295430 


^5 

2T66 
6466 
•724 
4940 
9116 
3252 
7350 
1408 


9017 
2969 
6885 


9414 
3362 
7275 


766  1153 


4613 
8426 
220B 
5953 
9668 
3352 
7004 
•626 
4219 
7781 
1315 
48^0 
8298 
1747 
5169 
8565 
1934 
5278 
8595 
1888 
5156 
8399 
1619 
4814 
7987 
1136 
4263 
7367 
•449 
3510 
6549 
9567 
2564 
5541 
8497 
1434 
4351 


4996 

8805 

2582 

6326 

••38 

3718 

7368 

•987 

4576 

8136 

1667 

5169 

8644 

2091 

5510 

8903 

2270 

5611 

8926 

2216 

5481 

8722 

1939 

5133 

8303 

1450 

4574 

76761 

•756 

3815 

6852 

9868 

2863 

5838 

8792 

1724 

4641 


6 

2598 
6894 

lUr 

5360 
9532 
3664 
7757 
1812 
5830 
9811 
3755 
7664 
1538 
5378 
9185 
2958 
6699 
•407 
4085 
7731 
1347 
4934 
8490 


7 

3029 
7321 


1570  1993  2415 


5779 
9947 
4075 
8164 
2216 
6230 
207 
4148 
8053 


1924  2309 
5760  6142 


9563 
3333 
7071 
•776 
4451 
8094 
1707 
5291 
8845 
201812370 


5518 

8990 

2434 

5851 

9241 

2605 

5943 

9256 

2544 

5806 

9045 

2260 

5451 

8618 

1763 

4885 

7985 

1063 

4120 

7154 

•  168 

3161 

6134 

9086 

2019 

4932 


5866 
9335 
2777 
6191 
9579 


6276 
9586 
2871 
6131 
9368 


5769 


2076 
5196 
8294 
1370 
4424 
7457 
•469 
3461 
6430 
9380 
2311 


3461 
7748 


e\97 
•361 
4486 
8571 
2619 
6629 
602 
4540 
8442 


9 

3891 
8174 


9942 
3709 
7443 
1145 
4816 
8457 
20^7 
5647 
9198 
2721 
6215 
9681 
3119 
6531 
9916 


2940  3275 


6608 
9915 
3198 
6456 
9690 


2580  2900 


6086 


89349249 


2389 
5507 
8603 
1676 
4728 
7759 
•769 
37f8 
6726 
9674 
2603 


522215512 


6616 
•775 
4896 
8978 
3021 
7028 

998 
4932 
8830 
2694 
6524 
•320 
4083 
7815 
1514 
5182 
8819 
2426 
6004J 
9552 
3071 
6562 
1026 
3462 
6871 

253 
3609 
6940 
0245 
3525 
6781 
12 
3219 
6403 
9564 
2702 
5818 
8911 
1982 
5032 
8061 
1068 
4055 
7022 
9968 
2895 
5802 
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51 
52 
53 
54 
55 
56 
67 
56 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
80 
81 
82 
93 
84 
85 
86 
87 
88 
89 
90 
91 
92 
93 
U94 
95 
96 
97 
98 
99 


50  1 7609 1 
8977 

181844 
4691 
7521 

190332 
312 
5899 
8657 

201397 
4120 
6826 
9515 

212188 
4844 
7484 

220108 
2716 
5309 
7887 

230449 
?996 
5528 
8046 


638 

9264 

2129 

4975 

7803 

0612 

3403 

6176 

8932 

1670 

4391 

7096 

9783 

2454 

5109 

7747 

0370 

2976 

5568 

8144 

0704 

3250 

5781 

8297 


240549  0799 
3038  3286 
5513  5759 
7973  8219 

250420  0664 
2853  3096 
5273  5514 
7679  7918 

260071  OS  10 
2451  2688 
48  IB  5054 
7172  7406 
9513  9746 

271842  2074 
4158  4389 
6462  6692 
8754  8982 

281033  1261 
3301  3527 
5557  5782 
7802  8026 

290035  0257 
2256  2478 
4466  4687 
6665  6884 
885319071 


1 


6670 
9552 
2415 
5259 
8084 
0892 
3681 


3 

6*959 
9839 
2700 


7248 
126 

2985 
5542(5825 
8366  8647 


6453  6729 


9206 
1943 
4663 
7365 
51' 
2720 
5373 
8010 
0631 
3236 
5826 
8400 
0960 
3504 
6033 
8548 
1048 
3534 
6006 
8464 
0908 
3338 
5755 
8158 
0548 
2925 
5290 
7641 
9980 
3306 
4620 
6921 
9211 
1488 
3753 
6007 


0480 
2699 
4907 
7104 


1171 
3959 


9481 


4934 


5  [  6 

753617825 
413!.  699 


3270)3555  3839 
610816391 


i 


1451 


4237  451414792 


7005  7181 


9755 


2216  2488 


5204 


763417804 


319 
2986 
5638 
8273 
0892 
3496 
6064 
8657 
1215 
3757 
6285 
8799 
1297 
3782 
6252 
8709 


•586 
3252 
^902 
8536 
11^3 
3755 
6342 
8913 
1470 
4011 
6537 
9049 
i546 
4030 
6499 
8954 


1151  1395 
3580,3822 
599616237 
8398*8637 
078^1025 
3162*3399 
5525*5761 


7875 
213 
2538 


4850  5081 


7151 
9439 
1.715 
3979 
5232 


^249  8473 


0702 


9289  9507 


8110 

446 

2770 


7380 
9667 
1942 
1205 
6456 
8696 
0925 


2920  3141 
5127  5347 
7323 


892819209  9490 
1730.2010  2289 


.29 
2761 
5475 
8173 

853 
3518 
6166 
8796 
1414 
4015 
6600 
9170 
1724 


7556  7832 


303 
3033 
5746 
8441 
1121 
3783 
6430 
9060 
1675 
4274 
6858 
9426 
1979 


1 
426414517 

6789  7041 

92999550 

179-5  2044 


7115  7372 
96829938 
223412488 


4277 
6745 
9198 
1638 
4064 
6477 


4^25 
6991 
9443 
1881 
4306 
6718 


8877:9116 
1263;  1 501 
363613873 


59966232 


679|  912 
3001  3233 


5311 
7609 
9895 
2169 
4431 


5542 
7838 
.  123 
2396 
4656 


6681*6905 
8920  9143 
1147 


3363 


1369 
3584 


7542  7761:7979  8198i84l6 


97259943!  161 


8 

'840i 

1272 

4123 

667416956 


8113 
.980 


5069 


577 
3305 
6016 
8710 
i:{88 
4049 
6694 
9323 
1936 
4533 


9771 


2567  2846 
5346  5623 
8107  8382 
•  850  1124 


3577 


6286  6556 


8979 


1654  1921 


4314 
6957 
9585 
2196 
4792 


4770 
7292 
9800 


5023 

7544 

.  50 


2293:2541 


4772 
7237 
9687 
2125 


5019 
7482 
9932 
2368 
4548^4790 
6958]7198 


9355;9594  9833 


1739^976 
4109*4346 
6467.6702 


8344' 8580|88 1219046 
1144  1377 
3464;3696 
5772  6002 
8067.8296 
351-578 
26222849 
4882  5107 
71307354 


5567i5787  6007i6226 


93669589  9812 
159l!l813  2034 
380414025  4246 
6446 
8635 
.  813* 


J 


378 .  595 


9 

d6i9 
1558 
4407 
7239 
.51 


3848 


9247 


4579 
7221 
9846 
2456 
5051 
7630 
.  193 
2742 
5276 
7795 

300 
2790 
5266 
7728 

176 
261.0 
5031 
7439 


2214 
4582 
6937 
9279 
1609 
3927 
6232 
8526 
806 
3075 
5332 
7578 


■••■ 


x— ^Mi 


LOGARITHMS 


\ 


N. 


300 

201 

202 

203 

204 

205 

,206 

207 

208 

209 

210 

211 

212 

213 

214 

215 

2161 

217 

218 

219 

220 

221 

222 

223 

224 

225 

226 

227 

228 

229 

230 

231 

232 

233 

234 

235 

236 

^37 

238 

239 

240 

241 

24? 

243 

244 

245 


0 


301030 
3196 
5351 
7496 
9630 

3^1754 
3867 
5970 
8063 

S20146 


1 


1247 
3412 
5566 


9843 
1966 
4078 
6180 
8272 
0354 


2 


1464 
3628 
5781 


7710  7924 


•  • 


2219  2426 


4282 
6336 
8380 

330414 
2438 
4454 
6460 
8456 

340444 
2423 
4392 
3353 
8305 


4488 


56 

2177 
4289 
6390 
8481 
0562 
2633 
4694 


6541  6745  695071^5  7359  7563 

8583  8787  8991  9194  9^98  9601  9805 


0617  0819 
2640  2842 
4655  4856 
6660  6860 
8656  8855 
0642  0841 
2620  2817 
4589  4785 
6549  6744 
8500  8694 
350248  0442  0636 
2183  2375  2568 
41Q8  4301  4493 
6026  6217  6408 
7935  8125  8316 
9835..  25.  215 
361728  1917  2105 


2017  2197  2377 
3815  3995  4174 
5606  5785  5964 
7390  7568  7746 


390935  1112  1288 
2697  2873  3048 
4452  4627  4^02 


1681 
3844 
5996 
8137 

268 
2389 
4499 
6599 
8689 
0769 
2839 

899 


4 

1898 
4059 
6211 
8351 
.481 
2600 
4710 
6809 
8898 
0977 
3046 
5105 


211412331 

4275 

6425 


8564 
693 
2812 
4920 
7018 
9106 
1184 
3252 
S3 10 


3612  3800  3988  4176  4363 

5488  5675  5862  6049  6236 

7356  7542  7729 

9216  94019587 
371068  1253  1437 

2912  3096  3280 

4748  4932  5 1 1 515298  548 1 

6577  6759  6942 

839818580  8761 
3802 1 1 


0392  0573  0754  0934  1115 


9166  9343  9520  9698 


6199\6374l6548J6722|6896 


6142 
7923 


1039  1237 
3014  3212 
49815178 
6939  7135 
8889  9083 
0829  1023 
2761  2954 
4685  4876 
6599  6790 
8506  8696 
.  404 .  593 
229*4  2482 


7915  8101 
9772  9958 
1622  1806 
3464  3647 


1464 
3224 
4977 


6321 
8101 
9875 
1641 
3400 


5152  5326  5501 


7        8 

2547  2764 
4706  4921 
6854  7068 


4491 
6639 

877818991  9204 
906  1118  1330 
3023  3234  3445 
5130  5340  5551 
7227  7436  7646 
93)4  9522  9730 
1391  1598  1805 
3458  3665  3871 


5516  5721 


1022  U25  1427[1630  1832  2034 
3044  3246  3447  3649  3850  4051 
5057  5257  5458  56585859  6059 
7060  7260  7459  7659  7858  8058 
9054  9S53  9451  9650  9849  . .  4>^ 
1435  1632  1830  2028 
3409  3606  3802  3999 
5374  5570  5766  5962 
7330  7525  7720  7915 
9278  9472  9666  9860 
1216  1410  1603  1796 
3147  3339  3532  3724 
5068  5260  5452  5643 
69817172  7366  7554 
8886  9076  9260  9456 
.783.972  1161  1350 
26712859  3048  3236 
45514739  4926  5113 
6423  6610  6796  6983 
8287  8473  8659  8845 
.  143.328.513.698 
19912175  2360  2544 
38314015  4198  4382 
5664  5846  6029  6212 
7124  7306  7488  7670  7852  8034 
8943  9 124  9306|9487  9668  9849 

1296  1476  1656 
2557  2737  2917  3097  3277  3456 


4353  4533  4712  4891  5070  5249 

6499  6677  6856  7034 

8279  8456  8634  8811 

51.22.8,405.582 

1817  1993  2169  2345 


7767  7972 
8 


5926 


.  • 


3575  3751 


707117245 


3926  4101 
5676  5850 
7419)7593 


2980 
5136 
7282 
9417 
1542 
3656 
5760 
7854 
9938 
2012 
4077 
6131 
8176 

2U 
2236, 
4253 
6260 
8257 

246 
2225 
4196 
6157 
8110 
..54 
198» 
3916 
5834 
7744 
9646 
1539 
3424 
5301 
7169 
9030 

883 
2728 
4565 
6394 
8216 
..30 
1837 
3636 
5428 
7212 
8989 

759 
2521 
4277 
60351 
776^1 


OF  NUMBERS. 


N. 

250 

351 

252 

253 

254 

255 

256 

25r 

258 

259 

260 

261 

262 

263 

264 

265 

266 

267 

268 

269 

270 

271 

272 

273 

274 

275 

276 

277 

278 

279 

280 

281 

282 

283 

284 

285 

286 

287 

288 

289 

290 

291 

392 

29^ 

294 

295 

296 

297 

298 

299 


3979401 
9674 

401401 
3121 
4834 
6540 
8240 
9933 

411620 
3300 
4973 
6641 
8301 
9956 

421604 
3246 
4882 
6511 
8135 
9752 

431364 
2909 
4569 
6163 
7751 
9333 

440909 
2480 
4045 
5604 
7158 
8706 

450249 
1786 
3318 
4845 
6366 
7882 
9392 

460898 
2398 
3893 
5383 
6868 
8347 
9822 

471292 
2756 
4216 
5671 


1 

8TT4  8287 

9a47{. .  20 

1573!  1745 

3292j3464 

500515176 

6710,6881 

84108579 

.  102.271 

1788  1956 

34673635 

5140  5307 

6807' 6973 

84678633 

.  1211.286 

1758,1933 

3410.3574 

504515208 

667416836 

8297)8459 

9914!..  75 

1525|1(85 

31301 3290 

47294888 

6322:6481 

7909;  8067 

949119648 

10661 1224 

2637l2793 

420114357 


5760 
7313 
8861 
0403 
1940 
3471 
4997 
6518 
8033 
9543 
1048 
2548 
4042 
5532 
7016 
8495 
9969 
1488 
2903 
4362 
5816 


5915 
7468 
9015 
0557 
2093 
3624 
5150 
6670 
8184 
9694 
1198 
2697 
4191 
5680 
7164 
8643 
.  116 
1585 
3049 
4508 
5962 


3^ 

8461 
.  192 
1917 
3635 
5346 
7051 
8749 
.440 
2124 
3803 
5474 
7139 
8798 
.451 
209Y 
3737 
5371 
6999 
8621 
.236 
1846 
^450 
5048 
6640 
8226 
9806 
1381 
2950 
4513 
6071 
7623 
9170 
0711 
2247 
3777 
$302 
6821 
8336 
9845 
1348 
2847 
4340 
5829 
7312 
8790 
.263 
1732 
3195 
4653 
6107 


4  j  5 

863418808 


.  365 

2089 

3807 

5517 

7221 

8918 

.  609 

2293 

3970 

5641 

7306 

8964 

.616 

2261 

3901 

5534 

7161 

8783 

.398 

2007 

3610 

5207 

6800 

8384 

9964 

1538 

3106 

4669 

6226 

7778 

9324 

0865 

2400 

3930 

5454 

6973 

8487 

9995 

1499 

2997 

4490 

5977 

7460 

8938 

.410 

1878 

3341 

4799 


.538 
2261 
3978 
5688 
7391 
9087 
.777 
2461 
4137 
5808 
7472 
9129 
.781' 
2426 
4065 
5697 
7324 
8944 
559 
2167 
3770 
5367 
6957 


6 

8981 
.711 
2433 
4149 
5858 


9134 
.883 
2605 
4320 
6029 


8 


7561 
9257 
.946 
2629 
4305 
5974 
7638 
9295 
.975 
2590 
4228 
5860 
7486 
9106 
.720 
2328 
3930 
5526 
7116 
854218701 
.279 
1852 
3419 
4981 
6537 


.  122 
1695 
3263 
4825 
6382 
7933 
9478 
1018 
2553 
4082 
5606 
7125 
8638 
.  146 
1^49 
3146 
4639 
6126 
7608 
9085 
557 
2025 


7731 
9426 
1114 
2796 
4472 
6141 
7804 
9460 
1110 
2754 
4392 
6023 
7648 
9268 
.881 
2488 
4090 
5685 
7275 
8859 
.437 
2209 
3576 
5137 
6692 


9633 
1172 
2706 
4235 
5758 
7276 
8789 
.296 
1799 
3296 
4788 
6274 
7756 
9233 
.704 
2171 


8088  6242 


' 


3487  3633 
4944|5090 


9787 
1326 
2859 
4387 
5910 
7428 
8940 
.  447 
1948 
3445 
4936 
6423 
7904 
9380 
851 
2318 
3779 
5235 


9328 
1056 
2777 
4492 
6199 
7901 
9595 
1283 
2964 
4639 
6308 
7970 
9625 
1275 
2918 
4555 


6186  6349 


6252  639716542  6687 


7811 
9429 
1042 
2649 
4249 
5844 
7433 
9017 

594 
2166 
3732 
5293 
6648 
8397 
9941 
1479 
3012 
4540 
6062 
7579 
9091 

597 
2098 
3594 
5085 
6571 
8052 
9527 

998 
2464 
3925 
5381 


9501 

1228 

2949 

4663 

6370, 

8070 

9764 

1451 

3132 

4806 

6474 

8135 

9791 

1439 

3082 

47iar 


7973 

9591 

1203 

2809 

4409 

6004 

7592 

9175 

.752 

2323 

38891 

5449 

7003 

8552 

..95 

1633 

3165 

4692 

6214 

7/31 

9242 

.748 

2248 

3744 

5234 

6719 

8200 

9675 

1145 

2610 

4071 

5526 


6832  6976 


*^^m 


LOGARITHMS 


0 

477121 
8566 

480007 
1443 
2874 
4300 
5721 
7138 
8551 
9958 

491362 
2760 
4155 
5544 
6930 
8311 
9687 

501059 
2427 
3791 
5150 
6505 
7856 
9203 

510545 
1883 
3218 
4548 
5874 
7196 
8514 
9828 

521138 
2444 
3746 
5045 
6339 
7630 
8917 

530200 
1479 
2754 
4026 
5294 
6558 
7819 
9076 


300 

301 

302 

303 

304 

305 

30Q 

307 

308 

309 

310 

311 

312 

313 

314 

315 

316 

317 

318 

319 

320 

321 

322 

3iS 

324 

325 

326 

327 

328 

329 

330 

331 

j32 

333 

334 

335 

336 

337 

338 

339 

340 

341 

342 

343 

344 

345 

346 

347(540329 

348   1 579 

349I  2825 


8711 
0151 
1586 
3016 
4442 
5863 
7280 
8692 
99 
1502 
2900 
4294 
5683 
7068 
8448 
9824 
1196 
2564 
3927 
5286 
6640 
7991 
9337 


4681 

6006 

7328 

8646 

9959 

1269 

2575 

3876 

5174 

6469 

7759 

9045 

0328 

1607 

2882 

4153 

5421 

6685 

7945 

9202 


74  U 
8855 


7555 
8999 
029410438 


1729 
3159 
4585 
6005 
7421 
8833| 


1872 
3302 
4727 
6147 
7563 
8974 


239  .  380 


1642 
3040 
4433 
5822 
7206 
8586 
9962 
1333 
2700 
4063 
5421 
6776 
8126 
9471 


067910813 

2017 

3351 


1782 
3179 
4572 
5960 
7344 
8724 
.  .99 
1470 
2837 
4199 
5557 
6911 
8260 
9606 
0947 


2151*2284 
3484)3617 
4813  4946 
61396271 
7460;7592 
8777  8909 


..90 

1400 

2705 

4006 

5304 

6598 

7888 

9174 

0456 

1734 

3009 

42801 

5547 

6811 

8071 

9327 


0455  0580 
17041 1829 
2950(3074 


.221 

1530 

2835 

4136 

5434 

6727 

8016 

9302 

0584 

1862 

3136 

4407 

5674 

6937 

8197 

9452 


1953 
3199 


7784 

9040 

.353 

1661 

2966 

4266 

5563 

6856 

8145 

9430 

0712 

1990 

3264 

4534 

5800 

7063 

83i2 

9578 


2159 
3587 
5011 
6430 
7845 


7844 
914319287 
0582 
2016 
3445 
4869 
6289 
7704 
9114 

520 
1922 
3319 
471) 
6099 
7483 
886 

236 
1607 
2973 
4335 
5693 
7046 
8395 
9740 
1081 
2418 
3750 
5079 
6403 


7989 

9481 

0725|0869 


9255  9396 


661 
2062 
3458 
4850 
6238 
7621 
8999 

374 
.744 
3109 
4471 
5828 
7181 
8530 
9874 
1215 
2551 
?883 
5211 
6535 
7855 
9171 

484 
1792 
3096 
4396 
5693 
6985 
8274 
9559 


2302 
373c 
5153 
6572 
7986 


0705  0830  0955 


2079 
3S23 


2117 
J391 
4661 
5927 
7189 
8448 
9703 


801 
2201 
3597 
4989 
6376 
7759 
9137 
.511 
1880 
3246 
14607 
5964 
7316 
8664 
.  9 
1349 
2684 
40J6 
5344 
6668 
7987 
9303 

615 
1922 
3226 
4526 
5822 
7114 
8402 
9687 


7 

8133 
9575 
1012 
2445 
3872 
5295 


8278 
9719 


1156 
2588 
4015 
5437 


6714  6855 


8127 
9537 
941 
2341 
3737 
5138 
6515 
7897 
9275 
.648 
2017 
3382 
4743 
6099 
7451 
87991 


8269 
9677 
1081 


0840  0968 


2203 
3447 


2245 
3518 
4787 
6053 
7315 


2818 
4149 
5476 
6800 
8119 
9434 
745 
2053 
3356 
4656 
5951 
7243 
8531 
9815 
1096 
2372 
3645 
4914 
6180 


248 1  262 1 

3876 

5267 

6653 

8035 

9412 
785 

2154 

3518 

I878| 

62346370 

7586J7721 

8934/9068 
.411 
1750 
3084 
3414 
5741 
7064 
8382 
9697 
1007 


143(.  277 
U82  1616 


2951 
4282 
5609 
6932 
8251 
9566 
.876 


21832314 
3486  3616 


744>  7567 


8574  8699 


9829 
IO8OI 
2327 
3571 


9954 
1205 
2452 
3696 


4785 
6081 
7372 
8660 
9943 
1223 
2500 
3772 
5041 


4915 
6210 
7501 
8788 
72 
1351 
2627 
3899 
5167 


63066432 


7693 


8825 
.79 
1330 
2576 
3820 


8951 
-  204 
1454 
2701 
3944 


r. 


I— 

350 

351 
3S3 
35o 
354 
355 
356 

35r 

358 
359 
3&J 
361 
362 
363 
364 
365 
366 
367 
368 
369 
370 
371 
372 
373 
374 
376 
376 
377 
378 
379 
38' 
38) 
3bi 
383 
iS4 
M 
386 
,387 

38<l 
389 
390 
i9 

:i92 

393 
394 
395 
3J6 
597 
>98 
|39i 


I 


I 


OF  NUMBERS. 

3 


544068 
5307 
6543 
7775 
9003 

550328 
145.' 
3668 
3883 
5094 
6303 
7507 
8709 
9907 

561101 
2293 
3481 
4666 
5848 
7026 
8302 
9374 

570543 
1709 
2872 
4031 
5188 
6341 
7492 
8639 
9784 

58  )935 
2063 
3199 
4331 
5461 
6587 
7711 
8832 
9950 

591065 
2177 
3286 
4393 
5496 
6597 
7695 
8791 
9883 


4193  4316 


54315555  5678  5803 


6666 
7898 
9126 


>35 1  0473 


1572 
2790 

4004 

5215 

6423 

7627 

8829 

.  36 

1221 

2412 

3600 

4r784 

5966 

7144 

8319 

9491 

0660 

18^5 

2988 

4147 

5303 

6457 

7607 

8754 

9898 

lu39 

2177 

3312 

44 

5574 

6700 

7823 

8944 

.  61 


2288 
3397 
4503 


9992 


600973  10821 1191 


6789 
8021 
9249 


4440  4564 


6913  7036 


1694 
2911 
4126 
5336 
6544 
7748 
8948 

146 
1340 
2531 
3718 
4903 
6u84 
7262 
8436 
9608 
0776 
1942 
3104 
4263 
5419 
6572 
7722 
8.868 
.  12 
1113 
2291 
3426 
4557 
5686 
6812 
7935 
9056 

173 


1176  1287 


2399 
3508 
46U 


5606  5717 
6707  68 1 7 
7805  7914 
8900  9009 


101 


8144 
9371 
0595 
1816 
3. '33 
4247 
5457 
6664 
7868 
9U68 
.365 
4459 
265u 
3837 
5021 
6202 
7379 
8554 
9725 
0893 
2058 
3220 
4379 
5534 
6687 
7836 
8983 
.  126 
1267 
2404 
3539 
4670 
5799 
6925 
8047 
9167 
,284 
1399 
2510 
3618 
4724 
5827 
6927 


210 


8267 
9494 
J717 
1938 
3155 
4368 
5578 
6785 
7988 
9188 
385 


2769 
3955 
5139 
6320 
7497 
8671 
9882 
1010 
2174 
3336 
4494 
5650 
6802 
7951 
9097 
.241 
1381 
2518 
3652 
4783 
5912 
7037 
8160 

9279 
.396 
1510 
2621 
3729 
4834 
5937 
7037 


4688 
5925 
7159 
8389 
9616 
0840 
2060 
3276 
4489 
5699 
6905 
8108 
9308 
.504 


1578<  1698 


2887 
4074 
5257 
6437 
7614 
8788 
9959 
1166 
2291 
3452 
4610 
5765 
6917 


6 


4812  4936 
6049  6172 
7282  7405 
8512  8635 


9739 
0962 
2181 
3398 
4610 
5820 


7026  7146 


8228 
9428 
.624 
1817 
3006 
4192 
5376 
6555 
7732 
8905 
..76 
1243 
2407 
3568 
4726 
5880 
7032 


8066^181 


8024  8134 
9119  9228 


319 


9212 
.355 
1495 
2631 
3765 
4896 
6024 
7149 
8272 
9391 
.  507 
1621 
2732 
3840 
4945 
6047 
7146 


8243  S353 


9337 
428 


1299  1408|l517 


9326 

.469 

1608 

2745 

3879 

5009 

6137 

7262 

8384 

9503 

.619 

1732 

284 

3950 

5055 

6157 

7256 


9446 
537 
1625 


9861 
1084 
2303 
3519 
4731 
5940 


8349 
9548 
.743 
1936 
3125 
4311 
5494 
6673 
7849 
9023 
.  193 
1359 
252^3 
3684 
4841 
5996 
7147 
8295 
9441 
•  583 
1722 
2858 
3992 
5122 
6250 
7374 
8496 
9615 
.730 
1843 
2954 
4061 
5165 
6267 
7366 
8462 
9556 
646 
1734 


8 


5060 
6296 
7529 
8758 
9984 
1206 
2425 
3640 
4852 
6061 
7267 
8469 
9667 
.  863 
2055 
3244 
4429 
5612 
6791 
7967 
9140 
.309 
1476 
2639 
3800 
4957 
6111 
7262 
8410 
9555 
.697 
1836 
2972 
4105 
5235 
6362 
7486 
8608 
9726 
.842 
1955 
3064 
4171 
5276 
6377 
7476 
8572 
9666 
755 


5183 
6419 
7652 
8881 
.  196 
1328 
2547 
3762 
4973 
6182 
7387 
8589 
9787 

982 
2173 
3362 
4548 
5730 
6909 
8084 
9357 
.426 
1592 
2755 
3915 
5072 
6226 
7377 
8525 
9669 
.811 
1950 
3085 
4218 
5348 
6475 
7599 
8720 
9834 

953 
2066 

liirs 

4282 
5386 
6487 
7586 
8681 
9774 
864 


184319511 


I 


LOGARITHMS 


f- 


2277 

3361 

4442 

5521 

6596 

7669 

8740 

9808 

0873 


6704  68 1 1 


777^ 
8847 
99141 
0979 


1378 


1936304^ 
299613102 
4159 
52!3 
6i65 
7315 
8362 
9406 
0448 
1488 
2525 
3559 
4591 
5621 
6648 
7673 
8695 
97  5 
0733 
1748 
2761 
3771 
4779 
5785 
678^ 
7790 
8789 
9785 
0779 
1771 
2761 
3749 
4734 
5717 
6698 
7676 
8653 
9627 
0599 


1472  1569 


7884 
8954 
21 
1086 
2148 
3207 
4264 
5319 
6370 
7420 
8466 
9511 
0552 
1592 
2628 
3663 
4695 
5724 
6751 
7775 
8797 
9817 
0835 
1849 
2862 
3872 
4880 
5886 
6889 
7890 
8888 
9885 
0879 
1871 
2860 
3847 
4832 
5815 
6796 
7774 
8750 


B 

2928]  3036 
4010  4118 
50891  $197 


4686  4792 


9724  9821 


0696 
1666 


/449|     a246l2343(2440l2530l2633 


0793 
1762 
2730 


\ 


971919824 
0760 
1799 
2835 
3869 
4901 
5929 
6956 
7980 
9002 
.  21 
1038 
2052 
3064 
4074 
5081 
6087 
70(89 
8090 
9088 
.84 
1077 
2069 
3058 
4044 
5029 
6011 
6992 
7969 
8945 
9919 
0890 
1859 
2826 


6l35l623By 
7161  72631 
6 I 85 I 8287 


w 


^M«ni««l^ 


OF  NUAIBBRS. 


450 

0 

653213 

451 

4177 

452 

5138 

453 

6098 

454 

7056 

455 

8011 

456 

8965 

457 

9916 

458 

660865 

459 

1813 

460 

2758 

461 

3701 

462 

4642 

463 

5581 

464 

6518 

465 

7453 

466 

8386 

46r 

9317 

468 

670241 

469 

1173 

470 

2098 

471 

$021 

472 

3942 

473 

4861 

474 

5778 

475 

«694 

476 

7607 

477 

8518 

478 

.  94?8 

479 

680336 

480 

1241 

481 

2145 

482 

3047, 

483 

3947 

484 

4845 

485 

5742 

486 

6636 

487 

7529 

488 

8420 

489 

9309 

490 

690196 

491 

1081 

493 

1965 

493 

2887 

494 

3727 

495 

4605 

496 

4482 

497 

6356 

498 

7229 

499 

8101 

\ 


3309 

4273 

5235 

6194 

7152 

8107 

9060 

..  11 

0960 

1907 

2852 

3795 

4736 

5675 

6612 

7546 

8479 

9410 

0339 

1265 

2190 

3113 

4034 

4953 

5870 

6785 

7698 

8609 

d519 

0426 

1332 

2235 

3137 

4037 

4935 

5831 

6726 

7618 

8509 

9398 

0285 

1170 

2053 

2935 

3815 

4693 

5569 

«l444j 

7317 

8188 


■^  ■>  I 


3405 

4369 

5331 

6290 

7347 

8202 

9155 

.  106 

1055 

2002 

2947 

3889 

4830 

5769 

6705 

7640 

8572 

9503 

0431 

1358 

2283 

3205 

4126 

5045 

5962 

6876 

7789 

8700 

9610 

0517 

1422 

2326 

3227 

4127 

5025 

5921 

6815 

7707 

8598 

9486 

0373 

1258 

2142 

3023 

3903 

4781 

5657 

6531 

7404 

8275 


3502 
4465 

5427 
6i86 
7343 
8298 
9250 
201 
1150 
2096 
3041 
3983 
4924 
5862 
6799 
7833 
8665 
9596 
0524 
1451 
2375 
3297 
4218 
5137 
6053 
6968 
7881 
8791 
9700 
0607 
1513 
2416 
3317 
4217 
5114 
6010 
6904 
7796 
8687 
9575 
0462 
1347 
2230 
3111 
3991 
4868 
5744 
6618 
7491 
8362 


3598 

4562 

55261^6 

6482 

7418 

8393 

9346 

.296 

1245 

2191 

3135 

4078 

5018 

5956 

6892 

7826 

1)759 

9689 

0617 

1543 

2467 

3390 

4310 

5228 

6145 

7059 

7972 

8882 

9791 

0698 

1603 
2506 
3407 
4367 
5204 
6100 
6994 
7H86 
8776 
9664 
0550 
1435 
2318 
3199 
4078 
4956 
5832 
6706 
7578 
8449 


3695 
4658 
19 
S577 
7534 
8488 
9441 
.391 
1339 
2280 
32.*0 
4172 
5112 
6050 


3791 
4754 
5715 
6673 
7639 
8584 
9536 
486 
1434 
9380 
9324 
4266 
5206 
6U3 
698617079 


7920 
8852 
9782 
0710 
163.6 
2560 
3482 
4402 
5320 
6236 
7151 
8063 
8972 
9882 
0789 
1693 
2596 
3497 
4396 
5394 
6189 
7083 
7975 
8865 
9753 
0639 
1524 
2406 
3287 
4166 
5044 
5919 
6793 
7665 
8535 


6 


8013 
8945 
9875 
0802 
1728 
2653 
3574 
4494 
5412 
6328 
7242 
8154 
9064 
9973 
0879 
1784 
2686 
3587 
4486 
5383 
6279 
7172 
8064 
8953 

9841 
0728 
1612 
2494 
3375 
4254 
5131 
6007 
6880 
7752 
8622 


3888 
4850 
5810 
6769 
7735 
8679 
9631 

.591 
1539 


3475  3569 


3418 

4360 

5299 

6237 

7173 

8106 

9038 

9967 

0895 

1831 

2744 

3666 

4586 

5503 

6419 

7333 

8245 

9155 

.•63 

0970 

1874 

2777 

3677 

4576 

5473 

6368 

7261 

8153 

9042 

9930 

0816 

1700 

2583 

3463 

4342 

521 

6094 

6968 

7839 


3984 
4946 
8906 
6864 
7830 
8774 
»736 
.676 
1633 


3513 
4454 

5^93 
6331 
7266 
8199 
9131 
.60 
0988 
1913 
2836 
3758 
4677 
5595 
6511 
7424 
8336 
9246 
.154 
1060 
1964 
3867 
3767 
4666 
5563 
6458 
7351 
8343 
9131 
19 
0905 
1789 
3671 


4080 
5042 
6002 
6960 
7916 
8870 
9821 
771 
1718 
2^63 
3607 
4548 
5487 
6434 
7360 
8293 
9234 
.153 
1080 
3005 
3939 
3850 
4769 
5687 
6603 
7516 
8437 
9337 
.345 
\i5\ 

3055 
3957 
3857 
4756 
5653 
6547 
7440 
8331 
9220 
107 
0993 
1S77 
2759 


35Si:3639 
4430|45 1 7 
5307.5.394 
6 1 82  6269 
70557142 
7926i80l4 
87098796  8883 


Hn«l 


LOGARITHMS 


N. 


500  698970 


501 

502 

503 

504 

505 

506 

507 

508 

509 

510 

511 

513 

513 

514 

515 

516 

517 

518 

519 

520 

521 

522| 

523 

524 

525 

526 

527 

628 

529 

530 

5>\ 

532 

533 

534 

535 

536 

537 

538 

539 

540 

541 

542 

543 

544 

545 

546 

S47 

548 

549 


1 


i^057 
9:924 
07^0 
1654 
2517 
3377 
4236 


9838 
700704 

1568 

2431 

3291 

4151 

5008|5094 

5864 

6718 

7570 

8431 

9270 
710117 

0963 

1807 

26.>0 

3491 

4330 

5167 

6003 

6838 


7671 
8502 
9331 

720159 
0986 
1811 
2634 
3456 
4276 
5095 
5912 
6727 
7541 
8354 
9S65 
9974 

730782 


1589 

2394 

3197 

3999 

4800 

5599 

6397 

7193 

7987 

87  .1 

95721 


5949 

6803 

7655 

8506 

9355 

0202 

10481 

1892 

2734 

3575 

4414 

5251 

60h7 

6931 
7754 
8585 
9414  9497 
0242  0325 
1068  '151 
1893  .975 
2716  2798 
3538  S62<.' 
4358  4440 
5176  5258 
599J  6076 
680Q  6890 
7623  7704 
8435  8516 
.)246  9317 
.  55*  136 
086310944 


923i 
..98 
0963 
1827 
2689 
3549 
432211:408 


9317 
.  184 
1060 
1913 
2775 
3635 
4494 
5360 


1669 

2474 

3278 

4079 

4880 

5f.7V 

6476 

7272 

8067 

8860 

965\ 


1024 
1830 


7059 
7910 
8761 
9609 
0466 

13f'l 

2144 

2986 

3836 

4565 

5502 

6337 

7171 

8003 

8834 

9663 

0490 

1316 

2140 

2963 

3784 

4604 

5432 

6238 

7053 

7866 

8678 

948V 

.298 

1105 

1911 


5365 

6120f6306  629]|6376 

6974 

7836 

8676 

9524 

0371 

1217 

3060 

2902 

3742 

4581 

5418 

6254 

7088 

7920 


9339 
808  V 
8931 
9779 
0635 
147(; 
83(3 
3164 
3994 
4833 
5669 
6504 
7338 
8169 
9000 

9838  9911 

0665  0738 

|48I 

3305 

3127 

3948|4O30 


8 


9664 
.631 


9761 
.  617 


1396  1483] 
2368  2344 
31  19  3305 
3979  4065 
4837  4933 
6693  6778 
6547  6633 
7400  74851 
8351  8336 
91009185 
9948  . .  33 
0794  0879 
1639  1733 
3481  3666 
33363407 
4 1 63I4346 
6000|S084 
6836J6930 
667 1  {6764 
743l|7604(7587{ 
835318336/8419/ 
9083(9165  9348 
9994 
0831 
(663  1646 
3387  3469 
3209  3391 
4113 


4767 
5685 
6401 
72 16 
8039 
8841 
9570|965l 


4849/4931 
67481 


•77 
090S 
1738 
3563 
3374 
4194 
6013 
6830 


6664(6646 

737yJ7460l 

819118373 


26352715 


5  59  5838 


6656 
7352 
8146 


6635 


.469 
1366 
3073 

3876|2956 
3759 


7431 
8225 
(i939|90l8 


35983679 
4400  4480 

5*79 

6078 

6874 

7670 

8463 

9177|9356J9336 

^968|.  47|  12^ 


9003 
9813 
631 
1428 
3333 
3037 
3839 
4640 
5439 
6237 


9084 
9893 
70a 
1 608 
9313 
3117 

3919 
473o| 
6619 
6317 


,703417 1 13 

774978397908 


8543 


86231870 
9414.9493 
.206.  384 


^    *  •■ 


w 


OF  NUMBERS. 


N. 


550 
551 
552 
553 
554 
555 
556 
557 
558 
559 
560 
561 
562 
563 
564 
565 
566 
567 
568 
569 
570 
571 
572 
573 
574 
575 


577 
578 
579 
^80 
581 
582 
583 
584 
585 
586 
587 
588 
589 
590 
591 
592 
593 
594 
595 
596 
597 
598 
599 


740363 
1153 
1939 
2725 
3510 
4293 
5075 
5855 
6634 
7412 
8188 
8963 
9736 

750508 
1279 
2048 
2816 
3583 
4348 
5112 
5875 
6636 
7396 
8155 
8912 
9668 


576  760422 


1176 
1928 
2679 
3428 
4176 
4923 
5669 
6413 
7156 
7898 
8638 
9377 
770115 
0852 

1587 
2322 
3055 
3786 
4517 
5246 
5974 
6701 
7427 


1 

0442 

1230 

2018 

2804 

3588 

4371 

5153 

5933 

6712 

7489 

8266 

9040 

98M 

0586 

1356 

2125 

2893 

3660 

4425 

5189 

5951 

6712 

7472 

8230 

8988 


2 

0521 
1309 
2696 
2882 
3667 
4449 
5231 
6011 
6790 
7567 
8343 
9118 
9891 
0663 
1433 
2202 
2970 
3736 
4501 
5265 
6027 
6788 
7548 
8306 
9068 


9743  9819 
0498  0573 
1251  1326 
2003  2078 
2754  ^829 
3503  3578 
425 1  4326 
4998  5072 
5743  5818 
6487  6562 
7230  7304 
7972  8046 
8712  8786 
9451  9525 
0189  0263 
09260999 
1661  1734 
2395  2468 
3128  3201 
3860  3933 
4590  4663 
5319  5392 
6047 
6774 
7499 


0560 
1388 
2175 
2961 
3745 
4528 
5309 
6089 
6868 
7645 
8421 
9195 
9968 
0740 
1510 
2279 
3047 
3813 
4578 
5341 
6103 
6864 
7624 
8382 
9139 
9894 
0649 
1402 
2153 
2904 
3653 
4400 
5147 
5892 
6636 
7379 
8120 
8860 
9599 
0336 
1073 
1808 
2542 
3274 
4006 
4736 
5465 


61206193 


6846 


6919 


7572J7644 


4  I  5 


0678 
1467 
2254 
3039 
3823 
4606 
5387 
6167 
6945 
7722 
8498 
9272 
.45 
0817 
1587 
2356 
3123 
3889 
4654 
5417 
6180 
6940 
7700 
8458 


0757 
1546 
2332 
3118 
3902 
4684 


5465  5543 


6245 
7023 


7800  7878 


8576 
9350 
123 


0894  0971 


1664 
2433 
3200 
3966 
4730 
5494 
6256 
7016 
7775 
8533 


9214  9290 


9970 
0724 
1477 
2228 
2978 
3727 
4475 
5221 
5966 
6710 
7453 
8194 
8934 
9673 
0410 
1146 
1881 
2615 
3348 
4079 
4809 
5538 
6265 
6992 
7717 

2 


.45 
0799 
1552 
2303 
3053 
3802 
4550 
5296 
6041 
6785 
7527 
8268 
9008 
9746 
0484 
1220 
1955 
2688 
3421 
4152 
4882 
5610 
6338 
7064 
7789 


6 

0"i36 
1624 
2411 
3196 


4762 


0915 
1703 
2489 
3275 
398014058 


6323 
7101 


8653 
9427 
200 


1741 
2509 
3277 
4042 
4807 
5570 
6332 
7092 
7851 
8609 
9366 
121 
0875 
1627 
2378 
3128 
3877 
4624 
5370 
6115 
6859 
7601 
8342 
9082 
9820 
0557 
1293 
2028 
2762 
3494 
4225 


5683 
6411 
7137 


4840 
5621 
6401 
7179 
7955 
8731 
9504 
-277 
1048 
1818 
2586 
3353 
4119 
4883 
5646 
6408 
7168 
7927 
8685 
9441 
196 
0950 
1702 
2453 
3203 
3952 
4699 
5445 
6190 
6933 
7675 
8416 
9156 
9894 


8 

0994 
1782 
2568 
o353 
4136 
4919 
5699 
6479 
7256 
8033 
8808 
9582 
.354 
1125 
1895 
2663 
3430 
4195 
4960 
5722 
6484 
7244 
8003 
18761 
9517 
.272 
1025 
1778 
2529 
3278 
4027 
4774 
5520 
6264 
7007 
7749 
8490 


1367 
2102 
2835 


4298 
495515028 


6483 
7209 


9968 


06310705 


1440 
2175 
2908 


3567  3640  3713 


4371 
5100 
575615829 


6556 
7282 


9 

1073 

1860 

2646 

3431 

4215 

4997 

5777 

6556 

7334 

8110 

8885 

9659 

.431 

1202 

1972 

2740 

3506 

4272 

5036 

5799 

6560 

73201 

8079 

8836 

9592 

.347 

1101 

1853 

2604 

3353 

4101 

4848 

5594 

5338 

7082 

7823 

8564 


92309303 


«.42 
0778 
1514 
2248 
2981 


4^ 


7862179341 800618079 


4444 
5173 
5902 
6629 
7354 
8079 


LOGARITHMS 


600 
601 
602 
603 
604 
605 
606 

6or 

608 

609 

610 

611 

613 

613 

614 

6(5 

616 

617 

618 

619 

630 

621 

622 

623 

624 

6251 

626 

627 

628 

629 

630 

631 

632 

633 

634 

635 

636 

637 

638 

639 

640 

641 

642 

643 

644 

645 

646 

647 

648 

649 


778151t^^224>8296 
8874|8947'9()19 


9596 
78»317 
1037 
1755 
2473 
3189 
3904 
4617 
5330 
6041 


9669  9741 
0389i046] 
11091181 
1827  1899 
2544  2616 
3'^60|3332 
3975.4046 
4689:4760 
5401  5472 
,6112  6183 


3 

8368 

909 1 

9813 

0533 

1253 

1971 

268H 

3403 


4831 


844' 
9163 
9885 


1334 
2042 
2759 
3475 
4118)4189 


(»605  0677  0749 


8513  8585 
9236  9308 
9957  . .  29 


8 


4902 


S 543  5615 
625416325 


67516832  6893 


7460 
8(68 
8875 
958* 

7Sl0285 
0988 
1691 
239:2 
3092 
379u 
4488 
5185 
5880 
6574 
7368 
'  7960 
8651 
9341 

800029 
0717 
1404 
2089 
2774 
S457 
4139 
4821 
55(1 1 
61 80 
6858 
7535 


6964 
7531760^2  7^73 
8239.8310  8381 
894619016  9087 


9651 

03561 

1059 

»761 

2462 


9723 
0426 
1139 
1831 
2532 


3162*3231 
386013930 
4558:4627 


5254 
5949 
6644 


7337  7406 


8029 


8730  8789 


9409 
0098 
0786 
1472 
2158 
2842 
3525 
42(j8 
4689 
'5669 
6248 
6926 
7603 
83 1 1J8279 


8886 
956^) 
810233 
09(j4 
1575 


9627 
0300 
0971 
1642 
2245I2312 


5324 
6019 
6713 


8098 


9478 
0167 
0854 
1541 
2226 
2910 
3594 
4276 
4957 
5617 


6994 
7670 
8346 
895319021 


1396 


21142186 


2831 


1468 


2902 


3546  3618 
426 1  4333 
4974^5045 
5686^5757 
639616467 

7035|7106|7I77 

7744 

8451 

9157 

9863 

0867 

1269 

1971 

2672 

3371 


9792 
0496 
1199 
1901 
2602 
3301 
4000407014139 


4697  4767 
53935463 


6088 
6782 
7475 
8167 
8858 
9547 


02360305 


0923 
1609 
2295 
2979 
3662 
4354 
5025 
5705 


63 1 6  6384 


9694 
0367 
1039 
1709 
2379 


7061 

7738 


6158 
6852 
7545 
8236 
8927 
9610 


0992 
1678 
2363 
3047 
3730 
4412 
5093 
5773 
6451 
7129 
7806 


8414  8481 


9088 
9762 
0434 
1106 
1776 
2445 


9156 
9829 
0501 
1173 
1843 
2512 


8658  873018803 
9380  945219524 

101 
0821 
1540 
3358 
3974 
3689 
440314475 

5187 

5899 

6609 

7319 

8037 

8734 

9440 
144 


134011410 
3111 
3813 
4511 
4309 


4836  4906 


5533 


6337  6297 


692 1  6990  7060 


7614 
8305 


9685 
0373 
1061 


2332 


5603 


7683 


8374  8443 


8996  90659134 


0443 
1129 


1747  1815 


2500 


3116  3184 
3798  3867 
4480I4548 
5239 


9223 


0596 
1240 


5161 
5841 
6519 

71577264 
7873  7941 
8549  8616 


9390 


9896  9964 


1307 


1910  1977 
3579136461 


1480 
3181 
2883 
3581 


0778  0848  091 


1550 
3353 
39  S3 
3651 


4379/4349/441 
4976 


5673 
6366 


7753  7831 


9754  9633  9893 


0511 
1198 
1884 
3568 
3353 
3935 
4616 
5397 


5908  5976 

6587  6655 

7333 

8008 


9358 
..31 


0636  0703 


1374 


5045  5115 
574115811 

6436)65051 
7139 


8513 
9303 


0580 

1366 

1953 

2637 

3331 

4003 

4685 

5365 

6044 

6733 

7400 

807|5 


8684  8751 


9435 
..98 
0770 
144i 


3044  2111 
371313780 


OP  NUMBERS. 


650 
651 
6S3 
653 
654 
655 
656 
657 
659 
659 
650 
66  i 
662 
663 
^664 
665 
666 
667 
668 
669 
670 
671 
172 
[673 
»74 
175 
\76 

>7r 

\7B 
i79 

^80 
181 
i83 
^83 
^84 
»85 
;86 
.J87 
688 
689 
iS90 


813913 
3581 
4348 
4913 
5578 
6341 
6904 
7565 
8336 
8885 
9544 

830301 
0858 
1514 
3168 
3833 
3474 
4136 
4776 
5436 
6075 
6723 
7369 
8015 
8660 
9304 
9947 

830589 
1330 
1870 
350^ 
ai47 
3784 
4431 
5056 
5691 
6334 


1 

3'980 

3648 

4314 

4980 

5644 

6308 

6970 

7631 

8393 

8951 

9610 

0267 

0934 

1579 


3047  3114 
3714  3781 


4381 
5046 
5711 
6374 
7036 
7698 


4447 
5113 
5777 
6440 
7103 
7764 


8358J8434 
9017^9083 
9741 
0399 
1055 
1710 


3181 
3848 
4514 
5179 
5843 
6506 
7169 
7830 


9676 
0333 
0989 
1645 
3333|t399 


3887 
3539 
4191 
4841 
5491 
6140 
6787 


7434  7499 


8080 
8734 
9368 

..n 

0653 
1294 
1934 
3573 
3311 
3848 
4484 
5120 
5754 
6387 


695717020 
7588|7652 
8219;8282 
8849:8912 
9478;9541 
8401060169 
0733*0790 
135911432 
1985  3047 
2609;2672 
32333295 
38553918 
4477;4539 


2952 
3605 
4256 


4906  4971 


5SS6 
6204 
6852 


8144 
8789 
9432 
.75 

0717 
1358 
1998 
3637 
i275 
3912 
4548 
5183 
5817 
6451 
7083 
7715 
8345 
8975 
9604 
0232 
0859 
1485 
2110 
2734 
3357 
3980 
4601 


2364 
3018 
3670 
4321 


5631 
6269 
6917 
7563] 
8209 
8853 
9497 
139 
0781 
1432 
3062 
3700 
3338 
3975 
4611 
5347 
5881 
6514 
7146 
7778 
8408 
9038 
9667 
0394 
0921 
15471 
2172 
2796 
3420 
4042 
4664 


8490  8556 


9149 
9807 
0464 
1120 
1775 
3430 
3083 
3735 
4386 
5036 
5686 
6334 
6981 
7628 
8373 
8918 
9561 
.204 
0845 
1486 
2126 
2764 
3402 
4039 
4675 
5310 
5944 
6577 
7210 
7841 
8471 
9101 
9729 


1610 
2235 
2859 
3482 
4104 
4726 


3247 
3914 
4581 
5246 
5910 
6573 
7235 
7896 


9215 
9873 
0530 
1186 
1841 
2495 
3148 
3800 
4451 
5101 
5751 
6399 
7046 
7692 
8338 
8982 
9635 
.268 
0909 
1550 
2189 
2828 
3466 
4103 
4739 
5373 
6007 
6641 
7273 
7904 
8534 
9164 
9792 


0357  0420 
0984  1046 


1672 
2297 
2921 
3544 
4166 
4788 


3314 
3981 
4647 
5312 
5976 
6639 
7301 
7962 
8622 
9281 
9939 
0595 
1251 
19061 
2560 
3213 
3865 
4516 
5166 
5815 
6464 
7111 
7757 
8402 
9046 
9690 
332 
0973 
1614 
2253 
2892 
3530 
4166 
4802 
5437 
6071 
6704 
7336 
7967 
8597 
9227 
9855 
0482 
1109 
1735 
2360 
2983 
3606 
42  29|429 1 
485014912 


7 

3381 
4048 
47/4 
5378 
6042 
6705 
7367 
80281 
8688 
9346 
..4 
0661 
1317 
1972 
2626 
3279 
39^30 
45«1 
5231 
5880 
6528 
7175 
7821 
8467 
9111 
9754 
»396 
1037 
1678 
2317 
2956 
3593 
4230 
4866 
5500 
6134 
6767 
7399 
8030 
8660 
9289 
9918 
0545 
1172 
1797 
2422 
3046 
3669 


8 


3448  3514 
41144181 


4847 
5511 
6175 
6838 
7499 
8160 
8820 
9478 

136 
<5f92 
1448 
3103 
2756 
3409 
4061 
[4711 
5361 
6010 
6658 
7305 
7951 
8595 
9239 
9882 

525 
1166 
1806 
3445 
3083 
3721 
4357 
4993 
5627 
6261 
6894 
7525 
8156 
8786 
9415 
43 
0671 


4780 

5445 

6109 

6771 

7433 

8094 

a754 

9412 

..70 

0727 

1382 

2037 

2691 

3344 

3996 

4646 

5396 

5945 

6593 

7240 

7886 

8531 

9175 

9818 

.  46(^ 

1102 

174^ 

2381 

3020 

3657 

4294 

4929 

5564 

6197 

6830 

7462 

8093 

8723 

9352 

9981 

0608 

1234il297 

I860|l922 

2484^2547 

51083170 

37313793 

4353-4415 

4974i5036 


LOGARITHMS 


n:i    0 

17001845098 


701 
702 
703 
704 
705 
706 
707 
708 
709 
r710 
711 
712 
713 
714 
715 
716 
717 
718 
719 
720 
721 
4722 
723 
724 
725 
726 
727 
728 
729 
730 
731 
732 
733 
734 
735 
736 
737 
738 
739 
740 

74U 

742 

743 

744 

745 

746 

747 

748 

749 


1 


5718 
6337 
6955 
7573 


5160 
5780 
6399 
7017 
7634 


8189  8251 
8805  8866 


94191 
850033 


1258 


948  i 
0095 


0646  0707 


1320 


1870  1931 


2480 
3090 
369,8 


2541 
3150 


5222 
5842 
6461 
7079 
7676 
8312 
8928 
9542 
0156 
0769 
il381 
'l992 
2602 
3211 


5284 

5904 

652o 

7141 

7758 

8374 

8989 

9604 

0217 

0630 


5346 
5966 
6585 
7202 
7819 
8435 
9051 
9666 
0279 
0891 


5408 

6028 

6646 

7264 

7831 

8497 

9112 

9726 

0340 

0952 


8 


1442  1503 


5470 
6090 
6708 
7326 
7943 


5532  5594  5656 


615l|6213 
6770  6832 
738817449 
8004  8066 


8559  8620|8682 


9174 
9788 
0401 
1014 


923519297 
984919911 
046210524 


3759  3820  3881 
4306143674428  4488 
4913  4974  5034  5095 


' 


5519 
6124 
6729 
7332 
7935 
8537 
9138 
9739 
860338 
0937 
1534 
2131 
2728 
3323 
3917 
4511 
5104 
5696 
6287 
6878 
7467 
8056 
8644 
9232 
9818 
870404 
0989 
1573 
2156 
2739 
3321 


2053 
2663 
3272 


2114 
2724 


1564  1625 
2175  2236 
278512846 


33333394 


5580  5640 

6185  6345 

6850 


6789 
7393 
7995 


7453 


5701 
6306 
6910 
7513 


8056  8116 


85978657 


9198 
9799 
0398 
0996 
1594 
2191 
2787 
3382 
3977 
4570 
5163 
5755 
6346 
6937 
7526 
8115 
8703 
9290 
9877 
10462 
1047 
1631 
2215 
2797 
3379 


9258 

9859 

0458 

1056 

1654 

2251 

2847 

3442 

4036 

4630 

5222 

5814 

6405 

6996 

7585 

8174 

8762 

9349 

9935 

0521 

1106 

1690 

2273 

2855 

3437 

4018 


39023960 
4482l4540>4598 


8718 

9318 

9918 

0518 

1116 

1714 

2310 

2906 

3501 

4096 

468? 

5282 

5874 

5465 

7055 

7644 

8233 

8821 

9408 

9994 


394.1 

4549 

5156 

5761 

6366 

6970 

7574 

8176 

8778 

9379 

9976 


05^8 
1176 
1773 
2370 


4002 

4610 

5216 

5822 

6427 

7031 

7634 

8236 

8838 

9439] 

.  .38 

0637 


1236 
1833 
2430 


2966  3025 
3561  3620 
4155  4214 


4748 

5341 

5933 

6524 

7114 

770 

8292 

8879 


0579  0638 


1164 
1748 
2331 
2913 
3495 
4076 
4656 


4808 
5400 
5992 
6583 
7173 
7762 
8350 
8938 


9466  9525 


53 


1223 
1806 
2389 
2972 
3553 
4134 
4714 


.111 
0696 
1281 
1865 
2448 
3030 


3455 
4^3 
4670 
5277 
5882 
6487 
7091 
7694 
8297 
8898 
9499 
..98 
0697 
1295 
1893 
2489 
3085 
3680 
4274 
4867 
5459 
6051 
6642 
7?52 
7821 
8409 
8997 
9584 
170 


1075 
1686 
2297 
2907 
3516 
4424 
4731 
5337 
5943 
6548 
7152 
7755 
8357 
8958 


1136 
1747 


235a 


6275 

68941 

7511 

8128 

8743 

9358 

9972* 

0585 

1197 

1809 

2419 


2968  3029 

3577  3637 

4185  4245 

4792  4852 

5398  5459 

6003  6064 

6608  6668 

7212  7272 

7815  7875 

8417  8477 

90l8ho7B 

9559(96 1919679 

.1581.2181.278 

0757|o817|o87t 

1355  1415 


4192 
4772 


1952 
2549 
3144 
3739 
4333 
4926 
5519 
6110 
6701 
7291 


8468 
9056 
9642 
228 


1339 
1923 


3088 


36113669 


4830 


2012 
2608 
13204 
3799 
4392 
4985 
5578 
6169 
6760 
735d 


7880  7939 


0755  08U 


1398 
1981 


2506  2564  2632 


3146 
3727 


4250  4308 


4888 


8527 
9114 
9701 
287 


1475 

2072 

2668 

3263 

3850 

445^ 

5045 

5637 

6228 

6819 

7409 

7998 

8586 

9175 

9760 

.345 


0872  0930 


1456 

2040 


3785 
4360 
4945 


1515 
2098 
2681 


3204  3262 


3844 
4424 
5003 


w^ 


OP  NUMBERS. 


N.  I 


• 


750875061 


\ 


751 

752 

753 

754 

755 

756 

757 

758 

759 

760 

761 

762 

763 

764 

765 

766 

767 

768 

769 

770 

771 

772 

773 

774 

775 

776 

777 

778 

779 

780 

781 

782 

783 

784 

785 

786 

787 

788 

789 

790 

791 

792 

793 

794 

795 

796 

797 

798 

1799 


-» • 


5640 

6218 

6795 

7371 

7947 

8522 

9096 

9669 

880242 

0814 

1385 

1955 

2525 

3093 

3661 

4229 

4795 

5361 

5926 

6491 

7054 

7617 

8179 

8741 

9302 

9862 

89042 1 

0980 

1537 

2095 

2651 

3207 

2762 

4316 

4870 

5423 

5975 

6526 

7077 

7627 

8176 

8725 

9273 

9821 

900367 

0913 

1458 

3003 

2547 


1 

5119 

5698 

6276 

6853 

7429 

8004 

8579 

9153 

9726 

0299 

0871 

14412 

2012 

2581 

3150 

3718 

4285 

4852 

5418 

5983 

6547 

7111 

7674 

8236 

8797 

9358 

9018 

0477 

1035 

1593 

2150 

2707 

3262 

3817 


5177 
5756 
6333 
6910 
7487 
8062 
8637 
9311 
9784 
0356 
0928 


5235 
5813 
6391 
6968 
7544 
811918177 


4 

5293 
5871 
6449 
7026 
7602 


8694 
9268 
9841 
0413 
0985 


1499  1556  1613 


4371 


4925 

5478 

6030 

658] 

7'132 

7682 

8231 

8780 

9328 

9875 

0422 

0968 

1513 

2057 

2601 


2069 

2638 

3207 

3775 

4342 

4909 

5474 

6039 

6604 

7167 

7730 

8292 

8853 

9414 

0974 

0533 

1091 

1649 

2206 

2762 

3318 

3873 

4427 

4980 

5533 

6085 

6636 

7187 

7737 

8386 

8835 

9383 

9930 


8752 
9325 
9898 
0471 
1042 


2126 

2695 

3264 

3832 

4399 

4965 

5531 

6096 

6660 

7233 

7786 

8348 

8909 

9470 

..30 

0589 

1147 

1705 

2262 

2818 

3373 

3928 

4482 

5036 

5588 

6140 

6692 

7242 

7792 

8341 

8890 

9437 

9985 


6  1  7 


0476  0531 
1022  1077 
156711622 


2112 


3166 


2655  3710 


2183 

2752 

3331 

3888 

4455 

5022 

5587 

6152 

6716 

7380 

7842 

8404 

8965 

9526 

..86 

0645 

1203 

1760 

2317 

2873 

3429 

3984 

4538 

5091 

5644 

6195 

6747 

7297 

7847 

8396 

8944 

9492 

..39 

0586 

1.131 

1676 

2231 

2764 


5351 
5929 
6507 
7083 
7659 
8234 
8809 
9383 
9956 
0528 
V999 
1670 
2240 
2809 
3377 
3945 
4512 
5078 
5644 
6209 
6773 
7336 
7898 
8460 
9021 
9582 
141 
0700 
1259 
1816 
2373 
2929 
3484 
4039 
4593 
5146 
5699 
6251 
6802 
7352 
7902 
8451 
8999 
9547 
..94 
0640 
1186 
1731 
2275 
2818 


5409  {5466 
5987  6045 


6564 

7141 

7717 

8292 

8866 

9440 

..  13 

0585 

1156 

1727 

2297 

2866 

3434 

4002 

4569 

5135 

5700 

6265 

6829 


8 


6622 

7199 

7774 

8349 

8924 

9497 

..70 

0642 

1213 

1784 

2354 

2923 

3491 

4059 

4625 

5192 

5757 

6321 

6885 


739217449 
7955  8011 
8516  8573 
9077  9134 


9638 
197 
0756 
1314 
1872 
2429 
2985 
3540 
4094 
4648 
5201 
5754 
6306 
6857 
7407 
7957 
8506 
9054 
9602 
.  149 
0695 
1240 
1785 
2329 
2873 


9694 
253 
0812 
1370 
1928 
2484 
3040 
3595 
4150 
4704 
5257 
5809 
6361 
6912 
7462 
8012 
8561 
9109 
9656 
.2O0 
0749 
1295 
1840 
2384 
2927 


5524 

6102 

6680 

7256 

7832 

8407 

8981 

9555 

.  127 

0699 

1271 

1841 

2411 

2980 

3548 

4115 

4682 

5248 

5813 

6378 

6942 

7505 

8067 

8629 

9190 

9750 

.309 

0868 

1426 

1983 

2540 

3096 

3651 

4205 

4759 

5312 


9 

F582 

6160 

6737i 

7314 

7889 

8464 

9039 

9612 

.  185 

0756 

1328 

1898 

2468) 

3037 

3605 

4172 


4739 
5305 
5870 
6434 
69(>8 
7561 
8123 
8685 
9246 
9806 
.  o65 
0924 
1482 
2039 
2595 
3151 
3706 
4261 
4814 
5367 
586415920 


6416 
6967 
7517 
8067 
8615 
9164 
9711 
.258 
0804 
1349 
1894 
2438 
29ai 


6471 

7022 

7572 

8122 

86701 

9218 

9766 

.312 

0859 

1404 

1948 

3492 


«WP 


LOGARITHHS 


I 


N 

8t)0 

801 

802 

BiS 

804 

805 

806 

807 

808 

809 

810 

811 

813 

8:3 

814 

815 

8161 

817 

818 

819 

830 

831 

833 

833 

834 

835 

836 

837 

838 

839 

830 

831 

833 

833 

834 

835 

336 

837 

838 

839 

840 

841 

843 

843 

844 

845 

846 

847 

848 

849 


\L 


903090  3 144 
3633  3687 
4 1 74  4339 
4716  4770 
53565310 
5796  585J 
6335  638v 
6874  6937 
7411  7^65 
7949  8003 
8485  8539 
9031  9074 
9556  9610 

910091  0144 
0634  0678 
1158  1311 
1690  1743 
3333  3375 
3753  3806 
33843337 
3814  3867 
4343  4396 

.  4873  4935 
54005453 
5937'5980 
6454  6507 
6980  7033 
7506  7558 
8030  7083 
8555  8607 
9078  9130 
9601  9653 

930133  0176 
0645  0697 
11661318 
1686  1738 
3306  3358 
3735  3777 
334413396 
3763,'3814 
4379:4331 
4796  4848 
53l3i5364 
5838  5879 
6343{6394 
685r6908 


7370 
7883 
8396 
8908 


7433 
7935 
8447 
89  S9 


3  J  3 

3199  3353 
3741  3795 
4383  4337 
4834  4878 
5364  5418 
5904  5958 
6443  6497 
6981  7035 


7519  7575  7636 


8056  8110 
8593  8646 
91389181 
9663  9716 
0197  035 
0731  0784 
1364  1317 
1797  18501 
3333  3381 
3859  3913 
3390  3443 
39303973 
4449^4503 
4977  5030 
5505  5558 
6033  6085 
6559  6613 
7085i7l38 
7611 '7663 
8185  8188 
8659  87)3 
9183  9335 
9706  9758 
0338  0380 
0749  080 1 
1370  1333 
1790  1843 
3310  3363 
38393881 
3348,3399 
3865'3917 
4383^4434 


4899 
5415 
5931 
6445 
6959 
7473 
7986 
8498 
90\0 


I 


190\0\S 


4951 
5467 
5983 
6497 
7011 
7534 
8037 
8549 

9oe>v 


4^ 

3307 
3849 
4391 
4933 
5473 
6013 
6551 
7089 


8163 
8699 
9334 
9770 
0304 
0838 
1371 
1903 
3435 
3966 
3496 
4036 
4555 
5083 
5611 
6138 
6664 
7190 
7716 
834« 
18764 
9387 
9810 
0333 
0853 
1374 
1894 
3414 
2933 
3451 
3969 
4486 
5003 
5518 
6034 
6548 
7063 
7576 
8088 
8601 


\ 


5 

3361 
3904 
4445 

4986 

5536 

6066 

6604 

7143 

7680 

S317 

8753 

9389 

9833 

0358 

0891 

1434 

1956 

3488 

3019 

3549 

4079 

4608 

5136 

5664 

619i 

6717 

7343 

7768 


8816 

9340 

9863 

0384 

0906 

1436 

1946 

3466 

3985 

3503 

4031 

4538 

5054 

5570 

6085 

6600 

7114 

7637 

8 1 40j 

8653 

9163 


\ 


6 

34l6 
3958 
4499 
5040 
5580 
6119 
6658 
7196 
7734 
8370 
88«>7 
9343 
9877 
<>4ll 
0944 
1477 
3009 
3541 
3073 
360313655 


4133 
4660 
5189 
5716 
6343 
6770 
7395 
7830 


8293  8345 


8869 
9393 
9914 
0436 
0958 
1478 
1998 
3518 
3037 
3555 
4073 
4589 
5106 
5631 
6137 
6651 
7165 
7678 
8191 
8703 
9315 


\    \ 


4184 

,4713 

5341 

5769 

6396 

6833 

7348 

7873 

8397 

8931 

9444 

9967 

0489 

lOlO 

1530 

3050 

3570 

3U89 

3607 

4134 

4641 

5157 

5673 

6188 

6703 

7316 
7730 

8343 
8fs4 

936fi  f 


L 


1850  939419 
851   993( 
8  5t2  930440 


853 

854 

855 

856 

857 

858 

859 

860 

861 

863 

863 1 

8641 

865 

866 

86r 

868 

869 

870 


0949 

1458 

I96f 

3474 

2981 

3487 

3993 

4498 

500:i 

5507 

6011 

6514 

7016 

7518 

8019 

8520 

9020 

9519 


871  940018 


873| 
373! 
874 
875 
876 
877 
878 
879 
»'80 
.881 
883 
883 
884 
885 
886 
-^87 
888 
889 
890 
891 
893 
893 
894 
895 
896 
897 
898 
899 


0516 
1014 
1511 
2008 
3504 
30001 
3495 
3989 
4483 
4976 
5469 
5961 
6452 
6943 
7434 
7934 
8413 
8902 
9390 
9878 
950365 
0851 
1338 
1823 
3308 
2793 
3276 
3760 


9470 

9981 

0491 

1000 

1509 

3017 

3534 

J031 

353b 

4044 

4549 

5054 

5558 

6061 

6564 

7066 

7568 

8069 

8570 

9070 

9569 

0068 

0566 

1064 

1561 

305  » 

3554 

304«) 

3544 

40i8 

4533 

.035 

5518 

6CI0 

6501 

6993 

748.0. 

7973 

8463 

8951 

9439 

9936 

0414 

0900 

1386 

1872 

3356 

3841 

3335 

380b 


3 

95S"l 
33 
0542 
1051 
1560 
3068 
2^75 
.;083 
3589 
4094 
4599 
5104 
5608 
6111 
6614 
7117 
7618 
8119 
8630 
9130 
9619 
0118 
0616 
1114 
1611 
•'107 
3603 
3099 
3593 
4088 
4581 
5074 
5567 
6059 
6551 
7041 
7533 
8023 
8511 
8999 
9488 
9975 
0463 
0949 
1435 
1920 
2405 
3839 
3373 
3856 


OP  NUMBERS 

5 


9572 
.  83 
0592 
1102 
1610 
2118 
263«> 
3133 
3639 
4145 
4650 
5154 
5658 
6163 
6665 
7167 
7668 
8169 
8670 
9170 
9669 
0168 
0666 
1163 
1660 
3157 
3053 
3148 
3643 
4137 
4631 
5124 
5616 
6108 
6600 
7090 
7581 
8070 
8560 
9048 
9536 
..24 
0511 
0997 
1483 
1969 
2453 
3938 
3431 
3905 


9623 
.  134 
0643 
1153 
1661 
2169 
2677 
3183 
3690 
4195 
4700 
5205 
5709 
6313 
6715 
7317 
7718 
8319 
8730 
9220 
9719 
0318 
0716 
1313 
1710 
3307 
2703 
3198 
3692 
4186 
4680 
5173 
5665 
6157 
6649 
7140 
7630 
8119 
8609 
9097 
9585 
.73 
0560 
1046 
1533 
3017 
3503 
2986 
3470 
J953 


9674 
.  185 
0694 
1304 
1713 
223(» 
3737 
3334 
3740 
4346 
4751 
5355 
5759 
6363 
fi765 
7267 
7769 
8269 
8770 
9270 
9769 
0267 
0765 
1263 
1760 
3256 
2752 
3247 
3742 
4236 
4729 
5222 
5715 
6207 
6698 
7189 
7679 
8168 
8657 
9146 
9634 
131 
0608 
1095 
1580 
2066 
2550 
;'034 
3518 

4O01 


9735  9776  9837  9879] 

.  338 


336 
0745 
1354 
1763 

3371  3333 
3778  2829 
3285;3335 
3791 13841 

4269  4347 


.387 

07960847 
1305  1356 
i^l4 


4801 
5306 
5809 
6313 
6815 
7317 
7819 
8320 
8826 


9819 


4852 
5356 
5860 
6363 
6865 
7367 
7869 
8370 
8870 


9320^369 


9869 


031^0367 

0815'0865 

1313:1363 

1809J1859 

33062355 

2801 '3851 

3397J3346 

379i;3841 

4285J4335 

477914838 

5272-5331 

57645813 

6356J6305 

6747:6796 

733817387 

77387777 

8317I8S66 

87068755 

9195  9344 

9683  9731 

.  170.219 

0657  0706 

1143J1193 

1639i]677 

3114.3163 

3599 

3083 

3566 

4049 


1865 
3372 
2879 
3386 
3892 
4397 
4902 
5406 
5910 
6413 
6916 
7418 
7919 
8420 
8919 
9419 
9918 
0417 
0915 
1412 
1909 
2405 
2901 
3396 
3890 
4384 
4877 
5370 
5862 
63S4 
6845 
7336 
7826 
8315 
8804 
9292 
9780 
.267 
0764 
1240 
1726 
2211 
^647{2696 
3131  3180 


3615 


C 


3663 


40984144 


0898 
1407 
1915 
2433 
2930 
3437 
3943 
4448 
4953 
5457 
6960 
6463 
6966 
7468 
7969 
8470 
8970 
9469 
9968 
0467 
0964 
1462 
1958 
2455 
2960 
3445 
3939 
4433 
4927 
5419 
5912 
8403 
6894 
7385 
7875 
836^ 
8853 
934  i 
9829 
316 
0803 
1289 
1775 
2260 
3744 
3228 
3711 


\ 


mam 


LOGARITHMS 


liL 


900 

901 

902 

903 

904 

905 

906 

907 

908 

909 

910 

911 

913 

913 

914 

915 

916 

917 

918 

919 

920 

921 

922 

923 

924 

925 

926 

927 

928 

929 

930 

931 

932 

933 

934 

935 

936 

937 

938 

939 

940 

94  \ 

942 

943 

944 

945 

946 

947 

948 

949 


964243 
4725 
6207 
6688 
6168 
6649 
7128 
7607 
8086 
8664 
9041 
9518 
9996 

960471 
0946 
1421 

1895 
2369 
2843 
3316 
3788 
4260 
4731 
6202 
6672 
6142 
6611 
7080 
7648 
8016 
8483 
8960 
9416 
9882 
970347 
0812 
1276 
1740 
2203 
2666 
3128 
3590 
4061 
4512 
4972 
5432 
6891 
6360 
6808 
7266 


I 


4291 
4773 
6265 
5736 
6216 
6697 
7176 
7666 
8134 
8612 
9089 
9666 
.42 
0518 
0994 
1469 
1943 
2417 
2890 
3363 
3836 
4307 
4778 
6249 
5719 
6189 
6658 
7127 
7596 
8062 
8530 
8996 
9463 
9928 
0393 
0858 
1322 
1786 
2249 
27 1« 
3174 
3636 
4097 
4668 
5018 
6478 
6937 
6396 
6864 


86698707  8765 


2 


4339 
4821 
5303 
5784 
6266 
6745 
7224 
7703 
8181 


3 


4387 
4869 
5361 
6832 
6313 
6793 
7272 

7761 
8229 


4436 
4918 
6399 
5880 
6361 
6840 
732U 
7799 


4484 
4966 
6447 
6928 
6409 
6888 
7368 
7847 


91371 
9614 
.90 
0666 
1041 
1516 
1990 
2464 
2937 
3410 
3882 
4354 
4826 
5296 
6766 
6236 
6706 
7173 
7642 
8109 
8576 
9043 
9609 
9976 
0440 
0904 
1369 
1 832 
2296 
2758 
3220 
3682 
4143 
4604 
6064 
6524 
5983 
6442 
6900 


8277  8326 


9186 
9661 
138 
0613 
1089 
1663 
2038 
2611 
2986 
3467 
3929 
4401 
4872 
6343 
5813 
6283 
6762 
7220 
7688 
8166 
8623 
9090 
9656 
..21 
0486 
0961 
1415 
»8;79 
2342 
2804 
3266 
3728 
4189 
4660 
6110 
6570 
6029 
6488 
6946 


■•M 


T3nn^5ft\T*o3vr449b 


9232 
9709 
186 
0661 
1136 
16U 
2086 
2669 
3032 
3504 
3977 
4448 
4919 
5390 
5860 
6329 
6799 
7267 
7735 
8203 
8670 
9136 
9602 
..68 
0633 
0997 
1461 
1926 
2388 
2861 
3313 
3774 
4236 
4696 
5156 
6616 
6076 
6633 
6992 


4532 
6014 
5495 
6976 
6467 
6936 
7416 
/894 


8 


4580 
5063 
6543 
6024 
6505 
6984 
7464 
7942 


8373  8421 


8803  8860  8898 


9280 
9767 

233 
0709 
1184 
1668 
2132 
2606 
3079 
3662 
4024 
4496 
4966 
6437 
5907 
6376 
6846 
7314 
7782 
8249 
8716 
9183 
9649 

U4 
0679|0626 


9328 
9804 

280 
0756 
4231 
1706 
2180 
2663 
3126 
3599 
4071 
4542 
5013 
5484 
5954 
6423 
6892 
7361 
7829 
8296 
8763 
9229 
9695 

161 


1044 
1608 


2434 
2897 
3369 
3820 
4281 
4742 
6202 
6662 
6121 
6579 
7037 
7496 


1090 
1654 


1971  2018 


2481 
2943 
3405 
3866 
4327 
4788 
5248 
6707 
6167 
6626 
7083 


9375 


4638 
5110 
5593 
6072 
6553 
7032 
7513 
7990 
8468 
8946 
9423 


328 
0804 
1^79 
1753 
2327 
3701 
3174 
3646 
4118 
4590 
5061 


9    I 


9853  9900 


376 
085i 
1336 
1801 
2376 
3748 


4677 

5158 

5  640 

61301 

6601 

7080 

7569 

8038 

86161 

89941 

947 1 1 

9947^ 

.433 

0899 

1374 

1848 

3332 

3795 


333113368 
3693  3741 
4165|43]3 
46S7J4684 


6531  5578  5635 


6001 
6470 
6939 
7408 
7875 
8343 
8810 
9276 
9743 
307 
0673 
1137 
1601 
2064 
2627 
2989 
3451 
3913 
4374 
4834 
5294 
67:^3 
6313 
6671 
7129 


754llr6B6 


6048 

6517 

6986 

7454 

7922 

8390 

8856 

9333 

9789 

4  354 

0719 

1183 

1647 

3110 

2673 

3035 

3497 

3959 

4420 

4880 

5340 

6799 

6368 

6717 

7175 

7632 


6095 

6564 

7033 

7501 

7969 

8436 

8903 

93€9| 

98351 

.300 

07l»5 

1329 

1693 

3157 

3619 

3082 

3543 

4005 

4.466 

49281 

6386| 

5845 

6304 

6763 

7220 

7678 


k 


OP  NUMBERS. 


950 

951 

952 

953 

954 

955 

956 

957 

958 

959 

960 

961 

962 

963 

964 

965 

966 

967 

968 

969 

970 

971 

972 

973 

974 

975 

976 

977 

978 

979 

980 

981 

982 

983 

984 

985 

9861 

987 

988 

989 

990 

991 

992 

993 

994 

995 

996 

997 

998 

^999 


-*  ^  ~ 


0 


977724 
8181 
8637 
9093 
9548 

980003 
0458 
0912 
1366 
1819 
2271 
2723 
3175 
3626 
4077 
4527 
4977 
5426 
5875 
6324 
6772 


7219 
7666 
8113 
8559 
9005 
9450 
9895 
990339 
0783 
1226 
1669 
2111 
2554 
2995 
3436 
3877 
4317 
4757 
5196 
5635 
6074 
6512 
6949 
7386 
7823 
8259 
8695 
9131 
9565 


1 

7769 
8226 
8683 
9138 
'9594 
0049- 
0503 
0957 
1411 
1864 
2316| 
2769 
3220 
3671 
4122 
4572 
5022 
5471 
5920 
6369 
6817 
7264 
7711 
8157 
8604 
9049 
9494 
9939 
0383 
0827 
1270 
1713 
^156 
2598 
3039 
3480 
3921 
4361 
4801 
5240 
5679 
6117 
6555 
6993 
7430 
7867 
8303 
8739 
9174 


7815  7861  7906 


8272 

8728 

9184 

9639 

0094 

0549 

1003 

1456 

1909 

2362 

2814 

3265 

3716 

4167 

4617 

5067 

5516 

5965 

6413 

6861 

7309 

7756 

8202 

8648 

9049 

9539 

9983 


8317 
^774 
9230 
9685 
0140 
0594 
1048 
150i 


8363 
8819 
9275 
9730 
0185 
0640 
1093 
1547 


1954  2000 
2407  2452 


0428 
0871 
1315 
1758 
2200 
2642 
3083 
3524 
3965 
4405 
4845 
5284 
5723 
6161 
6599 
7037 
7474 
7910 
8347 
8782 
9218 
9609 J  9652 


2859 

3310 

3762 

4212 

4662 

5112 

5561 

6010 

6458 

6906 

7353 

7800 

8247 

8693 

9138 

9583 

..28 

0472 

0916 

1359 

1802 

2244 

2686 

3127 

3568 

4009 

4449 

4889 

5328 

5767 

6205 

6643 

7080 

7517 

7954 

8390 

8826 

9261 

9696 


2904 

3356 

380/ 

4257 

4707 

5157 

5606 

6055 

6503 

6951 

7398 

7845 

8291 

8737 

9183 

9628 

,.72 

0516 

0960 

1403 

1846 

2288 

2730 

3172 

3613 

4053 

4493 

4933 

5372 

5811 

6249 

6687 

7124 

7561 

7998 

8434 

8869 

9305 

9739 


5    6  . 

7952  7*99^ 
8409  8454 
8865  8911 
9321  9366 
9776  9821 
0231  0276 
0685  0730 
1139  1184 
1592  1637 
2045  2090 
2497  2543 
2949  2994 
3401  3446 
3852  3897 
4302  4347 
4752  4797 
5202  5^47 
5651  5699 
6100  6144 
6548  6593 
6996  7040 
7443  7488 
7890  7934 
8336  8381 
8782  8826 
9227  9272 
9672  9717 


m^^ 


117 
0561 
1004 
1448 
1890 
2333 
2774 
3216 
3657 
4097 
4537 
4977 
5416 
5854 
6293 
6731 
7168 
7605 
8041 
8477 
8913 
9348 
9783  J 


•  161 

0605 

1049 

1492 

1935 

2377 

2819 

3260 

3701 

4141 

4581 

5021 

5460 

5898 

6337 

6774 

7212 

7648 

8085 

8521 

8956 

9392 

9826 


7 

8043 

8500 

8956 

9412 

9867 

0322 

0776 

1229 

1683" 

2135 

2588 

3040 

3491 

3942 

4392 

4842 

5292 

5741 

6189 

6637 

7085 

7532 

7979 

8425 

8871 

9316 

9761 

.  206 

0650 

1093 

1536 

1979 

2421 

2863 

3304 

3745 

4185 

4625 

5065 

5504 

5942 

6380 

6818 

7255 

7692 

8129 

8564 

9000 


8 

8089 

8546 

9002 

9457 

9912 

0367 

0821 

1275 

1728 

2181 

2633 

3085 

3536 

3987 

4437 

4887 

5337 

5786 

6234 

6682 

7130 

7577 

8024 

8470 

89f6 

9361 

9806 

.  250 

06'U 

1137 

1580 

2023 

2465 

2907 

3348 

3789 

4229 

4669 

5108 

5547 

5986 

6424 

6862 

7299 

7736 

8172 

18608 

19043 


9435  19479 
9870  19913 


Vol.  II. 


■«i««rftaMB« 


•««v- 


9 

8135 
8591 
9047 
^503 
9958 
0412 
0867 
1320 
1773 
2226 
2678 
3130 
3581 
4032 
4482 
4932 
5382 
5830 
6279 
67271 
7175 
7622 
8068 
8514 
8960 
9405 
9850 
294 
0738 
1182 
1625 
20671 
2509 
2951 
3392 
3835 
4273 
4713 
5152 
5591 
6030 
6468 
6906 
7343 
7779 
8216 
8652 
9087 
9522f 
9957/ 


LOe.  SINES,  TANGENTS,  &e. 


THB? 


8^ 


Sine,  i  Cosine.  I  Taiig*   CoUng. 


TV 

Cosine. 


^H' 


0 
1 
2 
3 

^ 
5 
6 

7 

8 

9 
10 
11 
12 

13 

14 
15 
16 
17 
18 

19 
20 
21 
22 
23 
24 

25 
2G 
27 
28 
29 
30 

31 
32 

33 
34 
35 
36 

37 

384 

39 

40 

41 

42 

43 
44 
45 
46 
47 
48 

49 
50 
51 
52 
53 
54 

55 
56 
57 
58 
59 
60 


6*463726 
6-76  i756 
6^40847 
7-065786 
7*162696 
7*241877 

7*308824 
7*366816 
7*417968 
7*463726 
7*505118 
7*542906 

7*577668 
7.609853 
7639816 
7-667845 
7.694173 
7-718997 

7-742478 
7-764754 
7-785943 
7*806146 
7-825451 
7*843934 

7*861662 
7*878695 
7-895085 
7*910879 
7*926119 
7*940842 

7*955082 
7*968870 
7*982233 
7*995198 
8007787 
8*020021 

8*031919 
8*043501 
8*054781 
8-065776 
8*076500 
8086965 


8*097183 
8*107167 
8*116926 
8*126471 
8*135810 
8IU953 

8*153907 
8162681 
8*171280 
8-179713 
8*187985 
8*196102 

8^K>4070 
8*211895 
8-219581 
8*227134 
8*234557 
8-241855 


lOOOOOOO 
10000000 
10-000000 
10*(J00000 
10*000000 
10*000000 
9*999999 

9-999999 
9-999999 
9*999999 
9*999998 
9999998 
9*999997 

9*999997 
9-999996 
9*999996 
9-999995 
9*999995 
9-999994 

9-999993 
9*999993 
9*999992 
9*999991 
9*999990 
9-999989 

9*999989 
9-999988 
9*999987 
9*999986 
9999985 
9999983 

9*999982 
9  999981 
9*999980 
9*999979 
9*999977 
9-999976 

9*999975 
9*999973 
9*999972 
9*999971 
9*999969 
9-999968 


6*463726 
6-764756 
6-940847 
7-065786 
7162696 
7*241878 


9*999966 
9*999964 
9*999963 
9-999961 
9*999959 
9*999958 

9-999956 
9*999954 
9999952 
9*999950 
9-999948 
9*999946 

9-9999U 
9-999942 
9*999940 
9*999938 
9*999936 
9*9999341 


Canoe.  '    Sine. 


7*308825 
7*366817 
7-417970 
7-463727 

7-50512012-494880 
7-542909 


7-577672 
7-609857 
7-639820 
7-667849 
7-694179 
7*7190031 


13*536274 
13*235244 
13-059153 
12-9.>4214 
12-837304 
12*758122 


12-691 175 
12-633183 
12-582030 
12*536273 


12-457091 

12-422328 
12*390143 
12-360180 
12-332151 
12-305821 
12*280997 


7*742484  12-257516 
7*764761  12^5239 
7*785951  12*214049 
7*806155  12-193845 
7*825460!  12*174540 
7*8439441 12*156056 


7-861674 
7*870708 
7*895099 
7-910894 
7-926134 
7-940858 


0U900 
12-031111 


7*955100112 

7*968889 

7*982253  12*017747 

7*995219 

8-007809 

8-020044 


8-031945 
8-043527 
8-054809 
8*065806 
8076531 
80869971 


8107203 
8*116963 
8*126510 
8*135851 


12-138326 
12  121292 
12-104901 
12O89106 
12-073866 
12-059142 


12*004881 
11-992191 
11-979956 


1968055 
1-956473 
1*945191 
1-934194 
1*929469 
1*913003 


8*097217  11*902783 


8*144996  11*855004 


815395S 

8-162727 

8171328 

8*1797631 

8-188036 

8*196156 


11-892797 
11-883037 
11-873490 
11*864149 


11-846048 
11-8379^3 
11  8286721 
1-820237 
11-811964 
11-803844 


8-204126 
8*211953 
8-219641 
8-227195 
8-234621 
8*241921 


CoUn. 


11-765874 
11-788047 
U-780359 
11*772805 
11765379 
11^^8079 

Tang" 


Sine. 

8-241855 
8*249033 
8*256094 
8*263042 
8-269881 
8-276114 
8-283243 

8*289773 
8-296207 
8  302546 
8-308794 
8*314954 
8-321027 

8*327016 
8*332924 
8-338753 
8*344504 
8-350181 
8-355783 

8-361315 
8-366777 
8*372171 
8-377499 
8*382762 
8-387962 

8-393101 
8*398179 
8*403199 
8*408161 
8*413068 
8*417919 

8*422717 

8*427462 

8-432156 

8*436800 

8*44l394i 

8*445941 

8450440 
8*454893 
8*459301 
8*463665 
8-467985 
8*472263 

8*476498 
8*480693 
8484848 
8-488963 
8*493040 
8*407078 

8-501080 
8*505045 
8-508974 
8*512867 
8-516726 
8-520551 

8-5d434S 
8*528102 
8-5S1828 
8-535529 
8-599186, 
8-542819 


I  Cosin 


T 


ang. 


9-999934 
9-999932 
9-999929 
9*999927 
9*999925 
9*999922 
9*999920 

9-999918 
9*999915 
9-999913 
9*999910 
9*999907 
9-999905 

9*999902 
9-999899 
9*999897 
9*999894 
y99989l 
9*999888 

9-999885 

9  999882 

9*9998791 

9-999876 

9-999873 

9-999870 

9*999867 
9-999864 
9-999^1 
9-999858 
9-999854 
9-999851 

9-999848 
9*999845 
9*999841 
9*999838 
9*999894 
9*999831 

9*999827 
9*999824 
9*999820 
9*999816 
9*999813 
9*999809 

9-999805 
9*999801 
9-999797 
9-999794 
9-999790 
9*999786 

9  999782 
9-999778 
9*999774 
^*999769 
9*999765 
9-999761 

9-999757 
9*999753 
9*999748 
9-999744 
9*999740 
9*999735 


Cosine.   Sine. 


Coui 


8-241921 
8-2491(12 
8<256165 
8*263115 
8*269956 
8-276691 
8*283323 

8-289856 
8-296292 
8-302634 
8-308884 
8315046 
8-321122 

8-327114 
8-333025 
8-338856 
8*344610 
8*350289 
8-355895 

8-361430 
8-366895 
8-372292 
8-377622 
8-382889 
8-388092 


"8*  L 


11-758079  60 


11-750898 
11-743835 
11-736885 
11-730044 
11-723309 
11*716677 


8*39323411-606766  35 
8*398315  11*601685134 
8*403338  11  *596662'39 
8*408304  11*591696132 
8-413213  11-586787  31 
8-418068  11-58193230 


8*482869 
8*427618 
8-492315 
8*436962 
8-441560 
8*446110 

8*450613 
8*455070 
8-459481 
8-463849 
8*468172 
8*472454 

8*476693 
8*480892 
8*185050 
8*489170 
8*493250 
8*497293 

8-501298 
8*505267 
8-509200 
8-513098 
8*516961 
8*520790 

8524586 
8*52834d 
8-592080 
8-535779 
8599U7 
8-549084 


Cotan. 


88 


1^ 


11-710144I53 
11-703708  52 
11-697366  51 
11*691116  50 
11*684954149 
11-678878 


11*672886 
11*666975 
11*661144 
11*655390 
11-649711 
11-64410$ 

11-638570 
l\  633105 
11-627708 
11-622378 
11-617111 
11*611908 


59 
58 
57 
56 
55 
54 


48 

47 
46 
45 
44 
43 
42 

41 
40 
39 
38 
37 
36 


11 
11 
U 
11 
11 
11 


29 
28 
27 


577231 

572382 

567685 

563038*26 

558440>25 

55389024 


11-549387  23 
11*544930!22 
11*540519;21 


11*536151 
11*531828 


21) 
19 


11-527546  18 

11*52330717 
11*519108  16 
11*514950  15 
11*51083014 
11*50675019 
11*50270712 

11*498702^11 
1U9479910 
11*490800  9 
11*486902  8 
11*489039  7 
11*479210  6 


11*475414 

11*471651 

11*467920! 

11-464221 

11-460559 

U-456916 


Tang. 


5 

4 

S 

2 

l" 

Oj 


LOG.  SINES,  TANGENTS,  be. 


r 


2  Deg. 


3  Deg. 


o' 

1 

2 

3 

4 

S 

6 

7 
8 
9 
10 
11 
12 

13 
U 
15 
16 
17 
18 

19 
20 
21 
22 
23 
24 

25 
26 
27 
28 
29 
30 

31 

32 
33 
34 
35 


37 
38 
39 
40 
41 
42 

43 

44 
45 
46 
47 
48 

49 
50 
51 
52 
53 
54 

55 
56 
57 
58 
59 
60 


~5W8I9 
{i5464'22j 
8-549995 
8  5535^9 
8-557054 
8-560540 
8-563999 

8-567431 
8  570836 
8-574214 
8-577566 
8-580892 
8*584193 

8-587469 
8  590721 
8-593948 
8-597152 
8-600332 
8-603489 

8.606623 

r  609734 
612823 
8-615891 
8-618937 
8-621962 

8'624965 
8  627948 
8*630911 
8-633854 
8-636776 
8  639680 

8-642563 
8-645428 
8-648274 
8*651102 
8-653911 


36  8*656702 

8*659475 
8-662230 
8-664968 
8*667689 
8*670393 
8-673080 


8-675751 
8*678405 
8*681043 
8*683665 
8*686272 
8-688863 

8*691438 
8*693998 
8-696543 
8*699073 
8*701589 
8-704090 

8-706577 

8*709049 

8-711507 

8*7139521 

8-716383 

8'718800i 

Cosine. 


COMtkC. 

9*9997  35  j 

9-999731 

9-991'726 

9*999722 

9-999717 

9-999713 

9-999708 

9-999704 
9-999699 
9-999694 
9-999689 
9-999685 
9-999680 

9-999675 
9-999670 
9-999665 
9*999660 
9-999655 
9*999650 

9*999645 
9*999640 
9-999635 
9*999629 
9*999624 
9-999619 

9-999614 
9-999608 
9-999603 
9-999597 
9*999592 
9*999586 

9*999581 
9*999575 
9*999570 
9-999564 
9-999558 
9-999553 

9-999547 
9*999541 
9*999535 
9*999529 
9*999524 
9-999518 

9  999512 
9-999506 
9-999500 
9-999493 
9*999487 
9-999481 

9*999475 
9-999469 
9-999463 
9*999456 
9*999450 
9-999443 

9*999437 
9-999431 
9-999424 
9*999418 
9-999411 
9-999404 


8ine. 


laiig 

8*543084 
8*546691 
8*560268 
8*553817 
8*557316 
8-560828 
8-564291 

8*567727 
8*571137 
8-574520 
8*577877 
8-581208 
8584514 

8-587795 
8*591051 
8-594283 
8-597492 
.8-600677 
8*603839 

8-606978 
8*610094 
8-613189 
8-616262 
8-619313 
8*622343 

8*625352 
8*628340 
8*631308 
8*634256 
8*637184 
8*640093 

8  642982 
8-645853 
8*648704 
8*651537 
8*654352 
8*657149 


8*659928 
8-662689 
8665433 
8*668160 
8-670870 
8*673563 

8676239 
8*678900 
8*681544 
8*684172 
8*686784 
8689391 

8-691963 
8*694529 
8  697081 
8*699617 
8-702139 
8*704646 

8*707140 
8-709618 
8-712083 
8-714534 
8-716972 
8-719396 


Cotang. 

}l-4569tr) 
11-453309 
11*449732 
11-4^6183 
11-442664 
11-439179 
1 1-435709 

11*432273 
11*428863 
1 1-425480 
11-422123 
11*418792 
11-415486 

11412205 
11*408949 
11-405717 
11-402508 
11-399323 
11*396161 

11*393022 
11-389909 
11-386811 

11-380687 
11  377657 

11-374648 
11-371660 
11-368692 
11-365744 
11-362816 
11*359907 

11-357018 
11-354147 
11-351296 
11*348463 
11-345648 
11*342851 


CoUd. 


ITK 


11-340072 
11-337311 
11-334567 
11*331840 
11-329130 
11*326437 

11*323761 
11*321100 
11-318456 
11-315828 
11-313216 
11-310619 

11*308037 
11*305471 
11*302919 
11*300383 
11*297861 
11*295354 

11*292860 
11*290382 
11  287917 
11*285466 
11-283028 
11*280604 


hine.  i  Cosine. 


8*718800, 

8*72(204) 

8-723595 

8-725972 

8*728.^37 

8-730688 

8-733027 

8-735354 
8*737667 
8-739969 
8*742259 
8*744536 
8*746802 

8*749055 
8-751297 
8*753528 
8755747 
8757955 
8*760151 

8-762337 
8-764511 
8-766675 
8*768828 
8-770970 
.8.773101 

8-775223 
8-777333 
8-779434 
8*781524 
8*783605 
8*785675 

8-787736 
8789787 
8-791828 
8793859 
8795881 
8*797894 

8*799897 
8*801892 
8*803876 
8-805852 
8*807819 
8*809777 

8-811726 
8*813667 
8*815599 
8-817522 
8-819436 
8*821343 

'8-823240 
8  825130 
8-827011 
8-828884 
8-830749 
8*832607 

8-834456 
8  836297 
8-838130 
8  839956 
8-841774 
8  843585 


9*9994''^ 

9-999398 

9*999391 

9-999384 

9*999378; 

9*999371 

9999364 

9-999357 
9-999350 
9*999343 
9*999336 
9*999329 
9*999322 

9-999315 
9-999308 
9-999301 
9*999294 
9*999287 
9*999279 

9*999272 
9-999265 
9-999257 
9-999250 
9*999242 
9-999235 

9-999227 
9*999220 
9-999212 
9-999205 
9*999197 
9  999189 

9-999181 
9-999174 
9-999166 
9*999158 
9-999150 
9-999142 

9  909134 
9-999126 
9-999118 
9-999110 
9*999102 
9*999094 

9*999086 
9-999077 
9  999069 
9-999061 
9-999053 
9-999044 

9*999036 
9-d99027 
9-999019 
9*9990»0 
9*999002 
9*998993 

9-998084 
9-998976 
9*998967 
9998958 
9-998950 
9-998941 


8*719396 
8*721806 
8-724204 
8*726588 
8*728959 
8-731317 
8*733^63 

8*735996 
8*738317 
8*740626 
8-7421^22 
8-745207 
8-747479 

8-749740 
8*751989 
8*754227 


Co(ang. 

li*28(>604 
li -278194 
11*275796 
11*273412 
11*271041 
11*268683 
U*2663.}7 


60 
59 
58 
57 
56 
55 
54 


11*264004  53 
11261683  52 
11-259374  51 
11-257078  501 
11.254793  49 
11*252521  48 


11-250260 
11*248011 
11*245773 
8-75645311*243547 
8-758668 '11-241332 
8-760872111239128 


8-763065 '11*236935 
8-76524611-234754 
8-767417,11-232583 
8-76957811-230422  38 


8-771727,11 
8-77386611 


8-775995 
8*778114 
8*780222 
8-782320 
8-784408 
8-786486 

8-788554 

8-790613 

8-792662 

8*794701 

8*796731 

8-798752 

8*800763 
8-802765 
8  804758 
8806742 
8*808717 
8*810683 

8-812641 

8-814589 
8*816529 
8*^18461 
8-820384 
8-822298 

8824205 
8*826103 
8*827992 
8*829874 
8-8.11748 
8-833613 

8-835471 
8  837321 
8-839163 
8-840998 
8*842825 
8-844644 


273 
134 


47 
i6 
45 
44 
43 
42 

41 

40 
39 


37 
36 


ll*22406.')35 
11-221886  34 
11*219778  33 
11*217680  32 
11*215592  31 
11-21351430 


11*211446 
11*209337 
1 1*207338 
11-205299 
11*203269 
11*201248 


11 
11 
11 
11 
11 
11 


•199237 
197235 
-195242] 
193258 
191283 
•189317 


11-187359 
11*185411 
11*183471 
11*181539 
11*179616 
11*177702 

11175795 
11-173897 
11-172008 
11-170126 
11*168252 
11*166387 

11-164529 
11-162679 
11-16()837 
11*159002 
11*157175 
11*155536 


& 


Cosine.        Sine.        Cotan.      Tang 
86  Peg. 


29 
28 

27 
26 
25 
24 

23 
22 
21 
20 
19 
18 

17 
16 
15 
14 
13 
12 

11 

10 
9 
8 
7 
6 

5 

4 
$ 
2 
1 
0 


L06.  SINESi  TANGENTS,  &c. 


U  Peg 


iTJeg. 


Sine.  [   Cosine.  \  Tang*   CoUng. 


0 
1 

2 
3 

A 
5 
6 

7 

8 

9 
10 
11 
12 

13 
14 
15 

16 
17 

18 

19 
20 
21 
22 
23 
24 

25 

2G 
27 
28 
29 
30 

31 

132 
33 
34 
35 
36 

37 

38^ 

39 

40 

41 

42 

43 
44 
45 
46 
47 
48 


6-46372^ 
6-76  V756 
6-940847 
7«065786 
7*162696 
7-241877 

7-308824 
7366816 
7-417968 
7-463726 
7-505118 
7-542906 

7-577668 
7.609853 
7-639816 
76678451 
7.»i94173l 
7.718997 

7-742478 
7-764754 
7-785943 
7*806146 
7-825451 
7-843934 

7-861662 
7-878695 
7-895085 
7-910879 
7-926119 
7-940842 

7-955082 
7-968870 
7-982233 
7-995198 
8007787 
8*020021 

8031919 
8-043501 
8-054781 
8-065776 
8-076500 
8086965 

8097183 
8-107167 
8-116926 
8-126471 
8*135810 
8-1U953 


lOOOOOOO 
10000000 
lO^XXXXX) 
lO^XXXKX) 
10-000000 
lOOOOOOO 
9-999999 


6-463726 
6-764756 
6-940847 
7-065786 
7-162696 
7-241878 


13-536274 
13-235244 
13-059153 
l2-9.i42l4 
12-837304 
12-758122 


49 
50 
51 
52 
53 
54 

55 
56 
57 
58 
59 
60 


8-153907 
8162681 
8-171280 
8179713 
8-187985 
8-196102 


9-999999 
9-999999 
9-999999 
9-999998 
9-999998 
9-999997 

9-999997 
9-999996 
9-990996 
9-999995 
9-999995 
9-999994 

9-999993 
9-999993 
9-999992 
9-999991 
9-999990 
9^999989 

9-999989 
9-999988 
9-999987 
9-999986 
9999985 
9999983 

9-999982 
9  999981 
9-999980 
9-999979 
9*999977 
9-999976 

9-999975 
9-999973 
9-999972 
9-999971 
9999969 
9-999968 

9-999966 
9-999964 
9-999963 
9-999961 
9-999959 
9-999958 

9-999956 
9-999954 
9999952 
9-999950 
9-999948 
9-999946 


7-308825 
7-366817 
7-417970 
7-463727 
7-505120 
7-542909 

7-577672 

7-609857 

7-6398201 

7-667849 

7^694179 

7-719003 

7-742484 
7-764761 


8204070 
8-211895 
8-219581 
8-227134 
8-234557 
8-241855 


9-9999U 
9-999942 
9-999940 
9-999938 
9-999936 
9-999934 


12-691175 
12*633183 
12-582030 
12-536273 
12-494880 
12-457091 

12-422328 
12-390143 
12-360180 
12-332151 
12-305821 
12-280997 

l«-257516 
12-235239 


Sine. 


7-785951  12-214049 
7-806155  12-193845 
7-825460;  12-174540 
7-843944J  12*156056 

7-86167^12-138326 


7-870708 
7-895099 
7-910894 
7-926134 
7-940858 


7-955I00|l2 

7-968889 

7-982253  12 

7-995219 

8-007809 

8-020044 


Conne.  '  Sine. 


8-031945 
8-043527 
8-054809 
8-065806 
8-076531 
8086997 

8-097217 

8107203 

8-116963^ 

8-126510 

8-135851 

8-1449961 


12121292 
12-104901 
12-089106 
12-073866 
12-059142 


0U900 
12-031111 

017747 
12-004881 
11-992191 
11-979956 


11968055 
11-956473 
11-945191 
11-934194 
U-929469 
11-913003 

11-902783 
11-892797 
11-883037 
11-873490 
U-864149 
11-855004 


8-153952  11-846048 
8-162727  11-8379^3 
8171328  n-828672 
8-1797631 1-820237 


8-188036 
8-196156 

8-204126 

8-211953 

8-219641 

8-2271951 

8-234621 

8-241921 


CoUn. 


W^ 


11-811964 
11-803844 

11-765874 
11-788047 
11-780359 
11-772805 
11765379 
11-758079 


Tang. 


8-241855 
8-249033 
8-256094 
8-263042 
8-269881 
8-276114 
8-283243 

8-289773 
8-296207 
8  302546 
8-308794 
8-314954 
8-321027 

8-327016 
8-332924 
8-338753 
8-344504 
8-350181 
8-355783 

8-361315 
8-366777 
8-372171 
8-377499 
8-382762 
8-387962 

8-393101 
8-398179 
8-403199 
8-408161 
8-413068 
8-417919 

8-422717 
8-427462 
8-432156 
8-436800 
8-44l394i 
8-445941 

8450440 
8-454893 
8-459301 
8-463665 
8-467985 
8-472263 

8-476498 
8-480693 
8-484848 
8-488963 
8-493040 
8-4«>7078 

8-501080 
8-505045 
8-508974 
8-512867 
8-516726 
8-520551 

8-^^4343 
8-528102 
8-5ai828 
8-535523 
8-539186 
8-542819 


I  Coaine.   I  Taof;.    \  Ciiuwg.  1 

"^^99934 1  8-241921 1 1 1 •758071»'60 
8-249l«»2\l  1-75089^59 


9-999934 

9-999932| 

9-999929 

9-999927 

9-999925 

9-999922 

9-999920 

9-999918 
9-999915 
9-999913 
9-999910 
9-999907 
9-999905 

9-999902 
9-999899 
9-999897 
9-999894 
'>999891 
9-999888 

9-999885 
9  999882 
9-999879 
9-999876 
9-999873 
9-999870 

9-999867 
9-999864 
9-999^1 
9-999858 
9-999854 
9-999851 

9-999848 
9-999845 
9-999841 
9-999838 
9*999834 
9-999831 

9-999827 
9-999824 
9-999820 
9-999816 
9-999813 
9-999809 

9-999805 
9-999801 
9-999797 
9-999794 
9-999790 
9-999786 

9  999782 
9-999778 
9-999774 
^•999769 
9-999765 
9-999761 

9-999757 
9-999753 
9-999748 
9-999744 
9-999740 
9-999735 


8'2561 65  11-743835  58 
8-2631 15|l  1-736885  57 
8-269956  11-7300U  56 
8-276691  11  •72330&  55 
8-283323  11-71667754 

8-289856  U-710144  33 
8-296292|l  I -703708  ii 
8-30263411-69756651 
8-308884  11-691116  50 

8  315046  11-684954U9 
8-321122  11 -678878  43 

8-327114  11-672886471 
8-333025  11-666975  4« 
8-338856  11-66114U  45 
8-344610  11-6553901 
8-350289  11-649711 
8-355895  11-64410^43 

8-36l4S0  11^<)8i7(^4l 
8-366895  U  633105140 
8-372292  11 -627708  39 
8-377622  11 -622378138 
8-382889  11-61711137 
8-388092  II -61  I90d3« 

8-393234  11  •606766:35 
8-398315  II -601685134 
8-403338  11-596662:33 

8-4083O4^11-59l696|33 
8-4l32IS/l  1-586787  31 
8-418068|l  1-58193230 

29 
11  •572382*21 
11 -567685127 
11-56303826 
ll-558440{25 
11-553890^4 

1 1-549387*23 
11-544930!2S 
ll-5405l9;2t 
11-53615119) 
11-531828119 
ll-527546jl8 

ll-523307|l7 
161 


8-422869lll-5772Sl 

8-427618^ 

8432315 

8-436962 

8-441560 

8-446110 

8-450613 
8-455070 
8-459481 
8-463849 
8-468172 
8-472454 

8-476693 
8-480892 
8-4850501 
8-489170 
8-493250 
8-497293 

8-501298 
8.505267 
8-509200 
8-513098 
8-516961 
8-520790 


11-519108 

11-51495015 

11-510830^14 

11-50675015 

11-502707)12 

11-49870211 
1I494733|10 
11-490800  9 
11-486902  8 
11*483059  7 
11-479210   6 


8  524586  11-475414 
8-52834d  11-471651 
8-53208011-467920! 


8-535779 
8-539447 


Cosine.       Sine.    J    Cotan. 


88 


te 


11-464281 
11-4605531 


8-54308411-456916 


Tang. 


V 


LOG.  SINES,  TANGENTS,  be 


TB^ 


S   Dcg. 


I 
2 

3 
4 
S 
6 

7 
8 
9 
10 
II 
12 

13 
U 
15 
16 
17 
18 

19 
20 
21 
22 
23 
24 

25 
26 
27 
28 
29 
30 

31 
32 
33 
34 
35 
36 

37 
,38 
39 
40 
41 
42 

43 
44 
45 
46 
47 
48 

49 
50 
51 
52 
53 
54 

55 
56 
57 
58 
59 
60 


Ionic. 


•542811/ 
A546422 
8-549995 
8  5535.^9 
8-557054 
8-560540 
8-563999 

8-567431 
8  570836 
8-574214 
8-577560 
8-580892 
8-584193 

8-587469 
8  590721 
8-593948 
8-597152 
8-600332 
8-603489 

8.606623 

J -609734 
-612823 
8-615891 
8-618937 
8-6219621 

8*624965 
8  627948 
8-630911 
8-633854J 
8-636776 
8  639680 

8-642563 
8-645428 
8-648274 
8-651102 
8-653911 
8-656702 

8-659475 
8-662230 
8*664968 
8-667689 
8-670393 
8-673080 

8-675751 
8-678405 
8-681043 
8*683665 
8-686272 
8688863 

8-691438 
8-693998 
8-696543 
8-699073 
8*701589 
8-7040901 

8-706577 
8*709049 
8-711507 
8*713952 
8-716383 
8*718800 


Cosine. 


(JoUiic. 

9-999735 
9-999731 
9-99l'726 
9-999722 
9-999717 
9-999713 
9-999708 

9-999704 
9-999699 
9-999694 
9-999689 
9'9996A5 
9-999680 

9-999675 
9-999670 
9-999665 
9-999660 
9*999655 
9-999650 

9*999645 
9-999640 
9-999635 
9*999629 
9-999624 
9-999619 

9-999614 
9-999608 
9-999603 
9-999597 
9-999592 
9-999586 

9*999581 
9*999575 
9*999570 
9*999564 
9-999558 
9-999553 

9-999547 
9*999541 
9-999535 
9-999529 
9-999524 
9-999518 

9  999512 
9-999506 
9-999500 
9-999493 
9*999487 
9-999481 

9*999475 
9-999469 
9-999463 
9-999456 
9-999450 
9-999443 

9-999437 
9-999431 
9-999424 
9*999418 
9-999411 
9-999404 


8ine. 


8-54.5084 

8-546691 

8-560268 

8-53381 

8-557316 

8-560828 

8-564291 

8*56772/ 
8-571137 
8-574520 
8*577877 
8-581208 
8584514 

8-587795 
8*591051 
8-594283 
8-597492 
.8-600677 
8-603839 

8-606978 
8*610094 
8-613189 
8-616262 
8-619313 
8-622343 

8-625352 
8-628340 
8-631308 
8-634256 
8*637184 
8-640093 


Cotang. 

11-456916 
11-453369 
1 1-44973'2 
11-4^6183 
11-442664 
11-439179 
1 1-435709 

11-432273 
11-428863 
11-425480 
11-422123 
11-418792 
11-415486 

11412205 
11-408949 
11-405717 
11-402508 
11-399323 
11-396161 

11*393022 
11-389909 
11-386811 
11-383738 
11-380687 
11  377657 

11-374648 
11-371660 
11-368692 
11-365744 
11-362816 
11-359907 


8  642982 
8-645853 
8-648704 
8-651537 
8-654352 
8*657149 

8*659928 
8-662689 
8665433 
8-668160 
8-C70870 
8-673563 

8676239 
8-678900 
8-681544 
8-684172 
8-686784 
8-689391 

8-691963 
8*694529 
8  697081 
8-699617 
8-702139 
8-704646 

8-707140 
8-709618 
8-712083 
8-714534 
8*716972 
8-719396 


CoUn. 


11-357018 
11-354147 
11-351296 
11*348463 
11-345648 
11*342851 

11-340072 
11-337311 
11-334567 
11-331840 
11-329130 
11*326437 

11*323761 
11*321100 
11*318456 
11-315828 
11-313216 
11-310619 

11-308037 
11-305471 
11-302919 
11-300383 
11-297861 
11*295354 

1 1-292860 
11-290382 
11  287917 
11-285466 
11-283028 
11-280604 

"Twig. 


hiiie.    1  Uosine. 


8*718800, 

8*72 1204) 

8-723595 

8-725972 

8*728.^37 

8-730688 

8-733027 


8-735354 
8*737667 
8-739969 
8-742259 
8-744536 
8-746802 

8*749055 
8-751297 
8-753528 
8755747 
8757955 
8-760151 

8-762337 
8*764511 
8-766675 
8-768828 
8-770970 
.8.773101 

8-775223 
8-777333 
8-779434 
8*781524 
8-783605 
8*785675 

8-787736 
8789787 
8-791828 
8793859 
8  795881 
8-797894 

8*799897 
8-801892 
8-803876 
8-805852 
8*807819 
8*809777 

8-811726 
8-813667 
8-815599 
8-817522 
8-819436 
8-821343 

'8-823240 
8  825130 
8-827011 
8-828884 
8*830749 
8*832607 

8-834456 
8  836297 
8-838130 
8  839956 
8-841774 
8  843585 


9-9994* -4 

9-999398 

9-999391 

9-999384! 

9-999378! 

9-999371 

9999364 

9*999357 
9-999350 
9-999343 
9-999336 
9-999329 
9-999322 

9-999315 
9-999308 
9-999301 
9-999294 
9-999287 
9-999279 

9-999272 
9-999265 
9-999257 
9-999250 
9*999242 
9-999235 

9-999227 
9*999220 
9-999212 
9*999205 
9-999197 
9  999189 

9-999181 
9-999174 
9-999166 
9-999158 
9-999150 
9-999142 

9  999134 
9-999126 
9-999118 
9-999110 
9-999102 
9-999094 

9-999086 
9-999077 
9  999069 
9-999061 
9-999053 
9-999044 


I'aiig. 

8-719396 
8-721806 
8-724204 
8*726588 
8*728959 
8-731317 
8-733g63 

8*735996 
8-738317 
8-740626 
8-742'22 
8-745207 
8747479 


Colaiig.  I 
li*28()604  60 


11-278194 
11-275796 
11*273412 
11-271041 
11-268683 
ll-2663;}7 

11-264004 
11261683 
11-259374 
11-257078 
11.254793 
11*252521 


59 
58 
57 
56 
55 
54 

53 
52 
51 
5() 
49 
48 


8-74974011-250260  471 
8-75198911-248011  i6 

8-754227  11*245773  45 
8-756453;il*243547  44| 
8-75866811-241332143 
8'760872!l  1239128 


8-763065  11-236935 
8-76524611*234754 
8-76741 7;i  1-232583 
8-769578  11-230122 
8-771727,11-228273 
8-773866  11*2^6134 

8*775995 
8-778114 
8-780222 
8-782320 
8*784408 
8-786486 


421 

41 

40 
39 
38 
37 
36 


9*999036 
9*999027 
9-999019 
9-999010 
9-999002 
9-998993 

9-998084 
9-998976 
9-998967 
9998958 
9-9989501 
9-998941 


8-788554 
8-790613 
8-792662 
8-794701 
8-796731 
8-798752 

8-800763 
8-802765 
8  804758 
8806742 
8-808717 
8-810683 

8-812641 
8-814589 
8*816529 


11-2240^5  35 
11-221886  34 
11*219778  33 
11-217680  32 
11-215592  31 
11-21351430 


11*211446 


11-209337  28 


11*207338 
11-205299 
11-203269 
11*201248 

11-199237 
11-197235 
11-195242 
11193258 
11-191283 
11*189317 

11  187359 
11-185411 
11  183471 


29 


8-818461111-181539 


8-820384 
8-822298 


8824205 
8-826103 
8-827992 
8-829874 
8-831748 
8-833613 


Cosine.        Sine. 


8-835471 
8  837321 
8-839163 
8-840998 
8*842825 
8-844644111 


Coun. 


11*179616 
11  177702 

11-175795 
11-173897 
11-172008 
11-170126 
11*168252 
11166387 


11-164529 
II  162679 
11160837 
11*159002 
11-157175 
155536 


ITPeg. 


86  Peg. 


Twig. 


27 
26 
25 
24 

23 
22 
21 
20 
19 
18 

17 
16 
15 
14 
13 
12 

11 

10 
9 
8 
7 
6 

5l 

4 

$\ 

SI 

1 

01 


L0«.  SINES,  TANQEKTS,  S(c 


TTCg! 


TR 


eg. 


^JlliC. 


L  Cosine.  I 


0  8*843585,  9*998941 

'  8>843387  0*998932 

8*847183  9-9989^ 

8-848971  9*998914 

8*850751  9*998905 

8*853525  9*998896 

8*854^J1  6998887 


I 

3 
4 
5 


7 

8 

9 

10 

11 

12 

13 
14 
15 
i6 
17 
18 

19 
20 

21 

^2 
23 
24 

25 
26 
27 
28 
29 
30 


37 

38 

39 

401 

41 

42 

43 
44 
45 
46 
47 
48 

49 
50 
51 

■yz 

53 
54 

55 
56 
57 
58 

60^ 


8*856049 
8*857801 
8*859546 
8*861283 
8863014 
8-864738 

8*866455 
8-868165 
8-869868 
8-871565 
8*873255 
8-874938 

8*876615 
8-878285 
8-879949 
8*881607 
8-883258 
8*884903 

8*886542 
8*888174 
8*889801 
8-891421 
8*893035 
8-8946431 


31  8-896246 

32  8*897842 

33  8-899432 

34  8*901017 

35  8*902596 

36  8*904169 


. 


8-905736 
8*907297 
8*908853 
8*910404 
8*911949 
8*913488 

8*915022 

8*916550 

8*918073 

8919591 

8*921103 

8*9'-«6!U 

8*9-'4ll2 
8*925609 
8-927100 
8928587 
89.K)068 
8*931544 

8^33015 
8-U34481 
8*935942 
8*937398 
8*938850 
8*940296 

Cosine. 


9-998878 
9-9d8869 
9-998860 
9*998851 
9-998841 
9-998832 

9998823 
9*998813 
9*9988(U 
9-998795 
9*998785 
9*998776 

9*998766 
9*998757 
9*998747 
9*998738 
9*998728 
9*998718 

9*998708 
9.998699 
9*998689 
9*998679 
9*998669 
9*998659 

0-998649 
9*998639 
9*098629 
9*998610 
9*998609 
9*908599 

0-998589 
9-998578 
9*908568 
9*998558 
9-998548 
9*998537 

9*998527 
9*998516 
9*998506 
9-998495 
9998485 
9-998474 

9*998464 
9*998453 
0*998442 
9-998431 
9*9(^8421 
0.908410 

9-998399 
9-998388 
9-998377 
9-998366 
9-998355 
9-998344 


Sine 


Tungrr 

R-B446i4* 
8*846455  j 
8*848260 
8-850057 
8*851846 
8-85.3628 
8*855403 

8-857171 
8*858932 
8-860C86 
8*862433 
8-864173 
8-865906 

8-867632 
8-869351 
8*871064 
8*872770 
8-874469 
8-876162 

8*877849 
8-879529 
8*881202 
8*882869 
8*884530 
8  886185 

8*887833 
8*889476 
8*891112 
8*892742 
8*894366 
8*895984 

8*897596 
8'8992a3 
8-900803 
8-002398 
8-903987 
8-905570 

8-00?!  47 
8-908719 
8*010285 
8*91]  846 
8*913401 
8*014951 

8916495 
8*918034 
8-010568 
8*021096 
8*922619 
8*924136 

8-025640 
8*927156 
8*928658 
8-930155 
8*931647 
8*933134 

8*934616 
8-036093 
8*037565 
8*930032 
8*040494 
8-041052 


CotMng. 

In  55356 
11-153545 
11151740 
11*14994) 
11-148154 
11146372 
11*144597 

11*142829 
11-141068 
11139314 
11*137567 
11-135827 
11-1340W 

11*132368 
11*130649 
U  128936 
11*127230 
11*125531 
11-123838 

11-122151 
11-120471 
11*118798 
11-117131 
II  115470 
11*113815 

11  1121 67 
11-110524 
U-108888 
11*107258 
11105634 
11*104016 

11  102404 
11*100797 
11-099197 
11*097602 
11*096013 
11-094430 

11*092853 
11*091281 
11-080715 
11*088154 
U -086500 
11-085049 

11*083505 
11*081966 
11*080432 
11*078904 
1 1-077381 
11-075864 

11*074351 
I1-0728U 
11*071342 
11-069845 
11*068353 
11*066866 

1 1*065384 
11-063907 
11*062435 
11*060968 
11-059506 
11-058048 


RS'Dett. 


Cotan.  I  Tang. 


biue.  I 

8*940296' 

8-941 /'38 

8-943174 

8*944606 

8-946034 

8-947456 

8-948874 

8950287 
8-95 1C96 
8-953100 
8*954499 
8-955894 
8-957284 

8*958670 
8-96005^^ 
8-961429 
8*962801 
8-964170 
8-965534 

8*966893 
8-968249 
8-969600 

8  970947 
8-972289 
8-973628 

8*974062 
8*976293 
8*977619 
8-978941 
8*980259 
8*981573 

8*082883 
8-984189 
8*985491 
8-986789 
8*988083 
8*989374 

8*990660 
8*991943 
8*993222 
8*994497 
8-995768 
8*997036 

8*998299 
8-999560 
9*000816 
0*002069 
9*003318 
9*004563 

9  005806 
9HX)7044 
9*008278 
9*009510 
0*010737 
0*011062 

0*013182 
0-014400 
9*015613 
9*016824 
9*018031 
9*019235 


Cosine. 


Cosiue.  I  'laiig. 
9'*998344'~8*941952 


9-998333 
9-998322 
9*908311 
9*998300 
9*998289 
9*998277 


^  8*941952. 
8*943404 
8-944852 
8*946295 
8*»47734 
8-949168 
8*950597 


9-908266 
0-998255 
9*998243 
0*998232 
9*998220 
9*998209 

9*908197 
9-998186 
9-998174 
9-998163 
9-998151 
9*998139 

9^98128 
9*998116 
9*908104 
0*998092 
9*998080 
9*098068 

0*008056 

9*9980441 

9*998033 

9-008030 

9-008006 

0*007906 

9*907984 
9*07072 
0*907050 
0*097947 
9*997935 
9-997922 

9*997910 
9*097897 
9007885 
0*997872 
9*007860 
0-997847 

9-097835 
0-007822 
9*997809 
9*997797 

9*9i^7784 
9-997771 

9-007758 
0-097745 
9*997732 
9*997719 
00077O6 
0-997603 

0*097680 
9*997667 
9*997654 
9*997641 
0*007628 
0097614 


Sine. 


Coiuiig.  1 

1 1-058048  60 
11-056596  59 
11-055148  58 
11 -053705  57 
11052266  56 
11-050832  5* 
11-O49403  54 


8-952021 

8*953441 

8954S56 

8-956267 

8-957674 

8*959075 

8-960473 
S-061866 
8*963255 
8-964639 
8966019 
8.967394 

8*968766 
8-970133 
8*971496 
8*072856 
89742UG 
8-975560 

8*976006 
8-978248 
8*970586 
8-080921 


11*047970  53 
11-04655952 
11045144  51 
11*043735  50 
11-042326  49 
11-040925  48 

11-030527  47 
11-038134  46 


11-036745 
11*035361 
11-033081 


11*03260642 
11-031334  41 


11-029867 


11*08850439 
11*027145  38 
11*02579137 
11-024440  36 


11*02309430 
11*02175234 
I1-090414SS 
fl-019079 


8  082251  11*017740 
8*983577  1 1 -01 M23 


8-984899 
8-9S6317 
8-087532 
8*088842 
8*990149 
8*991451 

8-9937M 
8-994045 
8-995337 
8-996624 
8*997908 
8099188 

9-000465 
9-001738 
9*003007 
9-004S72 
9*005534 
9*006792 

9H)08047 
9000298 
9*010546 
9H)11700 
9*013031 
9*014368 


11*015101 
11-013783 
11*012468 
11-011158 
11-009851 
11*008549 


45 

U 
43 


40 


3i\ 
31 
30 

29 
28 

27 
26 
25 


11^07250  ^ 
11-005055 
11-004663  211 
11-00337&: 
11*002092^1! 
11-0008121 U 

10-999535  i: 
10-9982621 
10*996993113^ 
10-995738 


10-0944661131 
10'993908 


14 
13 
U 


9-015502 
9-016732 
9-017950 
9-019183 
9-030403 
9*031620 


jn 


Cot  an. 


10*991953 
10-990702 
10-989454 
10-988210 
10*986969 
10-985732 


10*984^8 
10*983268 
10*982041 
10^80817 
10-979597 
tO-978380 


r%up 


II 

10 

9 

8 


5 

3 
3 
f 
0 


1X>G.  STKES,  TANGENTS,  &c. 


wfSe 


T 


—ra 

JHng. 

9*089144 
9-090187 
9-09  liW8 
9-09226'2 

9  094336 
0«095367 

9*096395 
9-0974iK 
9-098448 
9-099468 
9-lOalB7 
9101514 

9109519 
9103532 
910454.: 
9-105550 
9-I0C556 
9-107559 

9  108560 
9-109559 
9-110556 
9*111551 
9*1 1254^3 
9113533 

9*114521 
9*115507 
9*116401 
9117472 
9*118452 
9*119429 

9*1 90404 
9121377 
9122348 
9123317 
9*124284 
9*125249 

9*126211 
9-127172 
9*128130 
9*129087 
9-130041 
9*130994 

9131944 
9-132893 
9*133839 
9-];U784 
9-135726 
9*136667 

9137605 
9-138542 
9*139476 
9-140409 
9-141340 
9-142269 

9*143196 
9144121 
9-145044 
9*145966 
9*146885 
9147803 


S: 


0 

1 

»> 

*0 

3 
4 
5 
6 

7 
8 
9 

10 
11 
121 

13 
14 
15 
16 
17 
18 

19 
20 
21 

22 
23 
24 

25 

26 
27 
28 
29 
30 

31 

32 
33 
34 
35 
36 

37 
38 
39 
40 
41 
42 

43 
44 
45 
4G 
47 
48 

49 

50 

51 

52 

53 

54 

55 
56 

57 
58 
59 
60 


¥019235 
9-020435 
9  0216321 
9-022825 
9-024016 
9025203 
9-026386 

9*027567 
9-028744 
9029918 
9<OS10S9 
9-032257 
9-033421 

9*034682 
9035741 
9*036896 
9-038048 
9*039197 
9*040342 

9H)414S5 
9-042625 
9-043762 
9-044895 
9*046026 
9047154 

9-048277 
9H)49400 
9*050519 
9*051635 
9052749 
9*053859 

9*054966 
9-056071 
9*957172 
9*058271 
9*059367 
9-060460 

9*061551 
9*062639 
9-063724 
9O64806 
9*C65885 
9-066962 

9-068036 
9-069107 
9*070176 
9-071242 
9-072306 
9^)73366 

9-074424 
9-075480 
9*076533 
9*077583 
9*078631 
9-079676 

9*080719 
9-081759 
9  082797 
9-083832 
9-0S4864 
90B5894 


Cotine. 

9^7614 
9-997601 
9997588 
9-997574 
9*997561 
9-997547 
9-997534 

9  997520 
9-997507 
9-997493 
9-997480 
9*997466 
9>997452 

9H»97i99 
9-997425 
9-997411 
9-997397 
9-997383 
9-997369 

9-997355 
9-997341 
9-997327 
9-997313 
9-997299 
9-997285 

9-997271 
9  997257 
9-997242 
9997228 
9-997214 
9*997199 

9*997185 
9*997170 
9-997156 
9-997141 
9-997127 
9-997112 

9997098 
9-99708,3 
9-997068 
9-997053 
9-997039 
9-997024 


9-997000 
9  996994 
9-996979 
9-996964 
9-996949 
(H»96934 

9*906919 
9-996904 
9-996889 
9*996874 
9-996858 
9*996843 


9-021620 
9-022834 
9024044 
9-025251 
9-026455 
9-027655 
9-028852 

9*O30Oi6 
9  0312.37 
9-032425 
9-03.)609 
9-034791 
9-035969 

9-037144 
9-038316 
9-039485 
9h>40651 
9K)41813 
9-042973 

9-044130 
9-045284 
9-046434 
9-047582 
9-048727 
9^49869 

9<)51008 


10^48992 
9-0521 44110-947856 
9-053277  10*946723 
9-054407  10  945593 
9-055535  10-944465 
9-056659  10-943341 


9*057781 
9*058900 
9-060016 
9-061130 
9*062240 
9-063348 

906445^ 
9-06j556 
^9-066655 
9067752 
9068846 
9  069938 


9Ori027 
9*072113 
9-073197 
9-074278 
9*075356 


9*077505 
9-078576 
9-0796U 
9080710 
9*0^1773 
9*082833 


9*996828  9*083891  10^16109 

9*996812  9*084947  10915053 

9-996797 

9*990782 

9^96766  9-0880981 10-9 11 909 

9-996751  9-08914410*910856 


Cotaiig. 

10-977166 
lO-9r5956 
10-974749 
10  973545 
10-972345 
10-971148 

10*969954 
10-968763 
10-%7575 
10-966391 
10-965209 
10-964031 

10962856 
10-961684 
10-960515 
10-959349 
10-958187 
10-957027 

tO-955870 
10-954716 
10-953566 
10-952418 
10-951273 
10^50131 


tO-949219 
10-941 100 
10-939984 
10-938870 
10-937760 
10-936652 

10-935547 
10-9^444 
10-933345 
10  932248 
10-931154 
10-930062 

10-928973 
10-927887 
10-926803 
10-925722 
10-924644 
9-076432i  10-923568 


10*922495 
10-921424 
10920356 
10-919290 
10  918227 
10*917167 


9-086000  1O914000 
9H)87050  10-912950 


•I 


I 


Sine.  '  Cotan  I  Tang> 
~8^^^~~~~" 


JSme. 

9085894 

9-086922 

9-087947 

9-088970 

9  0899901 

9-091006 

9  092024 

9-093037 
9-094047 
9  095056 
9-096062 
9-097065 
9-098066 

9-099065 
9-100062 
9*101056 
9*102048 
9-103037 
9-104025 

9*105010 
9*105992 
9106973 
9*107951 
9-108927 
9109901 

9110873 
9*111842 
9*112809 
9-113774 
9-114737 
9,115698 

9-116656 
9117613 
9118567 
9-119519 
9*120469 
9121417 

9-192362 
9*123306 
9*124248 
9*125187 
9126125 
9*127060 

9127993 
9*128925 
9*129854 
9-130781 
9-13170r, 

9*132630 

9133551 

9134470 
9*135387 
9136303 
9-137*216 
9 138128 

9*139037 
9-139944 
9140850 
9-141754 
9*142655 
9*143555 


Coalne. 


Coiiunc. 

9'99675l 
9-996735 
9-996720 
9-996704 
9*996688 
9-996673 
9*996657 

9*996641 
9  996625 
9*996610 
9-996594 
9*996578 
9-996562 

9*996546 
9  996530 
9-996514 
9-996498 
9-996482 
9-996465 

9*996449 
9-996433 
9-996417 
9-996400 
9-996384 
9*996368 

9-996351 
9-996335 
9-996318 
9-996302 
9-996285 
9-996269 

9*996952 
9-996235 
9  996219 
9-9962(^ 
9-996185 
9*996168 

9-996151 
9-996134 
9-996117 
9-996100 
9-996083 
9*996066 

9*996(49 
9*996032 
9*996015 
9-995998 
9-995980 
9-995963 

9995946 
9-995923 
9-995911 
9-995894 
9-995876 
9-995859 

9-995841 
9-995823 
9-995806 
9*995788 
9-995771 
9-995753 


Sine« 


Coiang. 

lo-vios'sfi  fy) 

IO-0H0813  59 
10-908772  58 
I0-9077o4  57 
10  906698  56 
10-905664  55 
10-9(463$  54 


Cotao. 


10-903605 
10*902578 
10-901554 
10-900532 
10  899513 
10-898496 

10-897481 
10-896468 
10-895458 
10-894450 
10-893444 
10-89244) 

10*891440 

10-890441 
10-889444 
10  888449 
10-837457 
10-886467 

10-885479 
10-884493 
10-883509 
10-882528 
10-881548 
10-880571 

10^9596 
10  87862:3 
10  877652 
10-876683 
1^875716 
10874751 

10-873789 
10-872828 
10-87 187«« 
10*870913 
10-869959 
10-869006 

10*868056 
10-867107 
10-866161 
10-865216 
10-864274 
10-863333 


10*862395 
10-861458110 
10*860524  9 
10-859591  8 
10*858660  7 
10*857731  6 


10*856804 
10-855879 
10-854956 
10*854034 
10*853115 
10852197 


82  Peg. 


Tmifr  j 


53 
52 
51 

50 
49 
48 

47 

46 
45 
44 
43 
42 

41 

40 
39 
38 
37 
36 

35 
.34 
33 
32 
31 
30 

99 
98 
27 
26 
25 
24 

93 

22 
21 
20 
19 
18 

17 

16 
15 
14 
13 
12 

11 


5 

4 

3 

2 

1 

0 


LOS.  SMBS,  TANGENTS,  &c. 


T 


u 
I 

.J 

4 
5 
6 

i 

8 
9 
10 
II 
li 

13 
U 

15 

in 

17 

IS 

19 
20 
21 
22 
23 
2i 

26 

2r 

28 
29 
30 

31 
32 
33 
34 
35 
36 

Z7 
38 
39 
40 
41 
42 

43 
44 
45 
4C 
\7 
48 

49 
50 
51 
5'2 

53 
54 

55 
56 
57 
58 
59 
60 


I 


"9143555 
9-144453' 
9145349 
9*146243 
9147136! 
9-148026. 
9- 148915! 

9U9802| 

9-160C86 

9151569 

9*152451 

9-153330 

9154208 

9-155083 
9155957 
9' 1 56860 
9-157700 
9158569 
9*159435 

9160301 
9-191164 
9162025 
9- 162885 
9163743 
9-164600 

9*165454 
9-1663'  7 
9-167l59| 
9*168008 
9168856 
9-169702 

9170547 
9171389 
9-172230 
9-173070 
9-173908 
9-174744 

9-175578 
9176411 
9177242 
9178072 
9-178900 
9-179726 

9180551 
9-181374 
9- 182196 
9-183016 
9-183834 
9184651 

9-185466 
9-1862801 
9' 187092 
9187903 
9-188712 
9189519 

9190325 
9-191130 
9-191933 
9-1927.34 
9193534 
9194332 

Cosine. 


C/Ofiue. 

9-995753 
9-995735 
9.995717 
9-995699 
9-995681 
9-995664 
9-995646 

9-995628 
9-005610 

9-995591 
9-995573 
9-9l}5555 
9-995537 

9-995519 
9-995501 
9-995482 
9-995464 
9-995446 
9-995427 

9-995409 
9-995390 
9-995372 
9-995353 
9-995334 
9-995316 

9-995297 
9-995278 
9-995260 
9-995^41 
9-995222 
9-995203 

9*995184 
9-995165 
9-995146 
9-995127 
9-995108 
9-995089 

9-995070 
9-995051 
9-995032 
9-995013 
9-994993 
9-994974 

9-994955 
9-994935 
9-994916 
9*994896 
9-994877 
9-994857 

9-994838 
9-994818 
9-994798 
9-094779 
9-994759 
9-994739 

9-994720 
9-994700 
9-994680 
9-994660 
9-994640 
9-994620 


Peg. 
TangT 


9  Dcj: 


Sine. 


9147803 
9-148718 
9149632 
9-15054+ 
9151454 
9-152363 
9-153269 

9-154174 
9  155077 
9-155978 
9-156877 
9-157775 
9-158671 

9-159565 
9-160457 
9-161347 
^-162236 
9-163123 
9164008 

9164892 
9-165774 
9-166654 
9-167532 
9-168409 
9-169284 


8 


9170157 
917iei29 
9171899 
9i:2767 
9-173634 
9-174499 

9-175362 
9-176224 
9177084 
9177942 
9-178799 
9-179655 

9*180508 
9-181360 
9-182211 
9-183059 
9-183907 
9184752 

9-185597 
9-186439 
9-187280 
9-188120 
9-188958 
9-189794 

9190629 
9-191462 
9-192294 
9-193124 
9-193953 
9-194780 

9-195606 
9-196430 
9197253 
9-198074 
9198894 
9199713 

Cot  an. 


Cotani;. 

10^852197 
10-851282 
10-85'»368 
10-849456 
10-848546 
10-847637 
iO-846731 

10-845826 
10-844923 
lu-84-i<K^2 
10-843123 
10  842225 
10-841329 

10-840435 
10-839543 
10-838653 
10*837764 
10-836877 
10-885992 

10-835108 
10-834226 
10-833346 
10-832468 
10-831591 
10-830716 

10-829843 
10-828971 
10*828101 
10-827233 
10*826366 
10*825501 

10*824638 
10*823776 
10-822916 
10-822058 
10-821201 
10-820345 

10-819492 
10-818640 
10-817789 
10-816941 
10-816093 
10  815248 

10-814403! 

10-813561' 

10-8127201 

10*811880 

K- 811042 

10-810206 

10*809371 
10808538 
10  807706! 
10-806876! 
10-8060471 
10-80£220! 


10*804394 
10-803570 
10-802747 
10*801926 
10  801106 
10-800287 


Tang. 


(■ 


9- 
9- 
9- 


&>me 

9*194332 
•195129 
-195925 
•196719 
9-197511 
9-198302 
9-199091 

9*199879 

9-200666 

9-201451 

9-2l>22^ 

9-203017 

9'203797 

9-204577 
9-205354 
9*206131 
9-206906 
9*207679 
9*208452 

9*209222 
9-209992 
9-210760 
9^211526 
9  212291 
9-213055 

9-213818 
9*214579 
9*215338 
9  216097 
9.216854 
9  217609 

9-218363 
9-219116 
9-219868 
9*220618 
9  221367 
9*222115 

9-222861 
9*223606 
9-224349 
9*225092 
9-225833 
9  226573 

9-227311 
9*228048 
9-228784 
9-229518 
9-230252 
9*230984 

9*231715 
9-2S2444 
9*233172 
9*233899 
9-234625 
9-235349 

9*236073 
9  236795 
9237515 
9*238235 
9*238953 
9*239670 


Cosine.   ■'    T 


Cosine. 


9-994620 
9-994600 
9-994580 
9-994560 
9-994540 
9-994519 
9-994499 

9-994479 
9-994459 
9*994438 
9-994418 
9-994398 
9-994377 

9  994357 
9-99.336 
9-994316 
9  994295 
9-994274 
9-994254 

9-994233 
9-994212 
9  994191 
9*994171 
9-994150 
9-994129 

9-994108 
9-994087 
9-994066 
9-994045 
9-994024 
9-994003 

9-903982 
9-993960 
9-993939 
9  993918 
9-993897 
9-993875 

9*993854 
9-993832 
9-993811 
9-993789 
9-993768 
9.993746 

9  993725 
9-993703 
9-993681 
9-9936601 
3-993638 
9-993616 

9*993594 
9-993572 
9*993550 
9-993528 
9*993506 
9-993484 


ang.    I 

9-1997  l.S 

9*200529 

9*201545 

9-ai>2l59 

9  2020511 

9-263r8^i 

9-204592 


l^OtMtlg.     1 

lO-80O287'60 


U-799471 
10  798655 
10-797841 
10-797029 
10*796218 
10  795408 


59 
^8 
57 
56 
55 
54 


9-2054O0  10-79440(^3 
9-206207  1 0^793793' 52 
9  207013  10-792987' 51 
9  2«)r8l7  10-79218.150 
10*791381149 
10-79058048 

9-210220 10r»97»0l4r 
10-78898^46 
10788185  45 
10-787389144 
10786595(43 
10^78580243 


9*208619 
9.209420 


9-211 01  ?« 
9*211815 
9-212611 
9*21 3405 
9*214198 


9-214989  10-785011 


41 


9*21 578o(  10-784220  40 
9-216568  10*78d4a2i39 
9-217356  10-782644;3S 
9*218142  10-781858  37 

9*218926  1078107*36 


9-219710  10-780290 


9-220492 
9-221272 
9-222052 


10-789508  34 
10-778728  33 
10*777948;32 


35 


9-22283qiO  7771 70(31 


9*223607 


9-224382  10775618 


9*225156 
9-225929 
9-22670(» 
9-227471 
9*228239 

9^29007 
9*229773 
9-230539 


10-77639^ 


10-7748U 
10-774071 
i«»773300|26 


10*772529 
10*771761 

10-770993 
10770227 
10-769461 


9-23130210*768698 


9-993462 
9*993440 
9*993418 
9-993396 
9*993374 
9-993351 

"^neTI 
80  Peg. 


9232065 
9*232826 

9  233586 
9-234345 
9-235103 
9-235859 
9-236614 
9-237368 

9-238120 
9*23887210-761128 


30 

29 
28 
27 


25 
24l 

23 
22 
21 
20 
19 


9*239622 
9-240371 
9-241118 
9-241865 


9-242610 
9-243454 
9-244097 
9-244^ 
9-245579 
9-246319 

Coun.    ' 


10*767935 
10-767174|18 

10-76641417 
10*765655  16 
10-764897  15 
10-764141 14 
10-763386  13 
10-762632 12 

10*76188011 

101 

10-760378  9 
10-759629  8 
10*758880  7 
107581351  6 


10*7573 

10-756646 

10*7559015 

10-755161 

10754421 

10753681 


5 
4 
S 
2 
1 
0 


LOG.  SINES,  TANGENTS,  &c 


ITHlegT 


0 

I 

i2 

3 
4 
5 
6 

/ 

8 

9 
10 
11 
«'2 

13 

14 

is 

16 
17 
18 

19 
20 
21 
22 

24 

25 
26 
27 
28 
29 
30 

31 

32 
33 
34 
35 
36 

37 

38 

39 

40' 

41 

42 

43 
44 
45 
46 
47 
48 

49 
50 
51 
52 
53 
54 

55 
56 
57 
58 
59 
60 


Sine. 

9-'2396ro 
9-240386 
9-241101 
9-241814 
9-242526 
9-243237 
9-243947 

9-244656 
9-245363 
9-246069 
9-246775 
9--247478 
9-248181 

9*248883 
9-249583 
9-250282 
9-250980 
9  251677 
9252373 

9-253067 
9-253761 
9-254453 
9-255144 
9*255834 
9*256523 

9*257211 
9-257898 
9-258583 
9-259268 
9-259951 
9-260633 

9-261314 
9-261994 
9*262673 
9-263351 
9-264027 
9*264703 

9*265377 
9*266051 
9*266723 
9-267395 
9*268065 
9*268734 

9*269402 
9*270069 
9*270735 
9*271400 
9*272064 
9-272726 

9*273388 
9-274049 
9-274708 
9-275367 
9-276025 
9-S76681 

9-977337 
9*277991 
9*278645 
9279297 
9-279948 
9-2805i;9 


9-9y.x}5l  9  246319 
9-993321^  9-247057 


IT 


ra 


9-99330 
9-993284 
9-993262 
9-99Jti40 
9  993217 

9-993195 
9-993172 
9*993  f 49 
9-993127 
9-993104 
9-993081 

9-993059 
9-993036 
9-993013 
9-892990 
9-992967 
9  992944 

9-992921 
9-992898 
9-992875 
9-992852 
9-992829 
9-992806 

9-992783 
9-992759 
9-992736 
9-992713 
9-992690 
9-992666 

9-992643 
9-992619 
9*992596 
9-992572 
9-992549 
9-992525 

9-992501 
9-992478 
9*992454 
9-992430 
9-992406 
9-992382 

9-992359 
9*992335 
9-992311 
9-992287 
9992263 
9-992239 

9*992214 
9-992190 
9-992166 
9-992142 
9-992118 
9-992093 

9-999069 
9-992044 
9-992020 
9-991996 
9991971 
9-991947 


Cosine.  *  Sine. 
79 


9-247794 
9-248530 
9*249264 
9  249998 
9-250730 

9-251461 

9-252191 

9-252920! 

9-253648' 

9-254374J 

9-255100' 

9-255824 
9-256547 
9-257269 
9-257990 
9^8710 
9-259429 

9-260146 
9-260863 
9-261578; 
9-262292! 
9-263005, 
9-263717 

9-264428 
9-265138 
9-265847 
9-266555 
9-267261 
9.267967 

9-268671 
9-269375 
9-270077 
9-270779 
9-271479 
9-272178 

9-272876 
9-273573 
9-274269 
9  274964 
9-275658 
9-276351 

9  277043 
9-277734 
9-278424 
9-279113 
9-279801 
9-280488 

9-281174 
9-281858 
9-282542 
9-283225 
9-283907 
9-284588 

9*285268 
9-285947 
9*286624 
9-287301 
9-287977 
9-288652 

Coun. 


^ 


Cotang; 

0753681 
0-752943 
0-752206 
0-751470 
0-750736 
0-750002 
0-749270 

0-74S539 
0-747809 
0-747080 
C-746352 
0-745626 
0-7449(0 

0-744176 
0-743453 
0-7427^1 
0-749010 
0-741290 
0-740571 

0*739854 
0-739137 
0-738422 
0-737708 
0-736995 
0-736283 

0-735572 
0-734862 
0-734153 
0-733445 
0-732739 
0-732033 

0'731329 
0-730625 
0-729923 
0-729221 
0-72«t52l 
0-727822 

0-727124 
0*726427 
0-725731 
0-725036 
0-724.U2 
0-723649 

0*722957 
0-722266 
0-721576 
0*720887 
0*720199 
0*719512 

0-718^ 
0*718142 
0-717458 
0-716775 
0-716093 
0-715412 

0*714732 
0-714053 
0-713376 
0-712699 
0-712023 
0-711348 

T^~ 


Sine.  I  Cosine. 

9  2805091 

9-281248' 

9-281897 

9-282544 

9-283190 

9  2838.^6 

9-284480 


9-285124 
9-285766 
9-286408 
9-*287048 
9-287688 
9-288326 

9-288964 
9-289600 
9-290236 
9*290870 
9-291504 
9-292137 

9-292768 
9-29.S399 
9-294029 
9-294658 
9-295286 
9-295913 

9*29653'' 
9-297164 
9-297788 
9-298412 
9-299034 
9-299655 

9-300276 
9-300895 
9-301514 
9-302132 
9-302748 
9-303364 

9-303979 

9-304593 

9-305207 

9-3058 I9J 

9-306430 

9-307041 

9-307650 
9*308259 
9-308867 
9-309474 
9-310080 
9-310685 

9*311289 
9-311893 
9*312495 
9-3I3()97 
9-31369<i 
9*314297 

9*314897 
9-315495 
9-316092 
9-316689 
9-317284 
9-317879 


9-991947 
9-991922 
9-991897 
9-991873 
9-991 848 
9-991 823 
9-991799 

9-991774 
9-991749 
9-991724 
9-991699 
9-991674 
9-991649 

9*991624 
9-991599 
9-991574 
9-991549 
9-991524 
9-991498 

9  991473 
9-991448 
9-991422 
9-991397 
9-991372 
9-991346 

9-991321 
9-991295 
9-991270 
9-991244 
9-991218 
9-991193 

9-991167 
9-991141 
9-991115 
9-991090 
9*991064 
^-991038 

9*991012 
9-990986 
9*990960 
9*990934 
9-990908 
9-990682 

9*990855 
9-990829 
9-990803 
9-990777 
9*990750 
9-990724 

9-99P697 
9-990671 
9-990645 
9-990618 
9-990591 
9-990565 

9-990538 
9-990511 
9-990485 
9-990458 
9-990431 
9-990404 


Cosme. 


Sine. 


9-288652 
9-289326 
9-289999 
9-290671 
9-291342 
9-29-2013 
9-292682 

9-293350 
9*294017 
9-294684 
9-295349 
9-296013 
9*296677 

9-297339 
9-298001 
9-298662 
9-299322 
9-299980 
9-300638 

9-301295 
9-301951 
9-302607 
9  303261 
9-303914 
9-304567 

9-305218 
9-305869 
9*306519 
9  307168 
9-307816 
9-308463 

9-309109 
9-309754 
9-300399 
9-31 1042 
9-311685 
9-312327 

9-312968 
9-313608 
9-314247 
9-314885 
9-315523 
9-31615Q 


Coun^. 

10711348 
10-710674 
10-710001 
10-709329 
10  708658 
10-707987 
10-707318 

10-706650 
lU-705983 
10-705316 
10-7046.^1 
10*7a39fc7 
10*703323 


60 
59 
58 
57 
56 
55 
54 

52 
53 
51 
50 
49 
48 


9*.320592 
9-321222 
9-321851 
9*322479 
9-323106 
9-323733 

9-324358 

9-3249831 

9-525607 

9-326231 

9-326853 

9-327475 

CoUn. 


10-702661  47 
10-701999  46 
10-701538  45 
10-71)0678  44 
10-70002(J  43 
10-699362  42 

10-698705  41 
10-698049  40 
10  697393  39 
10-696739138 
10-696086'37 
10-695433136 

10-694782  35 
10-69413  34 
10-693481  33 
10-692832  32 
10-692184  31 
10-691537  30 


10-690891 
10-690246 
10  689601 
10-688958 
10-688315 
10-687673 

10^87032 
10-686392 
10-685753 
10-685115 
10-684477 
10-683841 


29 
28 
27 
26 
25 
24 

23 
22 
21 
20 
19 
18 


9-316795110-683205 

9-317430 

9-318064 

9*318697 

9-3l9.'J30 

9-319961 


17 
10  682570' ir, 

10681936!]5 


10-681 3a3 
10-680670 
10-680039 


14 
13 
12 


10-679408:11 
10-678778  10 
10-678l49j  9 
10-677521  8 
10-676894  7 
10-676267,  6 

5 

4 
3 
2 
1 
0 


10-67564^ 

10-675017 

10674393 

10-673769 

10^73147 

10-672525 

"T7ng-~ 


LOO.  SIKKS.  TANGENTS,  Sm; 


r 


1 


-I. 

Oi 


■^ 


ine.    (  Cuaiiie. 


2 
3 


7 

8 

9 

10 

11 

V2 

13 
14 
15 
16 
17 
18 

19 
90 
2! 
22 
23 
24 

25 
26 
27 
28 
29 


ng 


9*440038 
9-440778 
9*441218 
9-441658 
9-442096 
9-442535 
9-442973 

9-443410 
9  443847 
9-444284 
9-444720 
9-445155 
9-445590 

9-446025 
9-446459 
9-44689:) 
9-U7326 
9-U7759 
9-448191 

9-448623 
9^9054 
9-449485 
9-449915 
9-450345 
9*450775 

9*451204 
9-451632 
9-45206U 
9-45^88 
9-452915 
301  9-453342 


31  9*453768 

32  9-454194 

33  9  454619 

34  9-4550U 

35  9-455469 

36  9-455893 

37  9-456316 

38  0-456739 

39  9-457162 

40  9-457584 

41  9*458006 

42  9-458427 

43  9-458848 

44  9459268 

45  a-459688 

46  9-460108 

47  9*460527 

48  9^460946 

49  9-461364 

50  9-461782 

51  9*462199 

52  9-462616 

53  9-463032 

54  9463448 


1 


55 

56i 

57 

58 

59 

60 


9-463864 
9*464279 
9*454694 
9-465108 
9465522 
9  465935 

CowyeT 


9-982842 
9*982805 
9*982769 
9*9827.^3 
9*982696 
9-982660 
9-982624 

9-982587 
9-982551 
9-982514 
9-982477 
9-982441 
9-982404 

9*982367 
9982331 
9*982294 
9-982257 
9-98'2220 
9*982183 

9-982146 
9-982109 
9-98i072 
9*982035 
9-981998 
9*981961 

9-981924 
9-981886 
9-98"  849 
9-981812 
9-981774 
9-981737 

9-981700 
9^81662 
9-981626 
9-981587 
9-981549 
9-981512 

9*981474 
9*981436 
9-981399 
9-981361 
9-981323 
9*981285 

9*981247 
9-981209 
9-981171 
9*981133 
9*981095 
9-981057 

9-981019 
9*980981 
9-980942 
9t980904 
9-9808.16 
9-980827 

9-980789 

9-980750 

9-980712 

9*98067 

9*980635 

9-98059'* 


T 


•n%. 


J 


9*457490 

9*45797 

9-458449 

9-4589*25 

9*459400 

9-459875 

9-460349 

9-460823 
9*461297 
9-461770 
9-462242 
9-462715 
9463186 

9-463658 
9464128 
9-464599 
9465069 
9*46553« 
9-466008 

9-466477 
9*466945 
9-467413 
,9-467880 
9*468347 
9-468814 

9-469280 
9469746 
9-47(»21 1 
9470676 
9-471141 
9-471605 

9-472069 
9-472532 
9-472995 
9-473457 
9*478919 
9474381 

9474842 
9-475303 
9475763 
9-476223 
9-476683 
9-477142 

9-477601 
9-478059 
9478517 
9*478975 


9-479889 

9*480345 
9480801 
9*481257 
9481712 
9-482167 
9482621 

9-483075 
9-483529 
9-483982 
9484435 
'-484887 
9*485339 


Cotang.  ' 

10-542504 
10-542027 
'0-541551 
10-541075 
10^40600 
10  540125 
1(»-539651| 

10-5391771 
10538703 
10-538230 
10-537758 
10*537285 
10*536814 

10*536342 
10-535872 
10-535401 
10*534931 
10*534461 
10*533992 

10*533523 
10*533055 
10-532587 
10*532120 
10  531653 
10*531186 

10-530720 
l'»-530254 
.0-529789 
10-529324 
10  528859 
10-528395 

10-527931 

l«»-527468 

10*527005 

10*526543 

10*526081 

10-525619 

10-525158 
10*524697 
10-524237 
10  523777 
10-523317 
10-522858 

10*522399 
10-521941 
10*521483 
10  521025 


1. 


9-479432 10-520568 


10-520111 

10  519655 
10-519199 
10  518743 
10-518288 
10  517833 
10*517379 

10*516925 

10-516471 

IO-$16018 

10*515565 

10-515113 
10-514061 


Sine.  (  Cottn.    'Tan 
73  lT»» 


Sine.     I 

9-465935' 

9-466348 

9-466761 

9467173 

9*467585 

9*467996 

9-468407 

0-468817 
9-469227 
9469637 
9-470046 
9-470455 
9-470863 

9-471271 
9*471679 
9-4720^6 
9-472492 

9-47289R 
9473304 

9*473710 
9-474115 
9474519 
9  474923 
9-475327 
9475730 

9*476133 
9-476536 
9*476938 
9-477340 
9477741 
9-478142 

9*478542 
9478942 
9-479342 
9-479741 
9480140 
9*480539 

9*480937 
9*481334 
9  481731 
9-482128 
9*482525 
9*482921 

9-483316 
9*483712 
9-484107 
9-484501 
9-484895 
9-485289 

9-485682 
9-486075 
9-486467 
9486860 
9-487251 
9487643 


9-488034 
9*488424 
9498814 
9-489204 
9489593 
9-489982 

Coiine.  ' 


Cotine. 

'9^8059d 
9-980.i58 
9-980519 
9-980480 
9-980442 
9-981403 
9*980364 

9*980325 
9*980286 
9-980247 
9*9802ft8 
9*98(M69 
9-980130 

9*980091 
9*980052 
9*980012 
9*979973 
9-9:9934 
9-97989: 

0*9  9855 
9-979816 
9  979776 
9979737 
9-979697 
9-97ii658 

9*979618 
9*979579 
9*979539 
9*9794:^ 
9*9rJ459 
9-979420 

9*979380 
9*979340 
9*979300 
9*979260 
9-979220 
9-979180 

9-979140 
9*979100 
9-979<»59 
9*979019 
9*978979 
9*978939 

9*978898 
9-978858 
9-978817 
9*978777 
9-978737 
9-978696 

9*978655 
9-978615 
9-978574 
9-978533 
9.978493 
9*978452 


9-485339 

9-485791 
9-486242 
9*486693 
9-487143 
9-487593 
9488043 

9*488492 
9488941 
9-489390 
9489838 
9-490286 
9-491  r73S 

9  491180 
9-491627 
9492073 
9*492519 
9-492965 
9493410 

9-493854 
9*494299 
9-494743 
9-495186 
9495630 
9-496073 

9-496515 
9-496957 
9-497399 
9*497841 
9-498282 
9498729 

9499163 
9499603 


9-978411 
9-978370 
9*978529 
9-978288 
9*978247 
9*978206. 

Sine. 


9-500042  10*499958 


9*500481 
9*500990 
9*501359 


9*50099010.499080 


9-501797 
9*502235 
9*502672 
9-503109 
9*503546 
9-503982 


9*504418 
9*504854 
9*505289 
9-505724 
9*506159 
9*506593 

9-507027 
9-507460 
9  507893 
9*508326 
9-508759 
9-509191 

9-509622 
9-510054 
9-510485 
9-510916 
9-5113M 
9*511776' 

CoUn.    ^ 


10^4661  60 
10-514209  59 
l'»-513758  58 
l'>513307  57 
10-512857  56 

K)*512407 
10*511957  54 

10*511506  5: 
10-511059  5 
10*510610:51 
10*510l62l5(» 
10509714  49 
10*509267  48 

10-508820  47 
10-508373  46 
10*507927<45 
10*507481  lu 
10.507035i43 
10-506590  42 

41 
40 
39 

38 
37 
36 


10*506146 
10*505701 
1(^505257 
10.504814 
10  504370 
H>-503927 

10*503485 
10-503043 
10-5e2601 
10*502159 
10*501718 
10*501278 

10*500837 
10*500397 


I  .■ 


10-499519 
IO-499080 
10488641 

10*498903 
•0497765 
10497328 
10496891 
10496454 
10496018 

10495582 
10495146 
10-494711 
10-494276 
10-493841 
10493407 

10482973 
1C482540 
10492107 
10*491674 
10491941 
10490808 

10*480378 
10488946 
10489515 
10489084 
10-488654 
10488994 


35 
34 
33 
32 
31 
30 

29 
28 
27 
26 
25 
24 

23 
22 

21 
20 
19 
18 

17 
16 
15 
14 
13 
19 

11 

10 
9 
8 
7 
6 

5 
i 

.i 
9 
1 
0 


T»nK.    I 


850  939419 

851  993( 
8 5!2  930440 


853 

854 

855 

856 

857 

856 

859 

860 

861 

863 

863j 

8641 

865' 

866 

86r 

868 

869 

870 


0949 

1458 

196r 

3474 

2981 

3487 

3993 

4498 

500:i 

5507 

6011 

6514 

7016 

7518 

8019 

8530 

9020 

9519 


871  940018 

872|  0516 

373|  1014 

874  1511 

H75  2008 

876  3504 

877  8000 

878  3495 

879  3989 
>'80  4483 
.881  4976 
883  5469 

883  5961 

884  6452 

885  6943 

886  7434 
87  7924 

888  8413 

889  8903 

890  9390 

891  9878 
893  950365 

893  0851 

894  1338 

895  1823 

896  3308 

897  37^3 

898  3376 

899  3760 


^*i 


9470 

9981 

0491 

1000 

1509 

3017 

3534 

3031 

353b 

4044 

4549 

5054 

5558 

6061 

6564 

7066 

7368 

8069 

8570 

9070 

9569 

0068 

0566 

1064 

1561 

305  tf 

2554 

3040 

3544 

40  >  8 

4532 

,025 

5518 

6C10 

6501 

6993 

748 

7973 

8463 

8951 

9439 

9936 

0414 

0900 

1386 

1872 

2356 

3841 

3325 

380b 


2 

95?i 
.32 
0542 
1051 
1560 
2068 
2^75 
.;082 
3589 
4094 
4599 
5104 
5608 
6111 
6614 
7117 
7618 
8119 
8630 
9130 
9619 
()118 
0616 
1114 
1611 
il07 
3603 
3099 
3593 
4088 
4581 
5074 
5567 
60f9 
6551 
7041 
7533 
8023 
8511 
8999 
9488 
9975 
0463 
0949 
1435 
1930 
2405 
2839 
3373 
3856 


Of  WUMBERg. 

4  1  5 


9572 
.  83 
0592 
1102 
1610 
2118 
262f^ 
3133 
3639 
4145 
4650 
5154 
5658 
6162 
6665 
7167 
7668 
8169 
8670 
9170 
966V 
0168 
0666 
1163 
1660 
2157 
2053 
3148 


9623  9674 


3643 
4137 
4631 
5124 
5616 
6108 
6600 
7090 
7581 
8070 
8560 
9048 
9536 
..24 
0511 
0997 
1483 
1969 
2453 
2938 
3421 
3905 


134 
0643 
1153 
1661 
2169 
2677 
3183 
3690 
4195 
4700 
5205 
5709 
6212 
6715 
7217 
7718 
8219 
8720 
9220 
9719 
0218 
0716 
1213 
17IO 
2207 
2703 
3198 
3692 
4186 
4680 
5173 
5665 
6157 
6649 
7140 
7630 
8119 
8609 
9097 
9585 
73 
0560 
1046 
1533 
3017 
2502 

2986 
3470 
1953 


185 
0694 
1204 
1712 
2220 
2727 
3234 

740 
4346 
4751 
5255 
5759 
6263 
fi765 
7267 
7769 
8269 
8770 
9270 
9769 
0267 
0765 
1263 
1760 
3256 
2752 
3247 
3742 
4236 
4729 
5222 
5715 
6207 
6698 
7189 
7679 
8168 
8657 
9146 
9634 

131 
0608 
1095 
1580 
2066 
2550 
.^034 
35 
4001 


9735.9776.9837 


336 
0745 
1354 
1763 


.  387!.  338 
0796084710898 


1305 
i^l4 
3371  3333 
3778  3829 

328513335 
3791J3841 

4269  4347 


4801 
5306 
5809 
6313 
6815 


4852 
5356 
5860 
6363 
6865 


7317,7367 


7819 
8320 
8820 


9819 
03  If 


7869 
8370 
8670 


9320^369 


9869 
0367 


0815  0865 
1313  1362 
18C)9J1859 
3306,'3355 
3801 '3851 
3397J3346 
379i;3841 
4385)4335 
4779,4828 
5272*5321 

57645813 
6256|6305 
67476796 
7238  7387 


98791 
.3891 


1356  1407 
1865  1915 
2372  3433 
3879  3930 
3386  3437 
3893  3943 
4397  4448 
4903  4953 
5406  5457 
5910  6960 
641316463 
6916 
7418 


6966 
7468 


7919 
8430 
8919 
9419 
9918 
0417 
0915 
1413 
1909 
3405 
3901 
3396 
3890 
4384 
4877 
5370 
5863 
6354 
6845 
7336 


7738  7777  7836 
8317  8S66  8315 
8706  8755  6804 
9195  9344  9393 
9683  97319780 
.  170,319.267 
0657  07060764 
114311192  I24O 
1629tl677  1726 
2114.2163  2211 
2599|2647  2696 
308313131  3180 
3663 
414^ 


34  308313131 
18  3566:3615 
0l|4()49[4098 


7969 
8470 
8970 
9469 
9968 
0467 
0964 
1463 
1958 
3455 
3960 
3445 
3939 
4433 
4937 
5419 
5912 
6403 
6894 
7385 
7875 
83661 
8853 
9341 
9839 
316 
0803 
1389 
1775 
2260 
2744 
3228 
3711 


r 


\ 


LOO.  SINKS,  TANGENTS,  kt. 


T&Deg 


l< 


-I. 
0 

1 

3 
4 
5 
6 


line.    (  Cuaine. 


7 

8 

9 

10 

11 

!'-> 

13 
14 
15 
16 
17 
18 


9-440038 
9-440778 
9*441218 
9-U1658 
9-443096 
9-44^35 
9-442973 

9-443410 
9  443847 
9*444284 
9-444720 
9-445155 
9*445590 


T 


19 
90 
21 
22 
23 

"*! 

25 
26 
27 
28 
29 
301 


9*446025 
9-446459 
9-446893 
9*U7326 
9-U7759 
9*448191 

9-448623 
9^9054 
9-449485 
9-449915 
9-450345 
9-450775 

9-451204 
9-451632 
9-452060 
9-45-2488 
9-452915 
9-453342 


9-982842 
9*982805 
9-982769 
9-9827.^ 
9-982696 
9-98^60 
9-982624 

9-982587 
9-982551 
9-982514 
9-982477 
9-982441 
9*982404 

9*982367 

9982331 

9*982294 

9-982257 

9-982220 

9-982183 

9-982146 

9-982109 

9-98i072| 

9*982035 

9-981998 

9*98196] 

9-981924 
9-981886 
9-98  849 
9-981812 
9-981774 
9-981737 


«ns.  -j 


9457490 

9-45797 

9-458449 

9-458925 

9*459400 

9-459875 

9-460349 

9*460823 
9*461297 
9-461770 
9-462242 
9*462715 
9-463186 


Cotang.  ' 

10-542504 

10-542027 

•  0-541551 

10-541075 

1(>^4i)600 

10-540125 

1(»-539651| 

10*539177' 
10538703 
10-538230 
10-537758 
10-537285 
10-536814 


Sine.     I 

9-465935' 

9-466348 

9-466761 

9467173 

9-467585 

9-467996^ 


Cotiiie.  I 

9^80596 
9-980.S58\ 
9-980519 
9-980480 
9-980442 
I  9-98*)4()3 
9-468407   9*980364 


"Tang. 

9-485339 
9-485791 
9*486242 
9*486693 
9-487143 
9-487593 
9488043 


9-463658 

9*454128 

9-464599] 

9465069 

9*46553« 

9-466008 


10*536342 
10-535872 
10-535401 
10*534931 
10-534461 
10*533992 


31 
32 
33 
34 
35 
36 

37 
38 
39 
40 
41 
42 

43 
44 

45 
46 
47 
48 

49 
50 
51 
52 
53 
54 

55 

56J 

57 

58 

59 

60 


9*453768 

9*454194 

9  454619 

9*455044 

9-4554691 

9-455893 


9*456316 
0-456739 
9*457162 
9*457584 
9*458006 
9-458427 

9*458848 
9  459268 
9:459688 
9-460108 
9*460527 
9^460946 

9-461364 
9-461782 
9*462199 
9-462616 
9-463032 
9463448 

9*463864 
9*464279 
9*464694 
9-465108 
9465522 
9465935 


9-981700 
9981662 
9-981626 
9-981587 
9-981549 
9-981512 

9*981474 
9*981436 
9-981399 
9-981361 
9-981323 
9-981285 

9*981247 
9-981209 
9-981171 
9*981133 
9*981095 
9-981057 

9-981019 
9-980981 
9-980942 
9^80904 
9'9808..6 
9-980827 

9-980789 

9-980750 

9-980712 

9-98067 

9*980635 

9*98059r 


9-466177 
9-466945 
9-467413 
,9-467880 
9-4683^17 
9-468814 

9-469280 
9*469746 
9-47»  121 1 
9470676 
9-471141 
9-471605 

9-472069 
9-472532 
9-472995 
9-473457 
9*478919 
9474381 

9474842 
9-475303 
9-475763 
9-476223 
9-476683 
9-477142 

9*477601 
9-478059 
9*478517 
9*478975 


10-533523 
10*533055 
10-532587 
10*532120 
10  531653 
10*531186 

10-530720 
l<»-530254 
.0-529789 
10*529324 
10  528859 
10-528395 


10-527931 

10*527468 

10*527005 

10*526543 

10-526081 

10-525619 

10*525158 
10*524697 
10*524237 
10  523777 
10-523317 
10-522858 

10*522399 
10-521941 
10*521483 
10521025 


9*479432 10-520568 


9-47d889 

9480345 
9480801 
9*481257 
9481712 
9*482167 
9482621 

9-483075 
9-483529 
9-483982 
9484435 
'*484887 
9485339 


Sine.      Gottn. 
""73  l)r»K.      * 


10-520111 

10  519655 
10-519199 
10-518743 
10-518288 
10  517833 
10*517379 

10-516925 
10-516471 
1()-S16018 
10*515565 
10-515113 
10-514661 

Tang. 


0-468817 
9-469227 
9-469637 
9-470046 
9*470455 
9-470863 

9-471271 
9-471679 
9-4720^6 
9-472492 

9-4728y« 
9-473304 

9*473710 
9-474115 
9474519 
9  474923 
9-475327 
9475730 

9*476133 
9-476536 
9^476938 
9-477340 
9477741 
9-478142 

9*478542 
9478942 
9-479342 
9-479741 
9*480140 
9*480539 

9-480937 
9*481334 
9  481731 
9-482128 
9*482525 
9*482921 

9-483316 
9*483712 
9-484107 
9  484501 
9-484895 
9-485289 

9-485682 
9-486075 
9-486467 
9486860 
9-487251 
9*487643 

9-488034 
9488424 
94S8814 
9-4892M 
9489593 
9-489982 

Cosine. 


9-98^*^25 
9*98028^ 
9*980247 
9*9802ft8 
9*980169 
9-980130 


9*488492 
9-488941 
9-489390 
9-489838 
9-490286 
9*491)733 


Cotali^. 

10^4661  60 
10-514209  59 
li»-513758:58 
lr>*513307  57 
10*512857  56 

10-5124^*7  .'»5 
10*511957;  54 

10-511508  5.^ 
10-511059  5 
10-510610;51 
10-5101621 50 
10  509714  49 
10-509267  48 


10-508820  47 
10-508373  46 


9*980091  9  491180 

9-9H0052  9-491627 

9*98a>12  9492073  10.507927'45 

9*979973  9*492519 

9-9:9934  9-492965 

9-979895  9493410 


0*9  9855 
9-979816 
9  979776 
9979737 
9-979697 
9-97i'658 


10-507481  |U 
10.507035' 43 
10.506590  42 


9-979618 
9-979579 
9-979539 
9-9794^ 
9-9ri459 
9-979420 

9-979380 
9*97934fi 
9*979300 
9*979260 
9-979220 
9-979180 

9*979140 
9-9791001 
9-979059 
9-979019 
9-978979 
9-978939 

9-978898 
9-978858 
9-978817 
9-978777 
9-978737 
9978696 

9-978655 
9-978615 
9-978574 
9-978533 
9.978493 
9-978452 

9  978411 
9-978370 
9-978329 
9-978288 
9-978247 
9*978206 


9*493854 
9494299 
9-494743 
9-495186 
9-495630 
9496073 

9-496515 
9-496957 
9-497399 
9497841 
9-498282 
9-498722 


10-506146 
10-505701 
1^505257 


41 

40 
39 


10-504814  3S 


10  504370 
1«>*503927 

10*503485 
10-503043 
10-5e2601 
10*502159 
10*501718 
10*501278 


37 
36 

35 

34 

33 

32 

31 

30 


9499163  10*500837 


Sine,  i 
f2 


9*499603 
9*500042 
9*500481 
9*500920 
9*501359 

9-501797 
9*502235 
9*502672 
9*503109 
9*503546 
9*503982 

9-50U18 
9*504854 
9*505289 
9*505724 
9*506159 
9*506593 

9*507027 
9*507460 
9  507893 
9*508326 
9-508759 
9-509191 

9-509622 
9-510054 
9-510485 
9-510916 
9-511346 
9*511770 

CoUin.    ' 


10*500397 
10-499958 
10-499519 
10-499080 
10488641 


10*498203 
fO-497765 
10497328 
10496891 
10496454 
10-496018 

10495582 
10*495146 
10-494711 
10-494276 
10-493841 
10493407 

10482973 
1C492540 
10492107 
10491674 
10491241 
10490809 

10*490378 
1«>480946 
10488515 
10489084 
10-488654 
10488224 

Tang. 


29 
28 
27 
26 
25 
24 

23 
23 


21 
20 
19 
18 

17 
16 
15 
14 
13 
12 

U 

10 
9 
8 
7 

6 

5 
i 

•M 
9] 
I 
01 


£ 


A 

OP  NUMBERS. 

3 

N. 

950 

0 

1 
7769 

2 
7815 

3 
7861 

4 
7906 

5 

7952 

6 
7*99^ 

7 
8043 

8 
8089 

9 

1 

977724 

8135 

951 

8181 

8226 

8272 

8317 

8363 

8409 

8454 

8500 

8546 

8591 

. 

952 

8637 

8683 

8728 

3774 

8819 

8865 

8911 

8956 

9002 

9047 

953 

9093 

9138 

9184 

9230 

9275 

9321 

9366 

9412 

9457 

0503 

954 

9548 

9594 

9639 

9685 

9730 

9776 

9821 

9867 

9912 

9958 

1 

955 

980003 

0049' 

0094 

0140 

0185 

0231 

0276 

0322 

0367 

0412 

956 

0458 

0503 

0549 

0594 

0640 

0685 

0730 

0776 

0821 

0867 

957 

0912 

0957 

1003 

1048 

1093 

1139 

1184 

1229 

1275 

1320 

1 

958 

1366 

1411 

1456 

1501 

1547 

1592 

1637 

168^ 

1728 

1773 

959 

1819 

1864 

1909 

1954 

2000 

2045 

2090 

2135 

2181 

2226 

960 

2271 

2316 

2362 

2407 

2452 

2497 

2543 

2588 

2633 

2678 

961 

.  2723 

2769 

2814 

2859 

2904 

2949 

2994 

3040 

3085 

3130 

962 

3175 

3220 

.3265 

3310 

3356 

3401 

3446 

3491 

3536 

3581 

963 

3626 

3671 

3716 

3762 

380/ 

3852 

3897 

3942 

3987 

4032 

964 

4077 

4122 

4167 

4212 

4257 

4302 

4347 

4592 

4437 

4482 

^ 

965 

4527 

4572 

4617 

4662 

4707 

4752 

4797 

4842 

4887 

4932 

966 

4977 

5022 

5067 

5112 

5157 

5202 

5247 

5292 

5337 

5382 

967 

5426 

5471 

5516 

5561 

5606 

5651 

5699 

5741 

5786 

5830 

. 

968 

5875 

5930 

5965 

6010 

6055 

6100 

6144 

6189 

6234 

6279 

969 

6324 

6369 

6413 

6458 

6503 

6548 

6593 

6637 

6682 

6727 

970 

6772 

6817 

6861 

6906 

6951 

6996 

7040 

7085 

7130 

7175 

■ 

971 

7219 

7264 

7309 

7353 

7398 

7443 

7488 

7532 

7577 

7622 

i 

972 

7666 

7711 

7756 

7800 

7845 

7890 

7934 

7979 

8024 

8068 

973 

8113 

8157 

8202 

8247 

8291 

8336 

8381 

8425 

8470 

8514 

974 

8559 

8604 

8648 

8693 

8737 

8782 

8826 

8871 

89l6 

8960 

975 

9005 

9049 

9049 

9138 

9183 

9227 

9272 

9316 

9361 

9405 

976 

94S0 

9494 

9539 

9583 

9628 

9672 

9717 

9761 

9806 

9850 

977 

9895 

9939 

9983 

.  .28 

..72 

117 

•  161 

.  206 

.  250 

294 

' 

978 

990339 

0383 

0428 

0472 

0516 

0561 

0605 

0650 

06'U 

0738 

• 

979 

0783 

0827 

0871 

0916 

0960 

1004 

1049 

1093 

1137 

1182 

980 

1226 

1270 

1315 

1359 

1403 

1448 

1492 

1536 

1580 

1625 

\ 

981 

1669 

1713 

1758 

1802 

1846 

1890 

1935 

1979 

2023 

2067 

' 

982 

2111 

5^156 

2200 

2244 

2288 

2333 

2377 

2421 

2465 

2509 

f 

983 

2554 

2598 

2642 

2686 

2730 

2774 

2819 

2863 

2907 

2951 

"■ 

984 

2995 

3039 

3083 

3127 

3172 

3216 

3260 

3304 

3348 

3392 

985 

3436 

3480 

3524 

3568 

3613 

3657 

3701 

3745 

3789 

3835 

986 

3877 

3921 

3965 

4009 

4053 

4097 

4141 

4185 

4229 

4273 

987 

4317 

4361 

4405 

4449 

4493 

4537 

4581 

4625 

4669 

4713 

988 

4757 

4801 

4845 

4889 

4933 

4977 

5021 

5065 

5108 

5152 

989 

5196 

5240 

5284 

5328 

5372 

5416 

5460 

5504 

5547 

5591 

> 

990 

5635 

5679 

5723 

5767 

5811 

5854 

5898 

5942 

5986 

6030 

991 

6074 

6117 

6161 

6205 

6249 

6293 

6337 

6380 

6424 

6468 

992 

6512 

6555 

6599 

6643 

6687 

6731 

6774 

6818 

6862 

6906 

1 

1 

993 

6949 

6993 

7037 

7080 

7124 

7168 

7212 

7255 

7299 

7343 

994 

7386 

7430 

7474 

7517 

7561 

7605 

7648 

7692^ 

7736 

7779 

995 

7823 

7867 

7910 

7954 

7998 

8041 

8085 

8129  !8172 

8216 

996 

8259 

8303 

8347 

8390 

8434 

8477 

8521 

8564  8608 

8652 

-997 

8695 

8739 

8782 

8826 

8869 

8913 

8956 

9000  ,9043 

9087 

m 

998 

9131 

9174 

9218 

9261 

9305 

9348 

9392 

9435  9479 

1 

9522  ' 

I999 

9565 

9609, 

9652)9696 

9739 

9783 

9826 

9870  19913 

9957 

Vol.  II. 


L06.  SINKS,  TANGENTS,  &e. 


uDeg. 


roeg. 


0 

I 

2 
3 

A 
5 
6 

7 

8 

9 
10 
11 
12 

13 
14 
15 
16 
17 
18 

19 
20 
21 
22 
23 
24 

25 

2G 
27 
28 
29 
30 

31 
32 
33 
34 
35 
36 

37 

38^ 

39 

40 

41 

42 

43 
44 
45 
46 
47 
48 

49 
50 
51 
52 
53 
54 

55 
56 
57 
58 
59 
60 


7-241877 

7-308824 
7366816 
7-417968 
7-463726 
7-505118 
7'542906 

7-577668 
7*609853 
7*639816 
7667845 
7.»i94173 
7-718997 

7-742478 
7-764754 
7-785943 
7-806146 
7-825451 
7-843934 

7*861662 
7-878695 
7-895085 
7-910879 
7-926119 
7-940842 

7-955082 
7-968870 
7-982233 
7-995198 
8007787 
8*020021 

8031919 
8*043501 
8*054781 
8-065776 
8-076500 
8086965 

8097183 
8107167 
8-116926 
8*126471 
8*135810 
8144953 

8*153907 
8-162681 
8*1  n  280 
8179713 
8*187985 
8*196102 

8204070 
8*211895 
8-219581 
8-227134 
8-234557 
8-241855 


Sine.  \   Cotine.  I  Taog*   CoUng. 

liTdooooo' 

6-46372^  10  (XXXKX) 
6-76V756^1O*O0O000 
6*940847  lO^XKXKK) 
7*065786  10^)00000 
7-162696  10*000000 


9-999999 

9*999999 
9*999999 
9-999999 
9-999998 
9-999998 
9-999997 

9-999997 
9-999996 
9-999996 
9*999995 
9-999995 
9-999994 

9*999993 
9-999993 
9*999992 
9-99999! 
9-999990 
9*999989 

9-999989 
9-999988 
9-999987 
9*999986 
9999985 
9999983 

9-999982 

9  999981 

9-999980 

9*999979 

9*999977 

9-999976 

9*999975 
9-999973 
9-999972 
9-999971 
9*999969 
9*999968 

9-999966 
9-999964 
9-999963 
9*999961 
9-999959 
9-999958 

9-999956 
9-999954 
9999952 
9-999950 
9*999948 
9*999946 

9-9999U 
9*999942 
9-999940 
9-999938 
9-999936 
9-999934 


6-463726 
6-764756 
6-940847 
7*065786 
7-162696 
7*241878 


13-536274 
13-235244 
13-059153 
12*9.S4214 
12-837304 
12-758122 


7-308825 

7-366817 

7-417970 

7-463727 

7-505120  12 

7-542909 


12691175 
12633183 
12*582030 
12*536273 
494880 
12-457091 


7577672 
7-609857 
7-639820 
7*667849 
7*694179 
7*719003 

7*742484 
7-764761 
7-785951 
7-806155 


12-422328 
12-390143 
12-360180 
12.332151 
12-305821 
12-280997 

12*257516 
12-235239 
12-214049 
12-193845 


Sine. 


7*825460!  12*174540 
7*843944l  12*156056 


7-861674 

7-870708 

7-895099 

7*910894 

7*926134jl2-073866 

7-940858112-059142 


CoMoe.  '  Sine. 


7-955100 

7-968889 

7-982253  12 

7-995219 

8-007809 

8-0200441 


8-097217 
8-107203 
8-116963 
8-126510 
8-135851 
8-1449961 


12-138326 
12  121292 
12-104901 
12-089106 


12-0U900 
12-031111 
017747 
12-004881 
11*992191 
1-979956 


8-03194511968055 
8-04552711*956473 
8-05480911*945191 
8-06580611-934194 
8076531  11-923469 
8-0869971  n-913003 


8-153952 

8162727 

8-171328 

8-1797631 

8*188036 

8*196156 


8-204126 
8*211953 
8*219641 
8*227195 
8*234621 
8*241921 


CoUn. 


H9DeR, 


11*902783 
11*892797 
11*883037 
11-873490 
11-864149 
11-855004 


11*846048 
11*8379^3 
11-828672 
1*820237 
11-811964 
11-803844 


11*765874 
11*788047 
11-780359 
11*772805 
11765379 
11*758079 


Tang. 


8*241855 
8-2490S3 
8*256094 
8-263042 
8-269881 
8-276114 
8*283243 

8-289773 
8-296207 
8  302546 
8*308794 
8*314954 
8-321027 

8-327016 
8-332924 
8*338753 
8*344504 
8*350181 
8-355783 

8-361315 
8-366777 
8-372171 
8-377499 
8-382762 
8-387962 

8-393101 
8-398179 
8-403199 
8-408161 
8-413068 
8-417919 

8-422717 
8*427462 
8-432156 
8-436800 
8*U1394| 
8-445941 

8*450440 
8-454893 
8-459301 
8-463665 
8*467985 
8*472263 

8-476498 
8-480693 
8*484848 
8*488963 
8*493040 
8-4«>7078 

8*501080 
8-505045 
8-508974 
8-512867 
8-516726 
8-520551 

8-^^4343 
8-528102 
8*581828 
8-535523 
8-539186; 
8-5428191 


Cosine.   |  Tang. 

"9^99'9934 1  8*241921 
9-999932!  8-2491  (»2l 


Cdtang. 


11-758079  60 


^1- 


9-999929 
9-999927 
9-999925 
9-999922 
9-999920 

9-999918 
9-999915 
9-999913 
9-999910 
9-999907 
9-999905 

9-999902 
9*999899 
9-999897 
9-999894 
1^999891 
9-999888 

9-999885 
9  999882 
9-999879 
9-999876 
9-999873 
9-999870 

9-999867 
9-999864 
9-999^61 
9-999858 
9-999854 
9-999851 

9-999848 
9-999845 
9-999841 
9*999838 
9*999834 
9-999831 

9*999827 
9*999824 
9*999820 
9-999816 
9*999813 
9-999809 

9*999805 
9-999801 
9*999797 
9-999794 
9*999790 
9-999786 

9999782 
9*999778 
9*999774 
^•999769 
9-999765 
9-999761 

9-999757 
9-999753 
9-999748 
9-999744 
9-999740 
9-999735 


8^255165 
8-263115 
8-269956 
8-276691 
8*283323 


Cosine.       Sine. 


11-750898 
11-743835 
11-736885 
11-73004* 
11-723309 


59 
58 
57 
>6 
55 


11-716677  54 

11-710144  53 
11-703708  52 
11-697366  SI 
11-691116(50 
1 


8-450613 
8*455070 
8-459481 
8-463849 
8-468172 
8*472454|l 


8-476693 
8-480892 


8-289856 
8-296292 
8*302634 
8-308884 
8315046 
8-321122 

8-327114 

8-333025 
8-338856 
8*344610 
8*350289 
8-355895 

8-3614SO 
8-366895 
8*372292 
8-377622 
8-382889 
8-388092 

8-393234  11-606766135 
8-398315  11-60I685!34 
8-403338  11-59666235 
8*408304  11*591696,32 
8-413213  ll-586787pl 
8-418068  U-58193^30 

8*422869  11*577231  29 
8-427618  11-572382128 
8*432315  11-567685:27 
8-43696211-5630382^ 
8-441560  11  558440J25 
8*446110  11-553890J24 


1-68495449 
11*678878:48 

11-672886  4 
11-666975  46 
11-661144  45 
11-65539044 
11-64971143 
11 -64410$  4£ 

ll-63857ft4l 

11633105  40 
11-62770839 

ll-622378p8 
11-61711  l!3r 

11*61190S;36 


J. 


11*549387'23 
11*544930!22 
11-54051921 
1 1-536151  |d> 
11 -531 828;  19 
l-527546jl8 


11*52330717 
11*51910816 


8524586 
8*528346 


8*185050  11*514950}15 
8*489170  11*5108S(K14 
8*49325011*50675015 
8*497293  11-5O2707J12 

8-501298  1 1.498702*11 
8.503267  I  |^9473SlO 
8-509200  11*49080^ 
8-513098  11*486902! 
8*516961  11*483039 
8*5207904 1^479210   6 


11-475414 
11*471651 


8-535779 
8-539447 


88 


Cotan. 


8-53208011*467920! 


11-464221 
11-460553) 


8-54308411*456916 


Tang. 


5 
4 
3 
2 

1 

0 


LOG.  SINES,  TANGENTS,  be 


9 


TT 


3  Deg. 


ome. 


Of 

I 
o 

3 
4 
S 
6 

7 

8 

9 
10 
II 
12 

13 
U 
15 
16 
17 
18 

19 
20 
81 
28 
23 
24 

25 
26 
27 
28 
29 
30 

31 

32 
33 
34 
35 
36 

37 
38 
39 
40 
41 
42 

43 
44 
45 
46 
47 
48 

49 
50 
51 
52 
53 
54 

55 
56 
57 
58 
59 
60 


I  OHM 


542811/ 
{»546422 
8-549995 
8  5535.^9 
8-557054 
8-560540 
8-563999 

8-567431 
8  570836 
8-574214 
8-577560 
8-580892 
8*584193 

8-587469 
8  590721 
8-593948 
8-597152 
8-600332 
8-603489 

8.606623 

J -609734 
•612823 
8-615891 
8-618937 
8-6219621 

8*624965 
8  627948 
8-630911 
8-6338541 
8-636776 
8  639680 

8-642563 
8-645428 
8648274 
8*651102 
8-653911 
8-6567921 

8-659475 

8-6622301 

8664968 

8-667689 

8-670393 

8-673080 

8-675751 
8-678405 
8-681043 
8*683665 
8-686272 
8688863 

8-691438 
8-693998 
8-696543 
8-699073 
8*701589 
8-70409(^ 

8-706577 

8-709049 

8-711507 

8*7139521 

8-716383 

8*718800 


9-999735' 


CoMne. 


9-909731 
9-991'726 
9-999722 
9-999717 
9-999713 
9-999708 

9-999704 
9-999699 
9-999694 
9-99968y 
9-999685 
9-999680 

9-999675 
9-99%70 
9-999665 
9-999660 
9-999655 
9-999650 

9*999645 
9-999640 
9-999635 
9-999629 
9-999624 
9-999619 

9-999614 
9-999608 
9-999603 
9-999597 
9-999592 
9-999586 

9-999581 
9*999575 
9*999570 
9*999564 
9-999558 
9*999553 

9-999547 

9*999541 

9*999535 

9*9995291 

9*999524; 

9-999518 

9  999513 
9-999506 
9-999500 
9-999493 
9*999487 
9-999481 

9*999475 
9-999469 
9-999463 
9-999456 
9-999450 
9-999^i3 

9-999437 
9-999431 
9-999424 
9-999418 
9-999411 
9-999404 


l'i»ng;_  1 

8-543U84 
8*546691 
8*550268 
8-553817 
8*557316 
8-560828 
8-564291 

8«567727 
8-571137 
8-574520 
8-577877 
8-581208 
8584514 

8-587795 
8*591051 
8-594283 
8-597492 
.8-600677 
8*603839 

8-606978 
8*610094 
8-613189 
8-616262 
8-619313 
8-622343 

8-625352 
8*628340 
8-631308 
8-634256 
8*637184 
8*640093 

8  642982 
8*645853 
8*648704 
8*651537 
8-654352 
8*657149 

8^59928 
8-662689 
8665433 
8-668160 
8-C70870 
8-673563 


Sine. 


8676239 
8-678900 
8-681544 


8-686784 
8-689391 


CoUng. 

11 -4569  in 
11-453309 
11-44973-2 
11-4^6183 
11-442664 
11-439179 
1 1-435709 

11-432273 
11*428863 
1 1-425480 
11-422123 
11-418792 
11-415486 

11412205 
11*408949 
11-405717 
11*402508 
11*399323 
11*396161 

11*393022 
11-389909 
11-386811 
11-383738 
11-380687 
U  377657 

11-374648 
11-371660 
11*368692 
11-365744 
11-362816 
11-359907 

11-357018 
11-354147 
11-351296 
11-348463 
11-345648 
11-342851 

11-340072 
11-337311 
11334567 
11*331840 
11-329130 
11-326437 


11*323761 

11-321100 
11-318456 
8-684172)11-315828 
11-313216 
11-310619 


8-691963 
8-694529 
8  697081 
8-699617 
8-702139 
8*704646 

8-707140 
8-709618 
8-712083 
8-714534 
8*716972 
8-719396 


CoUd. 


11-308037 
11-305471 
11-302919 
11-300383 
11-297861 
11*295354 

11-292860 
11-290382 
11287917 
11*285466 
11-283028 
11-280604 


Tang. 


8«718800l 
8-72  i  204 
8-723595 
8-725972 
8-728.^37 
8-730688 
8-733027 

8-735354 
8-737667 
8-739969 
8-742259 
8-744536 
8-746802 

8-749055 
8-751297 
8*753528 
8755747 
8757955 
8*760151 

8-762337 
8*764511 
8-766675 
8-768828 
8-770970 
.8-773101 

8-775223 
8-777333 
8-779434 
8*781524 
8-783605 
8*785675 

8-787736 
8789787 
8-791828 
8793859 
8795881 
8*797894 

8*799897 
8*801892 
8*803876 
8-805852 
8*807819 
8*809777 

8-811726 
8*813667 
8-815599 
8-817522 
8-8194.36 
8*821343 

^8-823240 
8  825130 
8*827011 
8-828884 
8-830749 
8*832607 

8-834456 
8  836297 
8-838130 
8  839956 
8-841774 
8  843585 


Cocine. 


Coaine. 

9*999414 
9-999398 
9*999391 
9-999384 
9-999378 
9*999371 
99993641 

9-999357 

9-999350f 

9-999343 

9-999336 

9-999329 

9-999322 

9-999315 
9-999308 
9-999301 
9-999294 
9*999287 
9*999279 

9-999272 
9^K)9265 
9-999257 
9-999250 
9-999242 
9-999235 

9-999227 
9*999220 
9-999212 
9*999205 
9-999197 
9  999189 

9-999181 
9-999174 
9-999166 
9*999158 
9-999150 
9-999142 

9  999134 
9-999126 
9-999118 
9-999110 
9*999102 
9-999094 

9-999086 
9*999077 
9  999069 
9*999061 
9-999053 
9-9990U 

9*999036 
9*999027 
9-999019 
9*999010 
9-999002 
9-998993 

9-998084 
9-998976 
9-998967 
9998958 
9-998950 
9-998941 


Sine. 


Tan^. 

8-719396 
8-721806 
8-724204 
8*726588 
8*728959 
8-731317 
8-733g63 

8*735996 
8*738317 
8-740626 
8-742:>22 
8-745207 
8-747479 

8-749740 

8-751989 

8*754227 

8-756453* 

8-758668- 

8-760872! 

8*763065 

8-765246, 

8-767417; 

8-769578 

8-771727. 

8-773866 

8-775995 
8-778114 
8-780222 
8-782320 
8*784408 
8-786486 

8-788554 
8-790613 
8-792662 
8-794701 
8-796731 
8-798752 

8-800763 
8-802765 
8  804758 
8806742 
8-808717 
8-810683 

8-812641 
8-814589 
8*816529 
8-818461 
8-820384 
8-822298 

8824205 
8-826103 
8-827992 
8-829874 
8-831748 
8-833613 

8-835471 
8  837321 
8-839163 
8-840998 
8*842825 

8-fll4Ai4 


I 


2 


87  De 

IT— 


86 


Coup. 
De 


Co(ang.  I 
1*^)604  60 


1-278194 
1*275796 
1*273412 
1-271041 
1*268683 
l-2663.>7 

1*264004 
I  261683 
1-259374 
1-257078150 


59 
58 
57 
56 
55 
54 

53 
52 
51 


1.254793 
1*252521 

1-250260 
1*248011 
1*245773 
1*243547 
1-241332 
1239128 

1-236935 
1*234754 
1-232583 
1-230422 
1-228273 
1*2^134 


1-2240^5 

1-221886 

1*2I9778|33 

1-217680 

1-215592 

1-21351430 


1*211446 
1-209337 
1*207338 
1-205299 
1-203269 
1*201248 


1-199237 

1-197235 

1-195242121 

1  193258 

1-191283 

1*189317 


1-187359 
1185411 
1183471 
1-181539 
1-179616 
J  177702 

1-175795 
1-173897 
1-172008 
1-170126 
1-168252 
1-166387 

1-164529 
1-162679 
1-160837 
1*159002 
1157175 
1-155536 


49 
48 

47 
46 
45 
44 
43 
43 

41 
40 
39 
38 
37 
36 


35 
34 


32 
31 


23 

22 


20 
19 
18 


17 
16 
15 
14 
13 
12 

11 

10 
9 
8 
7 
6 

5 

4 
$ 
9 
I 
0 


Tang.  ' 


Deg 


L0«.  SINES.  TAKQEirrS,  Sk. 


TTE 


4  iJeg. 


0 
1 

2 
3 
4 
5 
6 

7 

9 
10 
11 
12 

13 
14 
15 
i6 
17 
18 

19 

21 

2*2 
23 
2i 

25 
20 
27 
28 
29 
30j 

31 
32 
33 
34 
35 

r.6 

37 
38 
39 
40 
41 
42 

43 
44 
45 
46 
47 
48 

49 

50 
51 

52 
53 
54 

55 
56 
57 
58 
59 
60* 


^Hic]     I  Qosiiie.  I    1* 


8S43585 
8'845387 
8-847183 
8-848971 
8-850751 
8-852595 
8-8542U1 

8-856049 
8-857801 
8-859546 
8-861283 
8863014 
8S64738 

8-866455 
8-868165 
8-869868 
8-871565 
8-873255 
8-874938 

8-876615 
8-878285 
8-879949 
8-881607 
8-883258 
8-884903 

8-886542 
8-888174 
8-889801 
8*891421 
8-893035 
8-894643 

8*896246 
8-897842 
8-899432 
8-901017 
8-902596 
8-904169 

8-905736 
8-907297 
8-908853 
8-910404 
8-911949 
8-913488 

8-915022 
8*916550 
8-91 807S 
8919591 
8-921 103 
8-9226!0 

8-9-'4n2 

8-925609 

8-927100} 

8-928587 

8-930068 

8*931544 

fr9330l5 
8-934481 
8-935942 
8-937398 
8-938850 
8-940296 


/  Cosfne. 


9-998941 
9-998932 
9-998923 
9-998914 
9-998905 
9-998896 
6998887 

9-998878 
9-9^8869 
9-998860 
9*998851 
9-998841 
9*998832 

9998823 
9-998813 
9-998804 
9-998795' 
9-998785 
9-998776 

9-998766 
9-998757 
9-998747 
9-998738 
9-998728 
9-998718 

9-998708 
9.998699 
9-998689 
9-998679 
9-998669 
9-998659 

9-99K649 
9-998639 
9-998629 
9-998619 
9-9986*  »9 
9-998599 

9-998589 
9-998578 
9-908568 
9-998558 
9-998548 
9-998537 

9-998527 
9-998516 
9-998506 
9-998495 
9998485 
9-998474 

9-9984f4 
9-908453 
9-998442 
9-998431 
9-998421 
9.998410 

9^98399 
9-998388 
9-998377 
9-998366 
9-998355 
9-998344 

Sine 

85  Dc 


8-846455; 
8-848260 
8-850057 
8-851846 
8-853628 
8-855403 

8-857171 

8*858932 
8-860C8G 
8-862433 
8-864173 
8-865906 


Cotang. 

Hi  55336 
11153545 
11-151740 
1114994.) 
11-148154 
11-146372 
11-144597 


Sine. 


11 
11 
11 
11 
11 
11 


8-867632  U 
8-869351  11 
8-87106411 
8-872770  U 
8-874469  11 
8-876162  11 


8-877849 
8-879529 
8-881202 
8-882869 
8-884530 
8-886185 

8-887833 
8-889476 
8*891112 
8-892742 
8-894366 
8-895984 

8-897596 
8*8992a<) 
8*900803 
8*902398 
8-90S987 
8*905570 

8-907H47 
8-908719 
8-910285 
8-911846 
8-913401 
8-914951 

8916495 
8*918034 
8-919568 
8-921096 
8*92261:9 
8*924136 

8-925649 
8-927156 
8-928658 
8*930155 
8-931647 
8-933134 

8-934616 
8-936093 
8-937565 
8-939032 
8-940494 
8*941952 


142829 
141068 
•139314 
■137567 
135827 
-134094 

132368 
130649 
128936 
-127230 
-125531 
-123838 


11*1221 51 
11-120471 
11*118798 
11117131 
11115470 
11113815 

11-112167 
1 11 10524 
U-108888 
11-107258 
11-105634 
11-104016 

11  102404 
11-100797 
U-099197 
11-097602 
11-096013 
11-094430 

11*092853 
11-091281 
11*089715 
11*088154 
11-086599 
11-085(U9 

11-083505 
11-081966 
n-080432 
11*078904 
1 1-077381 
11-075864 

11-074351 
U -072844 
11*071342 
11*069845 
11-068353 
11-066866 

11-065384 
11-063907 
11*062435 
11-060908 
11-059506 
11-058048 


Cota^u  I  Tang. 


8-940296 
8-941738 
8-943174 
8-944606 
8-946034 
8-947456 
8-948874 

8950287 
8-951096 
8-953100 
8-954499 
8-955894 
8-957284 

8-95867o( 
8*960052 
8-961429 
8-962801 
8-964170 
8-965534 

8-966893 
8-968249 
8-969600 
8  970947 
8-972289 
8-973628 

8-974962 
8-976293 
8-977619 
8-978941 
8-980259 
8-981573 

8-982883 
8-984189 
8*985491 
8-986789 
8-988083 
8-989374 

8*990660 
8-991943 
8-993222 
8-994497 
8-995768 
8-9970J6 

8-998299 
8-999560 
9-000816 
9-002069 
9-003318 
9-004563 

9005806 
9-007044 
9-008278 
9K)09510 
9010737 
9-011962 

9-013182 
0-014400 
9-015613 
9-016824 
9-018031 
9*019235 

Cosine. 


Cosine,  i  i'aiig.  |  CoUiig.  | 


9*998344; 

9-998333 

9-998322 

9*908311 

9-998300 

9-998289 

9-998277 

9-998266 
9-998255 
9-998243 
9-998232 
9-998220 
9-998209 

9-998197 
9-998186 
9-998174 
9-998163 
9-998151 
9-998139 

1>^98128 
9-998116 
9-998104 
9-998092 
9-998080 
9-998068 

9-998056 

9-9980441 

9-998032 

94)98020 

9-998008 

9-997996 

9-997984 
9*997972 
9*997959 
9-997947 
9-997935 
9-997922 

9-997910 
9*997897 
9*997885 
9-997872 
9-997860 
9-997847 

9-997835 
9-997822 
9-997809 
9-997797 
9*9i<7784 
9*997771 

9-997758 
9*997745 
9*997732 
9*997719 
9-997706 
9-997693 

9-997680 
9-997667 
9*997654 
9-997641 
9-997628 
9-997614 


Sine. 


8-941952 
8-943404 
8^44852 
8-946295 
8-947734 
8-949168 
8-950597 

8-952021 
8-953441 
8-954856 
8-956267 
8-957674 
8-959075 

8-960473 
8-961866 
8-963255 
8*964639 
8966019 
8.907394 

8-968766 
8-970133 
8-971496 
8-972856 
8-974209 
8-975560 

8*976006 
8*978248 
8-979586 
8-980921 
8  982251 
8-983577 

8-984899 
8-9S6217 
8-987532 
8-988842 
8-990149 
8-991451 

8-992736 
8-994045 
8*995337 
8-996624 
8-997908 
8-999188 

9K)00465 
9-001738 
9*003007 
9-004272 
9-005534 
9-006792 

9-008047 
9HX)9298 
9K)10546 
9*011700 
9-013031 
9*014268 

9-015502 
9-016732 
9-017959 
9-019183 
9OS0409 
9-021620 

Cotan. 


11*058048 
11-056596 
11*055148 
11-053705 
11  052266 
11-050832 
11-049403 

11*047979 
11-046559 
11*045144] 
11-043733 
11-042326 
11-040925 

11-039527 
11-038134 
11-036745 
11-035361 
11-033981 
11-032606 

11-031234 
11029867 
11-028504 
11-027145 
11-025791 


60 

59 
58 
57 
56 
55 
54 

53 
52 
51 
50 
49 
48 

47 
46 
45 
U 
43 
42 

41 

40 
39 
38 
37 


11*024440  3€ 

11-02309430 
11-021752  34 
11*020414  33 
f  1-019079  32 
11-017749  31 
11-016423  30 

U-015101  29 
11-013783  28 
11-012408  27 
11-011158  26 
11*009851  25 
11-008549  24 


84neg; 


11*007250 
11-005955 
11-004663 
11-003376 
11*002092 
11-000812 

10-999535 
10-998262 
10-996993 
10-995728 
10*994466 
10-903908 

10-991953 
10-990702 
10-989454 
10*988210 
10-986969 
10*985732 

10-984^8 
10-983268 
10-982041 
10-980817 
10-979597 
10*978380 


23 
32 
21 
20 

19 
18 

17 
16 
15 
14 
13 
12 

11 

10 
9 
8 


LOG.  SrNES,  TANGENTS,  &e. 


"tTR 


n!!p! 


s 


0 

3 
4 
5 
G 

7 
8 
9 

10 

11 

ISI 

13 
14 
15 
16 
17 
18 

19 

40 
21 

t:3 

25 

26 
27 
28 
29 
30 

31 
32 
33 

34 
35 
36 

37 
38 
39 
40 
41 
42 

43 
44 
45 
4G 
47 
48 


Hme.     I 

iroi9235 
9-020435 
9  021632 
9-022825 
9-024016 
9025203 
9-026386 

9K)27567 
9-028744 
9K)29918 
9*031089 
9-032257 
9H)dS421 

9-034582 
9035741 
9*036896 
9-038048 
9-039197 
9O40342I 

9-041485 
9-042625 
9-043762 
9-044895 
9-046026 
9-047154 

9048277 
9^9400 
9-050519 
9-051635 
9052749 
9-053859 

9-054966 
9-056071 
9-957172 
9H>58271 
9059367 
94)60460 

9-061551 
9-062639 
9-063724 
9-064806 
gH)65885 
94)66962 

9-068036 
9-069107 
9-070176 
9071242 
9-072306 
9H)73366 


OcM:ue. 


55 
56 
57 
58 

59 
60 


•i9  9-074424 

50  9075480 

51  9-076533 

52  9-077583 

53  9*078631 

54  9-079676 


9-080719 
9-081759 
9  082797 
94)83832 
9-084864 
9-065894 

Cotiue. 


9-997614 
9-997601 
9997588 
9-997574 
9-997561 
9-997547 
9-997534 

9  997520 
9-997507 
9-997493 
9-997480 
9-997466 
»997i52 

94)97499 
9.9974«i5 
9-997411 
9-997397 
9-997383 
9-997369 

94)97355 
9-997.341 
9-997327 
9-997313 
9-997299 
9-997285 

9-997271 
9  997257 
9-997242 
999722.S 
9-997214 
9-997199 

9-997185 
9-997170 
9-997156 
9-997141 
9-997127 
9-997U2 

9997098 
9-997083 
9-997068 
9-997053 
9-997039 
9-997024 

9-997000 
9  996994 
9-996979 
9-996964 
9-996949 
9^96934 

9-996919 
9-996904 
9-996889 
9-996874 
9-996858 
9-996843 

9-996828 
94)96812 
9-996797 
9-990782 
9996766 
9-996751 


T»iR. 

9-021620 

94)22834 

94)24044! 

94>2525l 

9026455 

9027655| 

9028852 

94)30046 
90312.37 
94)32425 
94)3.J600 
94X34791 
9-035969 

94X37144 
94)38316 
94)39485 
9H)40651 
94)41813 
94)42973 

94)44130 
94)45284 
94)46434 
94)47582 
94H8727 
94H9869 

94)51008 


9057781 
94)58900 
94)60016 
94)61130 
94)62240 
94)63348 

94)6445^ 

9-06j556 

94)66655 

9067752 

9068846 

9  069938 

9-071027 
94>72n3 
94)73197 
94)74278 
94)75356 


Cotang. 

10*978381) 
10-977166 
10-0:5956 
104)74749 
10  973545 
10-972345 
10*971148 

10-969954 
10-068763 
10-967575 
10-966391 
10-965209 
10-964031 

10962856 
10-961684 
10-960515 
104)59349 
10-958187 
10-957027 

104)55870 
10-954716 
10-953566 
10^52418 
104)51273 
10950131 


10^48992 
94)52144110-947856 
94)53277  104)46723 
94)54407  10  945593 
94)55535  10-944465 
9-056659  104)43341 


94)77505 
94)78576 


9-080710 

94)8177310 

94)82833 


94)83891 
94)84947 
94)86000 
94)87050 


94)89144 


104)42219 
10-941 100 
10-939984 
10-938870 
10-937760 
10-936652 

10-935547 
10-934444 
10-933345 
10  932248 
10-931154 
10930062 

10*928973 
10-927887 
10-926803 
10-925722 
10-924644 


94)76432 104hi3568 


10-922495 
10-921424 


94)79644  10920356 


10-919290 

918227 

10-917167 


104)16109 
10915053 
104)14000 
10-912950 


94)88098  10-911909 


104)10856 


Sin&  >  Cotan  I  'I'ang. 


Sine.    Conine. 

9-085894  94)90751 

94)86922 

9-9967.15 

94)37947 

9-096720 

94)88970 

9*996704 

9  089990 

9*996688 

9-091006 

9-996673 

9  092024 

94)96657 

94)93037 

9-996641 

94)94047 

9  996625 

9  095056 

94)96610 

94)96062 

9-996594 

94197065 

9-996578 

9-098066 

9*996562 

94)99065 

9-996546 

9-100062 

9996530 

9-101056 

9-996514 

9-102048 

9-996498 

9*103037 

9-996482 

9*104025 

9-996465 

9-105010 

9-996449 

9-105992 

9-996433 

9106973 

9-996417 

9-107951 

94)96400 

9*108027 

9-996384 

9109901 

9-996368 

9110873 

9-996351 

9111842 

94)96335 

9-112809 

9-996318 

9-113774 

9-996302 

9*114737 

9-996285 

9,115698 

9-996269 

9*116656 

94)96252 

9-117613 

9-996235 

9118567 

9  996219 

9-119519 

9-996202 

9-120469 

9-996185 

9121417 

94)96168 

9122362 

94)96151 

9-123306 

9-996134 

9-124248 

9-996117 

9-125187 

9-996100 

9-120125 

9996083 

9*127060 

9-996066 

9127993 

9-996049 

9-128925 

9-996032 

9129854 

9-996015 

9-130781 

9-995998 

9-13170.', 

9*995980 

9*132630 

94)95963 

9133551 

9995946 

9134470 

9-995923 

9*135387 

9-995911 

9-I3G;303 

9-995894 

9-137216 

9-995876 

9 138128 

9-995859 

9-I.39037 

9-995841 

9-139944 

9-095823 

9140850 

9-995806 

9141754 

9-905788 

9-142655 

9-995771 

9-143555 

9-995753 

Coatne. 

Sine. 

9*089144' 
9-090187 
94)91228 
94)92262 
9-0933i)2 
9  094336 
94)05367 

9-096395 
94)07422 
9008448 
94)99468 
9-100487 
9101504 

9-102519 
9103532 
9104:14.: 
9-105550 
9-106556 
9-107559 

9  IO806O 
9-IO9550 
9-1 10556 
9-111551 
9*112543 
9-113533 

9*114521 
9-115507 
9-1164dl 
9-117472 
9*118452 
9*119429 

9*1 90404 
9121377 
9-122348 
9-123317 
9-124284 
9*125249 

9-126211 
9-127172 
9-128130 
9*129087 
9-130041 
9-130994 

9-131944 
9-132893 
9-133839 
9-134784 
9-135726 
9-136667 

9-137605 
9138542 
9-139476 
9-140409 
9-141340 
9-142269 

9143196 
9-144121 
9145044 
9-145966 
9-146885 
9-147803 

Cotao. 


Coiang. 

ilmossfi 

1O-0H0813 
10-908772 
1 04)077  J4 
10  906698 
10-005664 
10-904635 

10-903605 
10-902578 
10-901554 
10-900532 
10  899513 
10-898496 

10*897481 

10-S96468 
10-895458 
10-894450 
10-893444 
10-89244) 

10-891440 
10-890441 
10-889444 
10  888449 
10-837457 
10-886467 

10-885479 
10-884493 
10-883509 
10*882528 
10-881548 
10-880571 

10-879596 
10  87862:} 
10  877652 
10-876683 
10-8757 
10874751 


16125 
24 


10-873789  23 
10-872828  22 
10-87 187<»  21 
10-870913  20 
10-869959  19 
10-86900618 

10-868056  17 
10-867107  16 
10-866161  15 
10*86521614 


10-864274 
10*86333. 


10*862395 
10-861458110 
10-860524  9 
10*859591  8 
10-858660  7 
10-857731  6 


10-856804 
10-855879 
10-854956 
10-854034 
10-853115 
10^852197 
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56 
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54 
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52 
51 
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48 

47 
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45 
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43 

42 

41 
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36 
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34 
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28 
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26 
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12 
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9 
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IS 

19 
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21 
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30 
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38 
39 
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41 
42 

43 
44 
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4G 
47 
48 

49 
50 
51 
52 
53 
54 

55 
56 
57 
^8 

50 
«0 


/ 


blue 

"9143555 
9-144453' 
9-145349 
9-146243 
9147136; 
9148026. 
9148915^ 

9-1498021 

9-150C86 

9151569 

9-152451 

9-153330 

.9154208 

9-155083 
9155957 
9I568M) 
9-157700 
9158569 
9*159435 

9160301 
9191164 
9162025 
9- 162885 
'>  163743 
9164600 

9*165454 
9-1663'  7 
9167159 
9*168008 
9-168856 
9-169702 

9170547 
9171389 
9-172230 
9-173070 
9-173908 
9-1747441 

9-175578 
9176411 
9177242 
9178072 
9178900 
9-179726 

9180551 
9-181374 
9- 182196 
9-183Qi6 
9-1838.34 
9-184651 

9-185466 
9-186280 
9*187092 
9187903 
9-188712 
9-189519 

9190325 
9-l9ll3<^ 
9-191933 
9-192734 
9193534 
9-194332 

Cosine. 


bosiiie. 

9-995753 

9-995735 

9.995717 

9-995699 

9-995681 

9-9956641 

9-995646 


0 


Peg. 

TangT 


■B?? 


9-995628 

9-09561 

9-995591 

9-995573 

0'995S55 

9-995537 

9-995519 
9-995501 
9-995482 
9-995464 
9-995446 
9-995427 

9-995409 
9-995390 
9-995372 
9-995353 
9-995334 
9-995316 

9-995297 
9-995278 
9-995260 
9-995^41 
9-995222 
9-995203 

9-995184 
9-995165 
9-995146 
9-995127 
9-995108 
9-995089 

9-995070 
9-995051 
9-995032 
9-995013 
9-994993 
9-9949741 

9-994955 
9-994935 
9-994916 
9*994896 
9-994877 
9*994857 

9-994838 
9-994818 
9-994798 
9-994779 
9-994759 
9-994739 

9-994720 
9-994700 
9-994680 
9-994660 
9-994640 
9-994620 


Sine. 


9-147803 
9-148718 
9-149632 
9-15054+ 
9-151454 
9-152363 
9153269 

9-154174 
9 155077 
9-155978 
9-156877 
9-157775 
9-158671 

9-159565 
9-160457 
9-161347 
^-162236 
9-163123 
9164008 

9164892 
9-165774 
9-166654 
9-167532 
9-168409 
9-169284 

9170157 
9-l71i/29 
9171899 
9i:2767 
9-173634 
9-174499 

9-175362 
9-176224 
9177084 
9177942 
9-178799 
9-179655 

9*180508 
9-181360 
9-182211 
9-183059 
9-183907 
9-184752 

9-18S597 
9-186439 
9187280 
9-188120 
9188958 
9-189794 

9190629 
9-191462 
9-192294 
9193124 
9193953 
9-194780 


9-195606 
9196430 
9-197253 
9-198074 
9-198894 
9199713 

Cot  an. 


Cotan^* 

10^852197 
10-851282 
10-850368 
10-849456 
10-848546 
10-847637 
10-846731 

10-845826 
10-844923 
10-8440','2 
10-843123 
10  842225 
10-841329 

10-840435 
10-839543 
10-838653 
10*837764 
10-836877 
10*885992 

10-835108 
10*834226 
10*833346 
10-832468 
10-831591 
10-830716 

10-829843 
10-828971 
10-828101 
10-827233 
10-826366 
10-825501 

10*824638 
10-823776 
10-822916 
10-822058 
10-821201 
10-820345 

10-819492 
10-818640 
10-817789 
10-816941 
10-816093 
10  815248 

10-81 440s| 

10-813561 

10*812720 

10-811880 

1(- 811042 

10-810206 

IO-809S7t 
10808538 
10  807706! 
10-806876; 
10-8060471 
10-80^220, 


10-804394 
10-803570 
10*802747 
10*801926 
10-801106 
10-800287 


Tang. 
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Siue 

9-194332 
9-195129 
9-195925 
9-196719 
9-197511 
9-198302 
9-199091 

9*199879 

9-200666 

9-201451 

9-2U22^ 

9-203017 

9-203797 

9^204577 
9-205354 
9*206131 
9*286906 
9*207679 
9-208452 

9*209222 
9-209992 
9-210760 
9-211526 
9  212291 
9213055 

9-213818 
9*214579 
9*215338 
9  216097 
9.216854 
9  317609 

9*218363 
9-219116 
9*219868 
9*1^20618 
9  221367 
9-222115 

9-222861 
9*223606 
9-224349 
9*225092 
9-225833 
9  226573 

9-227311 
9*228048 
9-228784 
9-229518 
9-230252 
9-830984 

9*231715 
9-2S24U 
9-233172 
9*233899 
9-234625 
9-235349 

9-236073 
9  236795 
9237515 
9*238235 
9-238953 
9*239670 
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Cosine.   >'    T 


9-994620 
9-994600 
9-994580 
9-994560 
9-994540 
9-994519 
9-994499 

9-994479 
9-994459 
9-994438 
9-9944i8 
9-994398 
9-994377 

9  994357 
9-99.336 
9-994316 
9  994295 
9*994274 
9-994254 

9*994233 
9*994212 
9994191 
9*994171 
9-994150 
9*994129 

9*994108 
9-994087 
9*994066 
9-994045 
9-994024 
9*994003 

9-993982 
9-993960 
9*993939 
9  993918 
9-993897 
9-993875 

9*993854 
9-993832 
9-993811 
9-993789 
9-993768 
9.993746 

9  993725 
9-993703 
9-993681 
9-993660 
3-993638 
9*993616 

9*993594 
9-993572 
9*993550 
9-993528 
9-993506 
9*993484 

9-993462 
9*993440 
9-993418 
9-993396 
9*993374 
9*993351 


ang.    I  i^taiig.  I 

9- 1997 1  .S  10-800^!  60 
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9-201345 

9-202159 

9-202951 


9-263/82 
9-204592 


U -79947 1159 
10  79865518 
10-7  978411 57 
I0-797029i56 
10-796218  55 


10  795408154 


9-305400  10*79440'»  53 
9-206207  10^793793  52 
9  2U70T3  10-792987  51 
9  2^)7817  10-79218.3  50 
9*208619  10*791381  49 
9-20942O 


10-790580:48 

10-788982|46 

10  788185  45 
10-787389!44 
10786595J43 

10-785802  42 

10*785011  41 

10-78429U|40 
10-78343»39 

10-782644311 

10-78I858  37 

1078107436 


9-210320 
9-211 01 H 
9*211815 
9-212611 
9*213405 
9-214198 

9*214989 
9-215780 
9-216568 
9-217356 
9*218142 
9-218926 

9-219710  10-780290135 
9-220492  10*789508134 
9-221272  10-778728)33 


9-222052 


9-222830  I0777t70\3i 


9-223607 


91224382  10775618129 


9-225156 
9-225929 
9*22670<» 
9-227471 
9-228239 

9229007 
9*229773 
•  9*230539 
9*231302 
9-232065 
9*232826 

9  233586 
9-234345 
9*235103 
9*235859 
9*236614 
9*237368 

9-238190 

9-238872 

9-239622 

9-240371 

9-241118 

9-241865 

9*242610 
9-243454  10-756644>[ 


10-777948132 


10*776393 


30 


10-774W4  28 
10-774071  27 
lo773300|26 
10-772529  85 
10-77176124 

10*770993^231 
10770227  221 
10-76946121 
lO768698|20 
1076793519 

10-767174||8 

10-766414 17 
10-765655  16 
10-764897  15 
10-764141  14I 
10-763386  ]3| 
10-762632 12I 

10-76188011 


9-244097 
9-244839 
9-2455>9 
9-246319 


10-761128 
10760378 
10*759629 
10758888 
10758135 


10 
9| 
8 
7 
6 


10-7573901  51 

4 

3 

2 

ll 

0] 


10-7559031 
10755I61 
10  754421 
10753681 


Sine!    I  Comn. 
80  Peg. 


Tang. 


LOG.  SINES,  TANGENTS,  &c 


lOIJeg.                           IlLeii.     '" 

■■• 

"o 

Sine 

9-239670 

Cosine. 

T«n^. 
9246319 

Cotang; 
1075368I 

Sine. 
9  280599 

Cosine. 

_JlaDg. 

9-288652 

Couiig. 
10-711348 

60 

9-993351 

9-991947 

1 

9*240386 

9-99.i329 

9-247057 

10-752943 

9-281248 

9-991922 

9-289326 

10-710674 

59 

t2 

9-24110! 

9-993307 

^1-247794 

10-752206 

9-281897 

9-991897 

9-289999 

10-710001 

58 

3 

9-241814 

9-993284 

9-248530  10-751 47U 

9-282544 

9-991873 

9-290671 

10*709329 

57 

4 

9*242526 

9-993202 

9-^249264  10*750736 

9-283190 

9-991848 

9-291342 

10  708658 

50 

5 

9*243237 

9-993^244) 

9  249998  10-75(K>>2 

9  2838.36 

9-991823 

9-20:^13 

10-707987 

55 

6 

9*243947 

9  993217 

9-250730, 10-749270 

9-284480 

9-991799 

9-292682 

10-707318 

54 

7 

9-244656 

9*993195 

9-251461  10-748539 

9-285124 

9-991774 

9-293350 

10-706650 

52 

8 

9-245363 

9-993172 

9-2521 9li  10-747809 

9-285706 

9-991749 

9*294017 

1U'705983 

53 

9 

9-246i^9 

9-993  r49 

9-252920  10-747080 

9-286408 

9-991724 

9-294084 

10-705310 

51 

10 

9-246775 

9-993127 

9-253048' lC-746352 

9-*287048 

9-991699 

9-295349 

10-7046.^1 

50 

11 

9-^47478 

9-993104 

9-254374J 10-745026 

9-287688 

9-991674 

9-296013 

10-70.39*7 

49 

i'i 

9  248181 

9-993081 

9-255100110-74491)0 

9-288326 

9-991649 

9*896677 

10-703323  48 

13 

9*248883 

9-993059 

9.255824!  10-7441 70 

9-288964 

9*991624 

9-897339 

10-702661  47 

14 

9-249583 

9-993036 

9-256547  10^74^453 

9-289600 

9-991599 

9-298001 

10*701999  40 

15 

9-250282 

9-993013 

9-257269  10-7427^1 

9-290236 

9-991574 

9-298062 

10-701338  45 

16 

9-250980 

9-992990 

9-25/990  ; 0-742010 

9-290870 

9-991549 

9-299322 

10-700678  44 

17 

9  251677 

9992967 

9^8710  10-741290 

9-291504 

9-991524 

9-299980 

1O700020  43 

18 

9252373 

9  992944 

9-259429 

10-740571 

9-292137 

9-991498 

9-300638 

10-699362  42 

19 

9-253067 

9-992921 

9-260146 

10-739854 

9-292768 

9-991473 

9-301295 

10-098705  41 

20 

9*253761 

9-992808 

9-26086,3 

10-739137 

9-29.S399 

9-991448 

9-301951 

10-098049  40 

21 

9-254453 

9-992875 

9-261578;  10-738422 

9-294029 

9-991422 

9-302607 

10  097393  39 

22 

9-255144 

9-992852 

9-262292!  10-737708 

9-294658 

9-991397 

9  303261 

10-696739.38 

23 

9-255834 

9-992829 

9-263005, 10'730995 

9-295286 

9-991372 

9-303914 

10-690080'37 

24 

9-256523 

9>992806 

9-263717 

10*736283 

9-295913 

9-991346 

9-304567 

10-095433  30 

1 

25 

9*257211 

9-992783 

9-264428 

10-735572 

9-29653' 

9-991321 

9-305218 

10-094782,' 35 

20 

9-257898 

9-992759 

9-265138 

10-734862 

9-297164 

9-991295 

9-3O5809 

10*09413  34 

27 

9-258583 

9-992736 

9-265847 

10-734153 

9-297788 

9-991270 

9-306519 

10*09o48l'33 

28 

9*259268 

9-992713 

9-266555 

10-733445 

9-298412 

9-991244 

9  307168 

10*092832  32 

29 

9-259951 

9-992690 

9-267261 

10-732739 

9-299034 

9-991218 

9-307816 

10-692184 

31 

30 

9«260633 

9-992666 

9.267967 

10-732033 

9-299055 

9-991193 

9-308463 

10*691537 

30 

31 

9-261314 

9-992643 

9-868671 

10-731329 

9-300876 

9-991167 

9-309109 

10-690891 

29 

32 

9*261994 

9-992619 

9269375 

10-730625 

9-300895 

9-991141 

9-309754 

10-690246 

28 

33 

9-263673 

9-992596 

9-270077 

10-72992.3 

9-301514 

9-991115 

9-300399 

10  689601 

27 

34 

9-863351 

9-992572 

9-270779 

10-729221 

9-302132 

9-991090 

9-31 1042 

10-688958 

26 

35 

9*264027 

9-992549 

9-271479 

10-72^521 

9-302748 

9-991064 

9-311685 

10-688315 

25 

36 

9-264703 

9-992525 

9-872178 

10-727822 

9-303364 

9-991038 

9-312327 

10-687673 

24 

37 

9-265377 

9-99250L 

9-872876 

10-787124 

9-303979'  9-991012 

9-312968 

I0<>87032 

23 

38 

9*266051 

9-992478 

9-273573 

10-726427 

9-304593 

9-990986 

9-313608 

10-686392 

22 

39 

9-266723 

9-992454 

9-874269 

10-725731 

9-305207 

9-990960 

9-314247 

10-685753 

21 

40 

9-267395 

9-992430 

9  274964 

10-725036 

9-305819 

9-990934 

9-314885 

10-685115 

20 

41 

9*268065 

9-992406 

9-275658 

10-724.342 

9-306430 

9-990908 

9-315523 

10-684477 

19 

42 

9-268734 

9-9923«2 

9-276351 

10-723649 

9-307041 

9*990882 

9-316159 

lO-68384l|i8 

43 

9-869402 

9*992359 

9  877043 

10-788957 

9-307650 

9-990855 

9-316795; 

10-6832051 17 

44 

9-270069 

9-992335 

9-277734 

10-722266 

9-308259 

9-990829 

9-317430 

lO08257O:ir, 

45 

9-270735 

9-992311 

9-878424 

10-721576 

9-308867 

9-990803 

9-318064 

1068l936li5 

46 

9-271400 

9-992287 

9-279113 

10-720887 

9-309474 

9*990777 

9-318697 

lo-6813a3 

I4| 

47 

9-272064 

9-992263 

9-279801 

10-720199 

9*310080 

9-990750 

9-319330 

10-680670 

131 

48 

9*272726 

9-992239 

9-280488 

10-719512 

9-310685 

9-990724 

9-319961 

10-680039 

181 

49 

9-873388 

9-998214 

9-881174 

10-718^ 

9-311289 

9-99p697 

9-.S80592 

10-679408:  n 

50 

9-274049 

9-992190 

9-281858 

10-718142 

9-311893 

9-990071 

9-321222 

10-678778  10 

51 

9-874708 

9-992166 

9-282542 

10-717458 

9-312495 

9-990645 

9-321851 

10-678149 i  9 

52 

9-275367 

9-992142 

9-283225 

10-716775 

9*313(197 

9-990618 

9-322479 

10-677521  8 

5^ 

9-876025 

9-992118 

9-283907 

10-716093 

9-31369* 

9-990591 

9-323106 

10-676894  7 

54 

9-876681 

9-992093 

9-284588 

10-715412 

9-314297 

9-990565 

9-323733 

10-676267  6 

55 

9-877337 

9-998069 

9-885868 

10-714732 

9-3U897 

9-990538 

9-384358 

10-675642,  5 

5G 

9-877991 

9-9920U 

9-885947 

10-714053 

9-315495 

9-990511 

9*384983 

10-675017  4 

57 

9-278645 

9-992020 

9-886624 

10-713376 

9-310092 

9-990485 

9-585607 

10674393 

3 

58 

9279297 

9-991996 

9-887W1 

10-712699 

9-310689 

9-990458 

9-326231 

10-673769 

8 

59 

9-879948 

9991971 

9-287977 

10-712023 

9-317284 

9-990431 

9-326853 

10^73147 

1 

60 

9-88051/9  9-991947 

9-288652 
Cot  an. 

10-711348 

9-317879 

9-990404 

9-327475 

10-672525 

0 

Cosine. 

Sine. 

Ttng. 

Co«ine.   Sine.  ' 

CoUn. 

Tame. 

' 

79  Deg, 


LOG.  SIN^S,  TAMBENT3,  8cc. 
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11 

12 

Id 
14 
15 
16 
17 
18 

19 
2U 
il 
'22 
23 
24 

25 
26 
27 
28 
29 
30 

31 
32 
33 
;U 
35 
36 

37 
38 
39 
40 
41 
42 

43 

44 
45 
46 
47 
4S 

V9 
50 
51 
52 
53 
54 

55 
56 
57 
58 
59 
60 


9-317879 
9-31 8473 
9-3l9'X)6 
9-319658 
9-320249 
9-320840 
9-321430 

9322019 
9-3'22607 
9-323194 
9323780 
9  324366 
9-324950 

9*323534 
9-326III 
9-326700 
9-327281 
9-327862 
9-328442 

9-329021 
9-329599 
9-330176 
9  330753 
9-331329 
9-331903 

9-332478 
9-333051 
9-533624 
9-334195 
9-334767 
9-335337 

9-335906 
9-336475 
9-337043 
9337610 
9-338176 
9-338742 

9-339307 
9-339871 
9-340434 
9-340996 
9%U1558 
9-342119 

9-342679 
9-343239 
9-343797 
9-344355 
9  344912 
9-345469 

9-.H6024 
9-346579 
9-347134 
9-S47687 
9-348240 
9-348792 

9-349343 
9-349893 
9-350443 
9-350992 
9-351540 
J9-352088 

Coane. 


/(Mine. 


y-i)904t4 

9-990378 

9-990351 

9-9903241 

9-990297 

9-9902701 

9-990243 

9-990215 
9-990188 
9-990161 
9-999134 
9*990107 
9-990079 

9-990052 
9-990025 
9-989997 
9-989970 
9-989942 
9-989915 

9-989887 
9-989860 
9-989832 
9-989804 
9-989777 
9-989749 

9-989721 
9-989693 
9-989665 
9-989637 
9-989610 
9-989582 

9^89553 
9-989525 
9-989497 
9-989469 
9-989U1 
9-9894151 

9-989385 
9-989356 
9-989328 
9-989300 
9-989271 
9-989243 

9-989214 
9-989186 
9-989 » 57 
9-989128 
9-989100 
9-989071 

9-989042 
9-989(314 
9-9889S5 
9-988956 
9-988927 
^988898 

9-988869 
9988840 
9-988811 
d-988782 
9-988753 
9-988724 


Sine 


Tung. 


9-327475 
9-32S095 
9-328715 
9329334 
9-329953 
9330570 
9-331187 

9-331803 
9-332418 
9-333033 
9-333646 
9-334259 
9-3;>487l 

9-3354821 

9-336093 

9-3.i6702 

9-337311 

9-337919 

9-338527 

9-339133 
9-339739 
9*340344 
9-340948 
9-341552 
9-342155 

9-342757 
9-343358 
9-343959 
9-344558 
9-345157 
9*345755 

9-346353 
9-346949 
9->47545 
9-348141 
9.348735 
9-3493^ 

9-349922 
9-350514 
9-351106 
9-351697 
9-352287 
9-352876 

9-353465 
9-35405.) 
^354640 
9-355227 
9-355813 
9-356398 

9-356982 
9-357566 
9-35  SI  49 
9-358731 
9-259313 
9-359893 

9-360474 
9-361053 
9-361632 
9-362210 
9-362787 
9-363364 


f^otan. 


j^ 


Coiling: 

10-672525 

10-671905 

10-671285; 

10-670666. 

10-670047 

10-669430. 

10-668813 

10-668197 

10-667582 

10-666967; 

10-666354 

10-665741 

10-665129J 

10-664518 

10-663907 

10-663298 

10-662689 

10-662081, 

t0-66l473| 

10-6608671 
10-66026  r 
10-6596561 
10-659052; 
10*658448; 
10-6578451 

10-6572431 
10-656642 
10-656042; 
10*655442, 
10-654843 
10-654245: 

10-653647! 

10-653051 

10-652455! 

10-651859, 

10-65 1265* 

10-6506711 

10-650078! 

10-649486 

10-648894 

10-^48303; 

10-647713 

10-647124: 

10-646535 
10-645947 
|0-6453<10 
10-644773 
l0-f'44l87 
1»  1-643602 

10-643018 
I0-6424.'J4 
10-641851 
10-641269 
lO-640fi87 
10-640107 

10-639526 
10-638947 
10-638368 
10-637790 
10-637213 
10-636636 

TaniT^ 


Sine. 

'9<J52(S8 
9.352635 
9-J53I81 
9-353726 
9-354271 
9-354815 
9-355358 

9-355901 
9-356443 
9  356984 
9-357524 
9-358064 
9'S5&603 

9-359141' 
9-359678 
9-360215 
9-360752 
9-361-287 
9-361822 

9*362356 
9-362889 
9-363422 
9*363954 
9-364485 
9-365016 

9-365546 
9-366075 
9-366604 
9-367131 
9-367659 
9-368185 

9-36871 1 
9-369236 
9-369761 
9-370285 
9*3708(J8 
9-371330 

9-371852 
9-372373 
9-372894 
9373414 

9-373933 
9-374452 

9*374970 
9*375487 
9-3760a3 
9*376519 
9-377035 
9-377549 

9-37  8063 
9-378577 
9-379089 
9-379601 
9-380113 
9-380624 

9*381134 
9-381 64,^ 
9-382152 
9  382661 
9  383168 
9383675 

C*iwne 


yrs^ 


Conne.  I 

9-988695 
9-988666 
99  88636 
9-988607 
9-988578 
9-988548 

9-988519 
9-9S8489 
9-988460 
9-988430 
9-988401 
9-988371 

9-988342 
9  988312 
9-988-282 
9-988252 
9-988223 
9^88193 

9-988163 
9-988133 
9  988ia3 
9-988073 
9-988043 
9-988013 

9-987983 
9-987953 
9-987922 
9-987892 
9-987862 
9-987832 

9-987801 

9-987771 

9-987740 

9  9877101 

9-987679 

9-987649 

9-987618 

9-987583 

9-98755 

9-987526 

9-987496 

9-987465 

9-987434 

9-.8?4e.J 

9-987372 

9-987341 

9-9873 1  Oj 

9-987279 

9*987248 
9--87217 
9987186 
9-987155 
9-987124 
9-987092 

9-987061 
9-987030 
9-986998 
9-986967 
9-986936 
9986904 


I  ang. 


Sinr. 


9-3d3364 
9-363940 
9*364515 
9-d6509i> 
9-365664 
9-366237 
9-3668104 


9-367383  10-632618 
9-367953  lO-632fH7 
9-368524  10-631476 
9  369094  10-630906 
9-36966310-630337 
9-37023S 


9-370799 
9-371867 
9-371933 
9  372499 
9-373064 
9-373689 

9-374193 
9-374756 
9-375319 
9-375881 
9 


Cotaiig. 

10-63663f 

1O6360G0 

10-6354&5 

10*634910 

10-634336 

10-633763 

10*633190 


60 
59 
38 
57 
561 
55 
54 

Si 

52 
51 
50 
49 


10-629768  48 


47 

4> 
44 

43 

42 

41 

40 
39 
38 
37 
36 

10-699437  3& 
10-621 878{34 
10-621319 


IO-6i9a>l 
10628633 
IO-62%067 
10-627501 
I0&J6936 
10-626371 

10-6^807 
|f>6252U 
10-624681 
10-6^119 


376442  10-633558 
9-377003  10-622997 

9*377563 

9-378 

9378681 


9*379239^10-620761 

9-379797^  IO-6acW03. 

9380354|I0*6I9646| 

9-39O910I1O-6I9O9O 


9-3814^6 


9-382020'10*6l79IO 


9-382575 
9-383189 
9-383682 


9 

9-388631 
9-389178 
9*389  24 
9390270 


tO-6lS534 


10*617425 
tO-61687] 
10-616318 


9-384234  10*615766 
9-384786  10*615214 
9*385337  10  614663 
9-385888  10-614112 
9-386438  10*613562 
9*386987  10*613013 

9  387536  10-612464 


388084|10-6I19I6 
1^611369 
lO-6l08lhf 
10^10276 
10-619730 


9-390815  10-609185 
9*391360  10-608640 
9*391903  10*608097 
9-392447  10-607553 


9*396771 


o  an. 


9  392989(1 0^H)7Olt 
9393531 

9-394073110-6059^ 
9-394614 
9*395154 
9-39569  i 
9-39623.?  10-608767 


10^06469 

10-6053861 
10-6048461 
|0-604'J»^>{ 


10-609229 


TeTJ 


^jt- 


LOG.  SINES,  TANGBNT9,  kt, 


l4De; 


Sine. 


'  I      9IIIC 


0 
I 

*2 
3 
4 
5 
6 

• 

7 

8 

9 

10 

U 

12 

13 
14 
15 
16 
17 
18 

19 
40 
21 
t.>'2 
23 
24 

25 

20 
27 
28 
29 
30 

SI 

32 
33 
34 
35 
36 

37 
38 
39 
40 
41 
42 

43 
44 
45 
46 
47 
48 

49 
50 
51 
52 
53 
54 

55 

S6 

57 
58 
39 
60 


9-383675 
9-384182 
9-384687 
9-385192 
9-385697 
9-386201 
9-386704 

9-387207 
9-387709 
9-388210 
9-3S871 1 
9-389211 
9-3S971I 

9-390210 
9-390708 
9-391206 
9-391703 
9-392199 
9-392695 

9*393191 

9-393685 

9-394179 

9-3946731 

9-395166 

9-395658 

9-396150 
9396641 
9-39:^32 
9-397621 
9*398111 
9-398600 

9-399088 
9-399575 
9-40*1068 
9-400549 
9-401035 
9-4015201 

9-403005 
9-402489 
9402978 
9403455 
9-403938 
9*404^20 

9404901 
9-4053S2 
9*405862 
9*406341 
9*406820 
9407299 

9407777 
9*408254 
9*408731 
9-409207 
9409682 
9410157 

9410632 
9411106 
9-411579 
9'41«>52 
9-412524 
9*4im6 

Co«ne. 


Cofline. 

"¥1*86904 
9-986873 
9^986841 
9-986809 
9  986778 
9-986746 
9*986714 

9*986683 
9-986651 
9-986619 
9-986587 
9  986555 
9-986523 

9-986491 
9-986459 
9-986427 
9-986395 
9-986363 
9-^86331 

9*986299 
9*986266 
9*986234 
9-9H6202 
9-986169 
9*986137 

9-986104 
9*9860721 
9-986039 
9-986007 
9-985974 
9-985942 

9*985909 
9*985876 
9-985843 
9*985811 
9-985778 
9-985745 

9-985712 
9-985679 
9H)85646 
9-985613 
9-985580 
9-985547 

9-985514 
9  985480 
9-985447 
9*985414 
9-985381 
9-985347 

9-985314 
9-985280 
9-985247 
9485813 
9^985180 
9<985I46 

9-985113 
9*985079 
9*985045 
9-985011 
9984978 
9-9849441 


\ 


ang. 


Sine. 


9-396771 
9397309 
9-397846 
9*398.183 
9-398919 
9-399455 
9-39999U 

9-400524 
9-401058 
9  401591 
9^402124 
9-4<»265fi 
9-403187 

9-403718 
9-404249 
9-404778 
9-4^*5308 
9-4*  »5  836 
9-406364 

9-406892 
9-407419 
9-407945 
9408471 
9-408996 
9*409521 

9410045 
9-410569 
9-411092 
9*411615 
9412137 
9412638 

9*413179 
9413699 
9414219 
9*414738 
9*415257 
9415775 

9*4(6293 
9*416810 
9-417326 
9417842 
9418.358 
9418873 

9-419387 
9-419901 
9*420415 
9420927 
9-421440 
94219S2 

9-488463 
9-482974 
9483484 
9-423993 
9*424503 
9485011 

9-485519 
9426087 
9421)534 
9487041 
9-487547 
9488052 


Cotan. 


CoUii 

0-603229 
0-602691 
0-602154 
0-601617 
0-60  r081 
ih600545 

o^eouoio 

0-599476 
0*598942 
0-598409 
0-5y7876 
()-597344 
0-596813: 

0-596282 
(H595r51 
0-595t222! 

05J41&4' 
0-593636 

0-593108 
0-592581 
0-59^55 
0-591529 
0-59lO«i4 
0-59O479 

0-589955 
0-589431 
0-588908 
0-588385 
0-587863 
0-587342 

0-586821 
0-586301 
0-585781 
0-585262 
0-584743 
0-584225 

0-583707 
0*583190 
0-582674 
058215S 
0-581642 
0-581127 

0-580613 

0-580099 

0-579585 

0-5790731 

0-578560 

0-578048 

0-577537 
0-577026 
0-576516 
0-576007 
0-575497 
0-574989 

0574481 
0-573!473 
0573469 
0-572959 
0-578453 
0-571948 


CTeg. 


>ine. 


9412996 
9413467 
9-413938 
9-414408 
9414878 
9-415347 
9-415815 

9416283 
9  416751 
9-417217 
9-417684 
9-418150 
9-418615 

9-419079 
9-419544 
9-42»XK)7 
9*420470 
9-420933 
9421395 

9*421857 
9-422318 
9-422V8 
9-4^W*238] 
9-423697 
9-424156 

9-434615 
9-425073{ 
9-425530' 
9425987- 
9-426443^ 
9-426899| 

^•4273541 
9-427809) 
9428263) 
9-428717 
9-429 170! 
9-429623; 


9-430075! 
94305271 
9430978 
9-431429' 
9-431879 
9-432329' 


9-432778 
9-433226 
9-433675 
9-4341 2i 
9-434569 
9-435016 

9-435462 
9-435908 
9-4.>6353 
9-436798 
9-43724i^ 
9-437686 

9-438129 
9-4«572 
9-439014 
9439456 
9-439897; 
9-440338' 


Cosine.  \ 

"9^84944 
9-984910 
9-984876 
9-984842 
9-984808 
9-984774 
9-984740 

9-984706 
9-984672 
9-984J38 
9-984o03 
9  984569 
9*984535 

99845GO 
9-984466 
9-9844.32 
9-984397 
9-984363 
9-94»4328 

9-984894 
9-984-259 
9-9842'24 
9*984190 
9-984155 
9-984 120 

9-984085 
9-984050 
9^984015 
9-983981 
9-983946 
9*983911 

9*983875 
9-983840 
9-9S3805 
9-983770 
9-983735 
9-983700 

9  98366^i 
94)83629 
9-983594 
9-983558 
9-98352.} 
9-983487 

9*983452 
908  416 
9*983381 
9*98aU5 
9-983309 
9-983273 

9-9832.38 
9-9832^>2 
9-983166 
9-983130 
9-98d094 
9-983058 

9-983022 

9*982986 

9*982950 

9*982914 

9*982878! 

9-982842 


Tang 

9-488052 
9428558 
9-429062 
9489566 
9*430070 
9-430573 
9431075 

9*431577 
9432079 
9-432580 
9*433080 
9-433580 
9-434080 

9*434579 
9  435078 
9-435576 
9-436*i73 
9*436570 
9*437067 

9-4.37563 
9-438059 
9438554 
9-439048 
9-439563 
9*440(«36 

9*440589 
9.441022 
9-441514 
9-4420O6 
9-442497 
9-442988 

9-443479 
9-443968 
9-444458 
9*444947 
9-445435 
9445923 

9*446411 

9-446898 
9-447384 
9-447870 
9-448356 
9-448841 

9-449326 
9-449810 
9-450294 
9-450777 
9-451260 
9^431743 

9-452825 
9-452706 
9453(87 
9-453668 
•9-454148 
9454628 

9-455107 
9-455586 
9-456064 
9-456542 
9-457019 
9-457496 


Cmine.        Sine.        Cotan. 


60 


Coiait^ 

0^5711148 
0-57l442|59 
0-570938  58 
0*570434  57 


0-569930 
0569427 
0*568925 

0-568423 
0*567921 
0*5674-20 
0-566920 
0-566420 
0-565930 


56 
55 
54 

53 
52 
51 
50 
49 
48 


47 
46 


0*565421 

0564922 

0*564424:45 

0-563'>27!44 

05634A>i.43 

0-56*2935142 

0-562437141 
0-561941140 
0-561446139 
t)*560952'38 
0-56045/137 
0-559964  36 


35 

34 


0-559471 
0-558978 
0-558486i33 
0-557994(32 
0-557503  31 
0*557012  30 

0-556581 29 
(V556032'28 
0-555542  27 
0*555053  26 
0*554565  -23 
0-554077  84 

0-553589^23 
0-553102  82 
0-552616  21 
0-5581 3(»  20 
0-5516U  19 
a551159  18 

0-550674  17 
0-55019016 
0-549706  15 
0-549823  14 
0-54874013 
0-548257  12 

0  547775  1 1 
0-547294]  to 
9 
H 
7 
6 

5 
4 
3 
2 
1 
O 


0-546813 
0-546332 
0-545852 
0-545372 

')-54489.^ 
*>*54441- 
<>543i).16 
0-543458 
0-542981 
0-548504 


Taii 


T^cg. 


74  Peg. 


IdLl 


LOO.  SIN15S,  TANGENTS,  kt. 


Sine.  I  Cusine. 


TsDeg 


ir 


0| 

1 

\ 

6 

7 
8 


I 


9 

It 
lt» 

13 
14 
15 
16 
17 
18 

19 

ao 

21 

22 
23 
24 

1^ 

26 

27 
28 
29 

301 

31 

32 
33 
34 
35 
36 

37 
38 
39 
40 
41 
42 

43 

441 
45 
46 
47 
48 

49 
50 
51 
52 
53 
54 

55 

56J 

57 

58 

59 

60 


9-440B38 
9-440778 
9-441218 
9U1658 
9-442096 
9-442535 
9-443973 

9-443410 
9  443847 
9-444284 
9-444720 
9-445155 
9-445590 


Tana. 


9-446025 
9-446459 
9-446893 
9-447326 
9-U7759 
9-4481911 

9*448623 
9-449054 
9*449485 
9-U9915 
9-450345 
9450775 

9-451204 
9-451632 
9-452060 
9-45^88 
9*452915 
9-453342 

9-453768 
9-454)94 
9  454619 
9*455044 
9-455469 
9*455893 

9-456316 
9*456739 
9*457162 
9*457584 
9*458006 
9-458427 

9-458848 
9459268 
a*459688 
9-460108 
9-460527 
9^460946 


9-982842 

9'982805 

9-982769 

9-9827.^ 

9-982696 

9-982660 

9-982624 

9-982587 
9-982551 
9-982514 
9-982477 
9-982441 
9-982404 

9*982367 

9982331 

9-982294' 

9-982257 

9-98'J220 

9*982183 

9-982146 

9-982109 

9-98i072i 

9-982035 

9-981998 

9-981961 

9-981924 
9-981886 
9-98-849 
9-981812 
9-981774 
9-981737 

9-981700 
9981662 
9-981626 
9*981587 
9-981549 
9-981512 

9-981474 
9-981436 
9-981399 
9-981361 
9-981323 
9-981285 

9-981247 
9-981209 
9-981171 
9-981133 
9-981095 
9-981057 


:i^ 


9457490 
9-45797  > 
9-458449 
9-458925 
9-459400 
9-459875 
9-460349 

9-460823 
9-461297 
9-461770 
9-462242 
9*462715 
9-463186 


Cotang.  ' 

10*542504 

10-542027: 

'0-541551 

10-541075 

10«S44I600 

10-540125 

10-539651  { 

10-539177 
10  538703 
10-538-230 
10-537758 
10-537285 
10-536814 


9-463658 
94641 2]( 
9-464599 
9*465069 
9-46553« 
9-466008 

9-466477 
9-466945 


10-536342 
10-535872 
10-535401 
10-534931 
10-534461 
10-533992 

10-533523 
10-533055 


9-467413  10-532587 


,9-467880 
9-4683^i7 


10-532120 
10531653 


9-46881410-531186 

9-469280  10-530720 
9-469746  HV-530254 
9-47v»211  .0-529789 
9470676  10-529324 


9-461364 
9-461782 
9*462199 
9-462616 
9-463032 
9463448 

9-463864 
9-464279 
9-464694 
9-465108 
94655281 


9-981019 
9-980981 
9-980942 
9*980904 
9-9808..6 
9-980827 

9-980789 

9-980750 

9-980712 

9-98067 

9-980635 


94659351  9-98059r 
Cosine.  I 


9-471141 
9-471605 

9472069 
9-472532 
9-472995 
9-473457 
9478919 
9474381 

9474842 
9-475303 
9475763 
9-476223 
9*476683 
9-477142 

9-477601 
9-478059 
9-478517 
9-478975 
9-479432 
9-479889 

9-480345 
9-480801 
9-481257 
9481712 
9-482167 
9-482621 

9-483075 
9-483529 
9-483982 
9484435 
'•484887 
9-485339 


Sine. 
">3  W^ 


Cotan. 


10  528859 
10-528395 

10-527931 

P>-527468 

10-527005 

10-526543 

10-526081 

10-525619 

10-525158 
10-524697 
10-524237 
10  523777 
10-523317 
10-522858 

10-522399 
10-521941 
10-521483 
10-521025 
10-520568 
10-520111 

10  519655 
10-519199 
10-518743 
10-518288 
10  517833 
10-517379 

10-516925 
10-516471 
1O-S16018 
10-515565 
10-515113 
10-514661 


Tang. 


Sine,     j 

9-465935' 

9466348 

9-466761 

9467173 

9-467585 

9-467996 

9-468407 

0-468817 
9-469227 
9*469637 
9-470046 
9-470455 
9-470863 

9*471271 
9-4716791 
9-4720^6 
9-472492 

9-47289R 
9-473304 

9-473710 
9-474115 
9474519 
9  474923 
9-475327 
9475730 

9-476133 
9-476536 
9476938 
9-477340 
9477741 
9-478142 

9-478542 
9478942 
9-479342 
9-479741 
9-480140 
9-480539 

9-480937 
9*48i;334 
9-481731 
9-482128 
9-482525 
9-482921 

9-483316 
9483712 
9-484107 
9-484501 
9484895 
9-485289 

9-485682 
9486075 
9-486467 
9486860 
9*487251 
9487643 

9-488034 
9488424 
94S8814 
9-489204 
9489593 
^•489982 

Cosine. 


Cosine.  I 

9^80596. 
9-980558 
9-980519 
9-980480 
9-980442 
9-98*403 
9*980364 


m — 

lang. 

9-485339 
9-485791 
9-486242 
9-486693 
9-487143 
9-487593 
9488043 


County. 

l(>Ti466i  60 
IO-5142U9  59 
10-5I375858 
l«>51 3.307  57 
10-512857  5n 
|C)-5134(i7  >5 
10-511957  54 


9-98a'^25 
9-98<«8t> 
9-980247 
U-980268 
9*980169 
9-9801  do 

9-980091 

9-9HU052 

9*980012 

9-979973 

9-9:9934 

9-979895 


9*48849S  10-51 1508  5.*, 
9-488941  10-511059  5 
9-48939OI0-5106IO51 
9*489838|10-510I62  5!) 
9-490286110  509714  49 
9-49v>733  10-509267  48 


0-9  9855 
9-979816 
9  979776 
9979737 
9-979697 
9-97vi658 

9-979618 
9-979579 
9-979539 
9.9794:9 
9*9rJ459 
9-979420 

9-979380 
9-979340 
9-979300 
9-979260 
9-979220 
9-979180 

9-979140 
9-979100 
9-979059 
9-979019 
9-978979 
9-978939 

9-978898 
9-978858 
9-978817 
9-978777 
9-978737 
9-978696 

9-978655 
9-978615 
9-978574 
9-978533 
9.978493 
9-978452 

9  978411 
9978370 
9-978329 
9-978288 
9-978247 
9-978206 


9  491180 
9-491627 
9492073 
9-492519 
9-492965 
9493410 

9-493854 
9-494299 
9-494743 
9-495186 
9-495630 
9496073 


10-50882047 
10-508373  46 
I0.5il7927'45| 
10-507481  !U| 
10.50703543 
10-506590  42 

10-506146  41 L 
10-505701  401 
I0505257  39 
10-504814,38 
10  504370^37 
10-503987  36 


9*496515  10-503485 
9-496957  10-503043 
9-497399  lO-SOaeoi 
9497841  10-509159 
9-498282  10501718 
949872S  10-501S78 


35 
34 
33 
38 
31 
30 


9499163  10-500837t99 


9-500990 
9-501359 

9-501797 
9-502935 
9-502679 
9-5031 09 
9-503546 
9*503989 

9-50UI8 
9-504854 
9-505989 
9-505794 
9-506159 
9-506593 

9-507097 
9-507460 
9  507893 
9-508396 
9-508759 
9-509191 


9-510054 
9-510485 


9-511776 


10-500397 
10-499958 
10-499519 
10499080 
10-498641 

10*498903 
10497765 
10497398 


1049689190 


10496454 
10496018 

10495582 
10495146 
10-494711 
10-494976 
10-493841 
10493407 

10409973 
10^499540 
10499107 
10^91674 
10^491941 
10490809 


9-509699  10-490978 


10489946 
10489515 


9-510916  10489084 
9511341s  10488654 


10488994 


98 
27 
26 
95 
24 

93 
92 
91 


191 
18 

17 
16 
15 
14 
IS 
19 

11 

10 

9 

8 

7 
6 

5 
4 

:j 
9 
1 


LOG.  SINES.  TANGENTS,  kcb 


W  1kg.    .                                                 kv  ueg. 

3 

0 

Sine. 
9*489988 

Conne. 

9^8806 

T^ng.  1 

Coimng. 

Sine.        '.osine. 
9-5l864-i   9-975670 

T«ng. 

CoUiig. 

^ 

9-511776 

lU-488824 

9*536972 

10-463088  60 

1 

9*490371 

9*978165 

9*51881)6 

10487794 

9*513009 

9-97562/ 

9-537382 

10-468618  59 

z 

9*490759 

9*978184 

9*518635 

10*487365 

9-513375 

9*9755iw 

9-537798 

10468808  58 

J 

9*491147 

9*978U83 

9-513064 

10  486936 

9-513741 

9*975539 

9-538802 

10-461798167 

4 

9-491535 

9*978048 

9-513493 

10486507 

9-514107 

9*975490 

9-538611 

10*461389  56 

6 

9*491982 

9*978001 

9*51  i981 

1U486079 

<J-514478 

9-975452 

9-539020 

10*460980  55 

6 

9*498308 

9977959 

9*514349 

10-485651 

9*514837 

9*975408 

9*539429 

10-460571  54 

7 

9^98695 

9-97r9l8 

9-514777 

10*485883 

9*515808 

9*975365 

9-539837 

10460163  53 

8 

9-493081 

9*977877 

9*51 58(H 

10-484796 

9*515566 

9*9753ai 

9*540245 

10*459755  5? 

y 

9*49:U66 

9*977835 

9*5156.>l 

10*484369 

9-515930 

9^975277 

9-540653 

10459347 

51 

10 

9*493851 

9-977794 

9-516057 

10-483943 

9*516894 

9*975833 

9  541061 

10-458939 

50 

11 

9-494836 

9-977758 

9-516484 

10-483516 

9*516657 

9-975189 

9*541468 

10-458538 

49 

12 

9494681 

9-977711 

9*516910 

10*483090 

9-517030 

9*975140 

9-541875 

10-458125 

48 

13 

9*495005 

9977669 

9*517335 

10488665 

9-517388 

9*975101 

9*543281 

10-457719 

47 

14 

9-495388 

9  977688 

9-517761 

10-488839 

9-517745 

9-975057 

9*548688 

10-457318461 

15 

9*495778 

9-977586 

9*518186 

10-481814 

9-518107 

9*975013 

9-543094 

1 0-456906145 1 

16 

9-496154 

9-97-544 

9518610 

10*481390 

9-518468 

9-974969 

9543499 

10*456501  Ul 

17 

9-496537 

9  977503 

9-519<i34 

10480966 

9*518829 

9-974925 

9-543905 

10456095 

43l 

18 

9-496919 

9*977461 

9-519458 

10-43054.^ 

9*519190 

9*974880 

9*544310 

10-455690  42| 

19 

9-497301 

9*977419 

9-519982:10*490118 

9*519551 

9-974836 

9*544715 

10*455885 

41 

«i 

9497683 

9^77377 

9-580;«>5  10*479695 

9-519911 

9-974798 

9-545119 

10*454881 

40 

SI 

9-498064 

9-977335 

9-520788  10479272 

9*580271 

9-974748 

9*545584 

10*454476 

30 

88 

9*498444 

9-977293 

^•521151  l<h478849 

9-530631 

9*974703 

9545988 

10454078 

S8 

83 

9-4988.'5 

9*977851 

9-521573  10  478487 

9-580990 

9*974659 

9*546331 

10453669 

37 

84 

9*49981  »4 

9-977809 

9*581995  10-478005 

9-521349 

9-974614 

9*540735 

10-459865 

.S6 

85 

9*499584 

9  977167 

9*588417110477583 

9*521707 

9-974570 

9-547138 

10^458868 

35 

86 

9*499963 

9*97/125 

9*588838  10*477168 

9*522066 

9*974585 

9547540 

10458460 

34 

'iJ 

9-500.H8 

9-977083 

9-583859  1 0-47674 1 

9522424 

9-974481 

9*547943 

10450057 

53 

88 

9-5U078I 

9-977041 

9*58368o!  10*476380 

9*522781 

9*974436 

9*548345 

Iir45l655 

32 

89 

9  501099 

g-9r61»99 

9*584100  1O475900 

9-523138 

9-974391 

9-548747 

10*451853 

31 

90 

9-50l4r6 

9  976957 

958458U 

10-475480 

9-523495 

9-974347 

9-549149 

10*450851 

30 

31 

9*501854 

9-976914 

9-584940 

10-475060 

9*523858 

9-974308 

9*549550 

10-450450 

89 

38 

9*508831 

9-976878 

9  5*25.i6o;iO**7464l| 

9584208 

9  974857 

9*549951  10*450049 

88 

66 

9-502607 

9-976830 

9*585778 

10*474288 

9*584564 

9-974818 

9*550358  10*449648 

87 

31 

9  508984 

9-976787 

9*586197 

10-47380:i 

9*584920 

9*974167 

9-550758 

10*449848 

86 

.}i 

9*503360 

9-976745 

9  586615  10-4733851 

9-585875 

9*974188 

9*551153 

10-448847 

85 

36 

9*503735 

9*9767l»8 

9-5i703.J 

10-472967 

9-585630 

9-974077 

9551558 

10^448448 

84 

3r 

9*50411(1 

9-976660 

9  587451 

10478549 

9*585984 

9-974038 

9*55|958 

10448048 

83 

38 

9*504485 

9*976617 

9-587868 

10-478132 

9-5863^)9 

9-973987 

9-558351 

10*447649 

82 

39 

9-5o48^iO 

9*976574 

9-58828:) 

10*  •71715 

9*586693 

9-973948 

9-558750 

10*447850 

81 

40 

9-505834 

9*976538 

9-528702!  10*471898 

9-587046 

9-973897 

9*553149 

i'^-*46851 

20 

41 

9-5<-5d08 

9*976^89 

9-5291 19|lt)  470881 

9-587400 

9-973858 

9*553548 

10  446452 

19 

4'J 

9*5(»5981 

9*976446 

9-529535  10-470465 

1 

9-587753 

9-973807 

9-553946 

10446054 

18 

43 

9-51)6354 

9*976404 

.9*58995l'tO-470049 

9-588105 

9-973761 

9-554SU 

10445656 

17 

44 

9-506787 

9*976361 

9*53(1366 

IO-469634 

Ir588458 

9-973716 

9-554741 

10445859 

16 

45 

9-5i»7099 

9*976318 

9-530781 

10*469819 

9-528810 

9-973671 

9*555139 

10-444861 

15 

46 

9*5074;  t 

9*976875 

9-.»31 196 

10-468804 

9589161 

9-973685 

9*555536 

10444464 

14 

47 

9-5ti784.1 

9*976838 

9-531611 

10*468389 

9*589513 

9-973580 

9  555933 

10-444067 

13 

48 

9-508814 

9*976189 

9*532085 

10467975 

9*589864 

9-973535 

9-556389 

10*443671 

18 

49 

9-508585 

9*976146 

9-538439 

10*467561 

9**530815 

9-973489 

9*556785 

10443375 

11 

50 

9*508956 

9*97610;S 

9*532853 

10-467147 

9-530565 

9-973444 

9*557121 

10-448879 

10 

51 

9*509386 

9-976060 

9*533866 

10-466734 

9  530915 

9-973398 

9-557517 

10448483 

9 

58 

9*509696 

9-976017 

J-53.J67y 

10-466321 

9531865 

9973358 

9-557913 

10448087 

8 

53 

9510065 

9-975974 

9*534098 

10-465908 

9-d31614 

9-973307 

9-558308 

10-441698 

7 

54 

9-510434 

9*9759aO 

9-534504 

10-465196 

9*531963 

• 

9-973861 

9-558703 

10*441897 

6 

55 

9-510803 

9-975887 

9-534916 

10*465084 

9-538318 

9*973815 

9*551K>97 

10-440903 

5 

56 

9  511178 

9*975844 

9*535328 

10-46467. 

9*538661 

9-973169 

9-559491 

10440509 

4 

*^   9-511540 

9*97580t» 

9-53573V 

I(h46486l 

9-5d3aj9 

9*973184 

9*559885 

10440115 

3 

^J  9-5irJu7 

9-975757 

9*536150 

10*463850 

9  535357 

•  973078 

9-56t»879 

10439781 

8 

59 

9-518875 

9-975714 

9*536561 

10-463439 

9*533704 

9-973038 

9*56067. 

1(1439337 

1 

60 

9-518648 

9*975670 

9*536978 

10463028 

9*534058 

9-9789861  9  5  1'66 

10-438934 

0 

^  Cotitie.        Sne.    1 

(  otAD.      Tanc.    > 

Coiine.      Sme.    j  Coun. 

Tjinj^ 

/ 

71  IV'>                                                             ' 

lOjDci 

>' 

» 

LQCU  SINB8,  TANGENTS,  ke. 


yjUeg. 


2i 


Tcr 


0 

I 


9 
10 
11 
121 

1. 

[14 

15 

\\f> 
17 
18 

19 
'2i) 
*il 
22 
23 
24 

25 
26 
27 
28 
29 
301 

31 
32 
33 
34 
35 
36 

37 

as 

39 

41 

42 

43 
44 

4A 
46 
7 
48 

49 
50 
51 
52 

53 
54 

55 

56 

57 

|58 

J  5-' 

lf.0 

4 

1 


Stue 

91^^4052 
9*534399 
9  534745 
9-535092 
9-535438 
9-535783 
9*536129 

9536474' 


9-536818 
9*5371631 
9-5375071 
9-537851 
9-538194 

9*538538 
9*538880 
9-539223 
9*539565 
9-539907 
9-540249 

9*540590 
9*540931 
9-541272 
9-541613 
9-541953 
9*542293 

9-548632 

9-542971 

9*5433101 

9*543649 

9*543987 

9-544325 

9544663 
9*545000 
9-545338 
9*545674 
9-546011 
9-546347 


Conne.  I 

"9^29861 
9-972940 
9.972894 
9*972848 
9-972802 
9-972755 
9*972700 

9*972663 
9-972617 
9-972570 
9-972524 
9*972478 
9-97843J 

9*972385 
9-97233>i 
9*97229  k 
9*972245 
9*972198 
9*972151 

9*972105 
9*972058 
9-972011 
9-971964 
9-971917 
9*971870 

9*971823 
9*971776 
9-971729 
9-971682 
9-971635 
9*971588 

9*971540 

9-971493 

9*971446 

9*971398 

9-9713511 

9-971303 


Tang,  j 

9-561066 
1»*561459 
9-561851 
9-562244 
9*562630 
9*563028 
9-563419 

9*563811 
9564202 
9*564593 
9-564983 
9-565373 
9-565763 

9-566153 
9-566542 
9*566932 


'Coiang. 

10438934 
10-438541 
10-43)}149 
10*437756 
10*437364 
10*436972 
10*436581 

10436189 
10-435798 
10-435407 
10435017 
10-434627 
10*434237 

10*433847 
10-433458 
10-43.068 


9-546683 
9547019 
9-547354 
9*547689 
9-548024 
9*548359 

9-548693 
9-549027 
9*549.560 
9-549693 
9*550026 
9-550359 

9*550692 
9*551024 
9-551356 
9-551687 
9-552018 
9-552349 

9-552680 

9-553341 
9-553670 
9-554000 
9*554329 

Conine. 


9-567320  10-432680 
9-567709  10432291 


9  568098 

9*56848r. 
9*568873 
9*569261 
9-569648 
9-570035 
9*570422 

9-570809 
9-571195 
9*571581 
9-571967 
9*572352 
9-572738 

9*573123 
9-573507 
9-573892 


10-4.>  190^2 

10*431514 
10*431127 
10-430739 
10-430352 
10-429965 
10-429578 

10*429191 
10-428805 
10-428419 
10-428033 
10427648 
10427262 

10*426877 
1042649.^ 
10-426108 


9-57427610-425724 


9*971256 
9-971208 
9-971161 
9-971113 
9-97106(} 
9-971018 

9*970970 
9-970922 
9-970874 
9-9708^27 
9-970779 
9-970731 

9-970683 
9-9706;-5 
9*970586 
9-970538 
9-97041^ 
9-970442 

9*970394 
9-970345 
9-970297 
9-970249 
9-970200 
9*970152 

Sine. 


9-574660 
9-575(44 

9*575427 
9-575810 
9-576193 
9-576576 
9-576959 
9-577341 

9*577723 
9-578104 
9-5784fe6 
9-578867 
9*579248 
9*579629 

9  580009 
9-680389 
9-5807G9 
9-581149 
9-581528 
9*581907 


10-425340 
10*424956 

10*424573 
10424190 
10*423807 
10423424 
10-423041 
LO-422659 

10-422f?77 
10^421  V6 
10421514 
10-4^1133 
10-420752 
10-420371 

10419991 
10-419611 
10419231 
10-418851 
10-418472 
10418093 


10417714 
10417325 


9*582286 

9-582665 

9*58d044{lO*4l6956 

9-583422 

9-583800 

9-584177 


10416578 
10  416200 
10415823 


Sine  I 

9-554329 
9-554658 
9*554987 
9555315 
9*555643 
9*555971 
9*556299 

9*556626 
9*556953 
9-557280 
9-557606 
9*557932 
9-558858 

9*558583 

9*558909. 
9-559234 
9-559558 
9-559883 
9-560207 

9-560531 
9*560855 
9-561178 
9*561501 
9  561824 
9-562146 

9-562468 
9*562790 
9*563112 
9-563433 
9-563755 
9564^/75 

9-564396 
9-564716 
9*565036 
9-565356 
9-565676 
9-565995 

9566314 
9*566632 
9-566951 
9*567269 
9-567587 
9-567904 

9*568222 
9*568539 
9*568856 
9-569172 
9-569488 
9569804 

9-570120 
9-570435 
9  570751 
9*571066 
9-571380 
9*571695 

9*572009 
9-572323 
9-572636 
9-572950 
9573263 
9-573575 

Coeinc. 


Cosine,  i   T 


9*970152 
9-9r0103 
9*970055 
9-970006 
9*969957 
9*969909 
9-969860 

9-969811 
9-969762 
9-969714 
9-969665 
9-969616 
9*969567 

9969518 

9*969469 

9-969420 

9-969370| 

9*969321 

9-96927^-i 

9-969223 
9*969173 
9969124 
9*969075 
9-969025 
9-968976 

9*968926 
9-968877 
9*968827 
9*968777 
9-968728 
9*968678 

9-968638 
9<968578 
9-968538 
9-968479 
9-968429 
9*968379 

9*968329 
9*968278 
9-968238 
9*968178 
9-968128 
9*968078 

9-968027 
9-967977 
9-967927 
9*967876 
3-967826 
9*967775 

9*967725 
9967674 
9*967624 
9-967573 
9*967523 
9-967471 

9-967421 

9-967370 
9*967319 
9-967268 
9-967217 
9-967166 

Sine. 


9584177, 

9-584555 

9-584933 

9*585309 

9*585686 

9-58606^ 

9*586439 

9*586815 
9*587190 
9*587566 
9587941 
9*588316 
9*588691 

9*589066 


Cotaitg.  I 

ioTisiss'eo 

H -41 5445!  59 
104150681 58 
U>-414691  57 
10414314)56 
10-41393^55 
10413561  54 

10-413185  53 
10-413810' 52 
10-4l3434j51 
10-413059!50 

1041I684I49 


I0  4l<j93i47 
9-58<J440|l0-4l  0560146 
9*589814 
9-590188 


9-59056210-409438  13 


9-590935 

9-591  SOS 
9-591681 
9-593054 
9-5y.;426 
9-593799 
9-593171 


9-594385 
9-594656 
9-595037 
9*595398 


10411309 


48 


10410186  45 
10-40lj8l2lU 


10409065142 


10-40S692i4l 
tO4O8319]40 
10407946*39 
10*40757431 
IO-90730r37 
10406639|36 


9  593543  10-406458  35 
9-5939l4|lO*4O6086!S4 
IO-405715I33 
10-4053Ui38 


104O497  '31 


,10404603^^30 

9-595768ll0-4O433^« 
9«596l  38  1040386^^8 
9*596508  10-40349^27 
9*596878  1«h>40313?26 
9-597247  10-403753^35 
9*597616  10-403384;^ 


598733  10401378 


9-597985 

9*598354 

9*5987 

9-599091 

9-599459 

9*599837- 

9 

9-600563 
9-600929 
9*601396 
9-601663 
9*603089 


9-603395 
9-603761 
9*603137 
9*603493 
9-603858 
9-604383 

9-604588 
9-604953 
9*605317 
9  60568 


1040901 5;2S 
10-401646  S3 
21 
10400909j20 
10*40054l|l9 
10400173jl8 

6OO194|lO-399t06;i7 
lO-399438{i6 
10-399071,15 
10-398704JU 
10*3983S7||3 
10*39797ri« 


10-397605  It 

lO-397239;10 

10*396873!  9 

10*396507 

10396142 

10-395777 


68 


!>» 


9-6064t< 
^otan. 


10-395413 
10-395047 
10-394683 
10-394318 
10  393954 
t€K393590 


tOG.  SINKS,  TANGENTS,  kt. 


WTCT 


Sine, 


0|  9-573575 


1 

8 
3 
4 
5 
6 

7 

8 

9 

10 

11 

12 

13 
14 
15 
16 
17 
18 

19 
i20 
21 
22 
23 
24 

25 

26 
27 
28 
29 
30 

31 

32 

33 

34^ 

35 

36 

37 
38 
39 
40 
41 
42 

43 
44 
45 
46 
47 
48 

49 
50 
51 
52 
53 
54 

55 
56 
57 
58 
59 
60» 


9-573888 

95742no 

9-574512   9-967013 

9-574824 

9-575136 

9-575447 


Cosine.      TaDgTT 

9^67166  TiBOeilol 
9  967115   9'6(I6773 


9-967064  9-607137 

9-967013  9-60750() 

9-966961  9-607863 

9-966910  9-608225 


9-966859 


9-575758 
9-576069 
9-576379 
9*576689 
9-576999 
9-577309 

9-577618 
9577927 
9*578236 
9-578545 
9-578853 
9-579162 

9-579470 
9-579777 
9-580085 
9-580392 
9-580699 
9-581005 

9-581312 
9-581618 
9-581924 
9-582229 
9-582535 
9-582840 

9-583145 
9-583449 
9-583754 
9-584058 
9-584361 
9-584665 

9-584968 
9-585272 
9-585574 
9-585877 
9-586179 
9-586482 

9-586763 
9-587085 
9-587386 
9-587688 
9-587989 
9-588289 

9588590 
9-588890 
9-589190 
9-589489 
9-589789 
9-590088 

9-590387 
9-590686 
9  590984 
9-591282 
9-591580 
^591878 

Coflinc. 


9-966808 
9-966756 
9-966705 
9-966653 
9-966602 
9966550 

9HMS6499 
9-966447 
9-966395 
9-966344 
9-966292 
9-966240 

9-966188 
9-966136 
9-966085 
9-966033 
9«965981 
9-965929 

9-965876 
9  965824 
9-965772 
9965720 
9-965668 
9-965615 

9-965563 
9-965511 
9-965458 
9-965406 
9-965353 
9-965301 

9i)65248 
9-965195 
9-965143 
9-965090 
9-965037 
9-964984 

9-964931 

9  964879 

9-964826 

9-964773 

9-964720fl 

9-964666 

9-964613 
9-964560 
9-964507 
9-964454 
9-964400 
9-964347 

9-964294 
9-964240 
9-964187 
9-964133 
9964080 
9-964026 

Sine. 


9*608588 


9-608950 

9  609312110-390688 

9-609674 

9*610036 

9-610397 

9-610759 


9-611120 
9-611480 
9-611841 
9-612201 
9-612561 
9-618921 

9-613281 
9-613641 
9-614000 
9-614359 
9-6147 1 8 
9-615077 

9*615435 
9-615793 
9-616151 
9*6-6509 
9-616867 
9-617224 

9*617582 
9-617939 
9-618295 
9-618652 
9*619008 
9  619364 


9-621852 
9*622207 
9-622561 
9-622915 
9'62;i269 
9-623623 


9-623976 

9 

9-6246RO 

9-625036 

9-625388 

9-625741 


9*626093 
9-626445 
9*626797 
9*627149 
9-627501 
9-627852 

CoUrT 


CotHng. 

10-393590 
1i>393227 
10-392863 
10-392500 
10392137 
10-391775 
10-391412 

10-391050 


10-390326 
10-389964 
10*389603 
10*389241 


10-388880 
10-388520 
10-388159 
10387799 
10-387439 
10-387079 

10-386719 
10-386359 
10-3860U0 
10-385641 
10*385282 
10-384923 

10-384565 
10-384207 
10-383849 
10-383491 
10-383133 
10-382776 

10-382418 
10-382061 
10-381705 
10-381348 
10-380992 
10-380636 


9-619720 

9-620076 

9-620432ilO-3 

9620787 

9-621142110-378858 

9-621497 


10-380280 

10-3799iJ4 

79568 

10-379213 


10-378503 

10-378148 
10-377793 
10-377439 
10-377085 
10-376731 
10-376377 


10-376024 
6243ao|  10-375670 
10-375317 
10-374964 
10374612 
10-374359 


67  Peg. 


10-373907 
10373555 
10-373203 
10-372851 
10-372499 
10-372148 


T.ng. 


Sine,  i  Cosine.  |  Tang. 


9^591878 
9-592176 
9-59t^73 
9-592770 
9-593067 
9-593363 
9593659 

9-593955 
9-594251 
9-594547 
9*59484^ 
9-595137 
9-595432 

9-595727 
9*596021 
9*596315 
9.596609 
9*596903 
9-597196 

9*597490 
9-597783 
9-598075 
9-598368 
9*598660 
9598952 

9-599244 
9*599536 
9-599827 
9*600118 
9*600409 
9600700 

9-600990 
9-601280 
9-601570 
9-601860 
9-602150 
9•60;^i39 

9-602728 
9-603017 
9-603305 
9-603594 
9-6^13882 
9-604170 

960U57 
9-604745 
9-605032 
9-605319 
9-605606 
9-605892 

9-606179 
9-606465 
9-G06751 
9-607036 
9-607322 
9  607607 

9-607892 
9-608177 
9608461 
9-608745 
9-609029 
9-609313 

Cosine. 


9-964026 
9-963972 
9-963919 
9-963865 
9-963811 
9-963757 
9-963704 

9-963650 

9963596 

9*963542) 

9963488 

9-963434 

9-963379 

9*963325 
9-963271 
9-963217 
9-963163 
9-963108 
9*963054 

9-962999 
9-962945 
9-962890 
9-962836 
9-962781 
9-962727 

9-962672 
9^2617 
9-962562 
9^962508 
9-962453 
9-962398 

9*962343 
9-962288 
9962233 
9-962178 
9-962123 
9-962067 

9-962012 
9-961957 
9-961 9(f2 
9-961846 
9-961791 
9-961735 

9-961680 
9-961624 
9-961569 
9-961513 
9-961458 
9-961402 

9-961346 
9-961290 
9-961235 
9-961179 
9-961123 
9-961067 

9-961011 
9-960955 
9-960899 
9-960843 
9-960786 
9-960730 


9-627852 
9-628203 
9-628554 
9-628905 
9-629255 
9*629606 
9-629956 

9-630306 
9-630656 
9^1005 
9-631355 
9-631704 
9-632053 

9-632402 
9632750 
9-633099 
9-633447 
9-633795 
9-634143 

9*634490 
9-634838 
9*635185 
9*635532 
9*635879 
9-636226 

9-636572 
9-636919 
9-637265 
9-637611 
9-637956 
9-638302 

9*638647 
9-638992 
9-639337 
9-639682 
9*640027 
9*64<W1 

9*640716 
9-641060 
9-641404 
9*641747 
9-642091 
9-642434 

9-642777 
9-643120 
9-643463 
d-643806 
9-644148 
9-64U90 

9*644832 
9  645174 
9-645516 
9-645857 
9-646199 
9*646540 

9-646881 


[  Couing. 


10-372148 
10-371797 
10  371446 
10-371095 
10-370745 
;0-370394 


10-370044  54 


10-369694 
10-3693U 
10-368995 
10-368645 
10368296 
10-367947 

10-367598 

10  367250 
10*366901 
10-366553 
10*366205 
10*365857 


10*365510  41 
10-365162  40 
10*364815  39 
10364468  38 
10*364121  37 
10*36377436 


60 
59 
58 
57 
56 
55 


53 
52 
51 
50 
49 
48 

47 
46 
45 
44 
43 
42 


9*647562 
9-647903 
9*648243 
9*648583 


Cotsn. 


10363428 
10-363081 
10*362735 
10302389 
iO*3620U 
10361698 

10-361355 
10*361008 
10-360663 
10-360318 
I0t359973 
10-359629 

10-3^9284 
10-358940 
10-358596 
10-358253 
10-357909 
10-357566 

10*357223 
10*356880 
10*356537 
10-356194 
10-355852 
10-355510 

10-355168 
10*354826 
10-354484 
10-354143 
10-353801 
10-353460 

10*353119 


9-64722210-352778 


10-352438 
10-352097 
10-351757 
1^351417 


35 
34 
33 
32 
31 
30 

29 
28 
27 
26 
25 
2« 

23 
22 
21 
20 
19 
18 

17 

16 
15 
14 
13 
12 

11 

10 
9 
8 
7 
6 

5 

4 
3 
2 
1 
0 


LOG.  SINES,  TANGENTS,  kc 


I  Sine. 


0 
1 

2 
3 
4 
5 

G 

7 

8 

9 

10 

11 

•2 

13 
14 

f^ 
16 

ir 

18 

19 

21 
22 
23 
24 

25 

2fi 

2r 

28 
29 
30 

31 

32 
3d 
34 
35 
36 

37 
38 
39 
40 
4l 
42 

43 
41 
45 
46 
47 
48 


9-609315 
9*609597 
9*609880 
9-610164 
9*610447 
9*610729 
9-6U012 

9-611994 

9-611576 

9*611858 

9-612140 

9612421 

9-612702 

9*612983 
9*613264 
9*613545 
9-613825 
9*614105 
9*614385 

9*614665 
9*614944 
9*615223 
9-615502 
9*615781 
9*616060 

9*6163.^8 
9-616616 
9*616894 
9*617172 
9*617450 
9*617727 

9-618004 
9-618281 
9618558 
9-618834 
9*619110 
9*619386 

9*619662 
9-619938 
9-620213 
9*680488 
9*629763 
9*621038 

9-621313 
9*621587 
9*621861 
9-622135 
9622409 
9-62268^ 

9-622956 
9-623229 
9*623502 
9*623774 
9*624047 
54t  9*624319 


Comie. 


49 
50 
51 
52 
53 


55 
56 
57 
58 
59 
60 


9-624591 
9-024863 
9-625135 
9-625406 
9*625677 
9'625948| 

Cosine.  * 


"Tgng. 


25  Dei 


M-960r30 

9-960674 

9*960618 

9-960561 

9-960505 

9-'»6044 

9*960392 

9*960335 
9-960279 
9*96'J2*^2 
9-960166 
9*960  u»y 
9-96005J 

9*959995 
9-959'»38 
9-959882 
9959825 
9-959768 
9*959711 

9-959654 
9-959596 
9-95953" 
9*959489 
9*959425 
9-959368 

9*959310 
9^59258 
9-959195 
9*959138 
9-959080 
9*959023 

9*958965 
9-9589<)h 
9-95S850 
9-958792 
9958734 
9*95867. 

9*958619 
^9-958561 
9-958503 
9*958445 
9-958387 
9-958329 

9*958271 
9*958213 
9*958154 
9058096 
9-958038 
9-957979 

9*957921 
9*957863 
9*957804 
9*957746 
9*957687 
9-957628 

9-957570 
9*957511 
9*957452 
9*957393 
9-957335 
9-957276 


Cotang. 


9*648583 
9-648923 
9*649990 
9-649602 
964U942 
9  650281 
9-650620 

1**650959 
9*651297 
9*651636 
9*651974 
9*652312 
96520SO 

9-652988 
9*65.^326 
9  65366;) 
9-654(iO<> 
9-654337 
9*654674 

9*655011 
9-655348 
9*655684 
9*656090 
9*656356 
9*656692 

9-657028 
9*657364 
9*657<.91) 
9*658034 
9*658369 
9*6587cH 

9*659«»39 
9-65937.i 
9-659708 
9*660042 
9*660376 
9-660710 

9-661043 
9-661377 
9*661710 
9*^62043 
9-662376 
9-662/09 

9*663042 
9*663375 
9-663707 
9*664039 
9-664371 
9*664703 

9*665035 
9*665366 
9*665698 
9-666029 
9*666360 
9*666691 

9*667091 
9-667352 
9*667682 
9*668013 
9*668343 
9*668673 


Sine  I  CoUn. 
6^^^j~ 


0*351417 
0-351077 
0-350737 
0*350398 
0-350058 
«h349719 
a34938*> 

0-349041 
0-348703 
0-3483G4 
0-3480  j6 
i>-347688 
0347350 

0*347012 
ih346674 
0*346337 
0-34601M 
(»-345663 
0-345326 

0*344989 
0*344652 
0-344316 
0*343980 
0-343644 
0-343308 

0-342972 
0-342636 
0  342301 
0-341 96G 
0*341681 
0*341296 

0*340961 
0*340327 
0*340292 
0*339958 
0*33%24 
0*339290 

0-338957 
0*338623 
0*338290 
0-J37957 
0-337624 
0-337291 

0-336958 
0-336625 
0-336293 
0*335961 
0-335629 
0*335297 

0-334965 
0*334634 
0*334302 
0-333971 
0-333640 
0*333309 

0-339979 
0*339648 
0*332318 
0*331987 
0*331657 
0^33139 


Sine. 

"9^25948 
9-6^6219 
9*626490 
9-626760 
9*627030 
9-6i;300 
9-627570 

9*627840 
9-628109 
9  628378 
9-6286*71 
9  628916 
9-629185: 

9*629453 

9-629721 

9*629989 

9-63  /257 

9*630524 

9-630792 

9*631059 
9*631326 
9-63 159o 
9-631859 
9-6^2125 
9632.>92 

9*632658 
9-632923 
9-633189 
9*633454 
9*633719 
9*633984i 

9*634249 
9-634514 
9-634778 
9-635042 
9*635306 
9*635570 

9*635834 
9*636097 
9-636360 
9  636623 
9*636886 
9-637148 

9-637411 
9-637673 
9-637935 
9-638:97 
9-638458 
9-638720 

9*638981 
9-639242 
9-639503 
t-639764 
9*640024 
9-640284 

9*640544 
9*640804 
9*641064 
9641324 
9-641583 
9*641849 

C(Mine. 


i/0«ne. 

T957276 

9-957217 

9^57158 

9*957099 

9*95704(»| 

9*956981 

9*956921 

9*956862 
9*956803 
9'9567U 
9-9J6C8 1 
9*956625 
9-956566 

9*956506 
9  956447 
9-956387 
9*956327 
9-956268 
99562U8 

9-956148 
9*956089 
99560-29 
9-935969 
90:»59»i9 
9-955849 

9*955789 
9-955729 
9*955669 
9  9556U9 
9*955548 
9  955488 

9-955428 
9*955368 
9-955307 
9  955247 
9-955186 
9-955126 

9-955065 
9*955005 
9-954944 
9-954883 
9-954823 
9-954762 

9*954701 
9-v^54640 
9*954579 
9-954518 
9-954457 
9-954396 

9*954335 
9*954274 
9-954913 
9-954152 
9*954090 
9-954099 

9*953968 
9953906 
9-953845 
9-953783 
5^-953722 
9*953060 

Sine. 


Tang.    [ 

9-6686731 

9-669U02 

9  669332 

9*669661 

«.r66991»l 

0-67O3ii0 

9-670649 

9-670«77 
9-67 1 306 
9-671635 
9  671963 
9^72291 


Coiaiig. 

l6-3313«7 
10-...30998 
10*334  >668 

10-330009 
IO-3296«0 
10-329351 

10-329023 
10-328694 
IO-32S365 
10*328037 
10  327700 


59 
.>% 
57 
>6 
55 
54 

5i 
51 
50 
49 
48 


9-6726  •*i;  10-397381 

9-672947  10-327053  47 
9-673274  10326726  46 
9-C73602|lO326398  45 
9  673929  10-326071  U 
9  674257, 10325;4S  4. 
9-674584110-325426  42 

9-67491  l!lO-395089  41 
9-675237  10-324763  40 
9  675564  16^324436  39 
9-675890  10-324110  38 
9*676217  10*323783  37 
9*676543110-323457  36 

9*676869*10-323131  35 
9*677194(10-322806  34 
9^7752Qfio-329480  3S 
9-677846;  10-3221 54  32 
9-6781 711 10*321 829  31 
9  678496;fO-32f504  30 


9*678821  10*321179 
9-679 146;  10-39MS4 
9*679471:10*320599 


9  67y795;iO-32U20S9» 
9680I20 


9^80444 

9-680768 
9-68l092i 
9*681416 
9*681740 


10-319880 
10*319556 


29 

2t 
97 


25 
24 


10-319299  93 
10*318908  22 
10318584  91 
10-318260  20 


9-682<i63^IO-3l79S7|l9 
9*682387  10*317613  18 

9  68271o|lO-317290l7 

16 

15 

10-316391  14 

10-315999  13 

10*315676  12 


9-683679 
9-684001 
9684324 

9*684646 
9*68496$ 


9*683033  10-316967 
9*683356  10-31 66U 


10*315354  11 
10-315032 


9-685290  10-314710 
9-685612  |0*3j4388 
96859341 
9-686255 


103140661 
.10*3137451  6j 

9-686577ll0-313423|  5 


9*686898 
9*687219 


9-687540  10-318460 


9-687861 


Cotao. 


10*3131081  4 
10-3l278f 


10-319139 


9*688182  10-311818 


64  Peg. 


TW. 


LOG.  SINES,  TANGENTS.  Sk. 


?f 


26  Peg. 


DrtT 


0 
1 

2 

3 
4 
5 
6 

7 

8 

9 

10 

11 

12 

13 
U 
IS 
16 
17 
18 

19 
20 
21 
22 
23 
24 

25 

26 
27 
28 
29 
30 

31 
32 
33 
34 

35 

o 


60 


bine. 

9-641842 
9-64 » 101 
9-642360 
9-642618 
9-642877 
9-643135 
9-64331)3 

9-643650 

9-643908 

9-644165 

9a.iUi3 

9*6446801 

9-644936 

9-645193 
9-645450 
9-645706 
9-645962 

9-64«2t9 
9-646474 

9*646729 
9-646984 
9-647240 
9^7494 
9^47749 
9-648004 

9HS48258 
9-648512 
9-648766 
9-6490201 
9-649274 
9*649527 

9-649781 
9-650034 
9-650287 
9-650539 
9-650792 
9*651044 

9-651297 
9-651549 
9-651800 
9^52052 
9-652304 
9-652555 

9  652806 
9*653057 
9-653308 
9^53558 
9-653808 
9-654059 

9*654309 
9*654558 
9-654808 
9-655058 
9-655307 
9-655556 

9*655805 
9-656064 
9-656302 
9-656561 
9-656799 
9*657047 

Cotine. 


Cosine. 

9-953660 
9-953599 
9-953537 
9-95347.i 
9-953413 
9-9533  !>2 
9953290 

9-953228 
9-953166 
9-953104 
9-953042 
9-952980 
9-952918 

9-952855 
9-952793 
9-952731 
9-952669 
9*952606 
9-952544 

9*952481 
9-952419 
9-952356 
9-952294 
9-952231 
9-952168 

9-952106 
9.952043 
9-951980 
9-951917 
9-951854 
9-951791 

9*951728 
9-951665 
9-951602 
9-951539 
9^51476 
9-951412 

9-951349 
9-951286 
9-951222 
9-951159 
9-951096 
9-951032 

9-950968 
9-950905 
9-950841 
9-950778 
9-950714 
9-950650 

9-950586 
9-950522 
9-950485 
9-950304 
9-950330 
9-950266 

9-950202 
9-950138 
9-950J174 
9-95'X)IO 
9-949945 
9-949881 


Sine. 


9-6881 82| 
9-688502 
9-688823 
9-689143 
9-6894^ 
9-689783 
9*690103 

9-600423 
9-690742 
9-6<n062 
9-691381 
9-691700 
9-692019 

9-692338 
9-692656 
9-692975 
9-693'i93 
9-693612 
9-693930 

9-694248 

9-69V'»66 
9*694883 
9-695201 
9-695518 
9-695836 

9-696153 
9-696470 
9-696787 
9-697103 
9-697420 
9-697736 

9-698053 
9-698369 
9-698685 
9-699001 
9-699316 
9*699632 

9-699947 
9-700263 
9-700578 
9-700893 
9*701208 
9-701523 

9-701837 
9-702152 
9-702466 
9-702781 
9-703095 
9-703409 

9-703722 
9-704036 
9*704350 
9-704663 
9-704976 
9-705290 

9*705603 
9-705916 
9-706228 
9-706541 
9  706854 
9*  07166 

Coun. 


Coung. 

Tk111818 
0-311498 
0-311177 
0-310857 
0*310537 
0*310217 
0-309897 

()-309577 
0-309258 
(>/)08938 
0-3«»86l9 
0-308300 
0*307981 

0-307662 

0-307.»44! 

0*307025 

0-^167071 

.0*306388' 

0-306070 

0-305752 
0-305434 
0-305117 
0-304799 
0-304482 
0*304164 

0-303847 
0-303530 
0-303213 
0-302897 
0*302580 
0-302264 

0301947 
0*301631 
0-301315 
0-30^)999 
0-300684 
0-300368 

0*300053 
0-299737 
0-299422 
0-299107 
0-298792 
0-298477 

0-298163 

0*297848 

On»7534i 

0-297219 

0-296905 

0-296591 

0*296278 
0*295964 
0295650 
0-295337 
0  295084 
0-294710 

0*2»439r 

0-294084 

0-298772J 

0-293459 

0-293146 

0*292834 


Tung. 


Mne. 


9-657047 
9-65729> 
9-65754'^ 
9-657/ <>vi 
965H03r 
9-fi582S* 
9-658531 

9-658778 
9-659«t25 
9  659271 
9-65'>517 
9*fi597»)3 
9-660U09 

9*660255 
9-660501 
9-660^ 
9-(i6099l 
9-661236 
9-66U81 

9-661726 
9-661970 
9-662214 
9-662459 
9-662703 
9-662946 

9-663190 
9-663433 
9-663677 
9-663920 
9-664163 
9-664406 

9*664648 
9-664891 
9-665133 
9-665375 
9665617 
9-665859 

9-666100 
9-666342 
9-666583 
9-666824 
9*667065 
9-6673(»5 

9*667546 
9-667786 
9-668027 
9-668267 
9-668506 
9-668746 

9-668986 
9^9825 
9-669464 
9-669703 
9*669942 
9-670181 

9  670419 
9-670658 
9-670896 
9-671134 
9-671372 
9.671609 


Coaine 


Coane.  I 

T94988l| 
9-949811; 
9-949732 
9-949688 
9-949623 
9-949.'^58 
9-949494 

9-949429 
9-949364 
9-949300 
9-949235 
9-949170 
9-949105 

9-949040 
9948975 
9-948910 
9-948845 
9-948780 
9-948715 

9-948650 
9-948584 
9-948519 
9-948454 
9-948.)88 
9-948323 

9-948257 
9-948192 
9-948126 
9-948060 
9-947995 
9-947929 

9-947863 
9-947797 
9-947731 
9-947665 
9-947600 
9-947533 

9-947467 
9-947401 
9*947335 
9-947269 
9-947203 
9-947136 

9-947070 
9*947004 
9-946937 
9-946871 
9  946804 
9946738 

9-946671 
9-946604 
9*946538 
9-946471 
9-946404 
9*946337 

9-946270 
9-946203 
9-'.4<il36 
9-946069 
9-946002 
9-945935 

Sine. 


& 


TSs 


Tjiii|. 

T7b7l66 
9-707478 
9-707790 
9*708Hi2 
9-708414 
9-708726 
9-7011037 

9*709349 
9*709660 
9-709971 
9-710282 
9-710593 
9-710904 

9-711215 
9-711525 
9-711836 
9-712146 
9-712456 
9-712766 

9-713076 
9-713386 
9-713696 
9-714005 
9-714314 
9-714624 

9-714933 
9-715242 
9-715551 
9715860 
9-716168 
9-716477 

9-716785 
9-717003 
9-717401 
9-717709 
9  718017 
9  718325 

^^718633 
9-718940 
9-719248 
9*719555 
9-719862 
9-720169 

9*720476 
9-720783 
9  721089 
9-721396 
9-721702 
9*729009 

9*722315 
9-722621 
9-722927 
9*723292 
9-723538 
9*723844 

9-724149 
9-72U54 
9-724760 
9*725065 
9-725370 
9*785674 

Cocao. 


Coung. 

10=^12834 
10-292522 


10-292210  58 


10-29U98 
10*291586 
10-291274 
10-290963 


10'290651  53 
10*290340  52 
10*290029  51 
10-289718  50 
10  289407149 
10-289096 


10-288785 
10*288475 
10*288164 
10-287854 
10-287544 
10*287234 

10-886984 
10-286614 
10-286304 
10-285995 
lU-285686 
10-285376 

10-285067 
10-284758 
10-284449 
10-284140 
10-283832 
10283523 

10*283215 
10-282907 
10-282599 
10*282291 
10-881983 
10-281675 

10-281367 
10-281060 
10-280752 
10*280445 
10*280138 
10-879831 


60 
59 


57 
56 
55 
54 


I3Sr 


10-879584  17 
10*279217  16 
10-278911  15 
10^8604  14 
10-878298  13 
10*877991  12 


10-277685 
10-277379 
10-877073 
10876768 
10-876468 
10-876156 

10*875851 
10875546 
10-875840 
10-874936 
10-874630 


48 

47 
46 
45 
U 

43 
42 

41 
40 
39 
38 
37 
36 

35 
34 
33 
32 
31 
30 

29 
28 
27 
26 
25 
84 

23 
22 
21 
'20 
19 
18 


11 

10 

9 

8 

7 
6 

5 

4 
3 
8 


10;874386 
Tang.  I 


LOC.  SIKES,  TAKGBKTS. 


W 


01 


Sine. 


9-6ri609 
9fi7l847 
21  9-6720W 
9-672321 
9*672558 
9-672795 
9-6730a2 


7 

9 
10 
11 
12 

15 
U 
15 
16 
17 
18 

19 

20 
21 
22 

'23 
24 

25 
26 
27 
28 
29 
30 

31 
32 

ai 

34 
35 
36 

37 
38 
39 
40 
41 
42 

43 
44 
45 

46 
47 
48 

49 
50 
51 
5t^ 
53 
54 

55 

156 
«7 
58 
59 
60 


9-673268 
9-673505 
9673741 
9-673977 
9-674213 
9-674448 

9-674684 
9-674919 
9-675155 
9-675390 
9*675624 
9-675859 

9  676094 
9-676328 
9-676562 
9-076796 
9-677030 
9-677264 

9-677498 
9-677731 
9-677964 
9-678197 
9-678430 
9-678603 

9-678895 
9'67fl28 
9-679360 
9*679592 
9*679824 
9*680056 

9*680288 
9-680519 
9-680750 
9-680982 
9-681213 
9-681443 

9*681674 
9*681905 
9*682135 
9*682365 
9*682595 
9*682825 

^•683055 
9-683284 
9-683514 
9-683743 
9-683972 
9-684201 

9-684430] 

9-684658 

9-684887 

9-685115 

9*685343 

9685571 


Coaiiie. 

9-945935 
9-945868 
9945800 
9*945733 
9*945666 
9-945598 
9*945531 

9-945464 
9-945396 
9-945328 
9-945261 
9-945193 
9-945125 


Tang. 


29  De, 


Coiine. 


9-945058 
9-9449901 
9-944922 
9-9U854 
9-944786 
9-944718 

9-94V650 
9*944582 
9-944514 
9944446 
9944377 
9-944309 

9-94424! 
9-944172 
9-9U104 
9-944036 
9-943967 
9-943899 

9-943830 
9*943761 
9*943693 
9*943624 
9*943555 
9*943486 

9*943417 
9-943348 
9<94S279 
9943210 
9-943141 
9-943072 

9*943003 
9-942934 
9942H64 
9-942795 
9*942726 
9*942656 

9*942587 
9*942517 
9-942U8 
9942378 
9*942308 
9942239 

9*942169 
9*942099 
9-942029 
9-941959 
9^941889 
9-941819 


9-725674  10*274320 


Sine. 


9-725979 
9*726284 
9-726588 
9-726892 
9-727197 
9-727501 

9-727805 
9-728109 
9-728412 
9-728716 
9-729020 
9-729323 

9-729526 
9-729929 
9-730233 
9-730535 
9-730838 
9731141 

9-731444 
9-731746 
9-732048 
9-732351 
9-732653 
9-732955 

9-733257 
9-733558 
9-733860 
9-734162 
9-734463 
9-734764 

9-735066 
9-735367 
9-735668 
9-735969 
9-736269 
9-736570 

9*736870 
9*737171 
9*737471 
9*737771 
9*738071 
9*738371 

9*738671 
9*738971 
9*739271 
9*739570 
9-739870 
9-740169 


9*742261 
9-742559 
9-742858 
9-743156 
9-743454 
9-743752 


CoUng. 


1O274021 
10-2737I6 
10-273412 
10-273108 
10*272803 
10*272499 

10*272195 
10-271891 
10-271588 
10-271284 
10-270980 
10^0677 

10270374 
1 0-^270071 
10-269767 
10-269465 
IO-260162 
10-268859 

10-268556 
10-268254 
10*267952 
10-267649 
10*267.347 
10-267045 

10-266743 
10-266442 
10-266140 
10-265838 
10-265537 
10-265236 

10-264934 
10*264633 
10-264332 
10-264031 
10-263731 
10-263430 

10*263130 
10*262829 
10-262529 
10*262229 
10-261929 
10261629 

10-261329 
10-261029 
10-260729 
10-260430 
10-260130 
10*259831 


9-740468 

9-740767 

9-741066 

9*741365 

9-741 664hO-258336 

9-741962 


10*259532 
10^59233 
10-258934 
10-258635 


10-258038ij 

10-257739 
10-257441 
10-257142 
10-256844 
16-256546 
10-256248 


CoUfi.  I  Tang 


Sine 

9*685571 
9-685799 
9-686027 
9*686254 
9686482 
9-686709 
9*686936 

9*687163 
9*687389 
9*687616 
9*687843 
9*688069 
9-698^95 

9-688521 
9-688747 
9-688972 
9-689 1 9S 
9-689423 
9*689648 

9-689873 
9-690098 
9-690323 
9-690548 
9-690772 
9-690996 

9-691220 
9-691444 
9-691668 
9  691892 
9-692115 
9-692339 

9*692562 
9-692785 
9-693008 
9-693231 
9-693453 
9*693676 

9-693898 
9*694120 
9-694342 
9*694564 
9-694786 
9-695007 

9*695220 
9*695450 
9-695671 
9-695892 
9-6961 13 
9*696334 

9-696554 
9-696775 
9-696995 
9-697215 
9-697435 
9-697654 

9*697874 
9*698094 
9*698313 
y-698532 
9*698751 
9r.98970 

Coninfe. 


Coaiiie. 


9*941819 
9  941749 
9-^1679 
9-941609 
9:941539 
9-941469 
9*941398 

9*941328 
9-941258 
9S41187 
9*941117 
9*941046 
9-940975 

9*940905 

9*9408^ 

9-940763 

9-94069.' 

9-940622J 

9-940551 

9-940480 
9-940409 
9-94')338 
9-940267 
9-940196 
9-940125 

9-940054 
9*939982 
9-939911 

9*939840 
9*939768 
9-939697 

9*939625 
9*939554 
9*939482 
9^39410 
9*939ai9 
9*939867 

9939195 
9-939123 
9-939052 
9*938980 
9-938908 
9*938836 

9-938763 
9*938691 
9*938619 
^•938547 
9*938475 
9-938402 

9-938330 
9-938258 
9-938185 
9-938113 
9-938040 
9937967 

9-937895 
9-9378«2 
9*937749 
9*937676 
9-93  604 
9-937531 


Tang. 

9*743752 
9*744050{  10-255950 


Cotang. 
l6^!^-i48 


9-744348 
9-744645 
9-744943 
9-745240 


10-255ft52 
10-255355 
10-255057 


10^54760  5> 


9-745538119-1:3*462  54 


9*745855 
9-7461  dS 
9-7464S9 
9-7467'26 
9-747023 
9-74731" 

9*747616 
9-747913 
9*748909 
9*748505 
9*748801 
9*749097 


10 

5i 
58 
57 
56 


10^416^53 
10^53868  52 
10^53571  51 
10-2S3274  i'J 
10^297749 
10^268^48 

10^2384  47 
10^2M7  46 
109S1791  45 
10*251405  4v 
I0*a$1199^ 

io*!eso9oa42 


9*749393  lU-SSOCQ?  41 
9*749689  10-950311  40 
9-749985  10-^MX>I5  39 
9-750881 1 10*949719  38 
9  750576jl0^494^37 
9*7508721 16-249128  36 


9*751167 
9-751468 
9-751757 


10-848853^ 
10^48538^ 
10-848843 


9*758058  10  d47v48 


33 

32 

10-84765;>  31 

30 


9'759H7. 

9-753648  10-947358 


9*754115 

9*754409 

9-754703 
9-754997 
9*755891 
9-755585 
9*755878 
9*756178 

9-756465 
9*756759 
9-757058 
9-757345 
9-757638 
9  757931 


9*759979 
9-760878 
9-760564 
9-760836 
9-761148 
9*761439 


10^4706329 


9-758937 
9*753331 
9*753586 
9-753880|lO*846l8ui26 


10-846769  28 
10-946474  ^' 


10*84  >%)'5  25 

10-845591  24 

10*849887  23 

IOr8450Q3|2t 
21 
2U 


10*844709 
10-944415 

109441^19 


10*943888 

10-943535 
10^43941 
10449948 
10-942655 
10948362 
10-948069 


9-758884 

9-758517 

9  758810f  10-941 

9*759102110*8  M)898i 

9-759395 

9-75<»687 


18 

17 

16 

15 

14 

1 

12 


10*94177611 

10  94148310 

190  9 

98  8 
10*940605  7 
10*840313    rl 


61  l^CR. 


Sine.  Cotan. 

66  Peg. 


10*910081 
10-999738 
104394.^ 
10439144 
l<V83885v; 
10438561 


5 
4 
3 
2 
1 
0 


LQG.  SINES,  TANGENTS,  k^ 


-J 


1 

3 
4 
5 
6 

7 

8 

9 

10 

It 

12 

13 
li 
15 
16 
17 
18 

19 
«0 
•a 
92 
9$ 
^ 

S6 
97 
28 
99 
30 

31 

39 
33 

34 
^5 

.>6 

37 
38 
39 
4*) 
41 

43 
U 
43 
46 
/ 
48 

49 
50 
51 
52 
53 
54 

55 


Sine. j 

9-6:*8970 

9*C99I89| 

9<>9940r' 

9-699626 

9^99844, 

9-70*  )62! 

9*70(1^01 


Cosine 


9*700498 
9-700716 
9-7{X)933 
9-701151, 
9-701368, 
9'rOl585; 

9-701802 
9-7O2019 
9-702236 
9-702452 
9-702669 
9-702885 

g^a-^ioi 

9-703317 
9-703533 
9-703749 
9-703964 
9-704179 

9-704395 
9^04610 
9-704825 
9-705040 
9-705254 
9-705469| 

9-705683 
9-705898 
9-706112 
9-706.)26 
9-706539 
9-706753 

9-706967 
9-707180 
9-707393 
9-707606 
9-707819 
9-708032 

9-708245 
9-708458 
9*708670 
9-708882 
9-709094 
9-709306 

9-709518 
9-709730 
9*709941 
9-710153 
9-710364 
9-710S7i 


9-710786 
56|  9-710997 
57  9-nl908 
98  9<ril419 
59  9-711629 
6tf  9-71  It39 

Cosine. 


9-937531 
9-937458 
9.937385 
9-937312 
9-9.17238 
9-937165 
9-937092 

^937019 
9-936946 
9*936872 
9-936799 
9-936725 
9-936652 

9-936578 
9-936505 
9-936431 
9-936357 
9-936284 
9*936210 

9-936136 
9-936062 
9-935988 
9-935914 
9-935840 
9-935766 

9^35692 
9-935618 
9-935543 
9-935469 
9-935395 
9-935320 

9-935246 
9-935171 
9-935097 
9-955022 
9-934948 
9-934873 

9-934798 
9-934723 
9-934649 
9-934574 
9-93M9U 
9-9Si424 

9-934349 

9-9^274 

9-934199 

99341231 

9*934048 

9-933973 

9-953898 
9-953892 
9-958747 
9-933671 
9-953596 
9-955590 

9-933445 
9*933369 
9-959294 
9-933217 
9^33141 
9453066 


Sine. 


9761439 
9-761731 
9*762023 
9-762314 
9-762606 
9-762897 
9-763188 


9*763479 

9  7637701 1 0-236230 

9-764061 

9-764352 

9-764643 

9-764933 


9*765224(10-234776 

9-7655141 10-'^'4486 

9-765805 

9-766095 

9-766385 

9-766675 


9-766965 
9-767'<55 
9-767545 
9-767A34 
9-768124 
9-768414 

9-768703 

9-768992 

9-76928J 

9-769571 

9-7698601 

9-770148 

9-770457 
9-770726 
9-771015 
9-771303 
9-771592 
9-771880 

9-779168 
9-772457 


9-773896 
9-774184 


10*238561 
10*238269 
10-237977 
10-237686 
10-237394 
10-237103 
10-236812 

10*236521 


10-235939 
10-235648 
10-235357 
10-235067 


10-254195^ 
10-233905 
10-233615 
10-233325 


10-233035 
10-232745 
10-232455 
10-232166 
10-231876 
10^231586 

10-231297 
10-231008 
10-230719 
10-230429 
10-23014<J 
10-229852 

10^229563 
10*229274 
10-228985 
10-2286  7 
10-228408 
10-228190 

10-297832 
10^27543 


9*772745  10-227255 
9-773033|tO-926967 
9-f73321 
9-775608 


10-996679 
10-996392 


10*995104 
10-995816 


9-774971  lO-225$'29 
9-774759  10-92524! 
9-7750441  10-994954 
9-775353  10-294667 


9^775691 
9-77$908 
9-776195 


9-776489  10-223518 


9776769 
9-777055 

9*777349 
9-777698 
.9-777915 
9-778901 
9-778488 
9-778774 


Cotan. 
-59  Peg. 


10-294379 
10-294092 
10-223805 


10-9232-2 
tO-99294'i 

10-999658^ 

10-299572 

1(»'999085 

10^1799 

10^921512 

10421926 


L 


Taag. 


Sine 

9-711839 
9-712<J50 
9-7I22CO 
9  712469 
9-rH2679 
9-712889 
^•713098 

9-715508 
9-713517 
9-713726 
9-7 13935 
9-714144 
9-714352 

9-714561 
9*714769 
9-714978 
9-715186 
9-715394 
9-715602 

• 

9-715809 
9-716017 
9-716224 
9-716432 
9-716639 
9716846 

9-717053 
9-717259 
9-717466 
9-717673 
9-717879 
9  718085 

9-718291 
9718497 
9-718703 
9-718909 
9-719114 
9  719320 

9*711595 

9-711730 
9-711935 
9-720140 
9720345 
9*790549 

9:790754 
9-720958 
9-72U62 
9-721366 
9-721570 
9-721774 

9*791978 
9-722181 
9«722S*t5 
9-729588 
9-722791 
9*722994 

9-795197 
9-793400 
9-793603 
9*72.)805 
9-724007 
9-7942161 


Hgg! 


Mi 


Cosiae. 


Cosine,  i 

^33^66 
9-932990 
9-932914 
9-932838 
9-932762 
9-932685. 
9-932609 

9*952535 
9-932457 
9-932380 
9-932304 
9-932228 
9932151 

9959075 
9-931998 
9-931991 
9-931845 
9931768 
9-931691 

9-931614 
9-931537 
9  931460 
9^931583 
9^31306 
9-931929 

9-931159 
9-931075 
9-930998 
9-930921 
9-930843 
9-930766 

9-930688 
9-930611 
9-930533 
9-930456 
9-930378 
9-930300 

9*930995 
9-950145 
9-930067 
9-999989 
9-999911 
9-999833 

9-999755 
9-929677 
9-929599 
9-929521 
9-929442 
9-929364 

9*929286 
9999907 
9-929199 
9-999050 
9-998979 
9-928853 

9-928815 
9-928736 
9-928657 
9-928f78 
9-928499 
9-928420 


Tang.  iCotung.  I 

"9778774, 1022r22(i'60 
9-77906«U  -220940  59 


9-779346 
9-7796.32 
9-779918 
9-7802)8 
9-780489 


9-780775 

9 

9-781346 

9-781631 

9-781916 

9-782201 


10-220654,  58 
10-220368^57 
10-220082156 
10-219797  5i 
10^2195M  54 


10-219225  55 
781060110-21894)' 52 
10-218654151 
10-218569150 
10-218(J84  49 


9-782486 
9-782771 
9-783056 
9-78334t 
9-783626 
9-783910 

9-784195 
9*784479 
9-784764 
9-785048 
9-785332 
9-785616 


10-217799 

10-917514 
10-217-229 
10^16944 
10-216659 
10-216374 
10-216090 


47 
46 
45 
U 
43 
42 


9-785900  10-2141 0035 
9-786l84|lO-2l38ir,  U 

10-21353233 


9-786468 
9-786752 
9-787036 
9-787319 

9-787603 
9-787886 
9-788170 
9-788453 
9*788736 
9*788019 

9-789302 
9-789585 
9-789868 
9-790151 
9-790434 
9*790716 


9-794583 
9-794664 
9794946 
9-795997 
9-795508 
9-795789 


Sine,    I  Goun> 
5^cj^^^ 


10*215805  41 
10-215521  !40 
10-215236  39 
10-214952  38 
10*214668|37 
10-214384,36 


10-213248 


10-912964  31 
10*212681  30 

10  912397  99 
10*919114  28 
10^1183027 
10-211547  26 
10-211264  25 
10-210981  24 

10-910698  23 
10210415:22 


32 


10-210132 


10-209849  20 


10-2(>9566 


10-209284  18 


9790999 
9-791281 
9791563 
9-791846 
9-792128 
9-7924lOfl0«)759O 


10-90900117 
10-208719  16 
10-208A3715 
10-90815414 
10-907872113 
19 


21 


19 


9-792692 1O-90750S 

9-792974 

9-793256 

9-793538 

9-795819 

9-794101 


11 

10-907026  10 
10-906744  9 
10-206462  8 


10906181 
10-905899 


10-905617 
10-905556 
10-905054 
10-904773 
10-^04492 
10204211 

Tang. 


7 
6 

5 

4 
5 
9 
1 
0 


L06.  SINES,  TANGENTS,  he. 


^rus 


32UeH 


Coaine.  \   Tang.    \  CoUng. 


Couiic.  I    Tiugl     I  Cdang.  1 


8  me. 


3{ 
4 
5 
6t 

7 
8 
9 

to 

11 
IS 

13 

14 
115 

16 

ll7 
18 

19 
SM) 
21 
22 
23 
24 

25 
26 
27 
28 
29 
.30 


9-724210 

9-724412 

9  724614 

9-724816 

9-7250171 

9-725219 

9-725420 

9-7256^ 

9-725823 

9-7260241 

9*726225 

9-726426 

9-726626 

9-726827 
9727027 
9-727228 
9727428 
9-727628 
9-727828 

9728027 
9-728227 
9-728427 
9-728626 
9*728825 
9-729024 

9-729223 
9-729422 
9-729621 
9-729820 
9-730018 
9-730217 


9^38420'  9-795789110-264211 


9  928342  9-79&070 

9*928263  9-796351 

9-928183  9-796632 

9-928104  9-7%9l3 

9*928025  9-797194 


10-203930 

10-203649 
10-203368! 
10203087 
10*202806 


Sine.  I 


9-927946  9*797474  10-202526 


31 

32 
33 
34 
35 
36 

37 
38 
39 
40 
41 
42 

43 
44 
45 
46 
47 
48 

49 
50 
51 
52 
53 
54 

55 
56 
57 
58 
59 
60 


9-730415 
9-730613 
9-790811 
9-731009 
9-731203 
9*731404 

9-731602 

9731799 

9-731996 

9-732193 

9-7323901 

9-732587 

9732784 
9-732980 
9-733177 
9733373 
9-733569 
9733765 

9-733961 
9-734157 
9-734353 
9-734549 
9*734744 
9*734939 

9-735135 
9-735330 
9735525 
9735719 
9735914 
9*736l09j 


9927867 
9*927787 
9*927708 
9-927629 
9-927549 
9  927470 

9*927390 
9-927310 
9-927231 
9*927151 
9-927071 
9-926991 

9-926911 
9-926831 
9-926751 
9-926671 
9-926591 
9-926511 

9-926431 
9926351 
9-926270 
9-926190 
9-9261 10 
9*926029 

9-925949 
9-925868 
9-925788 
9-925707 
9*925626 
9*925545 

9^25465 
9-925384 
9-925303 
9*925222 
9-925141 
9-0250601 

9*92497y 
9924897 
9*924816 
9*924735 
9-924654 
9-924572 

9-92U91 
9-924409 
9-924328 
9*924246 
9*924164 
9*924083 

9*924001 
9-923919 
9-923837 
9*923755 
9923673 
9*923591 


9*797755 
9-798036 
9*798316 
9*798596 
9*798877 
9-799157 

9-799437 
9-799717 
9-799997 
9-800277 
9-800557 
9^800836' 


10*202245 
10*201964 
10-201684 
IO-2014O4 
10-201123 
10-200843 

10*200563 
10*200283 
10-200003 
10*199723 
10199445 
10*199164 


9-801116 
9-801396 
9-801675 
9-801955 
9-80223^i 
9-802513 

9-802792 
9*803072 
9*803351 
9-803630 
9*803909 
9-804187 

9804466 
9-804745 
9-805023 
9*805302 
9-805580 
9*805859 

9-806137 
9*806415 
9*806693 
9806971 
9*807249 
9-807521 

9-807805 
9-808083 
9-808361 
9-808638 
9-808916 
9-809193 

9*809471 
9-809748 
9-810025 
9-810302 
9-810580 
9*610857 

9-811134 


9-811687 
9-811964 
9-S12841 
0*812517 


Sing^  I   Cot>n. 


10*198884 
10*198604 
10-198325 
10*198045 
10-197766 
10*197487 

10*197208 
10*196928 
10-196649 
10-196370 
10196091 
10-195813 

10*1955M 
10*1952^ 
10*194977 
iO-194698 
10-194420 
10-194141 

10*193863 
10*193585 
10-193307 
10193029 
10-192751 
10-192473 

10-192195 
10*191917 
10*191639 
1^191362 
10-191084 
10-190807 

10*190529 
10-190252 
10*189975 
10*189698 
10*189490 
10*189143 

10*l8886t 


9-811410 10-188590 


10*188313 
10-188036 
10*187759 
10187483 


Tung. 


9*736109 
9-7S6S03 
9736\98 
9*736692 
9  736886 
9737080 
9737274 

9-737467 
9*737661 
9-737855 
9738048 
9-738241 
9-738434 

9-738627 
9738820 
9739013 
9.739206 
9-739398 
9-739590 

9739783 
9-739975 
9-740167 
9740359 
9740550 
9-740742 

9-740934 
9741125 
9741316 
9-741508 
9*741699 
9«741889 

9742080 
9-742271 
9742462 
9-742652 
9-742842 
9-743033 

9-743983 
9*743413 
9*743602 
9«743792 
9-743982 
9-744171 

9744361 
9744550 
9744739 
9744928 
9-745117 
9745506 

9745494 

9-745683 

9*745871 

9-7400601 

9746948 

9746436 

9746694 
9746819 
9746999 
9-747187 
9*747374 
9747569 

Coime. 


9*923509 
9-923427 
9-923345 
9-929263 
9-923181 
9*923098 


9-81 35 17)10-1 8:  .8S'60 
9*812794  10-1 8720659 
9-8iaO7OjlO-1869305S 
9-813347  10*186653,57 
9-813683  10-18637756 
9-813899  10-18610155 
9-814176  10-185824154 


9-923016    9-81 4459l,10-l  85548  53 
9922933^  9*814798  10-185972  52 
9*922851'  9-8l5004^10-184996i5l 
9-81 53801 10-1 84790  50 


9-922768 
9*922686 
9*922609 

9-922590 
9*922438 
9-922355 
9-92227^ 
9-922189 
9-992106 

9*929093 
9-921940 
9-921857 
9-991774 
9-921691 
9-921607 

9-921594 
9-921441 
9-921357 
9*921974 
9-9211^ 
9*921107 

9^1093 
9-990939 
9920856 
9*990779 
9-920688 
9-990604 

9-990590 
9-990436 
9H»0359 
9*990868 
9*990184 
9*990099 

9*990015 
9-919931 
9*919846 
9*919769 
9*919677 
9-919593 

9*919508 
9-919494 
9*919339 
9*9199541 
9*919169 
9*919085 

9H)19000 
9-918915 
9-918830 
9-918745 
9*918659 
»918574 

Sine. 


9-815555 
9-815831 


9-816107 
9-81 


638910 


9-816933 
9-817909 


10184445  49 
10-184l6«)'4S 


10*183893147 

183618-46 

9-8l6658|lO'lS334245 

]0-18306rtU 

riO-18279i;43 

9-817484|lO-1895l6|43 

9-81775910-182241141 
Uo-1 81965 
10-181690 


9-818035 
9-818310 
9-818585 


10*181415 


36 


9-8l8860|  10-181 140|57 
9-819135 

9-819410 
9-819684 
9-819959 
9-890994 
9-890508 
9<89078d 

9-891057 
9-891339 
9-891606 
9-891880 
9-899154 
9-899499 


9 

9-883594 

9-893798 


10-180865 

10180590  35 

IO-180S16IS4 

10-180041 

10179766134 

10-17949831 

IO-I7991730 

10-178943  29 
10-17866828 
10-17839427 
10-178190-26 
10-177846125 
10-177571 


9*899703 10-177997199 

9-889977 

10-176749(91 
10*17647690 
10-176909  19 


9-884078 10-175998 18 


9-884345 
9-884619 
9-884893 
9-885166 
9-885499 
9-885713 

9-885986 

9-886959 

9-«86538||0*l 

9-886805 

9-887078 

9*887351 


10-175655  17 
10*175981 16 
10-175107  15 
10-174834  14 
10^174561  19 
10-174887 12 


31 


9*887684 
9-887897 
9-888I70 


9-888715 


10-174014  11 
10-173741  10 
9 
10-1731951  8 
10-1789891  7 
10*1796^  6 


lO-l 

10-178103 

lO-J/1890 


9-888448  MM7I 558 


10-171885 


56  Peg. 


9-888987 10-171013 
Ckjtan.  1    Tmme:  V 


3 
8 
1 
Oj 


LOG.  SINES,  TANGENTS,  Sec 


3* 


'  I  Sine. 

0'"9-7475(M2 

I  9-747749 

8  9*747936 

3  9'7i%lil3 

4  9*748310 

5  9-748497 

6  9-748683 


ue 


7 

8 

9 

10 

II 

I'i 

13 
14 
IS 
16 
17 
18 

19 
20 
21 
22 
23 
24 

25 

26 
27 
28 
29 
30 

31 

33 
34 
35 
36 

37 
38 
39 
40 
41 
48 

43 
44 
45 
46 
47 
48 

49 
50 
51 
52 
53 
54 


9-748870 
9-749056 
9*749243 
9*749429 
9749615 
9-749801 

9-749987 
9*750172 
9*750358 
9*750543 
9-750729 
9-7509^4 

9-751099 
9-/51284 
9-751469 
9-751654 
9-751839 
9-752023 

9*752208 
9-752392 
9-752576 
9-752760 
9*752944 
9*753128 

9*753312 
9*753495 
9*753679 
9*753862 
9*754046 
9-754229 

9-754412 
9*754595 
9-754778 
9*754060 
9*755143 
9*7553$tf 

9-755508 

9*7556901 

9-755872 

9-756054 

9*756236 

9*756418 

9*756600 
9-756782 
9-756963 
9*757144 
9-757326 
9-7575071 

9-757688 
9-757869 
9-75805D 
9*758230 
9-758411 
9*758591 


9-918574 
9-918489 
9-918404 
9-918318 
9-918^33 
9-918147 
9'9l8062 

9-917976 
9*917891 
9-917805 
9-917719 
9^1*7634 
9-917548 

9-917462 
9*917376 
9-917290 
9917204 
9-917118 
9*917032 

9-916946 
9*916859 
9*916773 
9-916687 
9*916600 
9-916514 

9*916427 
9-916341 
9-916254 
9*916167 
9-916081 
9-915994 

9*915907 
9*915820 
9-915733 
9-915646 
9*915559 
9*915472 

9-915385 
9-915297 
9-915210 
9*915123 
9-915035 
9*914948 

9*914860 
9-914773 
9-914685 
9*914598 
9*914510 
9-914422 

9-914334 
9-914246 
9-914158 
9-914070 
9*913982 
9*913894 

9*913806 
9-913718 
9-913630 
9-913541 
9-913453 
9-918365 

Stiie 


"TaiigT 


BHR 


■Sl 


Cotuig. 


9-828987 
9*829^60 
9-829532 
9-8J9805 
9830U77 
983a349 
9-830621 


10171013 
10-170740 
10*170468 
10*170195 
10*169923 
10*169651 
10*169379 


9*830893  10169107 
9*831165,10*168835 


9*831437 
9*831709 
9-831981 
9*832253 

9*832525 
9-832796 
9  83306S 
9*833339 
9*83361 1 
9*833882 

9*834154 
9*834425 
9-834606 
9*834967 
9*835238 
9-835509 

9*835780 
9*836051 
9-836322 
9*836593 
9*836864 
9*837134 

9*837405 
9-837675 
9*837946 
9-8S8210 
9*838487 
9*838757 


10-168563 
10-168291 
10'»680l9 
10167747 

10-167475 
10*167204 
10*16693'^ 
10*166661 
10*166389 
10*166118 

10*165846 
101C5575 
10165304 
10*165033 
10*164762 
10*164491 

10-164220 
10*163949 
10*163678 
10*163407 
10-163136 
10*162866 

10*162595 
10*162325 
10*162054 
10*161784 
10-161513 
10-161243 


Sine. 


9*839027  10-160973 
9-839297  10-160703 
9*839568  10-160432 
9*839838  10*160162 
9-840108;  10-159892 
9*840378  10*159622 


«T5^ 


9*840648 
9*840917 
9-841187 
9-841457 
9-841727 
9*841996 

9-8428G6 

9*842535'. 

9-842805; 

9*8430741 

9-8433^13 

9-843612! 

9-843882 
9-844151 
9-844420 
9*844689 
9-844958 
9-845227 

Cotmn. 


10-159352 
10-159083 
10-158813 
10*158543 
10-158273 
10*158004 

10-157734 
10*157465 
10*157195 
10*156926 
10*156657 
10*156388 

10*156118 
10-155849 
10*155580 
10-155311 
10*155042 
10-154773 


T«ng. 


9-758591 
9758778 
9-758952 
9-759132 
9-759312 
9-759492 
9-759672 

9-759852 
9*760031 
9  760211 
9-760390 
9  760569 
9*760748 

9-760927 
9*761106 
9*761285- 
9*761464 
9-761642 
9*761821 

9*761999 
9*762177 
9*762.356 
9-762534 
9-762712 
9*762889 

9*763067 
9-763245 
9-763422 
9*763600 
9*763777 
9-763954 

9*764131 
9*764.308 
9-764485 
9-764662 
9-764838 
9-765015 

9*765191 
9'7^3C7 
9*765544 
9-765730 
9*765896 
9*766072 

9-766247 
9*766423 
9*766598 
9-766774 
9-766949 
9-767124 

9*767300 
9*767475 
9*767649 
97678*2-1 
9-767999 
9-768173 

9*768348 
9*768522 
9*768697 
9*768871 
9-769045 
9*769219 

Cosine. 


Coftce.  I    Tang,    j  CoUng. 
9-913365    9*845227 


9*913279  9-845496 

9*913187  9  845764 

9  913099  9*84603 

9*913010  9*846302 

9*912928  9*846570 

9-912833  9-846839 


9*912744 
9*912655 
9-912566 
9-918477 
9*912388 
9*912299 

9-912210 
9  912121 
9*91 2a3l 
9-911942 
9*i.ll853 
9  911763 

9*911674 
9*911584 
9  911495 
9*911405 
9*911315 
9-911226 

9*911136 
9*911046 
9*910956 
9-910866 
9*910776 
9910686 

9-910596 
9*9l05t>6 
9-910415 
9  910325 
9-910235 
9*910144 

9-910054 
9-9099C3 
9-909873 
9*909782 
9*909691 
9-900601 

9-909510 
9*909419 
9*909328 
9*00923; 
9-909146 
9*909055 

9*908964 
9*908873 
9-908781 
9-908690 
9-908599 
9*908507 

9-908416 
9908324 
9-508233 
9*908141 
9*908049 
9-907958 

Sine. 


9*84fl08 
9*847376 
9*847644 
9*847913 
9*848181 
9*848449| 


9*850325 
9*850.>93 
9*850861 
9*851129 
9*851396 
9*851664 


10-154773 
10*154504 
10154236 
10*153967 
10-153698 
10153430 
10-153161 

10*153892 
10-152624 
10*152356 
10152087 
1015r819 
10*151551 


10*151283 
10151014 


9*848717 

9*848986 

9*849254(10-150746 

9  849522 

9*849790 

9-850057 


10*150478 
10-150210 
10-149943 


9*851931 
9-852199 
9-8524  tifi 
9*852733 
9*853001 
9 


10*149675 
10-149407 
10-149139 
10*148871 
10*148604 
10*148336 


lfrl48069 
10-147801 
10147534 
10*147267 
10*146999 
853268110-146732 


9-853535  10*146465 
9-85380210-146198 
9*854069' 101 45931 
9-854.336  10-145664 


9854603 
9*854870 


10-145397 
10*145130 


60 
59 
58 
57 
56 
55 
54 

53 
52 
51 
50 
49 
48 

47 
46 
45 
44 
43 
42 

41 

40 
39 
38 

.S7 
36 

3S 
34 
.33 
32 
31 
30 

29 
28 
27 
26 
25 
24 


9*855137  10*144863  23 
9*855404  10144596  22 
9*855671  10  I44329i21 
9*855938|  10-1 44062  20 
9*85620410*143796  19 
9*856471 10143529  18 


9  856737 
9*857004 
9*857270 
9-857537 
9  857803 
9-858069 


10-143263 
10*142996 
10*142730 
10*143463 
10-142197 
10-141931 

10-141664 


9-858336 

9*858608{lO'l41398 

9*858868 

9*859134 

9*859400 

9*859666 


10*141138 
10-14/9866 
10-140600 
10*143340 


9-859932! 


9*8601 98|  10*139802 
9*860464110*139536 


9 

9-860995 

9*861861 


:oUn. 


10*140068 


860730)10-139870 
10*1.')9005 
10*138739 


54  Dec. 


T«ng. 


17 
16 
15 
14 
13 
12 

11 

10 

9 

8 
7 
6 

5 

i 
3 
8 
1 
0 


LOG.  SINES,  7ANGENTS,  hC 


W35 


K- 


■STK 


& 


i 

2 
3 


4 
5 

6 

7 

8 

9 

10 

11 

12 


Sine.    I    Cosine. 


9-769*219 
H  9-769393 
9-769566 
9-769740 
9'769913 
9-770087 
9-770«60 

9-770433 
9-770606 
9-770779 
9-770952 
9-771  m 
9-771298 


117 
18 

19 

HI 

ii3 
24 

25 
^0 
27 
ih 
29 
30 

31 

32 
3j 
34 
35 
,36 

37 
38 

40 

41 
42i 

43 
\\ 
45 
46 
47 
48 

49 

50{ 

51 

52 

53 

54 


13  9-771470 

14  9-771643 
Il5    9-771815 

16|  9-771987 
9-772159 
9-772331 

9*772503 
9-7r2<'i75 
9-77284: 
9-773<»ir 
9-773 100 
9-773361 

9*773533 
9-773ri)4 
9*7r;>>ir.' 
9-77404C 
9*77421 ; 
9-7743S^ 

9*774558 
9*774720 
9-7M809 
9-775(170 
9-775240 
9-775410 

9 -7755^0 
9-77575'J 
9-775920 
9-77r'.orO 
9-77G259 
9-776429 

9-776598 

P-77C76S 

9-776937 

9-7771 0< 

9-777275 

9-777444 

9-777613 
9-777781 
9-777950 

9-7/?^^ 

9-778287 

9-778455 


55  9-778624 

56  9-778792 
.'57  9-778960 

58  9-779128 

59  9-779295 
160  0779463 

"' Ccnine. 


9-907958 
9-907866 
9-907774 
9-907682 
9-907590 
9-907498 
9  907406 

9-907314 
9907822 
9-907129 
9-907037 
9-906945 
9-906852 

9-906760 
9-906667 
9'9U6575 
9*906482 
9-906389 
9-906296 

9-906204 
9-906I11 
9-90WM8 
9-905925 
9-905832 
9-905739 

9905645 
9-905552 
9-905459 
9-905366 
9905272 
9  905179 

9-905085 
9-904992 
9-904898 
9-904  8(M 
9-90471 1 
9-904617 

9-904523 
9-904429 
9-904335 
9-904241 
9-904147 
9-9C4053 

9*903959 

9-9lK^864 

9-903770 

9-9a367«i 

9-903581 

9903487 

9-903392 
9-908398 
9  003203 
9-903108 
9-903014 
9-902919 

9-902824 
9-902729 
9-902634 
9-962539 
9-90dU4 
9-90234<> 


1'ang.   I  Cotatig.  i 


9-861261 
9-861527 
9-861792 
9*862058 
9-862323 
9-862589 
9-8628U 

9-863]  19 


I  ^M 38739 
10-138473 
10*138208 
10*137942 
10-137677 
10-137411 
10-137146 


10-136881 
9-863385 1 10*1 3661 5 
9-'863650|10-136350 
9-863915  l6-13(K)85 
9-864180  10135820 
9-864445  10*135555 


9-864710.10-135290 
9-864976 


9-8C5240 
9-865505 
9865770 


S'mc. 


10- 1351*25  I 
10134760 
10-134495 
10-134230 


9-8C6035' 10-133965 


9  866300  10-133700 
9-866564  10-133436 
9-8668291 10-13317 1 
9-867094*10-132906 
9-867358J 10-1 32642 
9-867623  10-132377 


9-867887 

9-8681 52 
9-868416 
9-868680 
9-868945 
9-869209 


10-1 3211 3 
10131848 
10-131584 
10-131320 
10-131055 
10-130791 


9-869473  10-130527 
9-869737  10-1.30263 
9870001 110-129999 
9-8702651 10-129735 
9-870529' 10-129471 
9-870793  10-129207 


9871057 
9*871321 
9-S7I585 
9-871849 


10-128943 
10-128679 
10-128415 
tO-128151 


r-S72ll2i10-l27888 
9-872376  10-127624 

9-872640  10-127360 
9-872903  10-127097 
9  873107  10-126833 
9^73430110-126570 
9-873694  10126SC6 
9-873957 110-126043 

9-S74«2o!lO-125780 
9-874484  10-125516 
9-874747  10-125253 
9-8750101 10-124990 
9-875273;10-124727 
9*875537  10-124663 


9-875800 
9-876063 
9-876326 
9-876589 
9*876858 
9-877114 


%1 


10*184800 
10-123937 
10-123674 
10-123411 
10-123148 
10-122886 


bine.  I 

977946^1 

9-779631* 

9-779798 

9-779966 

9-780133 

9-780300 

9-780467 

9-780634 
9^80801 
9-780968 
9-781134 
9-781301 
9-781468 

9-781634 
9-781800 
9-781966 
9-782132 
9-782298 
9-782464 

9-782630 
9-782796 
9-782961 
9-783127 
9-783292 
9-783458 

9-783623 
9-783788 
9-783953 
9-784118 
9-784282 
9-784447 

9-784612 
9-784777 
9-784941 
9-785105 
9-785269 
9-785433 

9-785597 
9-785761 
9-785925 
9-7860S9 
9-786252 
9-786416 

9-786579 
9-786742 
9*786906 
9-787069 
9-787832 
9-787395 

9-787557 
9-787720 
9-787883 
9-788045 
9-788208 
9-788370 

9-788552 
9788694 
9-788856 
9-789018 
9-789180 
9-789348 


Conne. 


T«Dg. 


9-9U2349 
9-902253 
«9-902158 
9-902063 
9-901967 
9-9018:2 
9-901776 

9-901681 

9-901585 

9-901490 

9-901394 

9-901298 

9-901202 

9-901106 
9-901010 
9-900914 
9-900818 
9-900722 
9-900626 

9-900529 
9-900433 
9-900337 
9-C»00840 
9-900144 
9-900047 

9-899951 
9-899854 
9-899757 
9-899660 
9-899564 
9-899467 

9-899370 
9-899273 
9-809176 
9-899078 
9-898981 
9-898884 

9-898787 
9-898689 
9-898598 
9-898494 
9-898397 
9*898299 

9  898802 
9-898104 
9-898006 
9-897908 
9-897810 
9-897T12 

9*897614 
9-897516 
9-897418 
9897380 
9-8972S8 
9-897183 

9-897085 
9-896986 
9-896888 
9*896789 
>896631 
9-890538 


9-877114 

9-877377 

9-877^40 

9-87790» 

9-878165 

9-8T84-28 

9-878691 


'  Conne. 


Cotang.  . 

10.182M^ 
iai22C23|59 
1O-132360JSS 
10-182(19757 
10-181835  56 
)I0-12137^  55 
10-1213U954 


9-8789SS 

9-879816 

9-87947S 

9  879741 

9-8800031 

9-880865 

9-880588 


10*121047 

10-120r84|x 

10-12U522 

10180259 

10-11999749 

10-1 19735  4S 


^j 


>i 

3«> 


10*119472  47 
9-880rJ0  10-119810  46 
9*88105210-118948  45 
9-88131410-11868644 
9-881577  10-1 1842A43 
9*88185910-1181614^ 


9-888101 
9*882363 
9-8S2625 
9-8S«?887 
9*883148 
9-8H^10 

9*883672 
9-B8a9;H 
9*884!  96 
9*884457 


10-117899  41 

IO-1176S7M 
10*1 
10-117 
10-1 1685  j 
10-1 16590  5« 


17375  39 
11331 


10*1 16328  5j 
IO-1I6066U 
IOII5804I53 
I0-U5543ii^ 


9'S84ri9/lO-n528lil 
9-S84980  10-11509030 

9-885842  10-1147580 
9-885504110^114496  9 


9-885765 
9*886086 
9-886888 
9886549 

9*886811 
9-887078 
9  887333 
9-887594 
9-887855 
9*888116 

9-888578 
9-888639 
9*888900 
9-889161 
9  889481 
9-889688 

9*889943 


9-890465 
9*890785 
9*890986 


10-114835  ST 

lO-l  13974  » 
10-1137UI2S 

10-11345134 

10-113189  3S 
10-112928  S8 
10-112667  31 
10*1184069) 
10-11214519 
1011188413 

10-11162S1 

10-111361  IS 

10-11116Q1S 

10-11083914 

10-11057913 

10*11031812 

IO-1100S711 


9-89<»904  10-109796  10 


10-109535 
10-109875 
1OI09014 


9-891847  I0-I087i 


9-891507  10-1 
9-89176810-1 
9-898081  lD-l 


9-898389 
9-888549 


Sine. 


58 


Cotao. 


10-107711 
10-107451 


9-89881010-107190 


4 
S 

s 

1 


t 


a^ 


XOG.  SIN£S»  TANeBKtS,  kt 


88  Peg 


Sine.   Cotine. 


0 
1 

2i 

3 

4 

5 

6 

7 

8 

9 

10 

II 

IS 

IS 
14 
15 
16 
17 
18 

19 
20 
21 

22 
23 
24 

25 
26 
27 
28 
29 
30 

31 

82 

34 
35 
36 

37 
38 
39 
40 
41 
42 

43 
44 
45 
46 
47 
48 

49 
50 
51 
52 
53 
54 

55 

561 

57 

58 

59 

60 


9-78934^^ 
9-789504 
9-7H9665 
9-789827 
9789988 
9-790149 
9-790310 

9-790471 
9  790632 
9-790793 
9-790954 
9*791115 
9-791275 

9*791436 
9-791596 
9-791757 
9*791917 

9-792077 
9-792237 

9*792397 
9*792557 
9-792716 
9-792876 
9-79S035 
9-793195 

9-793354 
9-793514 
9*793673 
9-793852 
9-793991 
9-794150 

9*794308 
9-794467 
9  794626 
9-794784 
9-794942 
9-795101 

9-795259 
9-795417 
9*795575 
9-795733 
9-795891 
9-796049 

9-796206 
9796364 
9-796521 
9-796679 
9-796836 
9-796993 

9-797150 
9-797307 
9*797464 
9-797621 
9-797777 
9^97934 

9-798091 
9-798247 
9-798403 
9-798560 
9*798716 
9-798872 


9-896532 
9-89643^ 
9*89633.> 
9-896236 
9-896137 
9*896038 
9-895939 

9*895840 
9-895741 
9-895641 
9-895542 
9-89544S 
9-895343 

9*895244 
9*895145 
9*895045 
9-894945 
9-894846 
9*894746 

9-894646 
9-894546 
9-894446 
9-894346 
9-894'246 
9*894146 

9*894046 
9-893946 
9-893846 
9-893745 
9-893645 
9-893544 

9*893444 
9-893343 
9-893243 
9-893142 
9-893041 
9892940 

9-892839 
9-892739 
9-892638 
9-892536 
9-892432 
9-892334 

9-892233 
9-892132 
9-892030 
9-891929 
9-891827 
9-891726 

9-891624 
9*891523 
9-891421 
9*891319 
9-891217 
9-801115 

9-891013 
9-890011 
9*890809 
9*8907»7 
9*890605 
9*890503 


TiHi: 


Cottne.  i 


9-892810 
9-893070 
9-893331 
9-893591 
9-8938S1 
9-894111 
9-894372 

9-894632 
9-894891 
9-895152 
9-895412 
9-895672 
9*895932 

9-896192 
9*896452 
9*896712 
9-896971 
9-897231 
9-897491 

9*897751 
9-898010 
9-898270 
9*898530 
9*898789 
9*899(.49 

9-899308 
9-899568 
9-899827 
9*900087 
9-000346 
9*900605 

9-9a)8C4 
9-901124 
9-901383 
9-901642 
9*901901 1 
9*902165 

9902420 
9-902679 
9-902938 
9-9(»3l97 
9-903456 
S-903714 

9-903973 
9-904232 
9-904491 
9-904750 
9*905008 
9-90526; 

9-905526 
9-905785 
9*906043 
9-906302 
9-906560 
9-906819 

9*907077 
9-907336 
9^907594 
9-907853 
9-908111 
9iK)8360 


Sine.      Cot  Ml. 


Cotang. 

CHb7190 
0-106930 
0-I066G9 
0-106409 
0*106149 
0-105889 
0-105628 

0*105368 
0*105108 
0-104848 
0-104588 
0*104328 
0104068 

0*103808 
0-103548 
0-103288 
0-103029 
0*102769 
0-102509 

0-102249 
0*101990 
0-101730 
0*101470 
0101211 
0*100951 

0100692 
0-100432 
0*100173 
0-099913 
0O99654 
0099395 

0099136 
0-l»98876 
(HYJS617 
0-C9H358 
0098099 
0-097840 

0*097580 
0-097321 
0-097062 
0096803 
0*096544 
0-096286 

0096027 
0095768 

0O95509 
0*095250 
0*094992 
0O947S3 

0094474 
0-094215 
0*093957 
0093698 
0093440 
0093181 

0092983 
0-092664 
0092406 
0^)92147 
0091889 
0*091631 


Tang. 


Sine,    r 

9-798872)' 

9-799028^ 

9-799184 

9-799339 

9-799495 

9-799651 

9-799806 

9-799962 
9-800117 
9-800222 
9-800477 
9-800582 
9-800737 

9-800892 
9*801047 
9-801201 
9*801356 
9-801511 
9-801665 

9-801819 
9-801973 
9-80212K 
9  802282 
9-802436 
9-802589 

9*809743 
9-802897 
9-803050 
9-803204 
9-803357 
9*803511 

9*803664 
9-803817 
9-803970 
9-804123 
9-804276 
9-804428 

9*804581 
9*804734 
9-804886 
9-805039 
9*805191 
9-805343 

9-805495 
9*805647 
9-805799 
9*805951 
9*806103 
9*806253 

9-806406 
9-806557 
9-806709 
9806860 
9-807111 
9*807163 

9-807314 
9-807465 
9-807615 
9*807766 
9*807917 
9-808067 

Cotine.  1 


TImi 


onne. 


eg. 


9-890503 

9-8904001 

9-890298 

9-890195 

9-890093 

9-889990 

9  889888 

9-889785 
9-889682 
9-889579 
9-889477 
9-889374 
9-889871 

9889168 
9*889064 
9-888961 
9-888858 
9-888755 
9*888651 

9*888548 
9-888444 
9-888341 
9-888237 
9-888134 
9-888030 

9-887926 
9-887823 
9-887718 
9-887614 
9-887510 
9-887406 

9*887308 
9-887198 
9-887093 
9-886989 
9-886885 
9-886780 

9-886676 
9*886571 
9-886466 
9*886362 
9-886257 
9*886152 

9-886047 
9*885942 
9-885837 
9-885732 
9*885627 
9-885522 

9*885416 
9*885311 
9*885805 
9-885100 
9-884994 
9-884889 

9-884783 
9-884677 
9-884573 
9*884466 
9-884360 
9-884254 

Sine.' 


ang. 


10091631 

10091372 

10iJ9lll4 

10-090856 

10090598;  56 

10O90340I55 

10090082  54 


9-908369 
9-908628 
9-908886 
9-909144 
9-909402 
9-909660 
9-909918 

9-910177 
9*910435 
9-910693 
9*910951 
9*911209 
9911467 

9-9U725 
9*911988 
9O18840  tO-087760 


9-912498 
9-912756 
9-913014 

'9-913871 
9-913529 
9*913787 
9*9140441 
9-914302 
9-914560 

9014817 
9*915075 
9*915332 
9*915590 
9*915847 
9-916104 

9-916362 
9*916619 
9*916877 
9-917134 
d-9l739l 
9*917648 

9-917906 
9-918163 
9*918420 
9*918677 
9018934 
9*919191 

9*919448 
9-919705 
9-919962 
9*920219 
9-980476 
9*9207.S3 

9-980990 

9*981247 

9-981503 

9-921760 

9-98901 

9*982274 

9*982530 
9*922784 
9*923034 
9-92^300 
9-983557 
9*923814 

"Cotan. 


Coltang. 


60 
59 
58 
57 


10089823 
10089565 
10089307 
10*089049 
10088791 
10088533 

10088875 
10088018 


10*087502 
10H)87844 
10-086986 

10086729 
10K)86471 
10086213 
10-085956 
10-085698 
10085440 

10-085183 
10084925 
10-084668 
10-084410 
10-084153 
10083896 

10-083638 
10083381 
10-083123 
10082866 
10082609 
10082352 

10*088094 
10081837 
10081580 
1 0081323 
I0O81066 
10080809 


53 
52 
51 
50 
49 
48 

47 
46 
45 
44 
43 
48 

41 
40 
39 
38 
37 
36 

35 
34 
33 
32 
31 
30 

29 
28 
27 
26 
25 
24 

23 

22 

21 

20 

19 

18 


10080552  17 
10-080295|]6 
10*080038  15 
10079781  14 
10*07i'524  IS 
10*079267  19 


10079710 
1G078753 
10O78497 
10078240 
10077983 
10077726 

10077470 
I0O77813 
10-076956 
10*076700 
10-076443 
10076186 


50l>ee. 


Tang. 


11 

10 
9 
8 

6 

5 

4 
S 
8 
1 
0 


LOG.  SINES,  TANGENTS,  && 


I 


40 


Sine. 


0 
I 

d 
4 
5 
6 

7 
8 
9 

to 

11 

13 

Id 
14 
15 
16 
17 
18 

19 

21 

22 
23 

v:4 

25 
26 
27 
28 
29 
SOI 

31 
32 
33 
34 
35 
C.6 

37 
38 
39 
40 
41 
42 

43 
44 
45 
46 
47 
48 

49 
50 
51 

52 
53 
54 

55 
56 
57 
58 
§59 
|60 

E 


9-908067 
9*8  8218 
9*808368 
9-80S5I9 
9*808669 
9-806819 
9-808969 

9-809:19 
9-809269 
9-809419 
9-809569 
9-809718 
9-809868 

9-810017 
9-810167 
&-8lOdl6 
9-810465 
9-8106U 
9-81076O 

9-810912 
9-811061 
9-811210 
9*811358 
9-811507 
9-811655 

9-811804 
9*811952 
9-812100 
9-812248 
9-812396 
9*812544 

9*812692 
9-812840 
9-312988 
9-813135 
9-813283 
9-813430 

9-813578 
9-813725 
9*813872 
9-814019 
9-814166 
9-814313 

9814460 
9*814607 
9*814753 
9«814900 
9*815046 
9-815193 

9*815539 
9*815485 
9-81 5632 
9*815778 
9*81j924 
9-816069 

9*816215 
9*816361 
9*816507 
9*816652 
9^816798 
9*816943 


Coeine 


I>e& 


9-884254  9*923814 

9*884148  9-924i»70 

9-884042  9*924327 

9*883936  9*924583 

9*883829  9-92484U 

9-883723  9-925096 

9-883617  9925352 


9-883510 
9-8S3404 
9-883297 
9-883191 
9-883084 
9-882977 

9-882871 
9*882764 
9-882657 
9-882550 
9-882443 
9-882336 

9*882229 
9*882121 
9*8b^)l4 
9*881907 
9*881799 
9*881692 

9-881554 
9-881477 
9-881369 
9*881261 
9-881153 
9*881046 

9-880938 
9*880830 
9-880722 
9-880613 
9-880505 
9*880397 

9-880289 
9-880180 
9-880072 
9-879963 
9-879855 
9-879746 

9-879637 
9-879529 
9-879420 
9-879311 
9*87  202 
9-879093 

9*878984 
9-878875 
9*878766 
9-878656 
9-878547 
9-878438 

9*878328 
9*878219 
9*878109 
9-877»9 
9*877890 
9-877780 


tic.   TtDg.  I  Cotaog. 


Coaine.  ' 


9-925609 
9-9258GJ 
9*9261.>^ 
9-926378 
9-926634 
9-926890 

9*927147 
9-927403 
9-927659 
9-927915 
9-928171 
9-928427 

9-928684 
9-928940 
9-929196 
9-929452 
9-929708 
9-929964 

9-930920 
9-930475 
9-930731 
9-930987 
9-931243 
9-931499 

9-931755 
9-932010 
9-932266 
9-932522 
9*932778 
9-933033 

9-933289 
9-933545 
9-93380(J 
9-934056 
9*964311 
9-934567 


9-935078 
9-935333 
9-935589 
9-935844 
9-936100 

9-936355 
9-936611 
9-936866 
9-937121 
9-937377 
9-937632 

9-957887 
9*938142 
9-958398 
9-958653 
9*938906 
9-939165 


Cotaog. 

10<)76r8t> 
10075930 
10075673 
10*075417 
10075160 
10-074904 
10074648 

10074591 
10074135 
10073878 
10073622 
10073366 
10073110 

10-072853 
I0O72597 
10O72341 
10*072085 
l0O7'829 
10O71573 

10O71316 
10071060 
10O70804 
10070548 
10070292 
10070036 

1 0069780 
10069525 
10O692C9 
I0O69013 
10068757 
10068501 

10068245 
10067990 
10067734 
I0O67478 
10-067222 
10066967 

10-066711 
10*066455 
10*066200 
10*065944 
10*065689 
10-065433 


tmr 


nne. 


9*934822 10*065178 
10*064922 


10*064667 
10-064411 
10*064156 
10063900 

10-063645 
10-063389 
10065134 
10O62879 
10062625 
10-062368 

10O62115 
10O61858 
10061608 
10061547 
10061092 
t0O60857 


Sine.     I  CoUp. 
49  Peg.       " 


Ting. 


9-8l694;4 
9-817088 
9-817235 
9-817579 
9-817524 
9-817668 
9-817815 

9-817958 
9-818105 
9  818247 
9-818392 
9-8185d6 
9-818681 

9-818825 
9-818969 
9-819113 
9-819257 
9-819401 
9-819545 

9-819689 
9-819832 
9*619976 
9*820120 
9-820263 
9-820406 

9-820550 
9-820693 
9-820856 
9-820979 
9-821 122 
9-821265 

9-821407 
9-821550 
9-821695 
9-821855 
9821977 
9-832120 

9-822262 
9*8234041 
9-822546 
9-822688 
9-822850 
9-822972 

9-825114 
9-825255 
9-825597 
9-823559 
9-823680 
9-833821 

9*825965 
9*834104 
9*824245 
9*824586 
9*824527 
9-884668 

9-824808 
9-834949 
9-835090 
9-8^350 
9-835571 
9-835511 


Goiine.  [  Tang,     i  GoUn{>. 


9-877780 

9-877670 

9-8775601 

9-877450 

9-877340 

9-877230 

9-877130 

9*877010 
9-876899 
9-876789 
9-876678 
9-876568 
9-876457 

9-876347 
9-876236 
9*876125 
9-876014 
9-875904 
9875793 

9-875682 
9*875571 
9-87545'J 
9-875348 
9-875237 
9*875126 

9-875014 
9*874903 
9*874791 
9*874680 
9-874568 
9-874456 

9-874544 
9-874232 
9-874121 
9-874009 
9-875896 
9-875784 

9-875672 
9-875560 
9-875448 
9-873335 
9-873223 
9-875110 

9*872998 
9-873885 
9-87377^ 
9-873659 
9-872547 
9-872434 

9*873321 
9-878308 
9-873095 
9*871981 
9-871868 
9*871755 

9*871641 
9-8n538 
9-871414 
9-871501 
9-871187 
9-871073 


Cofin^  I    Sine. 


U-939I&V 
9-0J9418 
9-9507G3 
9-959928 
9-940I83 
9-944>i59 
9-940G94J 

9-040949 
9-941304 
9-94l459| 


10-060837(50 
10^)605^2159 
l()-0603^27  5« 
10O60072  57 
10-059817  56 
10-059S6I  S5 
IO-O5950654 

10O59QS153 
52 

51 


l(M>5«796i 
1 0058541 


9-y4l7l3  IO-OS838750 


9-94l96a! 
9-94t»^ 

9-04^478 
9-94«733 
9-949988 
9*94^243 
9*943498 
9-943752 

9-944007 
9-944262 


lO-058Q32|49 
10^)57777  48 

100157528  47 
10057367  46 
IOO6701S45 
I0O56757  44 
JOO56502  43 
10<»6348  48 

10055993  41 


10O557S8 


40 


9-944517  1 0-055485 39 
9-944771 '  1 0-055839  38 
9-945026 '  10054^4  ^7 
9*945281 1 10O54719  5(1 

9-945535  10064465  55 
9-945790'l0H)54310  54 
9-946044, 10053955  53 
9^946399,100^701  53 
9-946554  10O53446  51 
9-946808|10-d55l98  SO 

9-947063  10058937  39 
9-94731 8  10058682  88 
9*947578  10O58488  37 
9-947887  100581 73  36 
9-9480SI  10O51919  25 
9*948335  10-051665  84| 

9-94859010-051410  35 

9-948844  10051156  831 

9-949099  10050901  31  [ 

30| 

9*9496081 10O50393|l9 
9-949863  10050138  181 


9*950116 
9-950371 
9-9506351 
9-950879 
9-951155 
9-951588 

9^951642 
9-951896 
9-958150 


10O49884  17| 
10049639  16 
10049375  15 
10049131  14 
10048867  151 
10O48618 13 


10048358 
10048104 
10047850 
9*953405110047595 


10047341 
10047D87 


0-953659 
9*958915 

9-955167 
9*955431 
9*953675 
9-955929 

9-954183  10O45817 
9*954457  10045563 


11 
10 

9f 

8 

7 

6 


10O46833 
10-046579  « 
10O46335I  5 
10O4607I    3 

1 


TDS^ 


Cotao.  J   Tipy. 


LOG.  SINES. TANGENTS,  ke. 


42  De 


■ 


0 

1 

2 

3 
4 
5 
6 

7 

8 

9 

10 

11 

12 

13 
14 
IS 
16 
17 
18 

19 
20 
21 
22 
23 
24 

25 
26 
27 
28 
29 
30 

31 
38 
33 
34 
35 
36 

S7 
38 
39 
40 
41 
42 

43 
U 
45 
46 
47 
48 

49 
50 
51 
52 
53 
54 

55 
56 
57 
58 
59 
60 


SlDC. 


9-825511 
9*825651 
9-825791 
9-825931 
9-826Q71 
9-8S2G211 
9-826351 

0  826491 
9-826G31 
9-826770 
9-826910 
9-827049 
9-827189 

9-827329 
9-827467 
9-827606 
9-827745 
9-827884 
9-828023 

9  828162 
9-828301 
9-828439 
9-828578 
9-828716 
9-828855 

9-828093 
9-829131 
9*829269 
9-829407 
9-829545 
9-829683 

9-829821 
9*829959 
9-830097 
9-830234 
9-830372 
9-83Q509 

9-830646 
9-830784 
9-830921 
9-831058 
9-831195 
9-831332 

9-831469 
9*831606 
9-831742 
9-831879 
9-832015 
9-832152 

9-832288 

9-832425 

9-832561 

9-83269. 

9-83' 

9-83 


}269Z 
)28j 
)29|D 


9-833105 
9*833241 
9*833377 
9*833512 
9-833648 
9-838783 

I  Cottine 


Cosine. 


h 


aag^.  I  CotSDg. 


9-871073 
9-870960 
9*870846 
9-870732 
9*870618 
9*870504 
9-870390 

9-870276 
9-870161 
9-870047 
9-869933 
9*869818 
9-869704 

9-869589 

9-869474 

9-869360 

9-869245 

9-8691301 

9869015 

9-868900 

9-868785 

9-8686701 

9-868555 

9-868440 

9-868324 

9*868209 
9*868093 
9-867978 
9-867862 
9-867747 
9-867631 

9-867515 
9-867399 
9-867283 
9-867167 
9-867051 
9*866935 

9*866819 
9*866703 
9*866586 
9*866470 
9*866353 
9*866237 

9*866120 
9*866004 
9-865887 
9*865770 
9-865653 
9-865536 

9-865419 
9-865302 
9-865185 
9*865068 
9-864950 
9-864833 

9-864716 
9S64598 
9*864481 
9-864363 
9*86424$ 
9-8641271 

Sine. 


9*954437 
9-954691 
9-954946 


9-955200  10044800 


9-955454 
9-955708 
9-955961 

9*956215 
9-956469 
9^56723 
9-956977 
9-9572.11 
9-957485 

9-957739 
9*957993 
9-958247 
9^58500 
9-958754 
9*959008 

9*959262 
9*959516 
9*959769 
9*960023 
9-960277 


9-960530 10-039470 


9*960784 
9-961038 
9*961292 
9-961545 
9*961799 
9-962052 


9*963828 
9-964081 
9-964335 
9-964588 
9-964842 
9*965095 

9-965349 
9*965602 
9-965855 
9-966109 
9-966362 
9-966616 

9*966869 
9-967123 
9-967376 
9  967629 
9*967883 
9-968136 

9-968389 
9*968643 
9*068896 
9*969(49 
9-969403 
9*969656 

CoUn. 


10*045563 
10*045509 
10-045054 


10044546 
10-044292 
10044039 

10043785 
10043531 
10*043277 
10-043023 
10042769 
10-042515 

10042261 
10O42007 
10H>41753 
10041500 
10041246 
10-Oi0992 

10*040738 
10040484 
10-040231 
10O39977 
10O39783 


10-039216 
10*038962 
10038708 
10038455 
10-038201 
10-037948 


9-962306  10*037694 
9-962560  10037440 
9-962813  10-037187 
9*963067  10036933 
9*963320  10036680 
9*963574  10O36426 


47  Peg. 


10*036172 
10*035919 
10O35665 
10*035412 
10*035158 
10-034905 

10-034651 
10*034998 
10O34145 
10033891 
10033638 
10*083384 

10O331S1 
10*032877 
10*032624 
10O32371 
10032117 
10031864 

10O316I1 
10O31S57 
10*031104 
10030851 
16OS0597 
10O3Q844 

Tanj?. 


Sine. 

9-833783 
9-833919 
9*834054 
9-834189 
9*8343»5 
9*8344601 
9*834595 

9*834730 
9-834865 
9-834999 
9*835134 
9*835269 
9-835403 

9-835538 
9*835672 
9-835807 
9*83594; 
9*836075 
9-836209 

9*836343 
9-836477 
9*836611 
9*836745 
9*836878 
9*837012 

9*837146 
9-837279 
9-837412 
9*837546 
9-837679 
9-837812 

9*837945 
9*838078 
9*838211 
9838344 
9-838477 
9*838610 

9*838742 
9-838875 
9*839007 
9-8d9140 
9*830272 
9-839404 

9*830536 
9*839668 
9*839800 
9*839932 
9-84O064 
9-840196 

9-840828 
9-840459 
9-840591 
9-840722 
9-840854 
9-840985 

9*841116 
9-841247 
9-841378 
9*841509 
0*841640 
0*841771 


I   Coaine.  I 


9-864127 
9*864010 
9-863892 
9*865774 
9*863656 
9-8635381 
9-863419 

9*863301 
9*863183 
9*863064 
9*862946 
9*862827 
9-862709 

9*862590 
9-862471 
9*862353 
9*862234 
9-862115 
9-861996 

9-861877 
9-861758 
9*861638 
9-861519 
9-861400 
9*861280 

9*861161 
9*861041 
9*860922 
9*860802 
9*860682 
9*860562 

9-860U2 
9*860322 
9-860202 
9*860082 
9*859962 
9*859848 

0-859721 
9*859601 
9*859480 
9*859360 
9-859239 
9*859119 

0-858008 
9*858877 
9*858756 
9*858635 
9*858514 
9-858303 

0-858872 
0*858151 
0  858020 
0-857908 
9*857786 
9*857665 

0*857543 
0-857422 
9-857300 
0*857178 
0-857O56 
0-856054 

Sine    I 
'     46Defr 


CoUng. 

10*030344 
10030091 
10-020838 
10020584 
10-029331 
10-029078 
19-028825 

10*028571 
10-028318 
10028065 
10-027812 
10027559 
10-027305 


1002705247 

10O26799  46 
10-026546  45 
10*02629344 
10026040  43 


10025787 


10025534  41 
10*025280  40 
10025027  39 
10O24774|38 
37 
36 


10*024521 
10024268 


10-024015  35 
10023762  34 


jr«ng. 

9*969656 
9*969909 
9*970162 
9-970416 
9*970669 
9«70922 
9-971175 

9«971429 
9*971682 
9-971935 
9*972188 
9-972441 
9*972695 

9*972948 
9*97.7201 
9-973454 
9-973707 
9-973960 
9*974213 

9*974466 
9-974720 
9-974973 
9*975226 
9-975479 
9-975732 

9*975985 
9*976238 
9-976491 
9-976744 
0*976997 
9-977250 

9*977503 
9-977756 
9-978009 
9*978262 
9*978515 
9-978768 

9*979021 
9*979274 
9-979527 
9'979780 
9*980033 
9*980286 

9*980538 
9-980791 
9-9810U 
9-981297 
9*981550 
9*981803 

9-982056 
9*982309 
9-082562 
9*988814 
9*083067 
0*083320 

0-983573 

0083826  10016174 
008407010015021 
9*08433210015668 
0-08458410015416 
9-984837  10015163 


10083509 
10023256 
10O2300S 
10022750 

10*022497 
10-0222U 
10*021991 
10-021738 
10*021485 
10O218S2 


1002097083 
10-08078622 
10-020473  21 
1002022020 
10019967 19 
10019714  18 

10O1946817 
1001920916 
10O18956  15 
10018703  14 
10018450 13 
10018197 18 


10O17044 
10017601 
10017438 
10017186 
10016033 
10016680 

10016487 


CoUo.   V  Tmg. 


60 
5l» 
58 
57 
56 
55 
54 

53 
52 
51 
50 
49 
48 


42 


33 
32 
31 
30 

80 
28 
27 
26 
25 
24 


11 

10 
0 
8 
7 
6 

• 

5 

4 
3 
8 
I 
0 


L9tt.  SIKE§.^ANGBNTS,  ttc. 


J^I_Sme^ 


0 
I 
2 
3 
i 
5 
6 

7 

8 

9 

10 

11 

18 

IS 
14 
15 
16 
17 
18 

19 
90j 
SI 
8S 
83 
34 

85 
86 
87 
88 
89 
30 

31 
38 
33 
34 
35 
36 

37 
38 
39 

401 

41 

48 

43 
44 

45 
46 
47 
48 

49 
50 
51 
58 
53 
54 

S5 

57 
58 
59 
60 


9-841771 
9-S41902 
9-848033 
9-848163 
9-848894 
9-848484 
9-848555 

9*843685 
9-848815 
9-848946 
9-843076 
9*843906 
9-843336 

9*843466( 

9-843595 

9-843785 

9-843855 

9*843984 

9-8U114 

9-8U843 
9-844378 
9*844508 
9-844631 
9*844760 
9*844889 

9-845018 
9-845147 
9*845876 
9*845405 
9*845533 
9*845668 

9*845790 
9-845919 
9*846047 
9-846175 
9*846304 
9-846438 

9*846560 
9-846688 
9*846816 
9-8469441 
9-847071 
9-847199 

9*847387 
9-847464 
9847588 
9*847709 
9-847836 
9*847964 

9-848091 
9*848818 
9-848345 
9-848478 
9*848599 
9-846786 

9-848858 
9-848979 
9*849106 
9-849838 
9-849859 
9*849485* 


9-856934 
9-85r>Sl8 
9-856690 
9-856568 
9*856446 
9-856383 
9-856801 

9-856078 
9-855956 
9-855833 
9-855711 
9-855588 
9-855465 

9-8553481 
0*858519 
9*855096 
9-854973 
9-854850 
9*854787 

9-854603 
9-854480 
9*854356 
9*854833 
9*854109 
9-853986 

9-853868 
9-853738 
9-853614 
9-853490 
9-853^ 
9-853848 

9-853118 
9-858994 
9-858869 
9-858745 
9-858680 
9*858496 

9*858371 
9-858847 
9-858188 
9-851997 
9-851878 
9*851747 

9-851688 
9-851497 
9-851378 
9*851846 
9*851181 
9-850996 

9-860870 
9*850745 
9-850619 
9-850493 
9*850368 
9450848 

9-850116 
9-649990 
9-849864 
9*849738 
9-849611 
9-849485 

Sine. 


9*984S;^7 
9*985090 
9-985343 
9*985596 
9-985848 
9-986 1  Ul 
9^86354 

9-9P.6607 
9-986860 
9-987112 
9-987365 
9-987618 
9-987871 

9-988183 

9-988376 
9-988689 
9-988888 
9-989134 
9-989387 

9-989640 
9-989893 
9-99014S 
9-990398 
9^)90651 
9-990903 

9-991156 

9-991409 

9-991 6681 

9-991914' 

9-998167 

9-998480 

9-998678 
9*998985 
9-993178 
9-993431 
9-99;l683 
9-993936 

9*994189 
9-994441 
9-994694 
9-994947 
9-995199 
9-9954581 

9-995705 
9^5957 
9-996810 
9-996463 
9-996715 
9-996968 

9-997881 
9-997473 
9-997786 
9-997979 
9-998831 
9-9984841 

9-998737 
9-998989 
9-9998481 
9-999495 
9-999747 
lOOOOOQQi 

Coun. 


0-011877 

0K)11684 

iOK)11371 

10O1I118, 

0010866. 

I 


Cetang.  I 

0-015163  601 
0-014910  591 
0-014657  581 
0014404  57 
0014152  56 
0OI3899  55 
0-013646  54 


0013393 

0O13l4(» 

0018888 

0018635 

00123821 

0018189 


53 
58 
51 

50 
49 
48 


47 

46 


45 

44 
43 


100106 13{48 


0010360^1 
0O10107j40 
0O09855i39 
0*009608;38 
0009349  37 
0009097  36 

0008844  35 
0008591  34 
0008338  33 
0008086  38 
0007833  31 
0007580  30 


0007388 
0007075 


0006888  87 


0O06569 
0O063I7 
0006064 


0005811 


0005559  22 


0005306 
0005053 
0O0480I 
0004548 

0004895 
0004043 
0003790 
0003537 
0003885 
0003038 


II 

10 

9 

8 

7 

0001516^  6 


0008779 
0002587 
0008874 
0-008031 
0O01769I 


89 

88 


26 
35 

34 


23 


21 
30 
19 
18 

17 
16 
15 
14 
13 
18 


0001863  5 
OOOIOU  4 
000075tt  3 
0000505  2 
0000853  1 
OOOOOOOi  0 


V 


i 


L 


\ 


i 


^        V 


"^'-\ 


.#/ 


